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The linear response of a plasma to perturbations of arbitrary frequency and wavelength is derived for any
axisymmetric magnetized toroidal plasma. An explicit transformation to action-angle coordinates is achieved
using orthogonal magnetic coordinates and the Littlejohn Lagrangian, establishing the validity of this result to
arbitrary order in normalized Larmor radius. The global resonance condition for compressional modes is clarified

Resonance . ) X R o . . .
Tokamak in more detail than in previous works, confirming that the poloidal orbit-average of the cyclotron frequency gives
Compressional the desired result at lowest order in Larmor radius. The global plasma response to the perturbation at each

FLR resonance is captured by a poloidal and gyroaverage of the perturbing potential. A “global gyroaveraging” of the
potential is a natural by-product of this analysis which takes into account the changing of the magnetic field over
an orbit. The resonance condition depends on two arbitrary integers which completely separately capture the
effects poloidal non-uniformity and finite Larmor radius in generating sidebands. We learn that poloidal side-
bands generated for compressional modes are dominated by the change in gyrofrequency over the orbit, which is
very different to shear modes where the gyrofrequency only contributes via a finite Larmor radius effect. This
increases the number of bounce harmonics required to compute the linear drive, giving a more complicated
resonance map. An example calculation is given comparing resonance of shear and compressional modes in a
published DIII-D case.

Introduction

The wave-particle interaction is of fundamental importance to pre-
dicting the stability of fusion plasma. It occurs because a minority of
plasma particles have transit velocities comparable with the phase speed
of the waves, leading to a situation where small perturbations in the
electromagnetic fields will grow as particle energy is depleted through a
coherent sustained interaction. This resonant power transfer process is
in competition with other processes in the thermal plasma which remove
energy from the waves. For sufficiently short timescales and small per-
turbations, linear kinetic theory provides the solution to the expected
dynamics of the resonant particles, thereby predicting the drive of the
instability. The linear drift-kinetic [1] and gyrokinetic [2,3] approxi-
mations to the Vlasov equation have been applied successfully to the
prediction of shear Alfvén eigenmodes (AEs) [4,5,6] in conventional
aspect ratio tokamaks where the low frequency applicability criterion
w<Q, is satisfied, with Q. a characteristic cyclotron frequency for any
species in the plasma. However the compressional Alfvén eigenmodes
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(CAEs) observed on spherical tokamaks such as MAST [7] and NSTX [8],
as well as conventional tokamaks such as DIII-D [9], exist at frequencies
comparable to the ion-cyclotron frequency range where these existing
kinetic theories are not appropriate.

It was understood quite early [10,11] that geometrical effects from
non-uniform equilibrium are an important ingredient in the resonant
wave-particle problem, making the description of the linear kinetic so-
lution necessarily global. Resonant transfer of energy between shear
waves and particles in the drift and gyrokinetic theories requires syn-
chronization between wave phase and the motion of the particle guiding
centre such that

nw, + pwy — o = 0, (€8]

where @y and @, are the poloidal and toroidal angular velocities with p
an integer and n the toroidal mode number. These are not the instan-
taneous angular velocities but the mean velocities which we will define
more rigorously later.
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On the other hand, the theory of wave-particle interaction in uniform
unmagnetized plasma (e.g.: [12]) gives the Cerenkov condition

kv—w=0, )

and particles in uniform magnetized plasmas are subject to the gyro-
magnetic resonance condition

kHV” — lQC —w = 0, (3)

for integer I. The electromagnetic quasilinear theories [13] typically
work with a geometrical optics approximation where the local reso-
nance conditions are used. Wave-particle encounters are localised and
brief in these models, and particle gyrophase is deemed incoherent be-
tween encounters as random kicks. This is a fundamentally different
picture to the global resonance condition Eq. 1 where the wave phase
information is retained for the motion as in the case of wave-particle
interaction with CAEs.

A transparent approach to this issue has been first derived by either
Callen or Kaufman [14] using Hamiltonian methods

nwy + pwy + lﬁc —w=0, 4)

where the integer [ refers to the gyro degree of freedom with mean ve-
locity Q.. However, this theory pre-dated the rigorous description of
Hamiltonian guiding centre motion. It was formulated using a
configuration-space Lagrangian provided by Taylor [15] which lacked
information on gyroangle £ because it was based on an intuitive model of
a point-like particle with a magnetic moment. The distinction between
guiding centre position and particle position, important for finite Lar-
mor radius (FLR) effects, did not quite fit into the formalism and was
added after the fact. One therefore does not know how the error in the
particle tracking compares with the FLR effects. Another further
complication is that the appropriate canonical variables contain the
perturbing fields, making practical application difficult.

A derivation of the guiding centre Lagrangian provided by Littlejohn
a decade later [16] regained the gyroangle and clarified the Hamiltonian
guiding centre theory, requiring a modified action principle in phase
space rather than the usual configuration space. This involves re-
strictions on the appropriate canonical coordinates for the angular ve-
locities in Eq. 4 [17], including the definition of gyroangle. Drift-kinetic
and gyrokinetic theories founded on this Lagrangian [3,18] have so far
assumed low characteristic frequencies ,®,,wy<Q. and ignored
gyrophase information. When this condition is broken, the requirement
of using Eq. 4 instead of Eq. 1 has not been properly justified rigorously.
What is also not obvious is the range of integers in Eq. 4 that should be
included for a given linear stability problem. This information is
important to extend existing resonance map methods to CAEs, which for
AEs have shown a range of useful applications in understanding exper-
imental stability and loss [19,20,21]. It is often the case that many
resonant orbits can be identified whose wave-particle interaction is
found negligible when later compared to the numerically obtained
power transfer. Analytical progress can be simplified significantly if the
magnitude of sideband contributions can be estimated. In this work, we
will provide estimates for the coupling strength for the resonances under
various limiting cases.

We wish to clarify the global linear kinetic theory and resonance
condition for arbitrary mode frequency, and put this clearly alongside
limiting cases identified previously. Our solution draws on a few
different existing works; we use the action-angle approach similar to the
theory of Kaufman [14]. In the that theory, the equilibrium is taken to be
slowly varying and the invariants are taken to be adiabatic. To simplify
the presentation, we consider a time-independent equilibrium with
exact invariants extracted from the Hamiltonian guiding centre theory.
We wish to clarify the form of the global resonance condition and linear
solution [1] applicable to all waves including CAEs, where we
de-mystify the role of sidebands and cyclotron resonance in global

Fundamental Plasma Physics 13 (2025) 100084

problems. We do this by retaining oft-neglected gyroangle information
in the Littlejohn guiding centre model [16] which appears more ordi-
narily in the quasilinear theory of radio-frequency heating of plasma
[22,23,24].

Guiding centre model retaining gyration for compressional
modes

Starting with the 6-D Vlasov phase space Lagrangian governing the
full-orbit particle motion, we separate the fields into time varying and
constant pieces

L(x,v,x,V,t) = [Ze(Ao(x) + 6A(x,t)) + my|-x

- %mv2 + Ze(®o (x) + 6D(x, 1)) | (5)

The Lagrangian is a phase-space version which satisfies the modified
Hamilton’s principle (e.g.: section 8.5 in Goldstein [25]), giving the
necessary structure for a guiding centre theory which retains gyroangle
[16]. Minimizing the action in phase space will give trajectories where
v = x as one would expect.

To analyse the unperturbed periodic motion of confined particles, we
will use the periods associated with gyration, toroidal and poloidal
timescales. In general, the 6D motion of particles is not integrable,
which is equivalent to saying that not all particles in all fields are
confined to periodic orbits. For linear perturbation analysis it will be
convenient to express all quantities in terms of the periodic motions. We
therefore separate the equilibrium and perturbed fields

L(x,v,%,V,t) = |[ZeAo(x) +mv]-x — E mv? + Ze®, (x)} — Zesd(x, t)

+ ZeSA(x, t)-X, (6)

This is almost a Hamiltonian structure, except for the term ZesA(x,
t)-x. If we don’t remove this term, then the perturbation will appear in
our canonical coordinates, which is inconvenient. Previous treatment
for the Alfvén wave with guiding centre motion [26] used the following
non-canonical redefinition of the velocity

Z
VoV — —e 0A, @
m

This re-definition of velocity is exact and can always be related to the
actual velocity. However we show in Appendix A that the distinction
between ordinary velocity and this new quantity is unimportant for
sufficiently small fields because the resonant particle velocity scales
with the square root of perturbation amplitude. We then find

» 7262572
L(x,v,%,V,t) = Lo — Zes® + Zev-6A — ;:1 : ®)

where the equilibrium fields only are contained in Ly. Neglecting the last
term in 6A2 ignores the nonlinear ponderomotive force associated with
the perturbation, which we take as negligible for tokamak problems of
practical interest.

To make the integrability of the equilibrium motion explicit and
clear, we adopt the guiding centre variables [16]

A(X, &) = cosé1(X) — sing2(X),

%(x, &) = (- sing1 (X) — cose2(X)) = (X, &),
x=X+p, )
P = Zeb, () O% 9

v=Vb(X)+v.e(X,9),
’b\oxi\:/2\7 ’b\o'/l\:07 /l\i\:1

Taking advantage of the invariance of the Lagrangian under
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coordinate transformations and addition of derivative & for any S, we
may derive the exact particle Lagrangian in the new variables
LX,V),v & X, Vv Et)=

1 m?v?
2ZeB,(X)

—ZCVLCO(X;{.:)'(?ALL

b

- . 1 1
[ZeAo(X) +mVbo(X)]-X + mv* +§m\4f +Ze®y(X) | +ALy

2
— [Ze5(1> —ZCVH (SAH

ALO/Ze: {ﬂvﬁ(x)-i(xn%ﬂ(f”)vxa(x &)-bo(X)

+exp2,_Nm~vx>Ao<X>] Xt expy y(p-Vx)Ao(X)

(;tVXAO( )> ~p,{5®,5AH ,5Al}
:exp(ﬂ-Vx){fS‘P(va)ﬁAn (X.1),6A, (X, t)},exp; y(p-Vx)

=exp(p-Vx)—1—p-Vx.
(10)

The portion independent of gyroangle ¢ preceding AL is the Lit-
tlejohn Lagrangian in a static field, which describes the motion of
guiding centres accurate to leading order in Larmor radius normalized to

typical equilibrium scale length 1= <Zeg‘—0"(x)> / (WBgO =l ) The static field

quantities in this gyro-invariant portion are all evaluated at the guiding
centre position X and represent the approximate guiding centre motion
in equilibrium. AL, contains the O(1) corrections to the equilibrium
guiding centre motion and the gyroangle dependent equilibrium mo-
tion. The remaining portion contains the influence of the perturbation
on the motion. To retain FLR effects in the perturbed fields, we cannot
say 5A(x,t)=6A(X,t) nor §®(x,t)=5®(X,t) so we retain these to arbi-
trary order for the time being by keeping them at the particle position. If
we neglect the contribution of AL, to the Lagrangian, then the resulting
equilibrium trajectories of guiding centres will be displaced from the
particle locations by an additional amount AX and similarly for the other
phase space variables. The perturbing fields along the new trajectory
require a correction exp(AX-Vy) as well as a correction for the velocity
(since for example the magnetic moment is not constant). If we make the
estimate |AX| ~1|p| then we conclude that the mode FLR corrections that
can be resolved are limited by the ordering in the equilibrium guiding-
centre orbits 1. For the remainder of the paper, we ignore these differ-
ences taking ALy = Oand exp(AX-Vx)= 1. Accuracy in computing the
particle response to a perturbation is thus limited by the accuracy of the
equilibrium orbit tracking.

To obtain a canonical set of variables, we require three angular co-
ordinates and three momenta. To do this, we adopt orthogonal magnetic
coordinates where B” =B, =0 and g,9 = g = &9 =0 for metric
tensor g;. This is less convenient for description of the wave phenomena,
but a useful simplification for describing the particle motion analyti-
cally. Such a coordinate system should be well defined except for regions
very close to the magnetic axis in a strongly shaped plasma. Recent work
[27] offers an alternative which is both canonical and straight-field line,
suitable for numerical calculations.

In orthogonal coordinates we have

=~ B, B;
by =—"VO0+—V¢,
° =35, + B, 9,

Ao = Ay(y) VO + Ag(y) Vg,

. 0X .0X .0X
X= "’a +6’— ‘/a¢"

Co = —sinéy — cosé @,

~ Yy o7 ~
VX = 15,7 X =bX) x §X).

We now have the Hamiltonian system

(€8]
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L =Py +Pyp + P:E — Hy — 6H,

B
Py = ZeAs(y) +mV

12)
poo MV mu

* T 2ZeBo(y,0) Ze’

1 1

Hy = Eva + 2mV + Ze®y (yr, 0),
SH = ZeS® — ZeV|5A| — Zev, Co(y,0,&)-6A 1,
with the canonical variables 0, ¢, &, Py, P, P; all being guiding centre
variables of the equilibrium motion. In Appendix C we show that the
choice of orthogonal flux coordinates guarantees canonical guiding
centre variables to arbitrary order.

The symmetry in equilibrium with respect to time, gyroangle and
toroidal angle mean that Hy, P, and P; are conserved quantities. These
equilibrium orbits in 0, ¢, &, Py are complicated by the field geometry.
The analysis will be greatly simplified if we choose a coordinate system
where the angular motion appears constant. We therefore split the
particle angular position 6(t) into steady 6(t) and oscillatory 6(t) com-
ponents as § = 6 + 0 for all the coordinates 6, ¢, &,Py, Py, P:. We want a
canonical transformation which gives the new equations of motion

. dHo
T
0H,
= ———=0,
d¢
_ _0H
& 0E -
__ 13
o a3
o, "
= 0H, -
p — —— b>
= 0Hy —
&= TPE =Q,
and new Hamiltonian
Hy(P3, P, P;) = WyP; + WpP; + QcP;, 14

where we have defined constant frequencies for the periodic poloidal @,
toroidal @,, and gyro Q. motion. The canonical transformation to the
new action angle proceeds by exploiting the invariance of the
Lagrangian under the addition of a total time derivative d‘% for any Gg

Pyl + Pyp + P:é — Hy (0,¢,,Py, Py, P;)
= Py + Py + PE — Hy (P, Py Py) + =0 (15)
The useful choice of G, for our purposes is

Go = G(6.$.&, P;, P;,P;) —OP; — 4P — ae)

leading to the identities

p _0G , _0G G - G
90 "7

oG

0P, a7

a_¢7P5_a_§ apa7¢_apyé_

which when allowing for the invariance of Hy, Py, and P; gives the
generating function



M. Fitzgerald and B.N. Breizman

G(0,9,¢, Py, Py, Pg) =

0 Ty TE

6
Pec-t Pyt [ PilPs, e oy, Br, o). 0100
0

(18)

This completes the implicit definition of the new action-angle co-

ordinates. In particular, £ = % is an important definition in the context

of compressional modes where gyration is implicated in the power
transfer. This gives a rigorous definition to the intuition that change in
the magnetic field over an orbit will change the gyrofrequency, and this
change should be accounted for. In Appendix B, we show that to first
order in 1, Q. is the proper orbit average of the cyclotron frequency
evaluated at the guiding centre.

Having characterized the equilibrium motion, we now turn our
attention to the perturbing fields. We must express our perturbed forces
in terms of the equilibrium motion. Looking at the perturbed Hamilto-
nian again, we expand the perturbed potentials as a Fourier series

assuming a discrete eigenmode in an axisymmetric torus
SH(0,$, & Py, Py, P;,t) =ZeY [6®p —V|0Ajm — V1 Co-0A m]exp(ing

m
+imé —iwt) + c.c.. 19

The equilibrium is symmetric in time and toroidal angle, so a single n
and w may be considered at a time. An additional Fourier transform
converts our perturbing Hamiltonian to the right form

S8H(0,¢,E,P;, P;,Pz,t) = ZZe‘l’,,Pl P;, P, P;)exp(ing + ipf + ilE — iot)

pl

+c.c., Yy
J

2 27
1 1 ~ . - .
27 [ 35 | S0n —Vidhin —v.CosALilexplintg ) + im0
0 0

— ipf — il¢)dEdO
(20)

where the Fourier coefficient Wy, can be thought of as an average scalar
potential experienced over a bounce orbit labelled by the invariants (P,

P5.P;). Note that there is no one-to-one relation between the integers p

and m. The integer p results from the Fourier transform in §, whereas the
integer m results from the transform performed in 6. No such distinction
is needed between Fourier transforming ¢ and ¢ because of axisym-
metry. Both the poloidal and gyro-motion change the wave phase
experienced by the particle over the course of its orbit, with the aggre-
gate effect captured as the integral of a ‘propagator’ (an analogy noticed
by others as well e.g.: [29]).
We may choose to write in a suggestive form

Q=1{0.4.¢},

P={P, P, P},

k= {p,n1}, (2D
SH(Q,P,t) ZZe‘P Yexp(ik-Q — iwt) + c.c.,

with the interpretation of travelling waves in Q with wave-vector k and
amplitude ¥y for a given P.

The linearized Vlasov equation can be written
d 06H oF, 06H oF, 0d6H oF,

—f =—{F0H} =— —4+—= —+—= — 22
@ = P ot =75 5P; ' 5p oP;  OF OP: (22)

recalling that equilibrium {Fy,Hp} = 0 is achieved if and only if Fy =

Fo(P5, P, P;). Explicitly, we have
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dsf 5 _OF __OF _OF
=5 = ZeW,(P;, P;.P: )( +ip—+il )
T ap; " Pap, " Vap, 23)

exp(ing + ip0 + ilé — iot) + c.c.,

which is the equation we need to integrate in time. We now can take full
advantage of the action-angle coordinates, since the time integration is
trivial with the only time dependence coming from 6 = @yt, ¢ = wyt,
and £ = Q.t. We obtain the full general solution

OF OF  OF
5f = ZZe‘PnplP P; P)< B +p071>§+167}7g>

(24)

exp(ing + ipd + il€ — iot) e
le,/, +pﬁg + IQC -

This result is true provided all perturbed quantities are evaluated at
the particle position x and the equilibrium orbit is sufficiently well
resolved. An obvious important difference to the case of the limit v<Q,
lies in the non-conservation of yu, making 5’72 a source of energy.

Again, drawing out the structure, we may write

QE {5075417)60}7
k = {m,n,0},
dF,

k P exp(ik-Q — iwt)
ZeWr - .C.
Z kG_o o (25)

1\° .
\Pi = (ﬂ) /Xk:[ﬁq)k — VH(SAlIk — VLCO'&ALk]

exp(ik-Q — ik-Q)d*Q.

This result is similar in form to Kaufman (Eq. 26 in [14]). It is
reminiscent of taking the linearized Vlasov equation in the case of free
streaming particles interacting with plane-waves in a uniform plasma
where we can readily show

k-1 dFp

1 dfg ik-x — iot
§ ZeWy ki o exl.)(l x lw)-i—c.c.. (26)
k-x—w

The fundamental differences between the uniform plasma and the
real tokamak are two-fold. Firstly, the equilibrium orbits are not free-
streaming. Secondly, not all orbits will encounter the same sinusoidal
perturbing field, and that field varies along the orbit. These differences
between cases can be thought of as the difference between the local and
global approximations The quantity ¥; also contains all the effects of
drifts and gyration from the equilibrium motion. For example, the
variation of V| along the orbit implies a variation in flux surface (to
conserve P,) which implicitly gives the work done by the radial drift for
arbitrary orbit-width.

Many practical applications call for a representation of the equilib-
rium distribution function Fy in terms of the energy, writing Fy = Fy (E, U,
P,). The relationship to the action angle representation is

< 6F> ( aF> N aFw

- — (= —@y,

0P;),.  \0P;) OF

oF OF_

6_P§ = ﬁwﬂ 27)
oF oF — OF

(a—pglp. B (a—pglg g

This representation also makes convenient the identification of the
non-adiabatic particle response 5h. We find
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0F,
Sf = —0H + 6h
f g OH+h,

dsh . 0F,
v IZ (0 — nw, —lo.,) EZe‘P,,PI
pl (28)
exp(ing + ipd + il¢ — iot) + c.c.,
L T )
. OF/0E = " m oF /o

This result may be readily compared to drift-kinetic [1,11] and
gyrokinetic [2] expressions for the non-adiabatic response, where
anisotropy ., does not feature in the destablization. We will see that
this term is an important omission for the compressional mode i.e. when
6B is present.

The conversion of the linear Vlasov equation to action-angle format
Eq. 24 has meant that the integration of the kinetic equation is trivial
and has been replaced with an integral to compute the mean potential
Y for each resonance. This can also be performed numerically [28],
however this requires computation of orbits and a complete description
of the perturbation. The convergence of this calculation requires
expanding the orbital phase space and k space until Wy vanishes.

For much of the remainder of the paper, we consider analytical es-
timates for under what circumstances Wy will be finite. This is equivalent
to determining which resonances matter to the linear response.

Compressional mode solution for k; p<1

When the perpendicular length-scale of the perturbing fields is taken
to be large compared to the particle Larmor radius, the particle response
does not contain any rapid variation due to the particle gyration.
However, whilst the particle gyration plays no role in the particle
response to a shear Alfvén or electrostatic wave 6A,6@>6A , it cannot
be neglected entirely for the compressional mode 5A| <6A | because of a
slow global variation in gyroangle on a bounce time.

For the shear wave, the potential for k, p<1 is

27 27

171
Y= [ 5@, — VA
npl 2”/2”/;[ m = V)6A m]
0 0

exp(in(¢ — @) + imd — ip6 — il€)dédo,

(29)

where all the gyro-variation is contained only within the term exp(—
2

il¢). Applying the global gyro-average i / exp(—ilé)dé nullifies all
0

contributions to the linear solution except for when [ = 0. This means
that for the shear wave, the cyclotron frequency Q. and anisotropy w.,
play no role in resonance and drive respectively.

Comparing to the compressional limit 64| <A ; and k, p<1, particle
gyration appears in the perturbed potential

~ PR ~ [ | . [P | .
€ = —sinéij — cosg 7 = (iff — ) 5 exp(ié) + ( — i/ — 7) 5 exp( — i),

1,
0AL = 3A, 5 (£ — )

2r 2r

1 1 . .
Yo = ﬂ/ﬂ/; — V. [6A imexp(if) + SA_nexp( — i&)]
o o

exp(in(¢ — ¢) + im0 — ipd — il¢)dédo,
(30)
the gyro-angle can be split into secular and oscillatory pieces, with the

oscillation coming from poloidal angle & = &+ E(@,Pg, P;.P;). The global
gyro-average nullifies all terms except for [ = 1 giving the global result:
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Compressional Alfvén
global solution without mode FLR : 64 <A  k, p<x1

l)Fo

Sh="> ZeW: (0 — nw. — w.,) E
P

(3D

exp(ing + ipd + i& — iwt) e
nwy +pwy + Q. — @

2n

1 L~ . = | N7

Y1 = 2_77/2,": — V1 6Amexp(ing + imf — ipf £ if)do.
0

We see that information about the particle gyration is essential for
resonant interaction with the compressional mode, in contrast to the
shear mode. We also see perfect symmetry in ¢ and &, showing that the
global variation in gyroangle is completely captured in the usual way in
the poloidal sidebands p.

Our conclusion is that despite the resonance condition n@w, + pag +
Q. — @ = 0, Alfvénic modes only resonate appreciably with [ = 0 and
compressional modes only resonate with [ = 1 when the Larmor radius
of the particles is sufficiently small k, p<1. Moreover, the sign of the
particle species implies a preferred handedness such that the mode and
particle rotate in the same direction. These conclusions on particle
response can be reached before anything is known about the equilibrium
distribution or detailed mode structure.

Eigenmodes approaching the cyclotron frequency can be observed to
be destabilized on existing tokamaks often without information on the
mode polarization. The global Alfvén eigenmode (GAE) and compres-
sional Alfvén eigenmode (CAE) cannot be easily distinguished by fre-
quency alone. We predict that resonant interaction for the GAE will not
depend on Q. and not be driven by w.,. For a given mode scale length,
these would predict radically different resonant orbit losses, which can
be measured.

Including mode FLR effects for arbitrary k,p

In the previous section, we supposed that the modes were sufficiently
large in comparison to the Larmor radius at all points along the equi-
librium orbit that we could ignore the difference between perturbation
measured at the guiding centre versus that experienced by the actual
particle. In this section, we see the effects of applying the correction due
to circular gyration about the equilibrium guiding centre.

We start by expressing the potentials 6@ and SA as a Fourier series
such as

SO(x,t) = 6@y (v, )exp(imby + ing, — iwt), (32)

where x = (y,, 0x, ¢,) is the actual particle position. The Fourier series
in the guiding centre variables X, p are of the form

SRX,p,t) = Y 5Pn(yy(X,p))exp(im0y (X, p) + iy (X, p) — iot),

v (X,p) =y +p-Vy,

0:(X,p) = 0 +p-V0,

¢(X,p) = +pV9,
5nm(y,(X,p)) = exp(p-V)Pn(y)

Vi
Qc(X)

(33)

pPX, v, &) = (coséy (X) + sinéz (X)),

giving
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K=«xVy +mV0+nVe,

dx
exp(iky + im0 + ing — iwt) 6Pm(x) 5

Using the Jacobi-Anger expansion gives exponentials of trigono-
metric functions as an infinite series of Bessel functions of the first kind

Kep =sin(¢ +y) pk.,

o0

50(Xp.60 = [ explill -+ (kup) 35
T ™ Il =—c0
. . . . dx
exp(iky + im0 + ing — iwt) 6Op(x) o

These Bessel functions capture all the FLR effects due to the mode
and are free of gyrating terms, giving the final expression for the average
potential

0

Vo = o / S exp(ily)Ji(k 1) 6 (k) — V64 ()]

©

S explillF VWi (k1 p) [V 6A (k)] (36)

exp(ixy + ing(0) + im6 + il(8) — ipf) S—Zdé.

Introducing FLR variation due to narrow mode-widths has a clear
implication; the global gyro-average becomes non-zero for [ # 0 in the
shear Alfvén case and [ # 1 in the compressional case. The resonance
condition in Eq. 24 will now admit contributions from [ sidebands with a
magnitude which depends on J;(k, p). In addition, p poloidal sidebands
have a new Larmor radius contribution from variation in k,p and
gyroangle adjustment IZ along the bounce orbit.

The exponential terms in gyroangle exp(if) contains secular and
oscillatory pieces exp(ilf) = exp(ilf)exp(ilg), and the oscillations will
occur because of the poloidal variation in the gyrofrequency. This is
precisely the same global sideband effect that occurs for the drift reso-

nances where for example exp(in¢g) = exp(in@)exp(in@). In both cases,
poloidal sidebands are generated with relative strength which depends
predominantly on aspect ratio through a terms that look like
exp(~ ilesind), much in the same way exp(k, psiné) terms appeared in
the shift from particle position to guiding centre; “it’s Bessel functions
all the way down”. In general, the gyromotion and the poloidal motion
are non-circular but periodic and can be Fourier expanded giving
additional sidebands. The path to quantify these effects is intuitively
clear but tedious!

The lowest order FLR correction for shear Alfvén waves is obtained
for [ = 0 and resembles a linear gyrokinetic equation [3]:

Shear Alfvén and electrostatic global solution
with lowest order FLR : 6A>6A,, kip~1

",
J0E
n6¢ + pEe —@

(@ — nw,) — exp(ing + ipf — iwt)

oh= ZZe‘{’npo +c.c.,
p

37)

27

¥on = g7 | [ S0 50u(s) — VieAsn(e)

expl(ixy + ing + im0 — ip@) %d@

The inclusion of k, p ~ 1 has still not implicated global variation in
gyroangle for the shear/electrostatic case, although there is a poloidal
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variation in gyroradius along an orbit.

The lowest order FLR correction for the compressional modes re-
quires the inclusion of particle gyration and the associated [ = 1 reso-
nance. Remembering the global gyro-average we obtain:

Compressional Alfvén global solution
with lowest order FLR : A <A, kip~1

0F0

Sh= ZZe‘P,,pﬂ (o — nw, — o) 3E

P
ind + ind — iwt
expling +ip0 —iot) | 38)
nw, + pwy £ Q. — w

21 o

1
Yo = o / / ;Jo(klp)[ — V. 6A.n)
0 —oco

exp(ixy + ing + i€ + imf — ipf) %’;d@,

where contrary to the shear/electrostatic case, the generation of poloi-
dal sidebands is due to the poloidal variation of both ¢ and &.

For both shear and compressional modes, we can make connection
with various local theories by taking poloidal variation out of consid-
eration. We can do this either for free-streaming particles in a cylinder,
or for deeply trapped particles in a tokamak. For passing particles in a
cylinder, we set ¢ = ¢, & = £,0 = 6, then the poloidal sidebands vanish.
For the deeply trapped particles in arbitrary aspect ratio we have ¢ = ¢
£ =¢and 0 ~ 0 and then p = 0 is the only contribution. We obtain the
limiting cases:

Cylindrical approximation for passing particles

OF,
(0 —nw. —lo.,) a—b?exp(inqb +imé + il¢ — iwt)
Sh=" Ze¥n .C.,
Lzm € ! kaVH:l:lQC—w tec,
Deeply trapped approximation in arbitrary aspect ratio
OF,
(0 - nw. —lo.,) a—gexp(inqb +il¢ — iwt)
Sh = LZmZe‘an, kv, £ 10— 0 +c.c.,
Electrostatic or shear 6A>>6A,
T . .o de
Yo = [ exp(Eily)J1(k.p)[5Pm(K) — V) 6Am (K)]exp(ixy) 5,
Compressional 6A|<dA |
7 . . .de
Yot = [ exp(i(l£ 1))z (kup)[ = v 6Asmlexplicy) o
39

Linear growth rate for high frequency mode such as GAE/CAE

The resonant response can be used to compute the linear growth rate
of a CAE from fast particles. We would like to perform a perturbative
calculation valid for slowly growing eigenmodes of the bulk plasma to
obtain the linear growth rate for any eigenmodes with @ well below the
electron cyclotron and plasma frequencies, but with ¢ much larger than
the bulk ion thermal speed. CAEs or high frequency GAEs are a good
example of such modes.

Adopting the conductivity tensor o.,4(x, ®) based on the cold plasma
model, the linear wave equation for the complex-valued eigenmode

electric field E and frequency w, is of the form
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o, iy, c?
old (X, ) = —+ ——VXVX + I+ O cold(X, @) |,
8eola (X, @) e { 2 o, 1a (3, @r) “0)

8eold (x7 wr)E(x7 (Ur) =0.
The perturbative correction to the eigenvalue (o —w;) resulting from

a complex-valued fast particle current density J fast 1S given by

agculd (x7 0)) I

o | Exw) = Jpast (%, 0). (41)

8cold (x7 w) + (w - wr)

This expression includes both the resonant linear growth rate y; and
the non-resonant correction Aw;, to the eigenfrequency o, through @ =
wr + Aw, + iy;. Our preceding assumption that v—v — £5A implies that

we are restricted only to the resonant contributions to jﬁm resulting
from the non-adiabatic perturbed distribution sh, so we will only
attempt to compute the growth rate y. We are thus requiring ZTL,<<1'

The Hermitian operator allows us to take the inner product of both
sides giving the standard result in terms of average power transfer to
particles .” and mode energy 6Woq

P
26 Wcold ’

VL=
(42)

ot _
Weos = i [ B (xi0,) B0 (x4, i,

with ET the conjugate transpose of E.

To compute the mode energy W4, we assume the frequency to be
much lower than the plasma frequency, so we take the current to be in
response to the perpendicular electric field only

B — | )

E.(x;0, )

jcold(-"y CU,—) = O-cold(xs wr)EL (x§ Wr )a

oo < [ A0 o)
Ocold\ X, X , W) = ’
© ' —ih(x,0,) a(x, ) (43)
i(onim,- Q?
a(x,w,;) = — —
( ’ ) Bg Q? — a)?
®?® ne
ih(x,w,) = —5——— ,
(x @r) Qf —w? By
Q. # wy.
Taking the derivative of g.,,y we obtain
2 o = 2
(SWCOld = /jﬁEL dx
HoVa (Qc - (’Ug)
(44)

+i/7w’[393_w’} B B, — EE, |ax,
(@2 —w2)” Bo

2
where we have dropped a displacement current term %*2‘ for consistency
with being well below the plasma frequency. Note a E';,Ivi',[ —E;EW] term

coming from the Hall effect is purely imaginary but finite. We see that
the mode energy diverges near the cyclotron resonance making modes
more difficult to excite.

Turning to the power transfer calculation, the average power transfer
to particles in terms of the generalised forces, velocities, and perturbed
distribution is
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P=— /Qaé—g 5h &Qd°P,

WH__ —iy kzZeWrexp( — ik-Q + iwyt),
k

oQ (45)

dF,
(0 — o, —lw,,) = F % exp(ik-Q — iw, )

EQ — W,

5h =" zew;
k
We compute the power transfer at the resonances

T . T A72 202
/—31%121/ ZkQZe‘PE
k

kQ—w,—iv (46)

P 5%Q - ) EQEP,

(w, —nw, — lww)

and obtain the linear growth rate for an eigenmode at arbitrary fre-
quency

143 / 2,2
= Z%e*| Yy
r 5Wcold Z ‘ |

oF,

47)
5(k-Q — w,) d*Qd°P.

(0r — nw, — la)*,,)
The linear growth rate is thus a sum over resonances k where each
resonance contributes either drive or damping depending on the sign
and magnitude of (o, — nw. — lw*,,) > with a wave-particle coupling
strength given by the square of the orbit-average perturbing potential
2
[el™
This coupling term may be computed numerically or estimated from
formulas presented in this paper. Quantitative estimates of the growth
rate will require computing the mode energy 5W,,4, but qualitative

estimates on whether a mode is driven or damped can be obtained by

. . 2 oFo .
inspecting the resonances where || (0 —nw, —lo,,) 52 is most sig-

nificant. When we perform the example analytical calculation for pass-
ing particles below, we will learn that CAE stability calculations in
tokamak geometry require substantially more resonances to be included
than similar calculations for a GAE.

Large aspect ratio action-angle calculation for passing particles

We would like to now perform the lowest order non-trivial calcula-
tion of the conversion to action-angle coordinates, making connection
with the existing TAE theory [30,26], but also showing the magnitude of
the gyroangle induced poloidal sidebands. We will proceed with the 1st
order in equilibrium drift motion.

For Shafranov-shifted circular flux surfaces in large aspect ratio
choosing minor radius r to be the flux surface label, we have the
following equilibrium relations in orthogonal coordinates [17,31]
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r

r
A3 = —Bmag\/—dr]7
T
) q(r)

1
Ay = ZBpggl* — Bugga(r)coso),

2
B; = Bmangag7
Bl /
By — —mas’ (1 _an cosH)7 (48)
Rmdgq(r) r
r
By = Brgg (1 - R—cos@) s
mag
r ’2 r A,
a(r) :/ Ril-ﬁ-ﬁA,(rl) +r1/ frz) dry | dry .
0 e 0 2

For Shafranov shift A(r). Expanding the Hamiltonian around R <1

gives the parallel velocity equation

(49)
2 r
Vimeg = \/:VHO*ﬂBmag, e(r) = )
m Ringg
we make the ansatz
r=r— A"cosO, (50)

with average radius r and orbit width A* as yet unknown. Looking at the
invariant
.
n

1
Py = —ZeBygg / 7 (rl)drl + g MViBs, (51)
0

we provide the implicit definition of 7 in terms of the invariant P,
(defined by setting 6 = /2)
F

.
P, = —ZeBgg / Trll)drl + MV jmagRmag, (52)
0

making 7 an invariant of the motion by definition. A*is obtained from P
using the extreme poloidal angles 6 = 0, 7 and taking & <1

mVHmag |:2H0 — ;tB,,wg:|

53
2ZeBiag | Ho — Brmag 3

A =q(7)

giving that A, is also an invariant of the motion. Turning attention to Py,
we omit terms in A2, €A,, ed(r), and A.d (r) to obtain

mVHm,,gFZ
Rmagq(r)

Identifying the invariant portion of P, as the value taken at = Z and
eliminating the parallel velocity we arrive at

1
Py=1Ze EBmagfz + ZeBynqgT'A 080 — ZeBy,q,0(T)cost + (54)

.
Py = —ZeBpgg / rrll)dr1 + RinagV2m\/Hy — {iBrngg,
0

(55)

2H, — uB
Py = P; +7q(F) @ {M] €080 — ZeB nqeat(F)cos0.

vV HO - ﬂBmag

The generating function for the action-angle transformation is then

~ _ . /m| 2Hy — pBpqg
Pz, P5,P;) =1q(r \/: ——
&( R 5) Q) 2|: Ho — /B

(56)
— ZeBpgga(T),
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and using the coordinate definitions in Eq. 17 we can see the form of the
secular and oscillatory pieces in the motion

_ g .

0=06+ ()—Pémm‘)7

_ ag .

E=¢+ a—isma (57)
g

— g .
¢b=¢+ @sma

To compute the amplitude of oscillation becomes an exercise in the
chain rule, taking account of Eqgs. 13 and 14 and using the
approximations

@y~ M7 (58)

0 =60+ —siné,

_ Q.

E=¢+ I —~sine, (59
R @y

o=

The new result is the identification of the relation & ~ R;ﬂg

passing particles in large aspect ratio circular equilibria. The interpre-
tation is that the cumulative error in gyro-angle is a function of how

£ sind for
Wp

many particle gyrations have time to occur during a bounce orbit 2:,, and
the degree to which the magnetic field is changing over the orbit }ﬁ.
This new parameter is implicated in the generation of poloidal sidebands
in addition to the usual finite-orbit width contribution 4. Contrary to
orbit width for confined particles, ﬁ ﬁ:b is not usually a small number.

i T Qe A
We will take Ry 0 F

Noting also
— A, . L A
sinf = sin [9 — —?‘sme} = sinf — = sin26, (60)

we can compare the generation of poloidal sidebands between
compressional modes and shear modes. Allowing for up to k,p ~ 1
leading order FLR effects, we insert Eqs. 59 into Eq. 37 to obtain for
shear modes

271

Vun = g0 [ [ SHol.0)0600(0) — Viohin(s) -

.mA, . . _ dx
exp( - l—FSlTlH) exp(iky(r) + i(m — p)o) 2_;1‘10‘

We haven’t yet accounted for the poloidal variation in k, p, which are
higher order corrections. For simplicity, we suppose the poloidal length
scale is much shorter than the radial length, then we have

passing particles in large aspect ratio,

shear modes: 6A;>>56A, k.p~1

Yoo = > s (m_A *)JO (mp) (62)
mp

r r

[6@n(T) — VimagdAm ()],
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giving the standard intuition that for small orbit width m ~ p dominates,

mA,
T

but with sidebands that appear as becomes finite, with relative

importance of sidebands scaling as J; (%) /Jo (%) ~ T2 Simply put -
narrow modes produce more poloidal sidebands for drifting orbits.
Turning to compressional modes, the global effect of gyro-angle

oscillation is a much stronger generator of poloidal sidebands since

normally ﬁ %»%. Inserting Eq. 59 into Eq. 38:

passing particleslargeaspectratio, compressional modes 6A| <A  k p~1
- mp T Q)| B, o
lI"npl 72"[}]0 ( 7 >Jmfp (Rmag 59> om Asm (r) .

To illustrate these large aspect ratio calculations on a concrete
example, we choose some parameters based loosely on recent published
results from DIII-D, where sub-cyclotron modes are observed [32].
Without knowing the mode structure, we would like to estimate the
relative contribution of the various resonances to the instability and
make deductions about the free energy in the gradients. The relative
importance of each resonance to the growth rate will scale as the square
of the orbit-averaging potential terms, since both the perturbing field
and the perturbed current feature in the power transfer calculation
giving the linear growth rate in Eq. 47. Shear modes should couple in

(63)

2
proportion to Jy,_p (%) whereas compressional modes should be sen-

Rmag @9

2
sitive to Ji,—p ( r &> . We assume 100% deuterium plasma with Ry, =

1.75m,L=0.5, Bpgg = 1.25T,z4-=03,n, =3 x 10m3,g =1.5, a mode
frequency half the cyclotron frequency w=0.5Q, being driven with a
beam pitch \VTH =0.8 with respect to the magnetic field.

First, we consider the resonance for a shear wave such as a global

Alfvén eigenmode (GAE). We choose a single poloidal harmonic m = 5
to approximate a GAE occurring below the Alfvén continuum. The
resonance condition may then be solved for different energies and the
relative response is presented in Fig. 1. The fundamental resonance
corresponding to p = m and [ = 0 is strongest with particles and wave
propagating in the same direction. The drift sidebands p # m, still for
velocities in the same direction, have successively weaker contributions
away from the fundamental. The energy source for these resonances are

giving ,‘(ﬁ =0.73 for toroidal harmonic n = 20 and position = 0.5
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in the radial gradient of the fast particle distribution, providing drive
when nw, > @ and damping otherwise (assuming the usual 0F/dE < 0).
The anisotropy o., can play no role in these resonances since [ = 0 and
no higher order FLR effects are involved in these resonances. When
including the higher order FLR effect, the [ = 1 resonance provides a
qualitatively different picture. The energy is identical to the funda-
mental resonance but for guiding centre motion counter to the wave
propagation. The identical energy in both cases is a special case owing to
® = 0.5Q.. For the fundamental resonance, a nearly constant gyro-
averaged phase is provided by the guiding centre drifting in the same
direction. For the I =1 case, a particle experiences coherent synchro-
nization with the wave phase despite the guiding centre experiencing
rapid variation from the counter propagation. It is intuitively obvious
that the resonance involving constant phase at the guiding centre would
couple more strongly than that which depends on gyration to exist, and
indeed, the FLR sideband is comparable in strength to the 2nd order co-
propagating drift sidebands. However, the published DIII-D results
exhibit counter-beam propagation for the modes, and for their neutral
beam distribution function, significant anisotropy. The published radial
fast ion densities are monotonically decreasing, which suggests that the
quantity nw., is stabilising for counter propagating modes. The absence
of co-propagating modes at the same frequency and toroidal mode
number suggests nw, < o This combination of factors suggests that they
likely have w,, > @ > nw.. This also implies |@,,| > 10 |nw,| to account
for the FLR resonance succeeding in driving the counter propagating
modes, where the (ten times stronger) fundamental resonance failed to
produce the co-propagating mode.

An alternative candidate normal mode for the observation in the
example case could be that of a CAE, with very different coupling
properties to the particles. To approximate this mode, the analytical
dispersion relation based on parabolic density in a cylinder was used
[33]. To keep the resonant energy range similar, a somewhat different

toroidal mode number n = 30 was required with poloidal mode number

m = —19 giving % ~ 0.08. The resulting resonance coupling calculation

is presented in Fig. 2. All the resonances except for the I = 0 FLR side-

band have the particle guiding centres streaming counter to the mode

propagation. In this situation we find a very erratic variation in the
roQ

coupling of resonances because of the large R ™ 5 term capturing

the cumulative gyroangle distortion over the poloidal bounce. As a
result, there is no particular expectation for one drift sideband resonance
p # mto dominate over any another. The [ = 0 FLR sideband in this case
is negligible, implying that co-streaming particles play no role. The

0.5 A Py
~ 0.41
£~
N ® kv =w fundamental
N p=m + 1 drift sideband
&r 0.31 A p=m—1drift sideband
4 < p=m+?2 drift sideband
h » p=m-—2 drift sideband
\g 0.2 1 A ® p=m+ 3 drift sideband
§ p =m — 3 drift sideband
g ® kyjvy+Qc=w FLR sideband
%]
g 014

b >
oo{e
70 80 90 100

Energy (keV)

Fig. 1. The effect of orbit-averaging on the perturbing potential due to a shear mode in the example calculation. All resonances presented are for particle guiding
centres streaming in the same direction as the mode, except for the I=1 FLR sideband which is in the opposite direction.
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Compressional Polarization n=30 m=-19

0.025 4
ng ® kv +Q:=w fundamental
;Jf 0.020 1 p=m + 1 drift sideband
2 A p=m-—1drift sideband
N"m <« p=m+ 2 drift sideband
€12 0.0154 * » p=m -2 drift sideband
\? ® p=m+ 3 drift sideband
£ o ° > p=m — 3 drift sideband
g 0.010 4 ® p=m+ 4 drift sideband
S A p =m — 4 drift sideband
@ e kyv) =w FLR sideband
= 0.005 4

0.000 A < .

80 100 120

Energy (keV)

Fig. 2. The effect of orbit-averaging on the perturbing potential for a compressional mode in the example calculation. All the resonances are for counter propagation

guiding centres except for the I = 0 FLR sideband.

counter-streaming particles again imply anisotropy must overcome
radial gradient w,, > nw,, but this time without any implied factor 10
difference as found for the GAE case. The equivalence of resonances for
compressional modes also implies that in the event of resonant overlap
[34] for a given energy, resonance overlap and diffusive transport are
achieved simultaneously for all energies. This is likely related to the
justification for the quasilinear theory and resonance localization in
ICRH heating contexts without appealing to the randomizing influence
of collisions [35]. In that context, the bounce frequency of thermal

particles is well separated from the cyclotron frequency making the &

gy
term large and nearby drift resonances equally important. For our
analysed example, this conclusion will persist well into the MeV range of
energies.

Conclusion

The solution of the linear kinetic equation for global modes has been
clarified for arbitrary frequency and Larmor radius. The equilibrium
motion when represented using orthogonal flux coordinates and the
Littlejohn Lagrangian gives canonical coordinates in poloidal, toroidal
and cyclotron motion of the guiding centre. The global resonance con-
dition is constructed from a linear combination of average bounce,
precession and cyclotron frequencies, where the average is computed
over a poloidal bounce time. The difference between the local and global
resonance behaviour is due to the non-uniformity in equilibrium causing
the variation in particle velocity, resulting in variation of the instanta-
neous resonance condition when viewed as a sequence of local solutions
within a bounce period.

The resonance condition can be summarized as

Tlad, +p59 + lﬁc —w = 0, (64)

with p standing for “poloidal” and [ standing for “Larmor”. Where the
equilibrium or mode is varying significantly from the point of view of
the guiding centre, a single orbit has many poloidal harmonics that can
be considered to be similarly important, and the local passing particle
theory m =p will not suffice. Similarly, where the perturbing field
length scale is sufficiently small, particle gyration is causing the per-
turbing field experienced by the particle to vary and [ = 0 will no longer
do for shear Alfvén modes (nor will [ = 1 do for compressional modes).

The complexity of the resonance maps generated for a given exper-

iment, which are implied by the arguments on poloidal and Larmor
uniformity, will impact the implied fast ion transport. Allowing for
wave-particle nonlinearity, the resonances develop a width which scales
as the square-root of the orbit-averaged perturbation amplitude .
Increasing the number of resonances provides additional opportunity for
those resonances to overlap and produce stochastic motion. We have
found in this work that the strength of poloidal sidebands for Alfvénic
modes goes as orbit width, with fewer sidebands as we go to a reactor.
Interestingly for compressional modes, as particles become better
confined in reactors, the separation between cyclotron and bounce

motion £ becomes larger and the resonance maps become richer and

(2]
more prone to transport, particularly in spherical tokamaks. This latter
finding motivates studies of resonance and losses in existing spherical
tokamaks where compressional modes are readily observed.

Aims and scope statement

This paper deals with the fundamental problem of the linear response
of any particle to any wave in a toroidal strongly magnetized plasma. It
generalizes many existing results for shear Alfven waves in the drift-
kinetic limit, to the case of arbitrary modes with arbitrary length-
scales, showing the underlying structure and clarifying previous con-
jectures on the global problem, as well as well-known local theories.

(1) It opens a new line of research within an established area - the
global changes in cyclotron frequency resulting in the generation
of sideband resonances and the notion of a global gyroaverage.

(2) Solve, or present significant progress towards solving a critical
problem — the problem of fast ion confinement in spherical to-
kamaks where compressional modes are observed. The resonant
interaction now has a clear explanation from first principles and
analysis has already begun for publication elsewhere.
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Appendix A. Neglect of x-5A term for resonant particles
We wish to demonstrate that

Z
VoV — —eéA, (65)
m

is a satisfactory approximation for resonant particles for sufficiently small amplitudes.
We start with the full-orbit Hamiltonian

(p — ZeAo(x) — ZeSA(x, 1))
2m

H(x,p,t) = + Ze®o (x) + ZesD(x,t), (66)

the relationship between canonical momentum and velocity is

p = mv + ZeAo(x) + ZeSA(x, t), 67)

with flows in (x,p) phase space

_ (p — ZeAo(x) — ZeSA(x,t))

x(x,p, t) s
m J J (68)
Dp(x,p,t) = Ze(Eo + 8Ey + X x By + X X 6B) + d—tZeAO(x) + d—tZezSA(x7 t).
Let’s consider now a point transformation to new variables
& (x,p,t) = x,
P(x.p.t) = p — ZesA(x, 1), 9

P — ZeAo(Z))’

H (X, P,t) = ( om + Ze®o(2) + ZeSD(Z ,t)

which is not a canonical transformation and does not produce the same equations of particle motion. The new erroneous Hamiltonian 7' (2", 2, t)
produces the following flows in (.2, %) space

. D _ 0%
P, 20 =L 2B
(70

S . d ,
PNL . P,t) = Ze(Ey ~ Vo® + 7 x Bo) + 5 ZeAo( 7).

Both the erroneous and original Hamiltonians correctly give x(x,v,t) = v when we transform back (%, 2, t)—(x,p, t)—(x, v, t), however the
equations for velocity evolution are different

o
erroneous 7 (2, 2,t) : mv(x,v,t) = Ze(Ey — V5O + v x By) .

. 05A
original H(x,p,t) : mv(x,v,t) = Ze (EO “ o Vé® +v x By +v x zSB> , 71

This suggests that when the perturbing fields are omitted from “the symplectic part of the Lagrangian”, only the electrostatic portion of the
perturbing forces survive.

We are primarily concerned with the resonant wave-particle problem, so we wish to establish the scaling of perturbed velocity with amplitude.
Before attempting this in realistic geometry, it is instructive to consider the simplified situation of a particle confined in a periodic potential

8®(x,t) = —6®rexp(ikx —iwt) + c.c., (72)

giving an equation of motion

mx = —iZeks®gexp (ikx — iwt) + c.c., 73)

we shift to the wave frame and obtain the large amplitude pendulum problem with pendulum angle ®

11
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r=x—2¢
= b
® = kr,
. iZek?
0=— ;1 exp(i®) +c.c.,

(74)

d (de\? _ d 2zek’
de\dc) ~dt m

- i\/ M (cos(kr(t)) — cos(kro))-

5Drexp(i®) + c.c.,

Resonant particles have velocities which oscillate with an amplitude vex /2%

depending on their initial position and velocity. During this

oscillation they do work on the wave. If v /2%

then they traverse less of the wave potential doing less work and being less important to the growth

Zeod)k

rate. For v> , particles are unbounded by the potential “going over hill and dale” with no average power transfer. The velocity responsible for the

power transfer therefore scales as v ~ @
Now instead of electrostatic motion in the x direction, we look at electromagnetic waves in real toroidal geometry. We wish to show clearly that our
erroneous motion behaves like a large amplitude pendulum with the same resonant velocity scaling. This will be easiest to show in our action-angle

coordinates. Starting with the generalized force obtained with Eq. 21

. (36H
P= dQ
(75)
ZZe\I’ Yexp(ik-Q — iwt) + c.c.,
we find
P =iy kZeWiexp(ik-Q—iot) + c.c.. (76)

k
For integrable motion, it is well known that only one resonance can impart force on a trajectory [34], so we suppose that we make the field

amplitude sufficiently small that each resonance works in isolation; we cannot have multiple pendulums. In the neighbourhood of exactly one
resonance k we have motion obeying

P = —ikZeWiexp(ik-Q — iwt) + c.c., 77)

changing frames to the resonance frame

kr=k-Q- ot
b = —ikZeWrexp(ik-T) + c.c. 78
Multiplying the generalised force by the generalised velocity in the resonance frame gives
P = —ik-rZeWexp(ik-r) + c.c.. (79)

For sufficiently small amplitude, we take the resonance condition as fixed and ignore possible nonlinear shifting of the resonance dﬂi 0, then the
work done in the resonance frame is the rate of change of the particle energy in the same frame

d1
dt 2

Giving our large amplitude pendulum

my? = Ze‘P cexp(ik-r) + c.c.. (80)

v= :I:\/zze(lll;l% [cos(k-r(t)) — cos(k-To)]. (81)

We are now in a position to label terms in the velocity Eq. 71 for resonant particles according to their scaling with mode amplitude

65A

mvP° = Ze (EO‘PO — V50 P! +v x Bo¥*® + v x sBY 5) (82)

(reobtaining the original physical formulas by setting the label ¥ = 1). For sufficiently small values of ¥, the dominant contribution to the perturbed
force comes from the term v x By which is retained in the erroneous equations of motion. Since the amplitude of the mode may be put as arbitrarily
small in the linear analysis, we have shown that x-5A may indeed be dropped.

Appendix B. Interpretation of Q.

We can confirm our intuitions about the quantity Q, by integrating our definition of it to obtain &(t) = Q.t+ &(t). The equation of 1st order
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equilibrium motion for the gyroangle is readily obtained from our Lagrangian

o ~ . ) 1

Lo(X, Vi, 4, &, X, V), j1, &, t) = [ZeAo(X) +mV\|bo(X)]'X+%§ — |uBo(X) +§mVﬁ + Ze®o(X) |,

d (o1 ot -
dt\odi) ou’

o eB()(X)

f=—0

The magnetic field can then be split into orbit-average and oscillatory pieces giving the clear interpretation

Bo(X(t)) = By + Bo(X(t)),

— t ~
ZeB0t+/ZeB0(X(t))d’
m m

5(0 = t, (84)

0

5]
I
=8

true at least to first order. Whether a similar relation can be obtained at higher order isn’t obvious; on the one hand, one can envisage a guiding centre
non-inertial reference frame drifting alongside the particle that makes the gyration appear a perfect circle, the perpendicular speed of the particle
adjusting itself to keep a constant radius of curvature as it encounters varying field at the particle position. On the other hand, the neglected AL
contribution to the motion will require a re-definition of the gyroangle E # £ in order to make a higher order accurate Lagrangian[16].

Appendix C. Proof that orthogonal flux coordinates are canonical to arbitrary order

In arbitrary flux coordinates, the structure of the guiding centre Lagrangian is always of the form
L=AyX+(.)E-H,
==+ ), @5)
L= () ()0 + (b + ()~ H,

which poses the inconvenience that the number of time derivative terms exceeds the number of spatial dimensions. We would like an explicit co-
ordinate transformation where each of the time derivative terms corresponds to the characteristic periods of the motion: the poloidal 6, toroidal ¢, and
cyclotron oscillations E. The troublesome term is to do with radial oscillation (...)yr. For lowest order drift motion, we have

m ~
Ay =Ao+— s
0o =Ao+7 Vb,
oAy, Y (86)
L=A,X+—--<—H,
o0&+ Zef )
Ay = Az (y)VO + As(w) Ve,
giving

AiBl Bz Bg
b=2Vy+ L V0LV,

(87)
_ Bl . 32 . Bg . my.
L=my, Yt (ZeAz(t//) +my B )0 + (ZeAg(y/) +my B >¢ + Zeg H.
Orthogonal flux coordinates have B; = 0 which removes the i term without need for further manipulation or approximation
T _ Bz B3
b="1V0+ Vo,
(88)

By ; B3\ . .
L= (ZeAz(t//) + mVH§2>(J + <Z€A3(l[/) + mVHEB)¢ + %é‘ —H.

For all higher orders in 2 (if we correctly interpret Littlejohn [16], but this has unclear correspondence to more recent derivations [36]) one needs
to make the modification to Aj
m m ~

AL Vi) = Ao(X) + 22 (. )B(X) — 2 (- )(VI(X0)-2(X), 89)

so to ensure that orthogonal flux coordinates are still canonical, we must investigate the effect of the additional term in producing a (...)y contri-
bution. The radial component is obtained from the derivative of the contravariant basis vectors

13



M. Fitzgerald and B.N. Breizman Fundamental Plasma Physics 13 (2025) 100084

. b T
(V1{0)-2(x) = (""’ﬂvw”"gwwlwa‘”w) ("XIWI)’

~ Vy

1x) =2 (90)
) =1y

~ ~ Vy

2(X)=b x ——

) =bx gy

Paying attention only to the term proportional to i that isn’t perpendicular to 2, we have
jid,e¥ = —y‘;( v0+rw¢v¢) 91
Using the properties of the Christoffel symbols we have

= 8”' (048 + 008yt — Oi8yo):
(92)

Top = 58" : (0wgz¢ + 08y — azgw)-

In axisymmetric orthogonal coordinates we have d;g; = 0 and g; diagonal, and further choosing normalized flux label g,,, = 1 makes obvious that

idyer =i (08,70 0. ©3)

This proves that there are still no terms in i and that orthogonal flux coordinates are still canonical at higher order in A.
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