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A B S T R A C T

The linear response of a plasma to perturbations of arbitrary frequency and wavelength is derived for any
axisymmetric magnetized toroidal plasma. An explicit transformation to action-angle coordinates is achieved
using orthogonal magnetic coordinates and the Littlejohn Lagrangian, establishing the validity of this result to
arbitrary order in normalized Larmor radius. The global resonance condition for compressional modes is clarified
in more detail than in previous works, confirming that the poloidal orbit-average of the cyclotron frequency gives
the desired result at lowest order in Larmor radius. The global plasma response to the perturbation at each
resonance is captured by a poloidal and gyroaverage of the perturbing potential. A “global gyroaveraging” of the
potential is a natural by-product of this analysis which takes into account the changing of the magnetic field over
an orbit. The resonance condition depends on two arbitrary integers which completely separately capture the
effects poloidal non-uniformity and finite Larmor radius in generating sidebands. We learn that poloidal side-
bands generated for compressional modes are dominated by the change in gyrofrequency over the orbit, which is
very different to shear modes where the gyrofrequency only contributes via a finite Larmor radius effect. This
increases the number of bounce harmonics required to compute the linear drive, giving a more complicated
resonance map. An example calculation is given comparing resonance of shear and compressional modes in a
published DIII-D case.

Introduction

The wave-particle interaction is of fundamental importance to pre-
dicting the stability of fusion plasma. It occurs because a minority of
plasma particles have transit velocities comparable with the phase speed
of the waves, leading to a situation where small perturbations in the
electromagnetic fields will grow as particle energy is depleted through a
coherent sustained interaction. This resonant power transfer process is
in competition with other processes in the thermal plasmawhich remove
energy from the waves. For sufficiently short timescales and small per-
turbations, linear kinetic theory provides the solution to the expected
dynamics of the resonant particles, thereby predicting the drive of the
instability. The linear drift-kinetic [1] and gyrokinetic [2,3] approxi-
mations to the Vlasov equation have been applied successfully to the
prediction of shear Alfvén eigenmodes (AEs) [4,5,6] in conventional
aspect ratio tokamaks where the low frequency applicability criterion
ω≪Ωc is satisfied, with Ωc a characteristic cyclotron frequency for any
species in the plasma. However the compressional Alfvén eigenmodes

(CAEs) observed on spherical tokamaks such as MAST [7] and NSTX [8],
as well as conventional tokamaks such as DIII-D [9], exist at frequencies
comparable to the ion-cyclotron frequency range where these existing
kinetic theories are not appropriate.

It was understood quite early [10,11] that geometrical effects from
non-uniform equilibrium are an important ingredient in the resonant
wave-particle problem, making the description of the linear kinetic so-
lution necessarily global. Resonant transfer of energy between shear
waves and particles in the drift and gyrokinetic theories requires syn-
chronization between wave phase and the motion of the particle guiding
centre such that

nωϕ + pωθ − ω = 0, (1)

where ωθ and ωϕ are the poloidal and toroidal angular velocities with p
an integer and n the toroidal mode number. These are not the instan-
taneous angular velocities but the mean velocities which we will define
more rigorously later.
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On the other hand, the theory of wave-particle interaction in uniform
unmagnetized plasma (e.g.: [12]) gives the Cerenkov condition

k⋅v − ω = 0, (2)

and particles in uniform magnetized plasmas are subject to the gyro-
magnetic resonance condition

k‖v‖ − lΩc − ω = 0, (3)

for integer l. The electromagnetic quasilinear theories [13] typically
work with a geometrical optics approximation where the local reso-
nance conditions are used. Wave-particle encounters are localised and
brief in these models, and particle gyrophase is deemed incoherent be-
tween encounters as random kicks. This is a fundamentally different
picture to the global resonance condition Eq. 1 where the wave phase
information is retained for the motion as in the case of wave-particle
interaction with CAEs.

A transparent approach to this issue has been first derived by either
Callen or Kaufman [14] using Hamiltonian methods

nωϕ + pωθ + lΩc − ω = 0, (4)

where the integer l refers to the gyro degree of freedom with mean ve-
locity Ωc. However, this theory pre-dated the rigorous description of
Hamiltonian guiding centre motion. It was formulated using a
configuration-space Lagrangian provided by Taylor [15] which lacked
information on gyroangle ξ because it was based on an intuitive model of
a point-like particle with a magnetic moment. The distinction between
guiding centre position and particle position, important for finite Lar-
mor radius (FLR) effects, did not quite fit into the formalism and was
added after the fact. One therefore does not know how the error in the
particle tracking compares with the FLR effects. Another further
complication is that the appropriate canonical variables contain the
perturbing fields, making practical application difficult.

A derivation of the guiding centre Lagrangian provided by Littlejohn
a decade later [16] regained the gyroangle and clarified the Hamiltonian
guiding centre theory, requiring a modified action principle in phase
space rather than the usual configuration space. This involves re-
strictions on the appropriate canonical coordinates for the angular ve-
locities in Eq. 4 [17], including the definition of gyroangle. Drift-kinetic
and gyrokinetic theories founded on this Lagrangian [3,18] have so far
assumed low characteristic frequencies ω,ωϕ,ωθ≪Ωc and ignored
gyrophase information. When this condition is broken, the requirement
of using Eq. 4 instead of Eq. 1 has not been properly justified rigorously.
What is also not obvious is the range of integers in Eq. 4 that should be
included for a given linear stability problem. This information is
important to extend existing resonance map methods to CAEs, which for
AEs have shown a range of useful applications in understanding exper-
imental stability and loss [19,20,21]. It is often the case that many
resonant orbits can be identified whose wave-particle interaction is
found negligible when later compared to the numerically obtained
power transfer. Analytical progress can be simplified significantly if the
magnitude of sideband contributions can be estimated. In this work, we
will provide estimates for the coupling strength for the resonances under
various limiting cases.

We wish to clarify the global linear kinetic theory and resonance
condition for arbitrary mode frequency, and put this clearly alongside
limiting cases identified previously. Our solution draws on a few
different existing works; we use the action-angle approach similar to the
theory of Kaufman [14]. In the that theory, the equilibrium is taken to be
slowly varying and the invariants are taken to be adiabatic. To simplify
the presentation, we consider a time-independent equilibrium with
exact invariants extracted from the Hamiltonian guiding centre theory.
We wish to clarify the form of the global resonance condition and linear
solution [1] applicable to all waves including CAEs, where we
de-mystify the role of sidebands and cyclotron resonance in global

problems. We do this by retaining oft-neglected gyroangle information
in the Littlejohn guiding centre model [16] which appears more ordi-
narily in the quasilinear theory of radio-frequency heating of plasma
[22,23,24].

Guiding centre model retaining gyration for compressional
modes

Starting with the 6-D Vlasov phase space Lagrangian governing the
full-orbit particle motion, we separate the fields into time varying and
constant pieces

L(x, v, ẋ, v̇, t) = [Ze(A0(x)+ δA(x, t))+mv]⋅ẋ

−

[
1
2
mv2 +Ze(Φ0(x)+ δΦ(x, t))

]

. (5)

The Lagrangian is a phase-space version which satisfies the modified
Hamilton’s principle (e.g.: section 8.5 in Goldstein [25]), giving the
necessary structure for a guiding centre theory which retains gyroangle
[16]. Minimizing the action in phase space will give trajectories where
v = ẋ as one would expect.

To analyse the unperturbed periodic motion of confined particles, we
will use the periods associated with gyration, toroidal and poloidal
timescales. In general, the 6D motion of particles is not integrable,
which is equivalent to saying that not all particles in all fields are
confined to periodic orbits. For linear perturbation analysis it will be
convenient to express all quantities in terms of the periodic motions. We
therefore separate the equilibrium and perturbed fields

L(x, v, ẋ, v̇, t) = [ZeA0(x)+mv]⋅ẋ −

[
1
2
mv2 +ZeΦ0(x)

]

− ZeδΦ(x, t)

+ ZeδA(x, t)⋅ẋ, (6)

This is almost a Hamiltonian structure, except for the term ZeδA(x,
t)⋅ẋ. If we don’t remove this term, then the perturbation will appear in
our canonical coordinates, which is inconvenient. Previous treatment
for the Alfvén wave with guiding centre motion [26] used the following
non-canonical redefinition of the velocity

v→v −
Ze
m

δA, (7)

This re-definition of velocity is exact and can always be related to the
actual velocity. However we show in Appendix A that the distinction
between ordinary velocity and this new quantity is unimportant for
sufficiently small fields because the resonant particle velocity scales
with the square root of perturbation amplitude. We then find

L(x, v, ẋ, v̇, t) = L0 − ZeδΦ + Zev⋅δA −
Z2e2δA2

2m
, (8)

where the equilibrium fields only are contained in L0. Neglecting the last
term in δA2 ignores the nonlinear ponderomotive force associated with
the perturbation, which we take as negligible for tokamak problems of
practical interest.

To make the integrability of the equilibrium motion explicit and
clear, we adopt the guiding centre variables [16]

â(X, ξ) = cosξ1̂(X) − sinξ2̂(X),

∂â
∂ξ

(X, ξ) = ( − sinξ1̂(X) − cosξ2̂(X)) = ĉ(X, ξ),

x = X+ ρ,

ρ =
mv⊥

ZeB0(X)
â(X, ξ),

v = V‖ b̂(X) + v⊥ ĉ(X, ξ),

b̂0 × 1̂ = 2̂ , b̂0⋅1̂ = 0, 1̂⋅1̂ = 1.

(9)

Taking advantage of the invariance of the Lagrangian under
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coordinate transformations and addition of derivative dS
dt for any S, we

may derive the exact particle Lagrangian in the new variables

L(X,V‖,v⊥,ξ,Ẋ,V̇‖, v̇⊥,ξ̇,t)=

[ZeA0(X)+mV‖ b̂0(X)]⋅Ẋ+
1
2
m2v2⊥
ZeB0(X)

ξ̇ −
[
1
2
mv2⊥+

1
2
mV2

‖ +ZeΦ0(X)
]

+ΔL0

− [ZeδΦ − ZeV‖δA‖ − Zev⊥ ĉ0(X,ξ)⋅δA⊥],

ΔL0
/

Ze=
[

m2v2⊥
2Z2e2B0(X)

∇2̂(X)⋅1̂(X)+
m2v⊥V‖

Z2e2B0(X)
∇X â(X,ξ)⋅b̂0(X)

+exp2..N(ρ⋅∇X)A0(X)
]

⋅Ẋ+exp2..N(ρ⋅∇X)A0(X)⋅ρ̇

−
1
2

ρ⋅
(
d
dt
∇XA0(X)

)

⋅ρ,{δΦ,δA‖,δA⊥}

=exp(ρ⋅∇X){δΦ(X,t),δA‖(X,t),δA⊥(X,t)},exp2..N(ρ⋅∇X)

≡ exp(ρ⋅∇X)− 1 − ρ⋅∇X.

(10)

The portion independent of gyroangle ξ preceding ΔL0 is the Lit-
tlejohn Lagrangian in a static field, which describes the motion of
guiding centres accurate to leading order in Larmor radius normalized to

typical equilibrium scale length λ=
(

mv
ZeB0(x)

)

/

(
B0(x)

|∇B0(x)|

)

. The static field

quantities in this gyro-invariant portion are all evaluated at the guiding
centre position X and represent the approximate guiding centre motion
in equilibrium. ΔL0 contains the O(λ) corrections to the equilibrium
guiding centre motion and the gyroangle dependent equilibrium mo-
tion. The remaining portion contains the influence of the perturbation
on the motion. To retain FLR effects in the perturbed fields, we cannot
say δA(x,t)=δA(X,t) nor δΦ(x,t)=δΦ(X,t) so we retain these to arbi-
trary order for the time being by keeping them at the particle position. If
we neglect the contribution of ΔL0 to the Lagrangian, then the resulting
equilibrium trajectories of guiding centres will be displaced from the
particle locations by an additional amountΔX and similarly for the other
phase space variables. The perturbing fields along the new trajectory
require a correction exp(ΔX⋅∇X) as well as a correction for the velocity
(since for example the magnetic moment is not constant). If we make the
estimate |ΔX|∼λ|ρ| then we conclude that the mode FLR corrections that
can be resolved are limited by the ordering in the equilibrium guiding-
centre orbits λ. For the remainder of the paper, we ignore these differ-
ences taking ΔL0 = 0and exp(ΔX⋅∇X) = 1. Accuracy in computing the
particle response to a perturbation is thus limited by the accuracy of the
equilibrium orbit tracking.

To obtain a canonical set of variables, we require three angular co-
ordinates and three momenta. To do this, we adopt orthogonal magnetic
coordinates where Bψ = Bψ = 0 and gψθ = gθϕ = gψϕ = 0 for metric
tensor gij. This is less convenient for description of the wave phenomena,
but a useful simplification for describing the particle motion analyti-
cally. Such a coordinate system should be well defined except for regions
very close to the magnetic axis in a strongly shaped plasma. Recent work
[27] offers an alternative which is both canonical and straight-field line,
suitable for numerical calculations.

In orthogonal coordinates we have

b̂0 =
B2
B0

∇θ +
B3
B0

∇ϕ,

A0 = A2(ψ)∇θ + A3(ψ)∇ϕ,

Ẋ = ψ̇∂X
∂ψ + θ̇

∂X
∂θ

+ ϕ̇
∂X
∂ϕ

,

ĉ0 = − sinξψ̂ − cosξ π̂,

ψ̂ (X) =
∇ψ
|∇ψ | , π̂(X) = b̂(X) × ψ̂ (X).

(11)

We now have the Hamiltonian system

L = Pθθ̇ + Pϕϕ̇ + Pξξ̇ − H0 − δH,

Pθ = ZeA2(ψ) +mV‖

B2(ψ, θ)
B0(ψ, θ)

,

Pϕ = ZeA3(ψ) +mV‖

B3(ψ , θ)
B0(ψ , θ)

,

Pξ =
m2v2⊥

2ZeB0(ψ , θ)
=
mμ
Ze

,

H0 =
1
2
mv2⊥ +

1
2
mV2

‖ + ZeΦ0(ψ, θ),

δH = ZeδΦ − ZeV‖δA‖ − Zev⊥ ĉ0(ψ , θ, ξ)⋅δA⊥,

(12)

with the canonical variables θ,ϕ, ξ,Pθ,Pϕ, Pξ all being guiding centre
variables of the equilibrium motion. In Appendix C we show that the
choice of orthogonal flux coordinates guarantees canonical guiding
centre variables to arbitrary order.

The symmetry in equilibrium with respect to time, gyroangle and
toroidal angle mean that H0, Pϕ, and Pξ are conserved quantities. These
equilibrium orbits in θ,ϕ, ξ, Pθ are complicated by the field geometry.
The analysis will be greatly simplified if we choose a coordinate system
where the angular motion appears constant. We therefore split the
particle angular position θ(t) into steady θ(t) and oscillatory θ̃(t) com-
ponents as θ = θ + θ̃ for all the coordinates θ,ϕ, ξ,Pθ,Pϕ,Pξ. We want a
canonical transformation which gives the new equations of motion

Ṗθ = −
∂H0

∂θ
= 0,

Ṗϕ = −
∂H0

∂ϕ
= 0,

Ṗξ = −
∂H0

∂ξ
= 0,

θ̇ =
∂H0

∂Pθ
= ωθ,

ϕ̇ =
∂H0

∂Pϕ
= ωϕ,

˙ξ =
∂H0

∂Pξ
= Ωc,

(13)

and new Hamiltonian

H0(Pϕ,Pθ,Pξ) = ωϕPϕ + ωθPθ + ΩcPξ, (14)

where we have defined constant frequencies for the periodic poloidal ωθ,
toroidal ωϕ, and gyro Ωc motion. The canonical transformation to the
new action angle proceeds by exploiting the invariance of the
Lagrangian under the addition of a total time derivative dG0

dt for any G0

Pθθ̇ + Pϕϕ̇ + Pξξ̇ − H0
(
θ,ϕ, ξ,Pθ, Pϕ, Pξ

)

= Pθθ̇ + Pϕϕ̇ + Pξξ̇ − H0(Pϕ, Pθ, Pξ) +
dG0

dt
(15)

The useful choice of G0 for our purposes is

G0 = G(θ,ϕ, ξ, Pθ, Pϕ,Pξ) − θPθ − ϕPϕ − ξPξ, (16)

leading to the identities

Pθ =
∂G
∂θ

, Pϕ =
∂G
∂ϕ

, Pξ =
∂G
∂ξ

, θ =
∂G
∂Pθ

, ϕ =
∂G
∂Pϕ

, ξ =
∂G
∂Pξ

, (17)

which when allowing for the invariance of H0, Pϕ, and Pξ gives the
generating function
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G(θ,ϕ, ξ, Pθ, Pϕ,Pξ) = Pξξ + Pϕϕ +

∫θ

0

Pθ[Pϕ,Pξ,H0(Pϕ, Pθ, Pξ), θ
ʹ]dθʹ.

(18)

This completes the implicit definition of the new action-angle co-
ordinates. In particular, ξ = ∂G

∂Pξ
is an important definition in the context

of compressional modes where gyration is implicated in the power
transfer. This gives a rigorous definition to the intuition that change in
the magnetic field over an orbit will change the gyrofrequency, and this
change should be accounted for. In Appendix B, we show that to first
order in λ, Ωc is the proper orbit average of the cyclotron frequency
evaluated at the guiding centre.

Having characterized the equilibrium motion, we now turn our
attention to the perturbing fields. We must express our perturbed forces
in terms of the equilibrium motion. Looking at the perturbed Hamilto-
nian again, we expand the perturbed potentials as a Fourier series
assuming a discrete eigenmode in an axisymmetric torus

δH
(
θ,ϕ, ξ,Pθ,Pϕ,Pξ, t

)
= Ze

∑

m
[δΦm − v‖δA‖m − v⊥ ĉ0⋅δA⊥m]exp(inϕ

+ imθ − iωt) + c.c.. (19)

The equilibrium is symmetric in time and toroidal angle, so a single n
and ω may be considered at a time. An additional Fourier transform
converts our perturbing Hamiltonian to the right form

δH(θ,ϕ, ξ,Pθ, Pϕ,Pξ, t) =
∑

p,l
ZeΨnpl(Pθ, Pϕ,Pξ)exp(inϕ + ipθ + ilξ − iωt)

+ c.c.,Ψnpl

≡
1
2π

∫2π

0

1
2π

∫2π

0

∑

m
[δΦm − V‖δA‖m − v⊥ ĉ0⋅δA⊥m]exp(in(ϕ − ϕ) + imθ

− ipθ − ilξ)dξdθ
(20)

where the Fourier coefficient Ψnpl can be thought of as an average scalar
potential experienced over a bounce orbit labelled by the invariants (Pθ,

Pϕ,Pξ). Note that there is no one-to-one relation between the integers p
andm. The integer p results from the Fourier transform in θ, whereas the
integer m results from the transform performed in θ. No such distinction
is needed between Fourier transforming ϕ and ϕ because of axisym-
metry. Both the poloidal and gyro-motion change the wave phase
experienced by the particle over the course of its orbit, with the aggre-
gate effect captured as the integral of a ‘propagator’ (an analogy noticed
by others as well e.g.: [29]).

We may choose to write in a suggestive form

Q ≡ {θ,ϕ, ξ},
P ≡ {Pθ,Pϕ,Pξ},

k ≡ {p, n, l},
δH(Q,P, t) =

∑

k

ZeΨk(P)exp(ik⋅Q − iωt) + c.c.,

(21)

with the interpretation of travelling waves in Q with wave-vector k and
amplitude Ψk for a given P.

The linearized Vlasov equation can be written

d
dt

δf = − {F0, δH} =
∂δH
δθ

∂F0
δPθ

+
∂δH
δϕ

∂F0
δPϕ

+
∂δH
δξ

∂F0
δPξ

, (22)

recalling that equilibrium {F0,H0} = 0 is achieved if and only if F0 =

F0(Pθ, Pϕ,Pξ). Explicitly, we have

dδf
dt

=
∑

p,l

ZeΨnpl(Pθ, Pϕ,Pξ)

(

in
∂F
∂Pϕ

+ ip
∂F
∂Pθ

+ il
∂F
∂Pξ

)

exp(inϕ + ipθ + ilξ − iωt) + c.c.,

(23)

which is the equation we need to integrate in time. We now can take full
advantage of the action-angle coordinates, since the time integration is
trivial with the only time dependence coming from θ = ωθt, ϕ = ωϕt,
and ξ = Ωct. We obtain the full general solution

δf =
∑

p,l

ZeΨnpl(Pθ, Pϕ,Pξ)

(

n
∂F

∂Pϕ
+ p

∂F
∂Pθ

+ l
∂F
∂Pξ

)

exp(inϕ + ipθ + ilξ − iωt)
nωϕ + pωθ + lΩc − ω

+ c.c..

(24)

This result is true provided all perturbed quantities are evaluated at
the particle position x and the equilibrium orbit is sufficiently well
resolved. An obvious important difference to the case of the limit ω≪Ωc

lies in the non-conservation of μ, making ∂F
∂Pξ

a source of energy.

Again, drawing out the structure, we may write

Q̇ ≡
{

ωθ,ωϕ, )Ωc
}
,

k ≡ {m, n,0},

δf(t) =
∑

k

ZeΨk

k⋅
∂F0
∂P exp(ik⋅Q − iωt)

k⋅Q̇ − ω
+ c.c.,

Ψk ≡

(
1
2π

)3 ∫ ∑

k
[δΦk − V‖δA‖k − v⊥ ĉ0⋅δA⊥k]

exp(ik⋅Q − ik⋅Q)d3Q.

(25)

This result is similar in form to Kaufman (Eq. 26 in [14]). It is
reminiscent of taking the linearized Vlasov equation in the case of free
streaming particles interacting with plane-waves in a uniform plasma
where we can readily show

δf(t) =
∑

k
ZeΨk

k⋅1m
∂F0
∂v exp(ik⋅x − iωt)
k⋅ẋ − ω + c.c.. (26)

The fundamental differences between the uniform plasma and the
real tokamak are two-fold. Firstly, the equilibrium orbits are not free-
streaming. Secondly, not all orbits will encounter the same sinusoidal
perturbing field, and that field varies along the orbit. These differences
between cases can be thought of as the difference between the local and
global approximations The quantity Ψk also contains all the effects of
drifts and gyration from the equilibrium motion. For example, the
variation of V‖ along the orbit implies a variation in flux surface (to
conserve Pϕ) which implicitly gives the work done by the radial drift for
arbitrary orbit-width.

Many practical applications call for a representation of the equilib-
rium distribution function F0 in terms of the energy, writing F0 = F0

(
E,μ,

Pϕ
)
. The relationship to the action angle representation is

(
∂F
∂Pϕ

)

Pθ

=

(
∂F
∂Pϕ

)

E
+

∂F
∂Eωϕ,

∂F
∂Pθ

=
∂F
∂Eωθ,

(
∂F
∂Pξ

)

Pθ

=

(
∂F
∂Pξ

)

E
+ Ωc

∂F
∂E.

(27)

This representation also makes convenient the identification of the
non-adiabatic particle response δh. We find
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δf ≡
∂F0
∂E δH+ δh,

dδh
dt

= i
∑

p,l

(
ω − nω∗ − lω∗μ

) ∂F0
∂E ZeΨnpl

exp(inϕ + ipθ + ilξ − iωt) + c.c.,

ω∗ ≡ −
∂F/∂Pϕ

∂F/∂E , ω∗μ ≡ −
Ze
m

∂F/∂μ
∂F/∂E.

(28)

This result may be readily compared to drift-kinetic [1,11] and
gyrokinetic [2] expressions for the non-adiabatic response, where
anisotropy ω∗μ does not feature in the destablization. We will see that
this term is an important omission for the compressional mode i.e. when
δB‖ is present.

The conversion of the linear Vlasov equation to action-angle format
Eq. 24 has meant that the integration of the kinetic equation is trivial
and has been replaced with an integral to compute the mean potential
Ψk for each resonance. This can also be performed numerically [28],
however this requires computation of orbits and a complete description
of the perturbation. The convergence of this calculation requires
expanding the orbital phase space and k space until Ψk vanishes.

For much of the remainder of the paper, we consider analytical es-
timates for under what circumstancesΨk will be finite. This is equivalent
to determining which resonances matter to the linear response.

Compressional mode solution for k⊥ρ≪1

When the perpendicular length-scale of the perturbing fields is taken
to be large compared to the particle Larmor radius, the particle response
does not contain any rapid variation due to the particle gyration.
However, whilst the particle gyration plays no role in the particle
response to a shear Alfvén or electrostatic wave δA‖,δΦ≫δA⊥, it cannot
be neglected entirely for the compressional mode δA‖≪δA⊥ because of a
slow global variation in gyroangle on a bounce time.

For the shear wave, the potential for k⊥ρ≪1 is

Ψnpl ≡
1
2π

∫2π

0

1
2π

∫2π

0

∑

m
[δΦm − V‖δA‖m]

exp(in(ϕ − ϕ) + imθ − ipθ − ilξ)dξdθ,

(29)

where all the gyro-variation is contained only within the term exp( −

ilξ). Applying the global gyro-average 1
2π

∫ 2π

0
exp(− ilξ)dξ nullifies all

contributions to the linear solution except for when l = 0. This means
that for the shear wave, the cyclotron frequency Ωc and anisotropy ω∗μ
play no role in resonance and drive respectively.

Comparing to the compressional limit δA‖≪δA⊥ and k⊥ρ≪1, particle
gyration appears in the perturbed potential

ĉ0 = − sinξψ̂ − cosξ π̂ = (iψ̂ − π̂) 1
2
exp(iξ) + ( − iψ̂ − π̂) 1

2
exp( − iξ),

δA± = δA⊥⋅
1
2
( ± iψ̂ − π̂)

Ψnpl ≡
1
2π

∫2π

0

1
2π

∫2π

0

∑

m
− v⊥[δA+mexp(iξ) + δA− mexp( − iξ)]

exp(in(ϕ − ϕ) + imθ − ipθ − ilξ)dξdθ,
(30)

the gyro-angle can be split into secular and oscillatory pieces, with the
oscillation coming from poloidal angle ξ = ξ+ ξ̃(θ,Pθ, Pϕ,Pξ). The global
gyro-average nullifies all terms except for l = 1 giving the global result:

Compressional Alfvén

global solution without mode FLR : δA‖≪δA⊥k⊥ρ≪1

δh =
∑

p
ZeΨnp1

(
ω − nω∗ − ω∗μ

) ∂F0
∂E

exp(inϕ + ipθ + iξ − iωt)
nωϕ + pωθ ± Ωc − ω

+ c.c.,

Ψnp1 ≡
1
2π

∫2π

0

∑

m
− v⊥δA±mexp(inϕ̃ + imθ − ipθ ± ĩξ)dθ.

(31)

We see that information about the particle gyration is essential for
resonant interaction with the compressional mode, in contrast to the
shear mode. We also see perfect symmetry in ϕ̃ and ξ̃, showing that the
global variation in gyroangle is completely captured in the usual way in
the poloidal sidebands p.

Our conclusion is that despite the resonance condition nωϕ + pωθ +

lΩc − ω = 0, Alfvénic modes only resonate appreciably with l = 0 and
compressional modes only resonate with l = 1 when the Larmor radius
of the particles is sufficiently small k⊥ρ≪1. Moreover, the sign of the
particle species implies a preferred handedness such that the mode and
particle rotate in the same direction. These conclusions on particle
response can be reached before anything is known about the equilibrium
distribution or detailed mode structure.

Eigenmodes approaching the cyclotron frequency can be observed to
be destabilized on existing tokamaks often without information on the
mode polarization. The global Alfvén eigenmode (GAE) and compres-
sional Alfvén eigenmode (CAE) cannot be easily distinguished by fre-
quency alone. We predict that resonant interaction for the GAE will not
depend on Ωc and not be driven by ω∗μ. For a given mode scale length,
these would predict radically different resonant orbit losses, which can
be measured.

Including mode FLR effects for arbitrary k⊥ρ

In the previous section, we supposed that the modes were sufficiently
large in comparison to the Larmor radius at all points along the equi-
librium orbit that we could ignore the difference between perturbation
measured at the guiding centre versus that experienced by the actual
particle. In this section, we see the effects of applying the correction due
to circular gyration about the equilibrium guiding centre.

We start by expressing the potentials δΦ and δA as a Fourier series
such as

δΦ(x, t) =
∑

m
δΦm(ψx)exp(imθx+ inϕx − iωt), (32)

where x = (ψx, θx,ϕx) is the actual particle position. The Fourier series
in the guiding centre variables X, ρ are of the form

δΦ(X, ρ, t) =
∑

m
δΦm(ψx(X, ρ))exp(imθx(X, ρ) + inϕx(X, ρ) − iωt),

ψx(X, ρ) = ψ + ρ⋅∇ψ,

θx(X, ρ) = θ + ρ⋅∇θ,

ϕx(X, ρ) = ϕ + ρ⋅∇ϕ,

δΦm(ψx(X, ρ)) = exp(ρ⋅∇)Φm(ψ)

ρ(X, v⊥, ξ) =
v⊥

Ωc(X)
(cosξψ̂ (X) + sinξπ̂(X)),

(33)

giving
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K = κ∇ψ +m∇θ + n∇ϕ,

δΦ(X, ρ, ξ, t) =
∫∞

− ∞

∑

m
exp(iK⋅ρ)

exp(iκψ + imθ + inϕ − iωt) δΦm(κ)
dκ
2π,

(34)

Using the Jacobi–Anger expansion gives exponentials of trigono-
metric functions as an infinite series of Bessel functions of the first kind

K⋅ρ = sin(ξ + χ) ρk⊥,

δΦ(X, ρ, ξ, t) =
∫∞

− ∞

∑

m

∑∞

l⊥=− ∞

exp(il⊥(ξ + χ))Jl⊥ (k⊥ρ),

exp(iκψ + imθ + inϕ − iωt) δΦm(κ)
dκ
2π

(35)

These Bessel functions capture all the FLR effects due to the mode
and are free of gyrating terms, giving the final expression for the average
potential

Ψnpl =
1
2π

∫2π

0

∫∞

− ∞

∑

m
exp(ilχ)Jl(k⊥ρ)[δΦm(κ) − V‖δA‖m(κ)]

−

∑

m
exp(i(l∓ 1)χ)Jl∓1(k⊥ρ)[v⊥δA±m(κ)]

exp(iκψ + inϕ̃(θ) + imθ + il̃ξ(θ) − ipθ)
dκ
2π dθ.

(36)

Introducing FLR variation due to narrow mode-widths has a clear
implication; the global gyro-average becomes non-zero for l ∕= 0 in the
shear Alfvén case and l ∕= 1 in the compressional case. The resonance
condition in Eq. 24 will now admit contributions from l sidebands with a
magnitude which depends on Jl(k⊥ρ). In addition, p poloidal sidebands
have a new Larmor radius contribution from variation in k⊥ρ and
gyroangle adjustment l̃ξ along the bounce orbit.

The exponential terms in gyroangle exp(iξ) contains secular and
oscillatory pieces exp(ilξ) = exp(ilξ)exp(il̃ξ), and the oscillations will
occur because of the poloidal variation in the gyrofrequency. This is
precisely the same global sideband effect that occurs for the drift reso-
nances where for example exp(inϕ) = exp(inϕ)exp(inϕ̃). In both cases,
poloidal sidebands are generated with relative strength which depends
predominantly on aspect ratio through a terms that look like
exp(∼ ilϵsinθ), much in the same way exp(k⊥ρsinξ) terms appeared in
the shift from particle position to guiding centre; “it’s Bessel functions
all the way down”. In general, the gyromotion and the poloidal motion
are non-circular but periodic and can be Fourier expanded giving
additional sidebands. The path to quantify these effects is intuitively
clear but tedious!

The lowest order FLR correction for shear Alfvén waves is obtained
for l = 0 and resembles a linear gyrokinetic equation [3]:

Shear Alfvén and electrostatic global solution

with lowest order FLR : δA‖≫δA⊥, k⊥ρ ∼ 1

δh =
∑

p
ZeΨnp0

(ω − nω∗)
∂F0
∂E exp(inϕ + ipθ − iωt)

nωϕ + pωθ − ω + c.c.,

Ψnp0 =
1
2π

∫2π

0

∫∞

− ∞

∑

m
J0(k⊥ρ)[δΦm(κ) − V‖δA‖m(κ)]

exp(iκψ + inϕ̃ + imθ − ipθ)
dκ
2π dθ.

(37)

The inclusion of k⊥ρ ∼ 1 has still not implicated global variation in
gyroangle for the shear/electrostatic case, although there is a poloidal

variation in gyroradius along an orbit.
The lowest order FLR correction for the compressional modes re-

quires the inclusion of particle gyration and the associated l = 1 reso-
nance. Remembering the global gyro-average we obtain:

Compressional Alfvén global solution

with lowest order FLR : δA‖≪δA⊥, k⊥ρ ∼ 1

δh =
∑

p
ZeΨnp±1

(
ω − nω∗ − ω∗μ

) ∂F0
∂E

exp(inϕ + ipθ − iωt)
nωϕ + pωθ ± Ωc − ω

+ c.c.,

Ψnp1 =
1
2π

∫2π

0

∫∞

− ∞

∑

m
J0(k⊥ρ)[ − v⊥δA±m]

exp(iκψ + inϕ̃ + ĩξ + imθ − ipθ)
dκ
2π dθ,

(38)

where contrary to the shear/electrostatic case, the generation of poloi-
dal sidebands is due to the poloidal variation of both ϕ̃ and ξ̃.

For both shear and compressional modes, we can make connection
with various local theories by taking poloidal variation out of consid-
eration. We can do this either for free-streaming particles in a cylinder,
or for deeply trapped particles in a tokamak. For passing particles in a
cylinder, we set ϕ = ϕ, ξ = ξ,θ = θ, then the poloidal sidebands vanish.
For the deeply trapped particles in arbitrary aspect ratio we have ϕ = ϕ
ξ = ξ and θ ≈ 0 and then p = 0 is the only contribution. We obtain the
limiting cases:

Cylindrical approximation for passing particles

δh =
∑

l,m

ZeΨnml

(
ω − nω∗ − lω∗μ

) ∂F0
∂E exp(inϕ + imθ + ilξ − iωt)

k‖mV‖ ± lΩc − ω + c.c.,

Deeply trapped approximation in arbitrary aspect ratio

δh =
∑

l,m
ZeΨnml

(
ω − nω∗ − lω∗μ

) ∂F0
∂E exp(inϕ + ilξ − iωt)

kϕvϕ ± lΩc − ω + c.c.,

Electrostatic or shear δA‖≫δA⊥

Ψnml =

∫∞

− ∞

exp(±ilχ)J∓l(k⊥ρ)[δΦm(κ) − V‖δA‖m(κ)]exp(iκψ) dκ
2π,

Compressional δA‖≪δA⊥

Ψnml =

∫∞

− ∞

exp(i(l± 1)χ)Jl∓1(k⊥ρ)[ − v⊥δA±m]exp(iκψ) dκ
2π

(39)

Linear growth rate for high frequency mode such as GAE/CAE

The resonant response can be used to compute the linear growth rate
of a CAE from fast particles. We would like to perform a perturbative
calculation valid for slowly growing eigenmodes of the bulk plasma to
obtain the linear growth rate for any eigenmodes with ω well below the
electron cyclotron and plasma frequencies, but with ω

k much larger than
the bulk ion thermal speed. CAEs or high frequency GAEs are a good
example of such modes.

Adopting the conductivity tensor σcold(x,ω) based on the cold plasma
model, the linear wave equation for the complex-valued eigenmode

electric field E
⌣
and frequency ωr is of the form
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gcold(x,ωr) ≡ −
ωr

iμ0c2

[

−
c2

ω2
r
∇×∇× + I +

iμ0c2
ωr

σcold(x,ωr)

]

,

gcold(x,ωr)E
⌣

(x,ωr) = 0.

(40)

The perturbative correction to the eigenvalue (ω − ωr) resulting from

a complex-valued fast particle current density J
⌣

fast is given by
[

gcold(x,ω)+ (ω − ωr)
∂gcold(x,ω)

∂ω

]

E
⌣

(x,ω) = J
⌣

fast (x,ω). (41)

This expression includes both the resonant linear growth rate γL and
the non-resonant correction Δωr to the eigenfrequency ωr through ω =

ωr + Δωr + iγL. Our preceding assumption that v→v − Ze
m δA implies that

we are restricted only to the resonant contributions to J
⌣

fast resulting
from the non-adiabatic perturbed distribution δh, so we will only
attempt to compute the growth rate γ. We are thus requiring γL

ωr≪1.
The Hermitian operator allows us to take the inner product of both

sides giving the standard result in terms of average power transfer to
particles P and mode energy δWcold

γL = −
P

2δWcold
,

δWcold ≡ − i
∫

E
⌣†

(x;ωr )
∂gcold(x,ωr )

∂ω E
⌣

(x;ωr )dx,
(42)

with E
⌣†

the conjugate transpose of E
⌣
.

To compute the mode energy δWcold, we assume the frequency to be
much lower than the plasma frequency, so we take the current to be in
response to the perpendicular electric field only

E
⌣

⊥(x;ωr ) =

⎛

⎜
⎝
E
⌣

ψ (x;ωr )

E
⌣

π(x;ωr )

⎞

⎟
⎠,

J
⌣

cold(x,ωr) = σcold(x,ωr)E
⌣

⊥(x;ωr ),

σcold(x,xʹ,ωr) =

(
a(x,ωr)

− ih(x,ωr)

ih(x,ωr)

a(x,ωr)

)

,

a(x,ωr) = −
iωnimi

B20
Ω2
c

Ω2
c − ω2

r
,

ih(x,ωr) =
ω2

Ω2
c − ω2

r

ne
B0

,

Ωc ∕= ωr.

(43)

Taking the derivative of gcold we obtain

δWcold =

∫
2

μ0v2A
Ω4
c

(
Ω2
c − ω2

r
)2

⃒
⃒
⃒E
⌣

⊥

⃒
⃒
⃒
2
dx

+i
∫ ωr

[
3Ω2

c − ω2
r
]

(
Ω2
c − ω2

r
)2

ne
B0

[
E
⌣
∗
ψE
⌣

π − E
⌣
∗
πE
⌣

ψ

]
dx,

(44)

where we have dropped a displacement current term v2A
c2 for consistency

with being well below the plasma frequency. Note a
[
E
⌣
∗
ψE
⌣

π − E
⌣
∗
πE
⌣

ψ

]
term

coming from the Hall effect is purely imaginary but finite. We see that
the mode energy diverges near the cyclotron resonance making modes
more difficult to excite.

Turning to the power transfer calculation, the average power transfer
to particles in terms of the generalised forces, velocities, and perturbed
distribution is

P = − 2
∫

Q̇
∂δH

⌣∗

δQ
δh
⌣

d3Qd3P,

∂δH
⌣∗

δQ
= − i

∑

k

kZeΨ∗

kexp( − ik⋅Q+ iωrt),

δh
⌣

=
∑

k

ZeΨk

(
ωr − nω∗ − lω∗μ

) ∂F0
∂E exp(ik⋅Q − iωrt)

k⋅Q̇ − ωr
.

(45)

We compute the power transfer at the resonances

P = lim
ν→0+

2i
∫ ∑

k

k⋅Q̇Z2e2Ψ2
k

(
ωr − nω∗ − lω∗μ

) ∂F0
∂E

k⋅Q̇ − ωr − iν
d3Qd3P

= − 2πωr

∫ ∑

k

Z2e2|Ψk|
2

(
ωr − nω∗ − lω∗μ

) ∂F0
∂E δ(k⋅Q̇ − ωr) d3Qd3P,

(46)

and obtain the linear growth rate for an eigenmode at arbitrary fre-
quency

γL
ωr

=
π

δWcold

∫ ∑

k

Z2e2|Ψk|
2

(
ωr − nω∗ − lω∗μ

) ∂F0
∂E δ(k⋅Q̇ − ωr) d3Qd3P.

(47)

The linear growth rate is thus a sum over resonances k where each
resonance contributes either drive or damping depending on the sign
and magnitude of

(
ωr − nω∗ − lω∗μ

) ∂F0
∂E , with a wave-particle coupling

strength given by the square of the orbit-average perturbing potential
|Ψk|

2.
This coupling term may be computed numerically or estimated from

formulas presented in this paper. Quantitative estimates of the growth
rate will require computing the mode energy δWcold, but qualitative
estimates on whether a mode is driven or damped can be obtained by
inspecting the resonances where |Ψk|

2(ωr − nω∗ − lω∗μ
) ∂F0

∂E is most sig-
nificant. When we perform the example analytical calculation for pass-
ing particles below, we will learn that CAE stability calculations in
tokamak geometry require substantially more resonances to be included
than similar calculations for a GAE.

Large aspect ratio action-angle calculation for passing particles

We would like to now perform the lowest order non-trivial calcula-
tion of the conversion to action-angle coordinates, making connection
with the existing TAE theory [30,26], but also showing the magnitude of
the gyroangle induced poloidal sidebands. We will proceed with the 1st
order in equilibrium drift motion.

For Shafranov-shifted circular flux surfaces in large aspect ratio
choosing minor radius r to be the flux surface label, we have the
following equilibrium relations in orthogonal coordinates [17,31]
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A3 = − Bmag
∫r

0

r1
q(r1)

dr1,

A2 =
1
2
Bmagr2 − Bmagα(r)cosθ,

B3 = BmagRmag,

B2 =
Bmagr2

Rmagq(r)

(
1 −

αʹ(r)
r

cosθ
)
,

B0 = Bmag
(

1 −
r

Rmag
cosθ

)

,

α(r) =
∫r

0

⎛

⎝ r21
Rmag

+ r1Δʹ(r1) + r1
∫r1

0

Δʹ(r2)
r2

dr2

⎞

⎠ dr1 .

(48)

For Shafranov shift Δ(r). Expanding the Hamiltonian around r
Rmag≪1

gives the parallel velocity equation

V‖ = ±V‖mag

[

1+
ϵ(r)
2

μBmag
H0 − μBmag

cosθ
]

,

V‖mag ≡

̅̅̅̅
2
m

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
H0 − μBmag

√
, ϵ(r) ≡

r
Rmag

,

(49)

we make the ansatz

r = r − Δ∗cosθ, (50)

with average radius r and orbit width Δ∗ as yet unknown. Looking at the
invariant

Pϕ = − ZeBmag
∫r

0

r1
q(r1)

dr1 +
1
B0
mV‖B3, (51)

we provide the implicit definition of r in terms of the invariant Pϕ

(defined by setting θ = π/2)

Pϕ = − ZeBmag
∫r

0

r1
q(r1)

dr1 +mV‖magRmag, (52)

making r an invariant of the motion by definition. Δ∗is obtained from Pϕ

using the extreme poloidal angles θ = 0, π and taking Δ∗

r ≪1

Δ∗ = q(r)
mV‖mag

2ZeBmag

[
2H0 − μBmag
H0 − μBmag

]

, (53)

giving that Δ∗ is also an invariant of the motion. Turning attention to Pθ,
we omit terms in Δ2

∗ , ϵΔ∗, ϵαʹ(r), and Δ∗αʹ(r) to obtain

Pθ = Ze
1
2
Bmagr2 + ZeBmagrΔ∗cosθ − ZeBmagα(r)cosθ +

mV‖magr2

Rmagq(r)
. (54)

Identifying the invariant portion of Pθ as the value taken at θ = π
2 and

eliminating the parallel velocity we arrive at

Pϕ = − ZeBmag
∫r

0

r1
q(r1)

dr1 + Rmag
̅̅̅̅̅̅̅
2m

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
H0 − μBmag

√
,

Pθ = Pθ + rq(r)
̅̅̅̅
m
2

√ [
2H0 − μBmag
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
H0 − μBmag

√

]

cosθ − ZeBmagα(r)cosθ.

(55)

The generating function for the action-angle transformation is then

G = Pξξ + Pϕϕ + Pθθ + g̃(Pξ,Pϕ,Pθ)sinθ,

g̃(Pξ, Pϕ, Pθ) ≡ rq(r)
̅̅̅̅
m
2

√ [
2H0 − μBmag
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
H0 − μBmag

√

]

− ZeBmagα(r),
(56)

and using the coordinate definitions in Eq. 17 we can see the form of the
secular and oscillatory pieces in the motion

θ = θ +
∂g̃
∂Pθ

sinθ,

ξ = ξ +
∂g̃
∂Pξ

sinθ,

ϕ = ϕ +
∂g̃

∂Pϕ
sinθ.

(57)

To compute the amplitude of oscillation becomes an exercise in the
chain rule, taking account of Eqs. 13 and 14 and using the
approximations

ωθ ≈
V‖mag

qRmag
,

ωϕ ≈
V‖mag

Rmag
,

Ωc ≈
ZeBmag
m

,

(58)

we obtain finally

θ = θ +
Δ∗

r
sinθ,

ξ = ξ +
r

Rmag
Ωc

ωb
sinθ,

ϕ = ϕ.

(59)

The new result is the identification of the relation ξ̃ ≈ r
Rmag

Ωc
ωb
sinθ for

passing particles in large aspect ratio circular equilibria. The interpre-
tation is that the cumulative error in gyro-angle is a function of how
many particle gyrations have time to occur during a bounce orbit Ωc

ωb
and

the degree to which the magnetic field is changing over the orbit r
Rmag .

This new parameter is implicated in the generation of poloidal sidebands
in addition to the usual finite-orbit width contribution Δ∗

r . Contrary to

orbit width for confined particles, r
Rmag

Ωc
ωb
is not usually a small number.

We will take r
Rmag

Ωc
ωb

≫Δ∗

r

Noting also

sinθ = sin
[
θ −

Δ∗

r
sinθ

]
≈ sinθ −

Δ∗

r
sin2θ, (60)

we can compare the generation of poloidal sidebands between
compressional modes and shear modes. Allowing for up to k⊥ρ ∼ 1
leading order FLR effects, we insert Eqs. 59 into Eq. 37 to obtain for
shear modes

Ψnp0 ≡
1
2π

∫2π

0

∫∞

− ∞

∑

m
J0(k⊥ρ)[δΦm(κ) − V‖δA‖m(κ)]

exp
(
− i

mΔ∗

r
sinθ

)
exp(iκψ(r) + i(m − p)θ)

dκ
2π dθ.

(61)

We haven’t yet accounted for the poloidal variation in k⊥ρ, which are
higher order corrections. For simplicity, we suppose the poloidal length
scale is much shorter than the radial length, then we have

passing particles in large aspect ratio,

shear modes: δA‖≫δA⊥ k⊥ρ ∼ 1

Ψnp0 ≡
∑

m,p
Jm− p

(mΔ∗

r

)
J0
(mp
r

)

[
δΦm(r) − V‖magδA‖m(r)

]
,

(62)
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giving the standard intuition that for small orbit widthm ≈ p dominates,
but with sidebands that appear as mΔ∗

r becomes finite, with relative

importance of sidebands scaling as J1
(
mΔ∗

r

)
/J0
(
mΔ∗

r

)
≈ mΔ∗

2 r . Simply put -

narrow modes produce more poloidal sidebands for drifting orbits.
Turning to compressional modes, the global effect of gyro-angle

oscillation is a much stronger generator of poloidal sidebands since
normally r

Rmag
Ωc
ωθ

≫Δ∗

r . Inserting Eq. 59 into Eq. 38:

passingparticles largeaspectratio, compressionalmodesδA‖≪δA⊥k⊥ρ∼1

Ψnp1≡
∑

m
J0
(mρ
r

)
Jm− p

(
r

Rmag
Ωc

ωθ

)[

−

̅̅̅̅̅̅̅̅̅̅̅̅
μBmag
2m

√

δA±m(r)

]

.

(63)

To illustrate these large aspect ratio calculations on a concrete
example, we choose some parameters based loosely on recent published
results from DIII-D, where sub-cyclotron modes are observed [32].
Without knowing the mode structure, we would like to estimate the
relative contribution of the various resonances to the instability and
make deductions about the free energy in the gradients. The relative
importance of each resonance to the growth rate will scale as the square
of the orbit-averaging potential terms, since both the perturbing field
and the perturbed current feature in the power transfer calculation
giving the linear growth rate in Eq. 47. Shear modes should couple in

proportion to Jm− p
(
mΔ∗

r

)2
whereas compressional modes should be sen-

sitive to Jm− p
(

r
Rmag

Ωc
ωθ

)2

. We assume 100% deuterium plasma with Rmag =

1.75m, ra= 0.5, Bmag = 1.25T, a
Rmag

= 0.3, ne= 3× 1019m− 3,q=1.5, a mode
frequency half the cyclotron frequency ω=0.5Ωc being driven with a
beam pitch |

v‖
v |=0.8 with respect to the magnetic field.

First, we consider the resonance for a shear wave such as a global
Alfvén eigenmode (GAE). We choose a single poloidal harmonic m = 5
giving ω

k‖ = 0.73 Bmag̅̅̅̅̅̅̅̅̅̅̅̅μ0nemD
√ for toroidal harmonic n = 20 and position r

a= 0.5
to approximate a GAE occurring below the Alfvén continuum. The
resonance condition may then be solved for different energies and the
relative response is presented in Fig. 1. The fundamental resonance
corresponding to p = m and l = 0 is strongest with particles and wave
propagating in the same direction. The drift sidebands p ∕= m, still for
velocities in the same direction, have successively weaker contributions
away from the fundamental. The energy source for these resonances are

in the radial gradient of the fast particle distribution, providing drive
when nω∗ > ω and damping otherwise (assuming the usual ∂F/∂E < 0).
The anisotropy ω∗μ can play no role in these resonances since l = 0 and
no higher order FLR effects are involved in these resonances. When
including the higher order FLR effect, the l = 1 resonance provides a
qualitatively different picture. The energy is identical to the funda-
mental resonance but for guiding centre motion counter to the wave
propagation. The identical energy in both cases is a special case owing to
ω = 0.5Ωc. For the fundamental resonance, a nearly constant gyro-
averaged phase is provided by the guiding centre drifting in the same
direction. For the l = 1 case, a particle experiences coherent synchro-
nization with the wave phase despite the guiding centre experiencing
rapid variation from the counter propagation. It is intuitively obvious
that the resonance involving constant phase at the guiding centre would
couple more strongly than that which depends on gyration to exist, and
indeed, the FLR sideband is comparable in strength to the 2nd order co-
propagating drift sidebands. However, the published DIII-D results
exhibit counter-beam propagation for the modes, and for their neutral
beam distribution function, significant anisotropy. The published radial
fast ion densities are monotonically decreasing, which suggests that the
quantity nω∗ is stabilising for counter propagating modes. The absence
of co-propagating modes at the same frequency and toroidal mode
number suggests nω∗ < ω This combination of factors suggests that they
likely have ω∗μ > ω > nω∗. This also implies |ωμ∗| > 10 |nω∗| to account
for the FLR resonance succeeding in driving the counter propagating
modes, where the (ten times stronger) fundamental resonance failed to
produce the co-propagating mode.

An alternative candidate normal mode for the observation in the
example case could be that of a CAE, with very different coupling
properties to the particles. To approximate this mode, the analytical
dispersion relation based on parabolic density in a cylinder was used
[33]. To keep the resonant energy range similar, a somewhat different
toroidal mode number n = 30 was required with poloidal mode number
m = − 19 giving k‖

k⊥ ≈ 0.08. The resulting resonance coupling calculation
is presented in Fig. 2. All the resonances except for the l = 0 FLR side-
band have the particle guiding centres streaming counter to the mode
propagation. In this situation we find a very erratic variation in the
coupling of resonances because of the large r

Rmag
Ωc
ωθ

∼ 5 term capturing
the cumulative gyroangle distortion over the poloidal bounce. As a
result, there is no particular expectation for one drift sideband resonance
p ∕= m to dominate over any another. The l = 0 FLR sideband in this case
is negligible, implying that co-streaming particles play no role. The

Fig. 1. The effect of orbit-averaging on the perturbing potential due to a shear mode in the example calculation. All resonances presented are for particle guiding
centres streaming in the same direction as the mode, except for the l=1 FLR sideband which is in the opposite direction.
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counter-streaming particles again imply anisotropy must overcome
radial gradient ωμ∗ > nω∗, but this time without any implied factor 10
difference as found for the GAE case. The equivalence of resonances for
compressional modes also implies that in the event of resonant overlap
[34] for a given energy, resonance overlap and diffusive transport are
achieved simultaneously for all energies. This is likely related to the
justification for the quasilinear theory and resonance localization in
ICRH heating contexts without appealing to the randomizing influence
of collisions [35]. In that context, the bounce frequency of thermal
particles is well separated from the cyclotron frequency making the Ωc

ωθ

term large and nearby drift resonances equally important. For our
analysed example, this conclusion will persist well into the MeV range of
energies.

Conclusion

The solution of the linear kinetic equation for global modes has been
clarified for arbitrary frequency and Larmor radius. The equilibrium
motion when represented using orthogonal flux coordinates and the
Littlejohn Lagrangian gives canonical coordinates in poloidal, toroidal
and cyclotron motion of the guiding centre. The global resonance con-
dition is constructed from a linear combination of average bounce,
precession and cyclotron frequencies, where the average is computed
over a poloidal bounce time. The difference between the local and global
resonance behaviour is due to the non-uniformity in equilibrium causing
the variation in particle velocity, resulting in variation of the instanta-
neous resonance condition when viewed as a sequence of local solutions
within a bounce period.

The resonance condition can be summarized as

nωϕ + pωθ + lΩc − ω = 0, (64)

with p standing for “poloidal” and l standing for “Larmor”. Where the
equilibrium or mode is varying significantly from the point of view of
the guiding centre, a single orbit has many poloidal harmonics that can
be considered to be similarly important, and the local passing particle
theory m = p will not suffice. Similarly, where the perturbing field
length scale is sufficiently small, particle gyration is causing the per-
turbing field experienced by the particle to vary and l = 0 will no longer
do for shear Alfvén modes (nor will l = 1 do for compressional modes).

The complexity of the resonance maps generated for a given exper-

iment, which are implied by the arguments on poloidal and Larmor
uniformity, will impact the implied fast ion transport. Allowing for
wave-particle nonlinearity, the resonances develop a width which scales
as the square-root of the orbit-averaged perturbation amplitude Ψ.
Increasing the number of resonances provides additional opportunity for
those resonances to overlap and produce stochastic motion. We have
found in this work that the strength of poloidal sidebands for Alfvénic
modes goes as orbit width, with fewer sidebands as we go to a reactor.
Interestingly for compressional modes, as particles become better
confined in reactors, the separation between cyclotron and bounce
motion Ωc

ωθ
becomes larger and the resonance maps become richer and

more prone to transport, particularly in spherical tokamaks. This latter
finding motivates studies of resonance and losses in existing spherical
tokamaks where compressional modes are readily observed.

Aims and scope statement

This paper deals with the fundamental problem of the linear response
of any particle to any wave in a toroidal strongly magnetized plasma. It
generalizes many existing results for shear Alfven waves in the drift-
kinetic limit, to the case of arbitrary modes with arbitrary length-
scales, showing the underlying structure and clarifying previous con-
jectures on the global problem, as well as well-known local theories.

(1) It opens a new line of research within an established area – the
global changes in cyclotron frequency resulting in the generation
of sideband resonances and the notion of a global gyroaverage.

(2) Solve, or present significant progress towards solving a critical
problem – the problem of fast ion confinement in spherical to-
kamaks where compressional modes are observed. The resonant
interaction now has a clear explanation from first principles and
analysis has already begun for publication elsewhere.
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Appendix A. Neglect of ẋ⋅δA term for resonant particles

We wish to demonstrate that

v→v −
Ze
m

δA, (65)

is a satisfactory approximation for resonant particles for sufficiently small amplitudes.
We start with the full-orbit Hamiltonian

H(x, p, t) =
(p − ZeA0(x) − ZeδA(x, t))2

2m
+ ZeΦ0(x) + ZeδΦ(x, t), (66)

the relationship between canonical momentum and velocity is

p = mv+ ZeA0(x) + ZeδA(x, t), (67)

with flows in (x, p) phase space

ẋ(x, p, t) =
(p − ZeA0(x) − ZeδA(x, t))

m
,

ṗ(x, p, t) = Ze(E0 + δE0 + ẋ× B0 + ẋ× δB) +
d
dt
ZeA0(x) +

d
dt
ZeδA(x, t).

(68)

Let’s consider now a point transformation to new variables

X (x, p, t) = x,

P (x, p, t) = p − ZeδA(x, t),

H (X ,P , t) =
(P − ZeA0(X ))

2

2m
+ ZeΦ0(X ) + ZeδΦ(X , t),

(69)

which is not a canonical transformation and does not produce the same equations of particle motion. The new erroneous Hamiltonian H (X ,P , t)
produces the following flows in (X ,P ) space

Ẋ (X ,P , t) =
P − ZeA0(X )

m
,

Ṗ (X ,P , t) = Ze(E0 − ∇δΦ + Ẋ × B0) +
d
dt
ZeA0(X ).

(70)

Both the erroneous and original Hamiltonians correctly give ẋ(x, v, t) = v when we transform back (X , P , t)→(x, p, t)→(x, v, t), however the
equations for velocity evolution are different

original H(x, p, t) : mv̇(x, v, t) = Ze
(

E0 −
∂δA
∂t − ∇δΦ + v× B0 + v× δB

)

,

erroneous H (X ,P , t) : mv̇(x, v, t) = Ze(E0 − ∇δΦ + v× B0) .
(71)

This suggests that when the perturbing fields are omitted from “the symplectic part of the Lagrangian”, only the electrostatic portion of the
perturbing forces survive.

We are primarily concerned with the resonant wave-particle problem, so we wish to establish the scaling of perturbed velocity with amplitude.
Before attempting this in realistic geometry, it is instructive to consider the simplified situation of a particle confined in a periodic potential

δΦ(x, t) = − δΦkexp(ikx − iωt) + c.c., (72)

giving an equation of motion

mẍ = − iZekδΦkexp(ikx − iωt) + c.c., (73)

we shift to the wave frame and obtain the large amplitude pendulum problem with pendulum angle Θ
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r ≡ x −
ω
k
t,

Θ ≡ kr,

Θ̈ = −
iZek2

m
exp(iΘ) + c.c.,

d
dt

(
dΘ
dt

)2

=
d
dt
2Zek2

m
δΦkexp(iΘ) + c.c.,

ṙ = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2Ze
(
δΦk + δΦ∗

k
)

m
(cos(kr(t)) − cos(kr0))

√

.

(74)

Resonant particles have velocities which oscillate with an amplitude v∝
̅̅̅̅̅̅̅̅̅
ZeδΦk
m

√

depending on their initial position and velocity. During this

oscillation they do work on the wave. If v≪
̅̅̅̅̅̅̅̅̅
ZeδΦk
m

√

then they traverse less of the wave potential doing less work and being less important to the growth

rate. For v≫
̅̅̅̅̅̅̅̅̅
ZeδΦk
m

√

, particles are unbounded by the potential “going over hill and dale”with no average power transfer. The velocity responsible for the

power transfer therefore scales as v ∼

̅̅̅̅̅̅̅̅̅
ZeδΦk
m

√

Now instead of electrostatic motion in the x direction, we look at electromagnetic waves in real toroidal geometry. We wish to show clearly that our
erroneous motion behaves like a large amplitude pendulum with the same resonant velocity scaling. This will be easiest to show in our action-angle
coordinates. Starting with the generalized force obtained with Eq. 21

Ṗ = −
∂δH
∂Q ,

δH(Q,P) =
∑

k

ZeΨk(P)exp(ik⋅Q − iωt) + c.c.,
(75)

we find

Ṗ = − i
∑

k

kZeΨkexp(ik⋅Q − iωt) + c.c.. (76)

For integrable motion, it is well known that only one resonance can impart force on a trajectory [34], so we suppose that we make the field
amplitude sufficiently small that each resonance works in isolation; we cannot have multiple pendulums. In the neighbourhood of exactly one
resonance k we have motion obeying

Ṗ = − ikZeΨkexp(ik⋅Q − iωt) + c.c., (77)

changing frames to the resonance frame

k⋅r ≡ k⋅Q − ωt,
Ṗ = − ikZeΨkexp(ik⋅r) + c.c. (78)

Multiplying the generalised force by the generalised velocity in the resonance frame gives

ṙ⋅Ṗ = − ik⋅ṙZeΨkexp(ik⋅r) + c.c.. (79)

For sufficiently small amplitude, we take the resonance condition as fixed and ignore possible nonlinear shifting of the resonance d
dt k = 0, then the

work done in the resonance frame is the rate of change of the particle energy in the same frame

d
dt
1
2
mv2 =

d
dt
ZeΨkexp(ik⋅r) + c.c.. (80)

Giving our large amplitude pendulum

v = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2Ze
(
Ψk + Ψ∗

k

)

m
[cos(k⋅r(t)) − cos(k⋅r0)]

√

. (81)

We are now in a position to label terms in the velocity Eq. 71 for resonant particles according to their scaling with mode amplitude

mv̇Ψ0 = Ze
(

E0Ψ0 −
∂δA
∂t Ψ1 − ∇δΦ Ψ1 + v×B0Ψ0.5 + v× δBΨ1.5

)

, (82)

(reobtaining the original physical formulas by setting the label Ψ = 1). For sufficiently small values of Ψ, the dominant contribution to the perturbed
force comes from the term v× B0 which is retained in the erroneous equations of motion. Since the amplitude of the mode may be put as arbitrarily
small in the linear analysis, we have shown that ẋ⋅δA may indeed be dropped.

Appendix B. Interpretation of Ωc

We can confirm our intuitions about the quantity Ωc by integrating our definition of it to obtain ξ(t) ≡ Ωct+ ξ̃(t). The equation of 1st order

M. Fitzgerald and B.N. Breizman Fundamental Plasma Physics 13 (2025) 100084 

12 



equilibrium motion for the gyroangle is readily obtained from our Lagrangian

L0(X,V‖, μ, ξ, Ẋ, V̇‖, μ̇, ξ̇, t) = [ZeA0(X) +mV‖ b̂0(X)]⋅Ẋ+
mμ
Ze

ξ̇ −
[

μB0(X) +
1
2
mV2

‖ + ZeΦ0(X)
]

,

d
dt

(
∂L0
∂μ̇

)

=
∂L0
∂μ ,

ξ̇ =
ZeB0(X)

m
.

(83)

The magnetic field can then be split into orbit-average and oscillatory pieces giving the clear interpretation

B0(X(t)) = B0 + B̃0(X(t)),

ξ(t) =
ZeB0
m

t +
∫t

0

ZeB̃0(X(tʹ))
m

dtʹ,

Ωc ≡
ZeB
m

,

(84)

true at least to first order. Whether a similar relation can be obtained at higher order isn’t obvious; on the one hand, one can envisage a guiding centre
non-inertial reference frame drifting alongside the particle that makes the gyration appear a perfect circle, the perpendicular speed of the particle
adjusting itself to keep a constant radius of curvature as it encounters varying field at the particle position. On the other hand, the neglected ΔL
contribution to the motion will require a re-definition of the gyroangle Ξ ∕= ξ in order to make a higher order accurate Lagrangian[16].

Appendix C. Proof that orthogonal flux coordinates are canonical to arbitrary order

In arbitrary flux coordinates, the structure of the guiding centre Lagrangian is always of the form

L = A∗
0⋅Ẋ+ (…)Ξ̇ − H,

Ξ = ξ + O
(
λ2
)
,

L = (…)ψ̇ + (…)θ̇ + (…)ϕ̇ + (…)Ξ̇ − H,
(85)

which poses the inconvenience that the number of time derivative terms exceeds the number of spatial dimensions. We would like an explicit co-
ordinate transformation where each of the time derivative terms corresponds to the characteristic periods of the motion: the poloidal θ, toroidal ϕ, and
cyclotron oscillations Ξ. The troublesome term is to do with radial oscillation (…)ψ̇ . For lowest order drift motion, we have

A∗
0 = A0 +

m
Ze
V‖ b̂,

L = A∗
0⋅Ẋ+

mμ
Ze

ξ̇ − H,

A0 = A2(ψ)∇θ + A3(ψ)∇ϕ,

(86)

giving

b̂ =
B1
B
∇ψ +

B2
B
∇θ +

B3
B
∇ϕ,

L = mV‖

B1
B

ψ̇ +

(

ZeA2(ψ) +mV‖

B2
B

)

θ̇ +

(

ZeA3(ψ) +mV‖

B3
B

)

ϕ̇ +
mμ
Ze

ξ̇ − H.
(87)

Orthogonal flux coordinates have B1 = 0 which removes the ψ̇ term without need for further manipulation or approximation

b̂ =
B2
B
∇θ +

B3
B
∇ϕ,

L =

(

ZeA2(ψ) +mV‖

B2
B

)

θ̇ +

(

ZeA3(ψ) +mV‖

B3
B

)

ϕ̇ +
mμ
Ze

ξ̇ − H.
(88)

For all higher orders in λ (if we correctly interpret Littlejohn [16], but this has unclear correspondence to more recent derivations [36]) one needs
to make the modification to A∗

0

A∗
0(X,V‖, μ) = A0(X) +

m
Ze

(…)b̂(X) −
m
Z2e2

(…)(∇1̂(X))⋅2̂(X), (89)

so to ensure that orthogonal flux coordinates are still canonical, we must investigate the effect of the additional term in producing a (…)ψ̇ contri-
bution. The radial component is obtained from the derivative of the contravariant basis vectors
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(∇1̂(X))⋅2̂(X) =
(

ψ̇∂ψ
∇ψ
|∇ψ| + θ̇∂θ

∇ψ
|∇ψ | + ϕ̇∂ϕ

∇ψ
|∇ψ |

)

⋅
(

b̂ ×
∇ψ
|∇ψ |

)

,

1̂(X) =
∇ψ
|∇ψ|,

2̂(X) = b̂ ×
∇ψ
|∇ψ |.

(90)

Paying attention only to the term proportional to ψ̇ that isn’t perpendicular to 2̂, we have

ψ̇∂ψeψ = − ψ̇
(

Γψ
ψθ∇θ+Γψ

ψϕ∇ϕ
)
. (91)

Using the properties of the Christoffel symbols we have

Γψ
ψθ =

1
2
gψ l(∂ψglθ + ∂θgψ l − ∂lgψθ),

Γψ
ψϕ =

1
2
gψ l
(

∂ψglϕ + ∂ϕgψ l − ∂lgψϕ

)
.

(92)

In axisymmetric orthogonal coordinates we have ∂ϕgij = 0 and gij diagonal, and further choosing normalized flux label gψψ = 1 makes obvious that

ψ̇∂ψeψ = − ψ̇
(
1
2
gψψ (∂θgψψ)∇θ

)

= 0. (93)

This proves that there are still no terms in ψ̇ and that orthogonal flux coordinates are still canonical at higher order in λ.
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