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ABSTRACT

In this paper, the pixelated phase mask (PPM) method of interferometry is applied to coherence imaging (CI)—a passive, narrowband spectral
imaging technique for diagnosing the edge and divertor regions of fusion plasma experiments. Compared to previous CI designs that use
a linear phase mask, the PPM method allows for a higher possible spatial resolution. The PPM method is also observed to give a higher
instrument contrast (analogous to a more narrow spectrometer instrument function). A single-delay PPM instrument is introduced as well as
a multi-delay system that uses a combination of both pixelated and linear phase masks to encode the coherence of the observed radiation at
four different interferometer delays simultaneously. The new methods are demonstrated with measurements of electron density #., via Stark
broadening of the H, emission line at 434.0 nm, made on the Magnum-PSI linear plasma experiment. A comparison of the Abel-inverted
multi-delay CI measurements with Thomson scattering shows agreement across the 3 x 10" < 7 < 1 x 10* m™ range. For the single-delay
CI results, agreement is found for 7 > 1 x 10*° m™? only. Accurate and independent interpretation of single-delay CI data at lower #e was not

possible due to Doppler broadening and continuum emission.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0050704

I. INTRODUCTION

Producing steady-state fusion power in the core of a magnet-
ically confined plasma while keeping the power load to the diver-
tor target below the erosion limit is known as the “heat exhaust
problem.”’ Solutions to this problem will likely include maintaining
the divertor in a detached state and with an optimized geometry for
both the machine and the magnetic field. When it begins operations,
the MAST-Upgrade spherical tokamak will test a range of novel
divertor configurations aided by a suite of diagnostics “designed for
as high space and time resolution as is currently feasible.”

One of these diagnostics is coherence imaging (CI)—a narrow-
band spectral imaging technique that measures spectral line emis-
sion from the plasma edge and provides 2D images of the lower-
order moments of the observed spectral distribution (broadly, the
brightness, shift, and width of the line).” > The CI instrument is
a common-path polarization interferometer,” and the spectrum is

encoded in the interference fringe pattern according to the princi-
ples of Fourier transform spectroscopy.” Without the need for an
entrance slit, CI can achieve better spatial coverage than is typi-
cally practical for grating spectrometers. Many CI designs are also
a “snapshot” in that they modulate the interferometer delay spa-
tially across the sensor, so the time resolution is limited only by
the camera frame rate or the brightness of the emission. Two CI
instruments are planned for MAST-U, one stand-alone and the
other occupying a channel in a multi-wavelength imaging (MWTI)
system.® One CI application of interest on MAST-U is the mea-
surement of the impurity ion flow velocity in the plasma edge,
which is well established.””'* A second application of interest has
received less attention: the measurement of electron density #e in
the divertor via Stark broadening of hydrogen Balmer emission.
While this application is established for grating spectrometers,'* "’
for CI it has been demonstrated at the proof-of-concept level
only.”’
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Measurements of n. are routinely made on fusion experi-
ments using Thomson scattering (TS), interferometry, and Lang-
muir probes.'” However, each of these techniques has limited spatial
coverage: Thomson scattering measurements are localized along the
path of a laser beam, interferometry is typically limited to a single
line-of-sight integral value, and Langmuir probes are restricted to
the very edge of the plasma. CI itself is limited to measuring regions
where the neutral hydrogen density is high enough for intense
Balmer line emission—the scrape-off layer and divertor—but within
these regions, CI could achieve better coverage than the existing
techniques. This would allow for a more complete comparison with
physics simulations.

In this work, we present CI measurements of #. made on the
Magnum-PSI linear plasma experiment’’ in conditions relevant to
the study of tokamak divertor physics (e ~ 10* m™ and tempera-
ture Te ~ 1 eV). The motivation for the work is to test several new
CI techniques before their application to measurements of #. in the
MAST-U divertor. The main novelty here is the demonstration of
two new CI instrument configurations, both of which incorporate
a pixelated micro-polarizer array, generating a pixelated fringe pat-
tern that maximizes the spatial resolution of the measurement. This
is based on an existing technique in interferometry called pixelated
phase mask (PPM) interferometry. Another significant focus of this
work is on CI data analysis for which we make use of the state-of-the-
art Balmer line shape calculations and Bayesian curve-fitting in the
inference of n.. The resulting n. profiles are benchmarked against
Magnum-PSI’s Thomson scattering diagnostic across a wide range
of ne.

The rest of this paper proceeds as follows: Section II intro-
duces the PPM CI technique. In Sec. 111, the application of CI to
measurement of #. is discussed. Section IV presents experimental
CI measurements of n. made on the Magnum-PSI experiment, and
finally, the conclusions are given in Sec. V.

Il. COHERENCE IMAGING WITH A PIXELATED PHASE
MASK

Polarized sensors have an array of pixelated wire-grid polar-
izers bonded directly to the chip at different orientations. Figure 1
shows the repeating 2 x 2 polarizer layout of the sensor used in
this work. Each 2 x 2 pixel grid in the image encodes the first three
Stokes parameters of an observed scene, from which the degree of
linear polarization and the angle of polarization can be calculated.
The use of polarized sensors in interferometry was proposed by
Millerd et al.”* in 2004 with pixelated phase mask (PPM) interfer-
ometry. Compared to a linear phase mask (LPM), which produces
sinusoidal fringes that are roughly straight and parallel (see, e.g.,
Fig. 1 in the work of Silburn et al.'’), the PPM technique has a
more compact design and a phase mask that is fixed on manu-
facture instead of being dependent on the alignment of the optics.
The spatial resolution of a PPM instrument is higher than is pos-
sible for an LPM instrument using an otherwise equivalent sensor.
This advantage is discussed in more detail in Sec. II A. The PPM
technique has been demonstrated for imaging of biological speci-
mens”*** and of sound waves.”” In this section, we will consider how
PPM interferometry can be used for coherence imaging of plasma
experiments.
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FIG. 1. Pixelated polarizers arranged in the repeating 2 x 2 grid pattern of the Sony
IMX250MZR CMOS sensor used in this work. Pixelated polarizer orientations
are identified by index m as shown.

A. Single-delay configuration
1. Measurement principle

In a simple polarization interferometer, a birefringent wave-
plate (WP) is sandwiched between two polarizers, with the
waveplate’s optic axis making an angle of 45° with the transmis-
sion axes of the polarizers.*** The waveplate resolves the light into
two equal-amplitude beams in orthogonal polarization states and
imparts a phase delay between them. By introducing a quarter-
wave plate (QWP) between the waveplate and the final polarizer,
with the fast axis orthogonal to the front polarizer, the interferom-
eter delay is now determined by the orientation of the final polar-
izer.”>?” As such, substituting a polarized sensor for the final polar-
izer results in as many samples of the interference pattern (over a
27 rad range of interferometer delays) as there are unique polarizer
orientations. Figure 2(a) shows a schematic of the setup described,
with a bandpass optical filter and imaging lens between the QWP
and the polarized sensor. This three-lens optical layout shown, with
an intermediate image between [, and I, is based on the MAST CI
system.”!?

To model the observed interferogram, we use Mueller matrices
and Stokes vectors.”® Let Mp(p) be the Mueller matrix for a polar-
izer whose transmission axis makes an angle p with the x axis. Let
Maqwe(p) and Mir(p, ¢) be the Mueller matrices for a QWP and
general linear retarder, respectively, whose fast axes make an angle p
with the x axis. The phase delay in radians imparted by the retarder
¢ has an implicit dependence on the light’s frequency v. See the
Appendix for explicit matrix definitions. The total Mueller matrix
for the system as described is then

Msp EMp(mg)Mpr(g)MLR(g,qﬁ)Mp(O). 1)
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FIG. 2. (a) Optical layout for the single-delay Cl configuration. (b) A raw, uniform-
brightness calibration image captured by using this instrument, observing isolated
Cd | line emission at 467.8 nm. (c) The four images corresponding to the different
orientations of pixelated polarizer shown separately. (d) Demodulated interfer-
ogram phase ®(¢,) extracted from the raw calibration image in (b). (e) The
corresponding modeled phase image.

To represent the polarized sensor, the orientation of the final polar-
izer is written in terms of pixel number m, with reference to Fig. 1.
The Stokes vector representing incident, unpolarized light can be
written as S(v) = (I(v),0,0,0), where I(v) is the total spectral radi-
ance. The Stokes vector representing light reaching the sensor is then

I'(v)
Q' ()
U'(v)
V'(v)

s'(v) = = Msp(v)S(v), (2)

ARTICLE scitation.orgljournal/rsi

where the v-dependence of the Mueller matrix has now been made
explicit. The radiance at the sensoris I' = [ ° I'(v)dv, which can be

evaluated to give
1’—£(1+m{ (¢ +m5)}) (3)
o Y| Po 5 >

where we have also defined I = [, I(v)dv. Here, y(¢,) is the com-
plex degree of temporal coherence. It is a function of phase delay
¢, between the two interferometer beams at frequency vo, corre-
sponding to the center-of-mass frequency of the observed (narrow-
band) spectrum. The Wiener-Khinchin theorem relates y(¢,) to
the area-normalized spectral distribution g(v) = I(v)/I by Fourier
transform,”® which can be written as

T )])dv. @)

Vo

7(90) = [ ~g(v)exp(igo[ 1+
Here, xy is a dimensionless parameter of order 1 that provides a first-
order approximation of the instrument dispersion.?’ From Eq. (3),
we can see that each 2 x 2 pixel sub-array samples y at 7 rad delay
intervals, thereby encoding information about g(v) in a pixelated
interference pattern.

The CI technique relies on g(v) being entirely determined
by small number well-understood physics processes in the emit-
ting plasma. That way, the fringe contrast { = |y| and fringe phase
® = argy need to be only observed at a small number of interfer-
ometer delays to recover the parameter(s) of interest. The waveplate
thickness, determining delay ¢, is chosen so as to maximize sensi-
tivity to changes in those parameters. Generally, this means setting
the delay time to be ;- ~ 7, where 7 is the coherence time of the
radiation.

2. Hardware

The hardware used in this work is the MAST CI system,”!’
modified to accommodate the FLIR Blackfly S machine vision cam-
era,’’ which incorporates the polarized 12-bit CMOS sensor shown
in Flg 1. The sensor format is 2448 x 2048, and the pixel dimen-
sion is 3.45 um. Pixelated polarizers have a low extinction ratio
E when compared to other available polarizers, which leads to a
multiplicative fringe contrast degradation factor,’ calculated as {}
= (E-1)/(E+1). For the sensor used in this work and at the
wavelengths considered, E ~ 400, giving (p ~ 0.995. The three dig-
ital single-lens reflex (DSLR) lenses [I1, L, and I3, with reference
to Fig. 2(a)] used in this section have focal lengths of 70, 105, and
150 mm, respectively. DSLR lenses were originally chosen for the
MAST CI system as they are optimized for high-quality, wide-angle
imaging.” Three waveplates were available for use in this work. They
are each made of alpha barium borate (¢-BBO) and have measured
thicknesses of Lwp = 4.48, 6.35, and 9.79 mm, each value +£0.02 mm.
The zero-order QWP used is a polymer retarder film. All interfer-
ometer components were mounted inside a temperature-stabilized
cell with a nominal regulation accuracy of +0.25 °C.

A uniform-brightness test image was obtained with the
CI instrument in the single-delay PPM configuration shown in
Fig. 2(a), with a Cd gas-discharge lamp illuminating an integrating
sphere as the light source. The Cd I line at 467.8 nm was isolated
using a bandpass filter. For demonstration purposes, all three avail-
able waveplates were used at once, with their optic axes aligned so
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as to combine the phase delays constructively. The resulting image
is shown in Fig. 2(b). In Fig. 2(c), the four interleaved images cor-
responding to the four polarizer orientations are shown separately.
The hyperbolic fringe pattern is caused by the dependence of ¢, on
ray angle through the waveplate,” and the 7 rad phase shift between
images of consecutive m is clear.

3. Demodulation

Interferogram contrast { = |y| and phase @ = argy are related
to the observed spectrum g(v) by using Eq. (4). By writing y(¢,) as
(exp(i®), we can rewrite Eq. (3) as

!

I
Iy = Z(l +{ cos D),

I = é(lffsinQ),
©)

!

1
L= Z(l - { cos D),

!

I
I3 = Z(l +(Sin®),

where the expression for each of the four polarizer orientations
has been written out explicitly, with the subscripts denoting pixel
number m. Different PPM demodulation algorithms have been sug-
gested’>*>** for recovering the { and ® images from this kind of
interferogram, but in this work, we use the simple “four-bucket”

algorithm.”” The brightness image is recovered as

3
I~ I, (6)
m=0
the phase image is recovered as
-1
O~ arctan( 3 1), )
Li-L

and the contrast image is recovered as

gm;\ srg(uﬂ_i)z. ®)

Figure 2(d) shows the demodulated ® from the calibration image,
and Fig. 2(e) shows the corresponding ® modeled using Eq. (12)
from the work of Veiras et al.’! Since the model parameter values
are not sufficiently accurate to recover absolute ®, it is set to zero at
the image center in Figs. 2(d) and 2(e).

For typical CI instruments that use an LPM design, it is nec-
essary to shear the delay across the image in one direction. The
required fixed delay and shear can both be produced using a
“displacer plate”'>'** or else produced separately using a waveplate
and Savart plate (SP) in combination.”!*!* A displacer plate is a sin-
gle birefringent plate with an intermediate cut angle (i.e., with its
optic axis neither parallel to nor perpendicular to the front surface
of the plate), and a Savart plate is a composite of two displacer plates,
aligned so as to produce the shear while imparting no net delay for
on-axis rays.>*°

The spatial resolution at which { and @ are recovered from an
LPM interferogram is anisotropic. Perpendicular to the direction of

ARTICLE scitation.orgljournal/rsi

phase shear, it is set by the pixel width (assuming detector-limited
operation). Parallel to the direction of phase shear, the spatial reso-
lution is worse, depending on the fringe frequency and the width of
the Fourier-domain filter used in the demodulation process. Model-
ing carried out in previous work” of MAST CI images suggests two
fringe periods as a typical spatial resolution in this direction. The
LPM fringe period is typically chosen to be > 6 pixels to avoid con-
trast degradation due to phase shear across each pixel’s collection
area. The PPM spatial resolution is isotropic and is 2 pixels or bet-
ter in both dimensions, depending on the demodulation algorithm
used.”

B. Multi-delay configuration

Plasma line spectra are often complicated, with multiple com-
ponents, multiple broadening mechanisms, and a continuum back-
ground. In such cases, encoding y at multiple interferometer delays
can make interpretation easier and reduce systematic error. For
example, Michael et al”’ used CI measurements made at multi-
ple delays to characterize the neutral velocity distribution func-
tion in an argon plasma via the Doppler-broadened line shape.
That work used a single-delay CI design, with samples of y built
up by observing repeated plasma discharges with different wave-
plate thicknesses. More recent work®” made measurements of charge
exchange recombination emission using a snapshot multi-delay CI
design, but interpretation of the results was inconclusive.

1. Measurement principle

The single-delay CI system from Sec. I A can be turned into a
multi-delay system by introducing a polarizer, waveplate, and Savart
plate to the front of the interferometer, with order and orientations
shown in Fig. 3(a). The Mueller matrix for this configuration can be
written as

Mwmp = MSDMLR(ZJ//)MP(O)’ ©)

where Msp is defined in Eq. (1) and vy is the delay imparted by
using a waveplate and Savart plate in combination, with implicit
dependence on frequency and sensor plane position. Instead of this
waveplate-Savart plate combination, a displacer plate could be used.
To find an expression for the radiance at the sensor plane I’ under
observation of unpolarized light, we proceed as in the case of the
single-delay configuration by evaluating [ 7 Mup (v)S(v)dv. It can
be shown that this gives the following:

= é(l +R{y(vo)} +9“{Y(‘/’° + mg)}

+ %m{y(gbo + Yo + mg)} + %%{y((ﬁo - Yo + mg)}) (10)

Here, v, is the phase delay imparted by using the waveplate and
Savart plate in combination at center-of-mass frequency vo. We can
see that this interferogram encodes y at four fixed delays: ¢,, v,
¢, + V> and ¢, — ¥,. These four delays arise as follows. Light exiting
the second polarizer in the system is the sum of two beams with rel-
ative delay v, between them. The second waveplate then splits each
of these beams again into a pair of orthogonally polarized beams
and introduces a further delay ¢, between each pair. When the four
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FIG. 3. (a) Optical layout for multi-delay coherence imaging. The system’s front two
lenses, /1 and I, are not shown here. The short-hand labels here refer to polarizer
(P), waveplate (WP), Savart plate (SP), and quarter-wave plate (QWP). (b) A raw,
uniform-brightness calibration image captured by using this instrument observing
isolated Cd | line emission at 467.8 nm. (c) A zoomed-in view of (b). (d) The four
images corresponding to the different orientations of a pixelated polarizer, shown
separately.

beams interfere at the sensor, y is encoded at the relative delay for
each possible beam pair.

Figure 3(b) shows a test image measured using the multi-delay
configuration described, observing the same Cd lamp line as in

ARTICLE scitation.orgljournal/rsi

Sec. I A. The combination of PPM and LPM terms can be seen in
the zoomed-in view of the image, shown in Fig. 3(c). Two Savart
plates were available for use in this work, with thicknesses 4 and
2.2 mm. Both plates are a-BBO. For all multi-delay results shown
here, these plates are aligned so as to function as a single Savart plate
of thickness Lsp = 6.2 mm. For the system described, this gives a
fringe period of ~ 55 pixels at A = 434 nm—a sub-optimal spatial res-
olution. The waveplates in the v, and ¢, positions in Fig. 3(a) have
Lwp = 4.48 mm and Lwp = 6.35 mm, respectively. In Fig. 3(d), four
interleaved images corresponding to the four polarizer orientations
are shown separately.

2. Demodulation

Demodulation of the multi-delay interferogram to obtain {
and ® images for each of the four delays is more involved than
in the single-delay case, requiring Fourier techniques. First, it is
noted that the PPM has its spatial carrier frequencies at the x and y
Nyquist frequencies (0.5 cycles/pixel). This can be seen in Fig. 4(a),
which shows the power spectral density (PSD) of the multi-delay test
image from Fig. 3(b). The (positive frequency) interference terms
are labeled according to their imparted delay using the symbols
from Eq. (10). The pure LPM term y(y,) is sufficiently well sepa-
rated in frequency space from the other terms that {(y,) and ®(y,)
images can be extracted using standard Fourier-domain filtering
techniques.”® The three remaining terms do not yield to Fourier-
domain filtering in the same way due to aliasing. To demodulate
these terms, we use “synchronous demodulation,”** which involves
multiplying the interferogram by a reference image that is the PPM
in the complex exponential form: exp(im7 ). Figure 4(b) shows the
PSD of this “synchronous product” for the same test image. By the
Fourier transform shifting property, the y(¢o + m73) term is now
shifted in frequency space from the x and y Nyquist frequencies
down to zero. Similarly, the y(do + yo + m7) terms are now shifted
to the +y, spatial frequencies. All three remaining terms can now be
demodulated using Fourier-domain filtering to obtain the { and ®

images.*°

C. Interferometer delay calibration values

To interpret { and @, the absolute interferometer delay(s) must
be known at the wavelength being observed. This cannot be directly
inferred from a single ® image since @ is wrapped in the inter-
val (-7, 7] rad. Measurements of @ at multiple wavelengths are
required. For each of the waveplates used here, this calibration pro-
cedure has already been carried out using a tunable laser.”!’ The
delay values used in this work are based on these previous measure-
ments and are listed in Table T for the single-delay and multi-delay
instrument configurations used. The quoted uncertainty on these
values accounts for both measurement error and estimated uncer-
tainty in the dispersion model used to convert to the relevant wave-
length. Repeated measurements of these delay values in the interven-
ing years since the work by Silburn et al.!’ show variability equal to
or smaller than the uncertainty values quoted in Table I. The uncer-
tainty in these delay calibration values is not accounted for in any
analysis presented in this work.

In Sec. 111, we look at how CI can be used to measure plasma
electron density #e.
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FIG. 4. (a) Power spectral density (PSD) estimate of the multi-delay test image plotted in Fig. 3(b). (b) PSD estimate of the “synchronous product” of the same image.

TABLE 1. Setup and calibration information for the two Cl instrument configurations
used in Sec. |V of this work. Lwp and Lgp are waveplate and Savart plate thick-
nesses, respectively. Interferometer delays correspond to normal ray incidence and
wavelength Ay = 434.0 nm.

Single-delay Multi-delay

LWP : (/) (mm) 4.48 6.35
Lwp : v (mm) cee 4.48
Lgp (mm) 4422
¢, (10° rad) 8.19 + 0.06 11.8+0.1
¥, (10° rad) 8.19 + 0.06
¢, + ¥, (10° rad) 20.0 £ 0.1
¢, — ¥, (10° rad) 3.6+0.1

lll. COHERENCE IMAGING MEASUREMENT
OF ELECTRON DENSITY

A. Modeling Balmer series line shapes

Simulations predict” that the MAST-U divertor will operate
with densities of up to 3 x 10° m™ and temperatures in the range
0.5<T. <5 eV. In these conditions, the hydrogen Balmer series
line shapes are determined by Stark broadening, Doppler broad-
ening, and Zeeman splitting.'>'” Spectroscopic measurement of 7.
via Stark broadening relies on the fact that the Stark contribu-

tion to the linewidth is roughly oc n2/ The line choice for this 7,
measurement is a trade-off: the further up the Balmer series (i.e.,
the higher the principal quantum number n, of the initial atomic
state), the more pronounced the Stark broadening, but the lower
the brightness of the line."” In conventional divertor spectroscopy,
one or more of the n; > 6 Balmer lines are typically observed simul-
taneously for a robust ne estimate.”” '® However, in CI, we are
limited to observing only a single line, making the choice espe-
cially important. In this work, we consider the H, line (14 =5,
Ao = 434.0 nm) only, as we will see that this gives good sensitiv-
ity across the relevant n. range for the available CI interferometer
delays.

In previous work,” the Stark-broadened H, line shape was

approximated using a Lorentzian function with width o< n2®. Here,
we instead use a look-up table (LUT) of Stark-Zeeman line shapes,
generated for plasma diagnostics by Rosato et al.’® via numerical
solution of the Schrédinger equation. This LUT spans an appropri-
ate range of input values of n., magnetic field strength |B|, and elec-
tron temperature T.—upon which the Stark profile has only a very
weak dependence. The line shape for an arbitrary set of input values
can then be found via interpolation.”® Since the relative strengths
and polarization states of the observed Zeeman-split = and ¢* line
components are determined by the angle between the magnetic field
B and the line of sight,” the LUT contains line shapes for both par-
allel (||) and orthogonal (1) views. From these two views, the appro-
priate Stokes vector for the spectrum can be calculated for arbitrary
view angles.’®*” The model of Rosato et al. assumes a pure deuterium
plasma, but the result for pure hydrogen can be approximated by
multiplying the input temperature by 2 (effectively dividing the ion
mass by 2 in the calculation of the ion thermal velocity).*’

For the Doppler broadening contribution to the line shape, we
will, unless otherwise stated, use a simple Gaussian profile, i.e., we
will show a Maxwellian velocity distribution for the emitting neu-
tral species, with temperature Ty. This assumption is justified in the
context of the Magnum-PSI experiments in Sec. IV D. This Doppler-
broadened profile is combined with the Stark-Zeeman profile of the
model of Rosato et al. by numerical convolution to give the final
modeled line shape.

Figure 5(a) uses this model to plot the H, line shape for a
range of ne, with Te = T, =1 eV and |B| =0 T. The correspond-
ing Lorentzian approximations (with the same Doppler contribu-
tion) are also plotted for comparison. For each of these line shapes,
Fig. 5(b) plots the corresponding { profile as a function of interfer-
ometer delay, calculated using Eq. (4). It is immediately clear that the
Lorentzian approximation can lead to a large underestimate of the .
value inferred from (, so it is not considered any further here. The
four vertical dotted lines in Fig. 5(b) correspond to the four delays of
the multi-delay CI setup described in Sec. IT B.

We will now consider in more detail the contribution of
Zeeman splitting to the observed contrast. Since independent
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FIG. 5. (a) Modeled line shapes for H, emission at 434.0 nm over a range of ne
for Te = Th = 1eVand |B| = 0 T. (b) The corresponding modeled ¢ profiles as a
function of interferometer delay.

broadening/splitting contributions to the line shape are combined
by convolution," the corresponding contributions to y (and so too
to {) are combined by multiplication (by the convolution theorem).
For our purposes, Stark broadening and Zeeman splitting are inde-
pendent effects. This can be verified by comparing the { profiles
generated using the model described above for |[B| =1 T to those
generated for |B| = 0 T that have then been multiplied by {, a Zee-
man splitting contrast factor calculated using a simple “strong-field”
approximation.”* The maximum absolute deviation between these
two ( profiles for the plasma parameters and delays considered in
Fig. 5 is 0.003, which is smaller than we are able to measure here. In
Fig. 5(b), the black line indicates {;, for |B| = 1 T for a parallel view of
the field. The pink shading then indicates the range of possible values
that ; can take for an orthogonal view of the field, depending on the
relative orientation of the CI instrument’s front polarizer and B. This
dependency arises as the 6* components are both linearly polar-
ized in the direction of B. It follows that, for an orthogonal view, a
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polarizer with the appropriate orientation can be used to suppress
both ¢* components, leaving only the central 7 component and
therefore setting {, ~ 1. This technique is often used in spectroscopy
when the B-field geometry is simple and known.>*! Figure 5(b)
shows that the {, contribution can be significant for low ne and large
delays and also that the orientation of the front polarizer should be
optimized and/or considered in the interpretation of results.

The ( profile alone is enough to unambiguously reconstruct
the line shape only if the spectrum g(v) is symmetric about v,
its center-of-mass frequency. This well-known result follows from
Eq. (4). Without this symmetry, the ® profile is also required for the
reconstruction. For a homogeneous emitter, the line shape model
described above is symmetric about vy, and the analysis methods
introduced in Sec. III B will consider { only. However, an observed
g(v) that is line-integrated through an inhomogeneous emitter will
not, in general, be symmetric due to Doppler shifts. Interpreta-
tion of line-integrated results in the context of Magnum-PSI will be
discussed in Sec. IV D.

B. Fitting to measured CI contrast

Inferring n. from measurements of { made at one or more
delays is a curve-fitting problem, requiring fast evaluation of the
modeled (. To do this, we pre-calculated a { LUT on a grid, span-
ning the expected range of #e, T. = Ty, B, and interferometer delay.
LUT interpolation then allows for a fast comparison to the data for
fit optimization. For the curve-fitting framework, we use Bayesian
parameter estimation. When fitting, we will assume that B and inter-
ferometer delay are known perfectly well and also that Te = Ty. This
leaves ne and T, as the free line shape model parameters to be
optimized.

For a single measurement of (, the most that can be inferred
about n. without making assumptions about Ty, is an upper limit.
While previous CI work? overcame this by assuming Doppler
broadening to be negligible, we will make the more conservative
assumption of a 6 eV (soft) upper limit on Tn, using the prior
probability density function (PDF),

1

P(Ta) o 1+exp(k[Ta -6 ¢eV])’

(11)

where we choose k = 4 eV™'. This PDF is plotted in Fig. 6(a). The
prior is only necessary for the single-delay CI data. The likelihood
function for each { data point is assumed to be a normal distribu-
tion, and noise on the measurements made at different delays and
at different points in the image is assumed to be uncorrelated. The
product of the prior PDF and total likelihood function at each image
point is proportional to the posterior PDF, which can be evaluated
on the LUT parameter grid to find the maximum a posteriori proba-
bility (MAP) estimate for parameters n. and Ty. Marginal posterior
PDFs for n. and T, and confidence intervals are calculated using a
Markov chain Monte Carlo (MCMC) method.**

In testing this LUT-based (-fitting tool on modeled spec-
tra, we can quantify the systematic error due to Doppler
broadening—particularly important in the case of single-delay CI.
To do this, { profiles are generated over a range of ne and Te = Ty
and then sampled at the appropriate delay(s). Zero-mean Gaussian
noise is then added to the modeled { values, with realistic standard
deviation o; = 0.02. Then, modeled { data points are to and the ne
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FIG. 6. (a) The prior PDF used when analyzing single-delay Cl data. [(b)-(€)]
Predicted error in inferred n. due to Doppler broadening as a function of mod-
eled ne, where the gray shaded region indicates £25% error. Gaussian-Doppler
broadening plotted across a range of T, for (a) the single-delay Cl configuration
and (b) the multi-delay configuration (see Table 1). Non-Gaussian-Doppler broad-
ening caused by two emitting hydrogen populations with different temperatures
(3 and 0.3 eV) and intensity ratio 2:1 for (c) single-delay and (d) multi-delay CI.
The Doppler-broadened line shape contribution is the plotted inset for (b)—(e).

MAP value determined. For each set of inputs, the average n. MAP
is taken over 100 independent instances of the measurement noise.
This procedure is carried out first for the single-delay CI configura-
tion from Table I, and the results are plotted in Fig. 6(a). This shows
that the overestimate in 7. can be significant even for moderate T,
e.g.>25%atne. =7 x 10 m™ and T, = 3 eV. Figure 6(b) then plots
the same test, but for the multi-delay CI configuration from Table I.
This shows a significant reduction in systematic error, extending the
range over which n. can be inferred with accuracy down to lower ne
and/or higher T, conditions.
In Sec. IV, these methods are tested experimentally.

IV. EXPERIMENTAL TESTING ON MAGNUM-PSI

A. Setup and operation

Magnum-PSI is a linear plasma experiment capable of pro-
ducing steady-state plasma beams with temperatures (0.1-5 eV),
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densities (10"°-10*' m™>), and field strengths (0-2.5 T), matching
the divertor conditions of current and future tokamaks.”’ A cas-
caded arc source produces a plasma beam of diameter ~ 20 mm that
is confined by the field of five superconducting solenoid magnets. A
movable, replaceable target sits 1.5 m downstream from the source,
within a vacuum vessel of diameter 0.5 m. The control parameters
for Magnum-PSI are the source gas flow Q; in standard liters per
minute (SLM), source current Is, and |B|. In this section, we use
the CI techniques described above to measure the ne profile of the
Magnum-PSI beam for a range of plasma conditions, benchmark-
ing our results against the Thomson scattering (TS) diagnostic sys-
tem,* whose reported n. measurement accuracy is better than 5%.
The measurements presented in this section were taken in parallel
with a separate investigation into the performance of the MAST-U
Langmuir probes.**

The CI instrument was mounted on the railing of a mezza-
nine area such that its front pupil was a distance of 5.5 m from
the Magnum-PSI beam, which it viewed through a 70 mm diame-
ter port in the vacuum vessel. Usually, this mount is occupied by
a high-speed camera, far enough from the coils that the stray field
does not affect operation. Figure 7(a) shows a photo of the installed
CI setup in relation to the experiment. A telephoto DSLR lens with
focal length 600 mm and f/6.3 occupies the I; position in the CI
instrument [see Fig. 2(a)], while the [, and /5 lenses have focal lengths
105 and 150 mm, respectively. This provides a vertical field of view
of 0.5°. The port views the beam a few cm upstream of the target,
in the same plane as the vertical TS laser path and also the sight
lines of a grating spectrometer. Figure 7(b) shows this geometry as
viewed from the source. Figure 7(c) shows the measured transmis-
sion profile of the two-cavity interference filter used in the CI system
to isolate the H, emission. Also shown is an example line spec-
trum measured by using the spectrometer looking through the beam
axis.

The CI camera was connected to a personal computer (PC)
on the mezzanine and was remotely controlled from the experi-
ment control room. Before the start of operations, the CI temper-
ature controller was set to 35 + 0.25 °C and left for more than 2 h
to equilibrate. Figure 9(a) shows an example interferogram for the
multi-delay system viewing the Magnum-PSI beam. This image was
exposed for fey, = 0.8 s, and the plasma control parameters are
given in the caption of Fig. 9. At this display resolution, the pix-
elated pattern is not visible. The peak n. and Te on-axis reported
by the TS diagnostic for this discharge are n. =7.90 x 10°° m™
and Te = 1.77 eV. Figure 9(b) shows the extracted brightness image.

B. Calibration

In CI, a multiplicative contrast degradation factor {; determines
the maximum observable fringe contrast—analogous to the instru-
ment function of a grating spectrometer.” Here, {; was measured
using a Cd lamp illuminating an integrating sphere, roughly every
two hours during operations. The instrument was unmounted, and
calibration images were captured of the Cd I line at 467.8 nm, the
appropriate bandpass filter having been swapped in. Figure 8 plots
the multi-delay {; value for each of the four delays, averaged over
a central 20 x 20 pixel region. The values shown are averaged over
four measurements taken over the course of the day, with error bars
indicating the corresponding standard deviation. The {; images were
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FIG. 7. (a) The Magnum-PSI experiment hall. The Cl instrument can be seen in the
top-right corner. (b) The Cl and spectrometer views relative to the TS laser path
and the plasma beam, as viewed from the plasma source. (c) Measured trans-
mission profile of the narrowband interference filter and H,, spectrum observed by
using the spectrometer.

uniform to be within +0.02. It is worth noting first that {; for the
pure PPM term (at ¢, ~ 12 000 rad delay) is significantly higher than
for the LPM terms. One possible cause for this is that only a single
crystal plate encodes this delay since variations in the thickness of
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FIG. 8. Measured instrument contrast calibration values for multi-delay CI.
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each plate contribute to the range of phase delays imparted across
the plate aperture, reducing ;.

It was later found that, for the multi-delay system, a higher (
was observed during Magnum-PSI discharges than for the Cd lamp
measurements of {;—indicating a systematic error in those mea-
surements. Figure 8 also plots the multi-delay {; values estimated
from Magnum-PSI measurements made on the same day. Specifi-
cally, these values are from the far edges of the Magnum-PSI beam
(impact parameter |b| > 15 mm) and from the discharges with the
lowest TS-reported #.. Two correction factors have been divided
out to obtain these values: {, to account for Zeeman splitting at
|B| = 1.2 T (the dashed line) and {p, to account for Doppler broaden-
ing at Ty, = 0.75 eV (the solid line). This {}, profile was chosen based
on the corresponding spectrometer measurement at the same line-
of-sight impact parameter b, meaning that these {; CI calibration
values are partially derived from the instrument function calibration
of the spectrometer.

The cause of the discrepancy between these two sets of {; mea-
surements is not fully understood. Subsequent lab testing rules out
the wavelength dependence of (; as a significant contribution (the
Cd T line is over 30 nm from H,). Testing also suggests that the
cause could have been the movement of the interferometer crystals
during the repeated unmounting and re-mounting of the instru-
ment for the Cd calibration measurements. For the calibration of
all the multi-delay data shown in this work, we use the {; val-
ues inferred from the Magnum-PSI measurements and spectrome-
ter instead of the Cd lamp measurements. It should be noted that
the single-delay (; calibration values were consistent between the
Cd lamp measurements and the values estimated using the method
mentioned above. The design and calibration of the MAST-U CI
instruments are being improved and will be discussed in a future
publication.

Dark frames were also captured with each {; and were sub-
tracted from all images before demodulation. We will refer to the
line-integrated contrast extracted from the raw measurements of
Magnum-PSI as ¢ so as to distinguish it from the Abel-inverted local
contrast profiles { introduced in Sec. IV E. Each ¢ image was divided
through by the corresponding {; image prior to analysis. Figure 9(c)
shows the calibrated ¢ images for the four delays of the multi-delay
data, in ascending order. In Fig. 9(d), is plotted as a function of
delay for the central column of these images for two impact param-
eters. Also plotted are the corresponding ¢ profiles as predicted by
the grating spectrometer measurements of the line shape taken dur-
ing the same discharge (instrument function deconvolved). The two
instruments are in broad agreement.

C. Continuum emission

Even with the filter in place, it was found that the con-
tinuum emission reduced the measured contrast appreciably for
some discharges. For the single-delay measurements, this cannot be
accounted for a priori, while for the multi-delay measurements, it
is accounted for with a third fit parameter. If the (area-normalized)
observed spectrum is the sum of line (L) and continuum (c) compo-
nents, we have

g(v) = Lg(v) + Iege(v), (12)
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FIG. 9. (a) The raw Cl interferogram observing H, emission from Magnum-PSl,
with s = 200 A and |B| = 1.2 T. The instrument is in the multi-delay configuration,
and the exposure time is 0.8 s. (b) The brightness profile extracted from (a). (c)

The contrast C (line-integrated and calibrated) extracted from (a). (d) {atthe image
center column plotted as a function of delay for two different view impact parame-

ters. Plotted for comparison is the corresponding ¢ calculated from spectrometer
measurements, with view orthogonal to CI.

where the relative intensities satisfy I, + I = 1. Using Eq. (4), we can
write the observed coherence as

y:yL(IL+Ic&). (13)
YL
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From the Fourier transform magnitude of the filter transmission
bandpass [the dashed line in Fig. 9(d)], it is clear that for all four
of the delays used in this work, we have |y | ~ 0. It follows that the
observed contrast is { = |y| ~ IL|y, |, i.e., the continuum manifests as
a multiplicative contrast degradation factor, independent of delay,
that indicates the fraction of line emission.

Since the line-integrated profiles do not show a significant vari-
ation along the beam axis, for the remainder of this work, we will
present results from a central column slice through the images only.

D. Non-Gaussian-Doppler broadening and Doppler
shifts

The presence of non-Gaussian-Doppler broadening or signif-
icant Doppler shifts could complicate the interpretation of the CI
data. Previous work by Shumack et al."! used a grating spectrometer
to view Hg (486.1 nm) at the plasma source of the Pilot-PSI machine
(a smaller, non-superconducting forerunner to Magnum-PSI that
used the same cascaded arc plasma source). From the observed
line shape, the presence of two atomic hydrogen populations was
inferred: one coupled to the ions via charge exchange with T, at
a few eV and the other one cold at 0.1-0.5 eV. The intensity ratio
between the two populations was constant across the beam profile
at roughly 2 to 1 (hot to cold). In addition, the hot population was
observed to be rotating around the beam axis, at velocities of up to
10 km/s, due to an E x B drift. Since this rotation was observed to
decrease with axial distance from the source, with a characteristic
decay length of 0.5 m, it is not observed in our measurements at the
Magnum-PSI target, which sits 1.5 m from the source.

The presence of two emitting populations at different temper-
atures results in a non-Gaussian-Doppler broadening contribution
to the line shape, which could introduce systematic error into the
inferred . if not accounted for. The size of this error was modeled
by the same fitting procedure used in Sec. III B. Representative Ty
chosen for the hot and cold populations in this test are 3 and 0.3 eV.
Figure 6(c) shows the predicted error for the single-delay CI config-
uration, and Fig. 6(d) shows the error for the multi-delay CI config-
uration. As might be expected, the presence of the cold population
reduces the error due to Doppler broadening in the single-delay case
when compared to the Gaussian broadening model with T, = 3 eV.
In the case of the multi-delay CI, the error in inferred n. is only larger
than 5% for ne < 5 x 10" m™>. Since the predicted effect is small, we
do not consider non-Gaussian-Doppler broadening in the analysis
of the Magnum-PSI CI results.

E. Abel inversion

The spectrum observed at each pixel has been integrated along
a path L through the plasma. It can be shown that,” provided that the

range of Doppler shifts along L is small, the observed contrast { (¢o)
is related to the local contrast {(¢,, r) at point r by

{90) = 1 [ (@or)d (14)

Here, ¢(r) is the local emissivity, satisfying

I= /Le(r)dl. (15)
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Since { is weighted by &(r), Eq. (15) must be inverted to yield e(r)
before Eq. (14) can be inverted to yield {(¢,,r), from which #. can
be determined according to Sec. I1I B.

The Magnum-PSI plasma beam has approximate cylindri-
cal symmetry about its axis.”> This cylindrical symmetry is often
assumed during spectroscopic studies of Magnum-PSI (and also of
Pilot-PSI), with an Abel inversion used to obtain the local plasma
properties from the observed line-integrals.”’*!*° In this work, we
will make the same assumption. Recovering the full profile of a
non-symmetric beam requires multiple views from different direc-
tions, but these are not available for CI at this time. Since the CI
and spectrometer have near-orthogonal views of the beam, the data
from both diagnostics could feasibly be combined to perform a
full tomographic inversion of the profile, but this is not attempted
here.

Equations (14) and (15) represent Abel-inversion using the
simultaneous algebraic reconstruction technique (SART)*” and iter-
ative technique that has been used in previous CI work.”!’ Each
pixel’s line of sight is assumed to be narrow and to have equal collec-
tion power along its length. Line-integrated brightness profiles are
brought smoothly to zero outside of the image edges prior to inver-
sion. The position of the beam axis on the line-integrated profiles
is estimated by choosing the brightest point in the smoothed, line-
integrated brightness profile (see the horizontal black dotted lines
in Fig. 9). The radial inversion grid chosen extends to r = 30 mm
and has 300 bins, for a grid spacing of 0.1 mm in this direction. For
the multi-delay CI results, the ¢ profile is inverted independently for
each of the four delays.

F. Comparison with Thomson scattering

Once the radial { profile(s) have been calculated, the fitting pro-
cedure described in Sec. III B is used to infer the corresponding
profile for n.. Figures 10(a)-10(d) plot the multi-delay CI results for
an ascending scan in beam #.. See the caption of Fig. 10 for the cor-
responding Magnum-PSI control parameters. The data in Fig. 10(d)
correspond to the pre-inversion images shown in Fig. 9. The top row
of Fig. 10 shows 3D plots of the inverted { profiles in black as a func-
tion of beam radius and delay. The gray mesh surface represents the
MAP values for the fit to the { data at each r, plotted over a range of
delays. Three slices through this surface are made at radial positions
r = 0,6, and 12 mm, plotted in blue, orange, and green, respectively.
In the second row, each of these slices is plotted as a function of delay
only, along with the corresponding four { data points used to con-
strain the fit, allowing for visual inspection. The third row of Fig. 10
then plots the radial n. profiles as inferred from both the CI and
the TS (upper and lower halves of the profile). For the CI results,
the MAP values are plotted as a solid line and the 68% confidence
interval is shaded in gray. The r values of the three slices are indi-
cated with vertical lines of the appropriate color. Finally, the fourth
row plots the corresponding radial temperature profiles: T, for TS
and T, for CI. For the CI data, only the 68% confidence interval is
shown.

Agreement between the inverted { data and the fit profiles is
good for these measurements, particularly closer to the beam axis.
Agreement between CI and TS ne profiles is good across the range
shown. The peak n. for the discharge shown in Fig. 10(d) is ne =
8 x 10” m >, high enough that the fringe contrast goes to zero for
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two (almost three) of the four interferometer delays. Despite this,
good agreement with TS is maintained since Stark broadening is
the dominant effect at high n.. At lower #., the effect of the con-
tinuum emission, which can be inferred from the intercept of the
fit curves with the contrast axis, can be significant. For the discharge
shown in Fig. 10(a), the fraction of the total observed emission that is
attributed to continuum by the fit is 35% on-axis. This is consistent
with the spectrometer data for the same discharge. For higher ne,
there is a negligible continuum emission on-axis and a slight contri-
bution off-axis. A possible source of this continuum emission is the
molecular hydrogen dissociative continuum.

Ty inferred from the CI data is typically higher than T. reported
by TS, particularly for higher n. discharges. This discrepancy is
consistent with previous spectroscopic measurements of T, on
Pilot-PSL.*!

Figure 11 plots inverted single-delay CI results from Magnum-
PSI, presented in the same format as Fig. 10. The results are taken
from another low-to-high scan in ne, but this time at [B| = 0.8 T.
See the caption of Fig. 11 for the details of the Magnum-PSI control
parameters. While the #. profile inferred from single-delay CI shows
good agreement with TS for n. > 102 m~3, Fig. 11(a) shows that at
lower densities (11, ~ 5 x 10" m™), we see a considerable (~200%)
overestimate in CI #e.

Finally, Fig. 12 plots the CI #n. values on the plasma beam axis
against the corresponding TS n. values for multiple discharges mea-
sured with (a) the single-delay CI and (b) the multi-delay CI. The
relative overestimate in 7. in the single-delay data is likely due to
a combination of Doppler broadening and continuum emission.
This highlights the difficulty in interpreting single-delay CI results
in isolation.

G. Discussion

The measurement performance achieved with the tested instru-
ments is now summarized. The time resolution was limited by the
brightness of the observed emission. Since we were viewing a small
plasma volume from far away, long exposure times in the range
0.5-10 s were needed to achieve a reasonable signal level, particularly
at low n.. The approximate spatial resolution for the single-delay
CI instrument, assuming detector-limited operation, was 0.04 mm
for both image dimensions. For the multi-delay CI instrument, the
approximate spatial resolution at the beam was 0.04 mm in the ver-
tical direction and 2 mm in the horizontal direction. The horizontal
resolution here was limited by the spatial frequency of the sinusoidal
fringe pattern. Using a thicker Savart plate or a lens with a shorter
focal length in the I3 position would have given a higher horizontal
spatial resolution of up to a practical limit of 0.25 mm. The esti-
mated n. uncertainty achieved for the multi-delay CI was 40% for
#1e = 5x 10" m™> and 10% for ne = 5 x 102 m™>.

The performance of the technique will be different when it
is applied to MAST-U (or to another tokamak). On MAST-U, the
H, channel of the multi-wavelength imaging (MWI) diagnostic,’
which looks tangentially into the divertor, achieves a reasonable sig-
nal level running at 200 Hz with an exposure time of 4.5 ms. The
average CI signal will be at least 50% lower than for the equivalent
MWI filtered imaging channel (assuming a net unpolarized spec-
trum), but this performance can be taken as being indicative of the
expected time resolution for the MWT's H, CI channel. The camera
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FIG. 10. Inverted Cl results (multi-delay) where columns (a)—(d) correspond to a scan in Magnum-PS| source current /5. For these plasmas, the source gas flow rate is Qs = 5
SLM and |B| = 1.2 T. In the top row, inverted ¢ profiles are plotted in black vs delay and plasma beam radius r. The gray mesh surface is the best fit to these data. The
second row plots slices at three different r, showing both data and fit. The third row then compares the ne profiles inferred by Cl and Thomson scattering (TS). The final row
compares the neutral temperature T, inferred from the Cl data to the measured TS T, profiles.
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FIG. 11. Inverted Cl results (single-delay) where columns (a) and (b) correspond to
low and high Magnum-PSI source current /5. The source gas flow rate is Qs = 4.5
SLM and |B| = 0.8 T for both discharges shown. The results are presented in the
same format as in Fig. 10.

used in this work is limited to a frame rate of 75 Hz, so the limit-
ing factor could instead be the choice of camera. The MWI has a
spatial resolution of 5 mm for each of its channels, limited by opti-
cal aberrations.® The spatial resolution of the MWI CI system will
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FIG. 12. Inferred ne on the Magnum-PS| beam axis inferred using coherence imag-
ing plotted against the corresponding ne inferred using Thomson scattering for
the (a) single-delay Cl and (b) multi-delay CI. Each data point corresponds to an
independent Magnum-PSI discharge.

depend on the CI configuration and will be considered in a future
publication.

V. SUMMARY AND CONCLUSIONS

In this work, we have introduced new methods for coher-
ence imaging, a narrowband spectral imaging technique for diag-
nosing fusion plasma experiments. This was motivated by wanting
to maximize the resolution and coverage of measurements of the
divertor plasma on the MAST-U spherical tokamak experiment. We
applied the method of pixelated phase mask interferometry, already
an established technique in optics, to CI, noting that it can achieve
a higher (average) spatial resolution than the existing linear phase
mask CI design. In addition to the snapshot, single-delay PPM CI
instrument, we introduced one example of a snapshot multi-delay
instrument, suitable for measuring more complex spectra, that uses
a combination of the PPM and LPM encodings.

We discussed in detail the application of CI to the measure-
ment of electron density via Stark broadening of hydrogen Balmer
line emission in plasma conditions relevant to the study of tokamak
divertor physics. The tabulated line shape model of Rosato et al.**
was incorporated into an LUT-based fitting procedure for inferring
ne from measurements of CI fringe contrast. Tests of this fitting pro-
cedure using synthetic data showed that a multi-delay instrument
configuration can significantly widen the dynamic range of the n.
measurement by improving robustness against Doppler broadening
effects at lower ne.

Experimental CI measurements were made of divertor-relevant
plasma conditions on the Magnum-PSI linear plasma experiment at
DIFFER using the single-delay and multi-delay instrument config-
urations. For multi-delay CI measurements of H, emission, good
agreement was found between the inferred n. profiles and those
measured using Thomson scattering across the range 3 x 10'° < 7,
<1x10% m™. For the single-delay CI measurements, good agree-
ment with TS was only achieved for n. > 1 x 102 m™ due to
a combination of Doppler broadening and continuum emission.
This highlights the difficulty in interpreting single-delay CI data in
isolation when observing complicated spectra.

The techniques described in this work are currently being
applied to MAST-U to help us better understand the physics of
tokamak heat exhaust.
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APPENDIX: MUELLER MATRICES

The Mueller matrix for frame rotation from the x axis toward
the y axis is*®

1 0 0 0
0 cos(2p) sin(2p) 0O
R(p) - g ! (A1)
0 -sin(2p) cos(2p) 0
0 0 0 1

The Mueller matrix for an ideal linear polarizer whose transmission
axis makes an angle p with the x axis is

Ms(p) = R(-p) R(p). (A2)

o o o o
S o o o

00

The Mueller matrix for an ideal linear retarder whose fast axis makes
an angle p with the x axis is

10 0 0
0
Mir(p¢) = R(-p) ~[RGp). (A3)
0 cos ¢ sin ¢
0 0 —sin¢ cos¢

It follows that the Mueller matrix for an ideal quarter-wave plate is
Maqwe(p) = Mir(p, 3)-
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