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A B S T R A C T

The crystal plasticity-based finite element method is widely used, as it allows complex microstructures to
be simulated and allows direct comparison with experiments. This paper presents the OXFORD-UMAT for
Abaqus®, a novel crystal plasticity code that is publicly available online for researchers interested in using
crystal plasticity. The model is able to simulate a wide range of materials and incorporates two different solvers
based on the solution of slip increments and Cauchy stress, with variants of state update procedures including
explicit, semi-implicit, and fully-implicit for computational efficiency that can be set by the user. Constitutive
laws are available for a range of materials with single or multiple phases for slip, creep, strain hardening,
and back stress. The model includes geometrically necessary dislocations that can be computed using finite
element interpolation functions by four alternative methods, including the total form with and without a
correction for the dislocation flux, a widely used rate form, and a slip-gradient formulation. In addition, the
initial strengthening and subsequent softening seen in irradiated materials can also be simulated with the
model. The analysis is available in 2D (plane stress and plane strain) and 3D, including linear and quadratic
elements. Here we include full derivations of the key equations used in the code and then demonstrate the
capability of the code by modeling single-crystal and large-scale polycrystal cases. Comparison of OXFORD-
UMAT with other available crystal plasticity codes for Abaqus® reveals the efficiency of the proposed approach,
with the backup solver offering greater versatility for handling convergence issues commonly found in practical
applications.
1. Introduction

For the last two decades, crystal plasticity (CP) has been utilized
to model materials by integrating the microstructure along with elastic
and plastic anisotropy. CP offers the advantage of using various mate-
rial laws, from phenomenological power-law-based rate-dependent vis-
coplasticity (Dawson, 2000) to more physically based constitutive laws
such as the Orowan equation (Roters et al., 2000). As microstructure
sensitivity becomes increasingly crucial in industries such as nuclear,
fusion energy, and aerospace, and with advancements in computational
efficiency, CP has become a viable option for incorporating anisotropy
into material models. Despite its usefulness, the method still encounters
difficulties with numerical convergence due to its inherent nonlinear
characteristics.

A CP model seeks the solution for the elastic or plastic part of the
deformation similar to isotropic plasticity (Weber and Anand, 1990)
with an anisotropic plastic flow direction (Busso and Cailletaud, 2005).
For this reason, the total deformation is multiplicatively decomposed
into its elastic and plastic parts for the most generalized case of large
deformation (Lee, 1969). Plastic deformation possesses the unique
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property of slip that does not alter the lattice orientation while con-
serving volume. Various solution methods have been developed to
formulate the CP problems based on different variables such as: Cauchy
stress (Asaro and Needleman, 1985), slip increments (Huang, 1991),
2nd Piola–Kirchoff stress (Kalidindi et al., 1992), plastic part of the
deformation (Maniatty et al., 1992), elastic part of the deformation
gradient (Sarma and Zacharia, 1999), volumetric/deviatoric part of the
stress (Marin and Dawson, 1998) and plastic velocity gradient (Roters
et al., 2012).

Crystal plasticity-based solvers have been implemented in various
computational frameworks, including finite elements (Roters et al.,
2012, 2019), spectral (Lebensohn, 2001; Knezevic et al., 2016), and
more recently in peridynamics (Sun and Sundararaghavan, 2014; Gu
et al., 2019) to predict the mechanical response of polycrystals on
grain scales. All aim to incorporate more physics into the models
while considering the microstructural anisotropy. The crystal plasticity-
based finite element method (CPFEM) ensures local fulfillment of com-
patibility and mechanical equilibrium, thus offering a more accurate
solution than the Schmid, Taylor, or Self-Consistent homogenization
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Nomenclature

𝑭 mechanical deformation gradient
𝑭̇ time rate of change of mechanical deforma-

tion gradient
𝑭 𝑒 elastic part of the deformation gradient
𝑭 𝑝 plastic part of the deformation gradient
𝑭 𝑡𝑜𝑡 total deformation gradient
𝑳 velocity gradient
𝑳𝑒, 𝑳𝑝 elastic and plastic velocity gradients
𝑭 𝜃 thermal part of the deformation gradient
𝜃, 𝛥𝜃 temperature and its increment
𝛥𝑬𝑐𝜃 , 𝛥𝑬𝜃 thermal strain increments in the crystal and

sample reference
𝒈 current crystal to sample transformation
𝒈0 initial crystal to sample transformation
𝑮 special crystal to sample transformation

matrix for elasticity in direct notation
𝝈̇ Cauchy stress rate
𝜴 anti-symmetric spin
𝜴𝑒, 𝜴𝑝 elastic and plastic parts of spin tensor
𝑫 symmetric total stretch rate
𝑫𝑒, 𝑫𝑝 elastic and plastic stretch rates
𝑷 𝑎 plastic stretch tensor for slip system 𝑎
𝑾 𝑎 plastic spin tensor for slip system 𝑎
𝑰 2nd order identity tensor (matrix)
𝛥𝑡 time increment
𝜶 thermal expansion matrix
𝛼 geometric factor in Taylor’s strength
𝛼1, 𝛼2, 𝛼3 thermal expansion coefficients of the lattice

in three directions
𝝍 stress residual
𝝈 Cauchy stress
∇
𝝈𝑒 Jaumann stress rate with respect to the ref-

erence frame attached to the crystal lattice

𝝈𝑡𝑟 trial stress
𝜙 weight of fully plastic stress guess in the

initial stress guess
𝛥𝜺 total strain increment
𝛥𝜺𝑒, 𝛥𝜺𝑝 elastic and plastic strain increments
𝛥𝝈 stress increment
𝑓 fraction of mean CRSS to set the stress

increments during iteration
𝜳 slip increment residual
𝜗 implicit time integration parameter
𝝃𝑎 slip residual in forward-gradient method
𝑵𝑎
𝑏 coefficientin forward-gradient method

𝜹𝑎𝑏 Kronecker delta for slip systems
𝜏𝑎 resolved shear stress (RSS)
𝜏𝑎𝑐 critical resolved shear stress (CRSS)
𝜏𝑐𝑎𝑒𝑓 𝑓 effective CRSS
𝜏0𝑐 lattice friction
𝜏𝑐 average CRSS over slip systems
𝛾̇𝑎, 𝛥𝛾𝑎 slip rate and its increment in slip system 𝑎
𝛾𝑎 total slip rate in slip system 𝑎

approaches. Spectral methods are fast compared to CPFEM solvers, but
they require periodic boundary conditions that limit practical applica-
tions, although these effects have been recently addressed by iterative
2 
𝛤 cumulative slip
𝐴𝑎, 𝐵𝑎 parameters for hyperbolic-sine slip law
𝑏𝑎 Burgers vector in slip system 𝑎
𝛥𝐹 Helmholtz free energy
𝛥𝑉 𝑎 activation volume in slip system 𝑎
𝜚𝑚, 𝜚0𝑚 mobile dislocation density and its reference

value
𝛥𝑉0 activation volume scaling factor
𝜆𝑎 jump distance
𝜈0 dislocation vibration frequency
𝑘𝐵 lattice Boltzmann constant
𝑛 rate-sensitivity exponent
𝛾̇0 reference slip rate
𝑝, 𝑞 constants characterizing the shape of the

statistical obstacle profile
𝛾̇𝐶 , 𝛾̇𝐷 reference creep and damage rates
𝑏𝐶 , 𝑏𝐷 creep and damage stress multipliers
𝑄𝐶 , 𝑄𝐷 activation energies for creep and damage
𝑅 universal gas constant
𝑌 𝑎, 𝑌̇ 𝑎, 𝛥𝑌 𝑎 a general state variable, its evolution rate,

and its increment in slip system 𝑎
𝜚𝑎𝑓 𝑜𝑟 forest dislocation density in slip system 𝑎
𝜚𝑎𝑆 𝑆 𝐷, 𝜚̇𝑎𝑆 𝑆 𝐷 statistically-stored dislocation density and

its evolution rate in slip system 𝑎
𝝌 Mapping from SSD to screw and edge

dislocations
𝜚𝑎𝑆 𝑆 𝐷𝑒, 𝜚𝑎𝑆 𝑆 𝐷𝑠 edge and screw types SSD density in slip

system 𝑎
𝜚𝑎𝐺 𝑁 𝐷 geometrically necessary dislocation density

in slip system 𝑎
𝜚𝑎𝐺 𝑁 𝐷𝑒, 𝜚𝑎𝐺 𝑁 𝐷𝑠 edge and screw types of GND density in slip

system 𝑎
𝜚𝑙𝑙 𝑜𝑜𝑝, 𝜚̇𝑙𝑙 𝑜𝑜𝑝 Loop defect density and its evolution rate in

defect system 𝑙
ℎ̇𝑏 self hardening rate (Voce)
ℎ𝑎𝑏 latent hardening excluding slip rates
𝐻𝑎
𝑏 latent hardening matrix (Voce)

ℎ0 reference hardening rate (Voce)
𝑚 strain hardening exponent (Voce)
𝑠𝑠 saturated value of CRSS (Voce)
𝑘 linear SSD evolution coefficient
𝑘1 SSD density multiplication rate (KME)
𝑘2 SSD annihilation rate (KME)
𝑿𝑎, 𝑿̇𝑎 back stress and its evolution rate on slip

system 𝑎
ℎ kinematic hardening rate (A–F type)
ℎ𝐷 kinematic softening rate (A–F type)
𝜁 scaling factor for back stress (GND-based)
𝜏𝑠, 𝜏0𝑠 irradiation solute strength and its initial

value
𝛤𝑠 cumulative slip at the saturation of irradia-

tion solute strength
𝜓 fraction of dislocations that become mobile

for irradiated materials
𝒓𝑎𝑙 reaction vector between slip in system 𝑎 and

loop defect 𝑙
𝑐𝑎𝑙 projected reaction between slip and defect

solutions to satisfy mixed boundary conditions (Kabel et al., 2016).
eridynamics has a limited resolution due to the computationally ex-

pensive nonlocal computational scheme and stability issues linked to
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𝑑𝑙 size of loop defect 𝑙
𝑁 𝑙 number density of loop defect 𝑙
𝐼𝑎𝑙 Strain-softening interaction matrix between

defect 𝑙 and slip system 𝑎
𝑖1, 𝑖2 strain-softening interaction coefficients be-

tween loop defects and slip systems
𝐽 𝑎𝑙 Strength interaction matrix between loop

defect 𝑙 and slip system 𝑎
𝑗1, 𝑗2 strength interaction coefficients between

loop defect 𝑙 and slip system 𝑎
𝑎, 𝑏, 𝑐 lattice spacing along three directions for

BCT crystal structure
𝑐∕𝑎 c-axis ratio for HCP materials
𝒍𝑎 dislocation line direction on slip system 𝑎 in

the intermediate/undeformed configuration

𝒏𝑎𝑐 slip plane normal of slip system 𝑎 in the
undeformed crystal reference

𝒏𝑎𝑒 slip plane normal of slip system 𝑎 in the
deformed configuration

𝒏𝑎 slip plane normal of slip system 𝑎 in the
intermediate/undeformed configuration

𝒕𝑎𝑐 line direction of an edge dislocation in
slip system 𝑎 in the undeformed crystal
reference

𝒔𝑎𝑐 slip direction of slip system 𝑎 in the
undeformed crystal reference

𝒔𝑎𝑒 slip direction of slip system 𝑎 in the
deformed configuration

𝑺𝑎 Schmid tensor of slip system 𝑎 in the
deformed configuration

𝒔𝑎 slip direction of slip system 𝑎 in the
intermediate/undeformed configuration

C, C𝑐 4th order elasticity tensor in the deformed
and crystal configurations

P 4th order derivative of plastic strain in-
crement with respect to Cauchy stress

I 4th order identity tensor

the non-ordinary state-based formulation that is required to adopt the
ame constitutive models using correspondence models (Silling et al.,

2007). Therefore, the use of finite elements is still one of the most
idely adopted techniques for modeling polycrystals, especially for

ndustrial applications.
The representativeness of a polycrystal finite element model has

received significant attention over the years. It is common to have
as many grains in the polycrystalline representative volume element
RVE) (Barbe et al., 2001a,b). Recent studies have employed CPFEM

to examine the dimensions and resolution of the RVE, uncovering
the dependence of representativeness on varying strain levels (Lim
t al., 2019; Chen et al., 2022). Consequently, the RVE must include

a sufficient quantity of grains, with each grain being represented by
an adequate number of elements to yield results within the anticipated
variability.

Different time integration methods for crystal plasticity have been
developed over the years. The pioneering work of Huang used slip
ncrements as the primary variable with the residual size as the number
f slip systems (Huang, 1991). In that study, the forward-gradient

was used as a single-step noniterative linear solution as the predictor
and backup solution in addition to a fully-implicit iterative nonlinear
3 
solver. Kalidindi et al. used a semi-implicit time integration scheme
ased on the 2nd Piola–Kirchoff stress defined in the intermediate

configuration (Kalidindi et al., 1992). The major advantage of using
the intermediate configuration lies in the fact that it does not require
transformation of crystallographic vectors or properties such as the
elasticity matrix because the initial lattice orientation does not change
after plastic slip (see Fig. 1). In addition, a time-stepping algorithm was
proposed to introduce time cutbacks in case of convergence problems.
The follow-up studies developed analytical expressions for the tangent
stiffness instead of numerical perturbation (Balasubramanian, 1998; Jin
t al., 2019). Similarly, Dunne et al. used symmetric Cauchy stress

as the primary variable in the deformed configuration, and residual
which is also efficient (Dunne et al., 2007). The properties need to
be updated for the deformed configuration, but the simplicity of the
olver offered a much faster solution. There are also crystal plastic-

ity solvers based on deformation gradients (Maniatty et al., 1992;
Sarma and Zacharia, 1999) in which the asymmetry of the residuals
eads to larger residual and tangent stiffness expressions, resulting

in longer computational times. Plastic strain-based solvers allowed a
better response especially when using physics-based models that have
a highly nonlinear (exponential or hyperbolic sine) dependence of slip
on the stress and consequently more stable convergence behavior than
the stress-based CP solvers (Demir and Gutierrez-Urrutia, 2021). An
alternative solver based on the inverted slip law was developed to
specifically deal with the nearly rate-insensitive slip parameters (Hardie
et al., 2023). The plastic velocity gradient has also been adopted as
the primary variable in some solvers (Roters et al., 2012). Dawson and
Marin implicitly decomposed elastic strain, rotation, and hardness by
solving for volumetric and deviatoric stresses separately (Marin and
Dawson, 1998), which has been made publicly available (Dawson and
Boyce, 2015). Some of these CP solvers (ie DAMASK (Roters et al.,
2019), FEPX (Dawson and Boyce, 2015), and MOOSE (Lindsay et al.,
2022)) have been widely adopted in many references.

However, despite the ever growing popularity of crystal plasticity
odeling, very few studies compare different integration schemes.

iu et al. developed a modified forward gradient approach (Huang,
1991), which revealed a nearly two orders of magnitude reduction in
computational time compared to semi-implicit state update methods
which rely on the plastic part of the deformation gradient (Maniatty
t al., 1992), the elastic part of the deformation gradient (Sarma and

Zacharia, 1999) and resolved shear stress (Cuitino and Ortiz, 1993).
owever, these findings were not compared in a finite element frame-
ork. The efficiency of crystal plasticity solvers has been a major

oncern for many studies (Niehüser and Mosler, 2023). A stable radial
return algorithm was found to be the key to robustness (Mánik et al.,
2022). Miehe et al. investigated singular value decomposition and
numerical perturbation to invert a singular tangent stiffness during a
Newton–Raphson iteration to improve the robustness of the CP calcu-
lations (Miehe et al., 1999). For 3D polycrystal grain geometries, the
grain boundary character and grain neighbor relations were found to
be important properties for large deformations (Knezevic et al., 2014)
that put computational efficiency and robustness as a top priority.

Data-driven modeling by using machine learning methods in con-
junction with crystal plasticity has been a current research focus (Weber
t al., 2022; Veasna et al., 2023). Here, polycrystal simulations were
oupled with large-scale applications to investigate mechanical behav-

ior and uncertainty quantification (Tallman et al., 2020). Therefore,
today’s trends in digitization motivate the need for more efficient and
obust crystal plasticity solvers.

Studies investigating the effect of the finite element displacement
ield solver type (i.e. explicit or implicit) and the rate sensitivity of

constitutive models also highlighted the presence of other underly-
ing factors on the solution efficiency and robustness. For example, a
comparison of a rate-sensitive model to a rate-insensitive model re-
vealed the importance of latent hardening and an interaction matrix in

Prüger and Kiefer, 2020). Implicit finite element solvers
convergence (
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Fig. 1. Multiplicative decomposition of total deformation.

can utilize larger time increments than explicit solver schemes, which
offer a faster and a more robust solution, while explicit solvers may
have fewer convergence issues for highly non-linear simulations such
as contact load cases (Harewood and McHugh, 2007). There is still a
ack of understanding of the relative efficiencies of these models, and
ew systematic comparison studies regarding the different integration
chemes exist, which use the same finite element field solver and with
he same hardening rule.

In this study, a hybrid crystal plasticity integration method was
eveloped and implemented using different state update schemes,
amely: linear (non-iterative), explicit, semi-implicit, and fully implicit.
rystal plasticity equations are revisited in detail, including derivations
o provide a complete reference for the reader. These formulations have
een used in many references, but a complete derivation has not been
resented in most of the references; hence provided here alongside
he CP code. The framework implemented within a finite element
olver is referred to as OXFORD-UMAT. Various alternative materials
nd models are available for slip, creep, strain hardening, irradiation
ardening, length scale dependence, and back stress. The model is
alidated using single-crystal and large-scale polycrystal simulations.
imulation findings and computational times are compared with those
f other crystal plasticity solvers that use the same finite element solver
nd computational environment (software and hardware), revealing the
elative efficiency that can be achieved using the proposed framework.

2. Modeling

In this section, the crystal plasticity kinematics is explained in de-
tail. The formulations are not new, but they are shown with derivations
(some of which are missing from the literature) and will help the
reader to understand how the equations are solved. The following
section explains alternative constitutive models available within the
code. The semi-implicit time integration and forward-gradient methods
are explained in the following sections.

2.1. Crystal plasticity kinematics

The total deformation gradient, 𝑭 𝑡𝑜𝑡, consists of a mechanical part,
and a thermal part, 𝑭 𝜃 as in Eq. (2.1). We used a similar decomposi-

ion in the Musinski and McDowell (2015), Hu et al. (2016), Pokharel
et al. (2019). This is shown schematically in Fig. 1.
𝑭 𝑡𝑜𝑡 = 𝑭 𝑒 𝑭 𝑝 𝑭 𝜃 . (2.1) i

4 
The thermal part of the strain increment in the crystal lattice is
omputed using Eq. (2.2) in which 𝜶 is the matrix containing the

thermal expansion coefficients, 𝛥𝜃 represents the temperature change
in the current increment, 𝜃, with respect to the temperature at the
former time increment, 𝜃(𝑡)1:

𝛥𝑬𝑐𝜃 = 𝜶 𝛥𝜃 , in which 𝛥𝜃 = 𝜃 − 𝜃(𝑡). (2.2)

The thermal expansion coefficient is generalized as in Eq. (2.3) in
which 𝛼1, 𝛼2, 𝛼3 are the thermal expansion coefficients in the principal
Cartesian directions in the lattice frame:

𝜶 =

⎡

⎢

⎢

⎢

⎣

𝛼1 0 0

0 𝛼2 0

0 0 𝛼3

⎤

⎥

⎥

⎥

⎦

, (2.3)

The thermal eigenstrain can be anisotropic, especially for non-cubic
aterials, which is accounted for in the framework. The increment in

thermal strain is transformed to the sample reference using the crystal-
to-sample (initial/undeformed) transformation, 𝒈0, using Eq. (2.4) in
direct notation:

𝛥𝑬𝜃 = 𝒈0 𝛥𝑬𝑐𝜃 𝒈
𝑇
0 , (2.4)

The thermal deformation gradient is initially set to the identity matrix
𝑰 and computed incrementally using:

𝑭 𝜃 = 𝑭 𝜃(𝑡) + 𝛥𝑬𝜃 . (2.5)

The mechanical part of the deformation gradient reads:

𝑭 = 𝑭 𝑡𝑜𝑡 𝑭 −1
𝜃 . (2.6)

The total velocity gradient, 𝑳, is computed from the mechanical part
f the deformation gradient using:

𝑳 = 𝑭̇ 𝑭 −1. (2.7)

The rate of change of deformation gradient is approximately calculated
using:

𝑭̇ =
𝑭 − 𝑭 (𝑡)

𝛥𝑡
. (2.8)

The symmetric part gives the total strain rate (rate of deformation)
namely:

𝑫 = 𝑳 + 𝑳𝑇
2

. (2.9)

This is then used to compute the total strain increment:

𝛥𝜺 = 𝑫 𝛥𝑡. (2.10)

The total spin is computed from the anti-symmetric part of the velocity
gradient:

𝜴 = 𝑳 − 𝑳𝑇
2

. (2.11)

The mechanical deformation gradient, 𝑭 , consists of elastic, 𝑭 𝑒, and
plastic parts, 𝑭 𝑝:

𝑭 = 𝑭 𝑒 𝑭 𝑝. (2.12)

With volume remaining constant during plastic deformation, Eq. (2.13):

det(𝑭 𝑝) = 1. (2.13)

The plastic velocity gradient is obtained by transforming the slip rates,
𝛾̇𝑎, followed by summing the individual contributions from each slip
ystem (The derivation is shown Appendix C):

𝑳𝑝 =
∑

𝑎
𝛾̇𝑎 𝒔𝑎 ⊗ 𝒏𝑎. (2.14)

1 Brackets (𝑡) indicate the quantities that belong to the former time incre-
ment while the rest of quantities without a bracket belong to the current time
ncrement 𝑡 + 𝛥𝑡 which is omitted for brevity.
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The Schmid tensor in the deformed configuration, 𝑺𝑎, for the slip
ystem 𝑎 is defined as in Eq. (2.15). The Schmid tensor in the slip

reference frame is prescribed by the deformed slip direction,2 𝒔𝑎𝑒 , and
deformed slip plane normal, 𝒏𝑎𝑒 :

𝑺𝑎 = 𝒔𝑎𝑒 ⊗ 𝒏𝑎𝑒 . (2.15)

Eq. (2.16) transforms the slip direction to the deformed reference:

𝒔𝑎𝑒 = 𝑭 𝑒 𝒔𝑎. (2.16)

Eq. (2.17) transforms the slip plane normal ensuring it remains orthog-
nal to the slip direction during deformation:

𝒏𝑎𝑒 = 𝑭 −𝑇
𝑒 𝒏𝑎. (2.17)

The total velocity gradient can be expressed as the sum of the symmet-
ic strain rate, 𝑫, and anti-symmetric total spin tensors, 𝜴:

𝑳 = 𝑫 + 𝜴. (2.18)

The total stretch rate can be decomposed into its elastic and plastic
arts:

𝑫 = 𝑫𝑒 + 𝑫𝑝. (2.19)

Similarly, the total spin (continuum spin)3 can be decomposed into its
lastic and plastic parts:

𝜴 = 𝜴𝑒 + 𝜴𝑝. (2.20)

The elastic part of the velocity gradient in the deformed configuration
ecomes:

𝑳𝑒 = 𝜴𝑒 + 𝑫𝑒. (2.21)

Using Eq. (2.14), the plastic velocity gradient can be expressed as:

𝜴𝑝 + 𝑫𝑝 =
∑

𝑎
𝛾̇𝑎 𝒔𝑎 ⊗ 𝒏𝑎. (2.22)

2.2. Constitutive laws

Hill and Rice obtained the Jaumann rate of stress using (Hill and
ice, 1972a):

∇
𝝈𝑒 + 𝝈 tr(𝑫𝑒) = C ∶ 𝑫𝑒. (2.23)

Elasticity relates the rotation-free objective Jaumann rate of stress,
∇
𝝈𝑒,

to the elastic deformation rate approximately:
∇
𝝈𝑒 ≈ C ∶ 𝑫𝑒. (2.24)

The stress rate, 𝝈̇, in terms of the Jaumann rate of stress is given by:

̇ =
∇
𝝈𝑒 + 𝜴𝒆𝝈(𝑡) − 𝝈(𝑡)𝜴𝒆. (2.25)

A more accurate relation is provided by Hill and Rice with an additional
erm accounting for the volumetric changes (Hill and Rice, 1972b):

̇ =
∇
𝝈𝑒 + tr(𝑫𝑒)𝝈(𝑡) + 𝜴𝒆𝝈(𝑡) − 𝝈(𝑡)𝜴𝒆. (2.26)

[C] is the elastic stiffness matrix in direct notation4, 5 corresponding
o the 4th order elasticity tensor, C, in the deformed configuration. [C]

2 The subscript 𝑒 used for the slip vectors denote the final deformed
onfiguration after the elastic deformation.

3 Continuum spin, 𝜴, can be written in terms of the rotation rate, 𝑹̇, and
rotation, 𝑹, as 𝜴 = 𝑹̇ 𝑹𝑇 .

4 Curly brackets, {}, and square brackets, [], stand for the representation in
irect/vectorized/Voigt notation of 2nd rank and 4th rank tensors in terms of
ectors and matrices, respectively.

5 The vectorization of a second rank tensor has the order: {𝒂} =
}𝑇 .
𝑎11 𝑎22 𝑎33 𝑎12 𝑎13 𝑎23 s

5 
is obtained by transformation of elasticity in the crystal reference, [C𝑐 ],
to the sample or deformed reference in direct notation using:

[C] = [𝑮] [C𝑐 ] [𝑮]𝑇 . (2.27)

[𝑮] is the 6 × 6 special 4th rank transformation in matrix form6 to
transform vectorized stresses from the crystal reference to the sample
reference using the components of the crystal to sample transformation,
𝒈, according to Bond (1943) is given in Box I.

The elastic stiffness matrix in the crystal reference is given by
q. (2.29) for a cubic material with three independent elastic constants
𝐶11, 𝐶12, and 𝐶44 in direct notation as:

[C𝑐 ] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶11 𝐶12 𝐶12 0 0 0

𝐶12 𝐶11 𝐶12 0 0 0

𝐶12 𝐶12 𝐶11 0 0 0

0 0 0 𝐶44 0 0

0 0 0 0 𝐶44 0

0 0 0 0 0 𝐶44

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (2.29)

The constitutive laws for slip, creep, strain hardening, back stress, and
strain gradients will be explained in the results section showing the
effect of parameters and comparison of different forms.

2.3. Crystal plasticity solver based on Cauchy stress

The main crystal plasticity solver is based on the solution method
developed by Dunne et al. (2007). The formulation is based on the
deformed vectors, and the main quantity to be solved is the Cauchy
stress. Eq. (2.24) governs the stress in the deformed configuration. The
elastic strain is obtained by summing the former elastic strain with the
elastic strain increment.

𝜺𝑒 = 𝜺𝑒(𝑡) + 𝛥𝜺𝑒. (2.30)

Total strain increment is the sum of elastic and plastic strain increments
which gives:

𝛥𝜺𝑒 = 𝛥𝜺 − 𝛥𝜺𝑝. (2.31)

Substituting Eqs. (2.30) and (2.31) into Hooke’s law, using the
anisotropic elasticity tensor, C, at the deformed configuration, gives
the trial stress and the plastic corrector:

𝝈 = C ∶
(

𝜺𝑒(𝑡) + 𝛥𝜺
)

− C ∶ 𝛥𝜺𝑝. (2.32)

The residual Cauchy stress, 𝝍 , is minimized by the Newton–Raphson
method:

𝝍 = 𝝈 − 𝝈𝑡𝑟 + C ∶ 𝛥𝜺𝑝 = 𝟎. (2.33)

where the trial stress:

𝝈𝑡𝑟 = C ∶
(

𝜺𝑒(𝑡) + 𝛥𝜺
)

. (2.34)

The total plastic strain increment is obtained by summing up the slip
rates with the Schmid tensor in the deformed configuration which

6 The strain in the sample reference, 𝜺, is transformed to the crystal
eference, 𝜺𝑐 , by using the inverse of the crystal to sample transformation, 𝒈,
s: 𝜀𝑐𝑖𝑗 = (𝑔𝑇 )𝑖𝑚 (𝑔𝑇 )𝑗 𝑛 𝜀𝑚𝑛. Note the transpose of rotations implies the inverse
ue to orthogonality. The elasticity applied at the crystal reference gives the
tress at the crystal reference: 𝜎𝑐𝑖𝑗 = C𝑐

𝑖𝑗 𝑚𝑛 𝜀𝑐𝑚𝑛. Transforming the stress in
he crystal reference back to the sample reference: 𝜎𝑖𝑗 = 𝑔𝑖𝑚 𝑔𝑗 𝑛 𝜎𝑐𝑚𝑛. Overall
elation between stress and strain at the sample reference becomes: 𝜎𝑖𝑗 =

𝑖𝑚 𝑔𝑗 𝑛 C𝑐
𝑚𝑛𝑜𝑝 (𝑔

𝑇 )𝑜𝑘 (𝑔𝑇 )𝑝𝑙 𝜀𝑘𝑙, which reduces to: 𝜎𝑖𝑗 =
(

𝑔𝑖𝑚 𝑔𝑗 𝑛 𝑔𝑘𝑜 𝑔𝑙 𝑝 C𝑐
𝑚𝑛𝑜𝑝

)

𝜀𝑘𝑙.
he elasticity in sample reference in direct notation becomes: [C] = [𝒈 ⊗
] [C𝑐 ] [𝒈𝑇 ⊗ 𝒈𝑇 ] which equivalently defines the elasticity matrix transformation
n direct notation: [C] = [𝑮] [C𝑐 ] [𝑮]𝑇 . Therefore the dyadic, 𝑮, transforms the
tress from the crystal to the sample: 𝑮 = 𝒈 ⊗ 𝒈.
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[𝑮] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑔211 𝑔212 𝑔213 2 𝑔11 𝑔12 2 𝑔13 𝑔11 2 𝑔12 𝑔13
𝑔221 𝑔222 𝑔223 2 𝑔21 𝑔22 2 𝑔23 𝑔21 2 𝑔22 𝑔23
𝑔231 𝑔232 𝑔233 2 𝑔31 𝑔32 2 𝑔33 𝑔31 2 𝑔32 𝑔33

𝑔11 𝑔21 𝑔12 𝑔22 𝑔13 𝑔23 𝑔11 𝑔22 + 𝑔12 𝑔21 𝑔13 𝑔21 + 𝑔11 𝑔23 𝑔12 𝑔23 + 𝑔13 𝑔22
𝑔31 𝑔11 𝑔32 𝑔12 𝑔33 𝑔13 𝑔11 𝑔32 + 𝑔12 𝑔31 𝑔13 𝑔31 + 𝑔11 𝑔33 𝑔12 𝑔33 + 𝑔13 𝑔32
𝑔21 𝑔31 𝑔22 𝑔32 𝑔23 𝑔33 𝑔22 𝑔31 + 𝑔21 𝑔32 𝑔21 𝑔33 + 𝑔23 𝑔31 𝑔22 𝑔33 + 𝑔23 𝑔32

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (2.28)

Box I.
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leads to the anisotropy of the plastic flow direction, Appendix C. The
lastic strain increment, 𝛥𝜀𝑝, is the sum of the slip increments in the

deformed reference considering the stretch (symmetric) part of the
lastic velocity gradient:

𝛥𝜺𝑝 = sym
(

∑

𝑎
𝛾̇𝑎 𝑺𝑎

)

𝛥𝑡. (2.35)

Differentiation of the residual (2.33) with respect to the Cauchy stress
gives:
𝜕𝝍
𝜕𝝈

= I + C ∶ P. (2.36)

P is obtained by differentiating plastic strain increment (2.35) with
respect to the Cauchy stress and using the chain-rule:

P =
𝜕sym

(
∑

𝑎 𝛾̇
𝑎 𝑺𝑎

)

𝜕𝝈
𝛥𝑡 = sym

(

∑

𝑎

𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 𝑺

𝑎 𝜕 𝜏𝑎
𝜕𝝈

)

𝛥𝑡. (2.37)

Note the derivative of resolved shear stress with respect to the stress
simply gives the Schmid tensor:
𝜕 𝜏𝑎
𝜕𝝈

= 𝑺𝑎, since 𝜏𝑎 = 𝑺𝑎 ∶ 𝝈. (2.38)

Substituting Eq. (2.38) into Eq. (2.37) gives the expression for the P
atrix:

P = sym
(

∑

𝑎

𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 𝑺

𝑎 ⊗ 𝑺𝑎
)

𝛥𝑡. (2.39)

Newton–Raphson solution requires the value and the derivative of the
esidual function. The residual in vectorized form and its derivative
ith respect to stress give the stress increment:

{𝛥𝝈} = −
[

𝜕𝝍
𝜕𝝈

]−1
⋅ {𝝍} . (2.40)

Substituting Eqs. (2.33) and (2.36) to Eq. (2.40), gives the expression
or the stress increment in direct notation as:

{𝛥𝝈} = − [I + C ⋅ P]−1 ⋅
{

𝝈 − 𝝈𝑡𝑟 + C ⋅ 𝛥𝜺𝑝
}

. (2.41)

The stress is updated at each increment (𝑖) using Newton–Raphson
method until the norm of the vectorized stress increment gets smaller
than a tolerance, i.e., for the present work ‖{𝜟𝜎}‖ < 10−8 MPa:

𝝈(𝑖+1) = 𝝈(𝑖) + 𝛥𝝈(𝑖). (2.42)

Additionally, the stress increment threshold that was introduced in
Kalidindi et al. (1992) was used to enhance convergent behavior. This
correction applies in case the increment of stress becomes larger than
a threshold,7, 𝑓 . The stress increment is then set to a fraction of the
verage value of the CRSS, 𝜏𝑐 , because the CRSS can vary significantly

7 The recommended value for threshold factor, 𝑓 , was 2
3

in Kalidindi et al.
(1992).
6 
between slip systems (e.g., in an HCP material). Therefore, the stress
correction at the 𝑖th iteration is:

𝛥𝝈(𝑖) =

⎧

⎪

⎨

⎪

⎩

𝑓 𝜏𝑐 sgn(𝛥𝝈(𝑖)), if ‖𝜟𝜎(𝑖)‖ >𝑓 𝜏𝑐 ,

𝛥𝝈, otherwise.
(2.43)

The initial stress guess, 𝝈0, for the stress solver is of particular impor-
tance because the Newton–Raphson method converges if and only if
the initial guess is within the interval of convergence. The initial guess
s obtained by the forward-gradient approach, or from the weighted

average of the fully elastic (𝝈𝑡𝑟) and fully plastic (𝝈(𝑡)) guesses as in
Eq. (2.44). As shown in Hardie et al. (2023), we confirm that the fully
lastic guess (𝜙 = 1) reveals a much better convergence response than
he trial stress (fully elastic guess, 𝜙 = 0) or any other combined initial
uess:

𝝈0 = (1 − 𝜙)𝝈𝑡𝑟 + 𝜙𝝈(𝑡). (2.44)

Once the slip rates are computed, the corresponding states (harden-
ing or softening) can be updated either by explicit, semi-implicit, or
ully-implicit state update methods.

2.3.1. Semi-implicit state update
In addition to the stress iteration, a second outer-level loop is

tilized (see Fig. 2) to account for changes in the states and the
corresponding changes in the slip rates. For generality, the symbol 𝑌 𝑎
represents any state variable(s), including the critical resolved shear
stress, 𝜏𝑎𝑐 , solute strength, 𝜏𝑠, statistically-stored dislocation density,
𝜚𝑆 𝑆 𝐷, and density of loop defects, 𝜚𝑙 𝑜𝑜𝑝. The increment in the state
variable is calculated using the corresponding evolution laws (ex. strain
hardening models) from the rate of evolution, 𝑌̇ 𝑎, as:

𝛥𝑌 𝑎 = 𝑌̇ 𝑎 𝛥𝑡. (2.45)

The states are updated according to Euler time integration with
Eq. (2.46) which makes the overall scheme a semi-implicit method (Kalid
et al., 1992):

(𝑌 𝑎)𝑙+1 = (𝑌 𝑎)𝑙 + (𝛥𝑌 𝑎)𝑙 . (2.46)

The state variables contribute to the effective CRSS, 𝜏𝑐𝑎𝑒𝑓 𝑓 therefore,
the outer loop iteration is assumed to converge when the increment in
CRSS becomes less than a tolerance (e.g., |𝛥𝜏𝑐𝑎𝑒𝑓 𝑓 | < 10−5 × 𝜏𝑐0𝑒𝑓 𝑓 in
the present study).

2.3.2. Material tangent
The finite element solver requires a material tangent to perform the

ewton–Raphson iteration to solve equilibrium. The material tangent
does not affect the solution, but it affects the convergence rate of the
isplacement field solution. The material tangent is the derivative of

the stress increment with respect to the total strain increment, 𝜕 𝛥𝝈
𝜕𝜟𝜀

.
Taking the variation of the residual in Eq. (2.33) with respect to stress
gives:
𝜕𝝈 − 𝜕𝝈𝑡𝑟 + C ∶ 𝜕 𝛥𝜺𝑝 = 𝟎. (2.47)
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Fig. 2. Algorithm flow chart for the crystal plasticity solver.
The variation of stress becomes 𝜕𝝈 = 𝜕𝝈(𝑡) +𝜕 𝛥𝝈 = 𝜕 𝛥𝝈 as the old stress
at 𝑡 is constant. The variation of trial stress becomes:

𝜕𝝈𝑡𝑟 = C ∶ 𝜕[𝜺𝑒(𝑡) + 𝛥𝜺] = C ∶ 𝜕 𝛥𝜺. (2.48)

The variation of the plastic strain increment becomes:

𝜕 𝛥𝜺𝑝 = P ∶ 𝜕𝝈 = P ∶ 𝜕 𝛥𝝈. (2.49)

Substituting Eqs. (2.48) and (2.49) to Eq. (2.47) gives the second rank
equation:

𝜕 𝛥𝝈 − C ∶ 𝜕 𝛥𝜺 + C ∶ P ∶ 𝜕 𝛥𝝈 = 𝟎. (2.50)

Re-arranging terms reveal Eq. (2.51) for the material tangent in direct
notation (or tangent stiffness matrix) in which I is the 4th order identity
tensor:
[ 𝜕 𝛥𝝈
𝜕𝜟𝜀

]

= [I + C ⋅ P]−1 ⋅ [C] . (2.51)

The tangent stiffness in (2.51) is required as a user output in UMAT
which is defined by the variable ‘DDSDDE’. This is required to solve for
the displacement field in the presence of geometrical and/or material
nonlinearity.
7 
2.4. Forward-gradient method (linear)

Forward-gradient method (linear) is a noniterative single-step crys-
tal plasticity solution that uses slip increments as variables. This scheme
helps in two important ways:

• Provides an accurate initial guess for the iterative method
• Gives a backup solution in case the stress-based iterative method

diverges.

The scheme uses the Jaumann stress rate that represents the stress state
rotating with the crystal reference in Eq. (2.52):
∇
𝝈𝑒 = 𝝈̇ − 𝛺𝑒 𝜎 + 𝜎 𝛺𝑒. (2.52)

Co-rotational stress on axes that rotate with the material is given by
Eq. (2.53):
∇
𝝈 = 𝝈̇ − 𝛺 𝜎 + 𝜎 𝛺 . (2.53)

Subtraction of Eq. (2.53) from Eq. (2.52) gives:
∇
𝝈𝑒 =

∇
𝝈 + (𝛺 − 𝛺𝑒) 𝜎 − 𝜎 (𝛺 − 𝛺𝑒). (2.54)

which, using the identity in Eq. (2.20), is:
∇ ∇

𝝈𝑒 = 𝝈 + 𝛺𝑝 𝜎 − 𝜎 𝛺𝑝. (2.55)



E. Demir et al.

g

d
c

t

E

t

𝜏

𝜏

𝜏

s

𝜏

𝜏

𝜏

o

𝜏

𝜏

International Journal of Solids and Structures 307 (2025) 113110 
Eq. (2.19) also gives Eq. (2.56):

𝑫𝑒 = 𝑫 − 𝑫𝑝. (2.56)

Using the identity in Eq. (2.56), the trace can be computed using
only the elastic strain rate as in Eq. (2.57) assuming isochoric plastic
deformation:

tr(𝑫) = tr(𝑫𝑒). (2.57)

Substituting the (2.56), (2.55) and (2.57) into the Eq. (2.23) in order
to replace the expressions for 𝑫𝑒 and

∇
𝝈𝑒 with 𝑫 and

∇
𝝈 , respectively

ives:
∇
𝝈 + 𝛺𝑝 𝜎 − 𝜎 𝛺𝑝 + 𝝈 tr(𝑫) = C ∶ (𝑫 −𝑫𝑝). (2.58)

Re-arranging terms, Eq. (2.58) can be written as:
∇
𝝈 = C ∶ 𝑫 − 𝝈 tr(𝑫) − C ∶ 𝑫𝑝 − 𝛺𝑝 ⋅ 𝝈 + 𝝈 ⋅ 𝛺𝑝. (2.59)

2.4.1. Incremental formulation
Multiplying both sides of Eq. (2.59) with the time increment gives

the stress increment:

𝛥𝝈 = C ∶ 𝛥𝜺 − 𝝈 tr(𝛥𝜺) − (

C ∶ 𝑫𝑝 + 𝛺𝑝 ⋅ 𝝈 − 𝝈 ⋅ 𝛺𝑝
)

𝛥𝑡. (2.60)

The symmetric, 𝑷 𝑎, and anti-symmetric, 𝑾 𝑎, parts of the Schmid tensor
efine the stretch rate and spin tensors. Note that 𝑷 𝑎 is not to be
onfused with the 4th order tensor P:

𝑷 𝑎 = 1
2
(

𝒔𝑎𝑒 ⊗ 𝒏𝑎𝑒 + 𝒏𝑎𝑒 ⊗ 𝒔𝑎𝑒
)

. (2.61)

𝑾 𝑎 = 1
2
(

𝒔𝑎𝑒 ⊗ 𝒏𝑎𝑒 − 𝒏𝑎𝑒 ⊗ 𝒔𝑎𝑒
)

. (2.62)

Therefore, the corresponding plastic stretch rate (2.63) and plastic spin
ensors (2.64) are computed using the slip rates as follows:

𝑫𝑝 =
∑

𝑎
𝑷 𝑎 ̇𝛾𝑎. (2.63)

𝜴𝑝 =
∑

𝑎
𝑾 𝑎 ̇𝛾𝑎. (2.64)

These rate forms are multiplied by the time increment to represent their
change in terms of the plastic slip increment 𝛥𝛾𝑎:

𝑫𝑝 𝛥𝑡 =
∑

𝑎
𝑷 𝑎 𝛥𝛾𝑎. (2.65)

𝜴𝑝 𝛥𝑡 =
∑

𝑎
𝑾 𝑎 𝛥𝛾𝑎. (2.66)

Substituting Eqs. (2.65) and (2.66) into the stress increment in
q. (2.60) gives:

𝛥𝝈 = C ∶ 𝛥𝜺 − 𝝈 tr(𝛥𝜺) −
∑

𝑎
(C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) 𝛥𝛾𝑎.

(2.67)

A relation for the increment in resolved shear stress (RSS) is given by
he projection of Cauchy stress on to slip system 𝑎:

𝜏𝑎 = 𝑺𝑎 ∶ 𝝈 = 𝒔𝑎𝑒 ⋅ 𝝈 ⋅ 𝒏𝑎𝑒 . (2.68)

By taking the time derivative of Eq. (2.68), using the chain rule of
differentiation and using the symmetric property of Cauchy stress (𝝈 =
𝝈𝑇 ), Eq. (2.69) can be obtained (Appendix D shows the derivation for
the rate of change of slip direction and slip plane normal):

𝜏̇𝑎 = 𝒔𝑎𝑒 ⋅
(

𝝈̇ − 𝑳𝑒 ⋅ 𝝈 + 𝝈 ⋅ 𝑳𝑒
)

⋅ 𝒏𝑎𝑒 . (2.69)

The velocity gradient can be decomposed into stretch rate and spin as:

𝑳𝑒 = 𝑫𝑒 + 𝜴𝑒. (2.70)
8 
Substituting Eq. (2.70) into (2.69) gives:

̇ 𝑎 = 𝒔𝑎𝑒 ⋅
[(

𝝈̇ − 𝜴𝑒 ⋅ 𝝈 + 𝝈 ⋅ 𝜴𝑒
)

− 𝑫𝑒 ⋅ 𝝈 + 𝝈 ⋅ 𝑫𝑒
]

⋅ 𝒏𝑎𝑒 . (2.71)

Using the expression for the Jaumann rate of stress (2.52) together with
Eq. (2.71) gives:

̇ 𝑎 = 𝒔𝑎𝑒 ⋅ (
∇
𝝈𝑒 − 𝑫𝑒 ⋅ 𝝈 + 𝝈 ⋅ 𝑫𝑒) ⋅ 𝒏𝑎𝑒 . (2.72)

The symmetric Cauchy stress and the symmetric elastic stretch rate
together with the properties of the inner product8 gives:
−𝑺𝑎𝑒 ∶ 𝑫𝑒 ⋅ 𝝈 = −𝑺𝑎𝑒 ⋅ 𝝈𝑇 ∶ 𝑫𝑒 = − (𝑺𝑎𝑒 ⋅ 𝝈𝑇 )𝑇 ∶ 𝑫𝑇

𝑒 =

−𝝈 ⋅ (𝑺𝑎)𝑇 ∶ 𝑫𝑒 = − (𝑺𝑎)𝑇 ∶ 𝝈𝑇 ⋅ 𝑫𝑒 = − (𝑺𝑎)𝑇 ∶ 𝝈 ⋅ 𝑫𝑒.
(2.73)

Further simplification of Eq. (2.72), using the property in (2.73) and
re-arranging terms gives:

̇ 𝑎 = 𝑺𝑎 ∶
∇
𝝈𝑒 +

[

𝑺𝑎 − (𝑺𝑎)𝑇 ] ∶ 𝝈 ⋅ 𝑫𝑒. (2.74)

Eq. (2.62) can be used to replace the Schmid tensor with the plastic
pin as:

𝑺𝑎 − (𝑺𝑎)𝑇 = 2𝑾 𝑎. (2.75)

Substituting (2.24) and (2.75) into Eq. (2.74) gives:

̇ 𝑎 = (𝑺𝑎 ∶ C + 2𝑾 𝑎 ⋅ 𝝈) ∶ 𝑫𝑒. (2.76)

The symmetry of 𝝈, 𝑫𝑒 and antisymmetry of 𝑾 𝑎 together with the
properties of the inner product gives the following equalities:

𝑾 𝑎 ⋅ 𝝈 ∶ 𝑫𝑒 = (𝑾 𝑎 ⋅ 𝝈)𝑇 ∶ 𝑫𝑇
𝑒 = 𝝈𝑇 ⋅ (𝑾 𝑎)𝑇 ∶ 𝑫𝑒 = −𝝈 ⋅𝑾 𝑎 ∶ 𝑫𝑒.

(2.77)

Using the property in (2.77) with (2.76):

̇ 𝑎 = (𝑺𝑎 ∶ C + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ 𝑫𝑒. (2.78)

Note that from Eq. (2.15), (2.61), and (2.62), the Schmid tensor can
be expressed in terms of the symmetric plastic stretch rate and anti-
symmetric plastic spin coefficient tensors:

𝑺𝑎 = 𝑷 𝑎 + 𝑾 𝑎. (2.79)

The symmetry of the elasticity tensor (in index notation: C𝑖𝑗 𝑚𝑛 =
C𝑖𝑗 𝑛𝑚 = C𝑚𝑛𝑖𝑗) reveals:

𝑺𝑎 ∶ C = (𝑺𝑎)𝑇 ∶ C. (2.80)

Using this in Eq. (2.79) gives:

𝑷 𝑎 ∶ C + 𝑾 𝑎 ∶ C = (𝑷 𝑎)𝑇 ∶ C + (𝑾 𝑎)𝑇 ∶ C = 𝑷 𝑎 ∶ C − 𝑾 𝑎 ∶ C.

(2.81)

which is true if and only if:
𝑾 𝑎 ∶ C = −𝑾 𝑎 ∶ C = 0 (2.82)

It follows that the antisymmetric spin part of deformation does not
contribute to the strain energy and (2.78) reduces to:

̇ 𝑎 = (𝑷 𝑎 ∶ C + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ 𝑫𝑒. (2.83)

Substituting Eq. (2.19) into Eq. (2.83) and using symmetric properties
f elasticity tensor gives:

̇ 𝑎 = (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶
(

𝑫 − 𝑫𝑝
)

(2.84)

and substituting the expression for the plastic strain rate as the sum of
slip rates in Eq. (2.63) gives:

̇ 𝑎 = (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ (𝑫 −
∑

𝑏
𝑷 𝑏 ̇𝛾𝑏). (2.85)

8 𝑨 ∶ 𝑩 = 𝐴 𝐵 = 𝑨𝑇 ∶ 𝑩𝑇 = 𝐴 𝐵 = 𝑨𝑩𝑇 ∶ 𝑰 = 𝐴 𝐵 𝛿 .
𝑖𝑗 𝑖𝑗 𝑗 𝑖 𝑗 𝑖 𝑖𝑗 𝑘𝑗 𝑖𝑘
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Finally multiplying with the time increment gives the expression for
the increment in RSS with respect to the increments of total strain and
slip:

𝛥𝜏𝑎 = (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ (𝛥𝜺 −
∑

𝑏
𝑷 𝑏 𝛥𝛾𝑏). (2.86)

This equation is essentially needed to employ the forward-gradient
olution that is shown in Section 2.4.2 in Eq. (2.89). Once the RSS

increment is represented in terms of the slip increments as in (2.86),
the solution for the new slip increments can be obtained.

2.4.2. Time integration
The slip increment, 𝛥𝛾𝑎, is simply the difference between the current

slip, 𝛾𝑎, and the slip at the former time step, 𝛾𝑎(𝑡):

𝛥𝛾𝑎 = 𝛾𝑎 − 𝛾𝑎(𝑡). (2.87)

The solution is approximated with linear interpolation using a scalar
ariable 𝜗 as in Eq. (2.88). When 𝜗 is zero, the solution is an explicit
uler solution whereas if 𝜗 is one, it is an implicit solution:

𝛥𝛾𝑎 = 𝛥𝑡
[

(1 − 𝜗) ̇𝛾𝑎(𝑡) + 𝜗 ̇𝛾𝑎] . (2.88)

Taylor series expansion of slip rates about the current RSS and CRSS
ignoring higher order terms gives:

𝛾̇𝑎 = ̇𝛾𝑎(𝑡) + 𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 𝛥𝜏

𝑎 +
𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎𝑐

𝛥𝜏𝑎𝑐 . (2.89)

Substituting (2.89) as the slip rate term into (2.88) gives:

𝛥𝛾𝑎 = 𝛥𝑡
[

(1 − 𝜗) ̇𝛾𝑎(𝑡) + 𝜗
(

̇𝛾𝑎(𝑡) + 𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 𝛥𝜏

𝑎 +
𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎𝑐

𝛥𝜏𝑎𝑐

)]

(2.90)

which simplifies to:

𝛥𝛾𝑎 = 𝛥𝑡
(

̇𝛾𝑎(𝑡) + 𝜗
𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 𝛥𝜏

𝑎 + 𝜗
𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎𝑐

𝛥𝜏𝑎𝑐

)

. (2.91)

Note that we have already obtained an expression for 𝛥𝜏𝑎 in Eq. (2.86).
𝛥𝜏𝑐 can be calculated from strain hardening equations analytically. For
xample, assuming a Voce-type hardening expression in Eq. (2.92) in

which ℎ0, 𝑠𝑠, 𝑛, 𝐻𝑎
𝑏 represent the hardening rate, saturation value of

RSS, hardening exponent, and latent hardening matrix, respectively,
he CRSS rate becomes:

̇𝜏𝑐
𝑎 = 𝐻𝑎

𝑏

(

1 − 𝜏𝑎𝑐
𝑠𝑠

)𝑛

|𝛾̇𝑏|. (2.92)

The increment of CRSS is obtained by multiplying (2.92) by the time
increment:

𝛥𝜏𝑎𝑐 = 𝐻𝑎
𝑏

(

1 − 𝜏𝑎𝑐
𝑠𝑠

)𝑛

sgn(𝛾̇(𝑡))𝛥𝛾𝑏. (2.93)

The overall expression for hardening can be simplified by ℎ𝑎𝑏 as:

𝛥𝜏𝑎𝑐 = ℎ𝑎𝑏 sgn(𝛾̇(𝑡))𝛥𝛾𝑏. (2.94)

Substituting the expressions 𝛥𝜏𝑎 in Eq. (2.86) and 𝛥𝜏𝑎𝑐 in Eq. (2.94)
nto the forward-gradient solution for slip increments 𝛥𝛾𝑎 in Eq. (2.91)
ives:
𝛥𝛾𝑎 = 𝛥𝑡 ̇𝛾𝑎(𝑡) + 𝛥𝑡 𝜗 𝜕 ̇𝛾

𝑎

𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 𝝈 − 𝝈 𝑾 𝑎) ∶ (𝛥𝜺 −
∑

𝑎
𝑷 𝑏 𝛥𝛾𝑏)

+𝛥𝑡 𝜗 𝜕 ̇𝛾
𝑎

𝜕 𝜏𝑎𝑐
ℎ𝑎𝑏 sgn(𝛾̇(𝑡))𝛥𝛾𝑏.

(2.95)

Rearranging terms by taking the unknown slip increments 𝛥𝜸𝑏 to one
side of the equation reveals Eq. (2.96) in which 𝛿𝑎𝑏 is the identity matrix
or Kronecker delta with dimensions equal to the number of slip systems.

ote that the square and curly brackets represent matrix and vectors in
direct notation, in this case with the size of the number of slip systems:
[

𝛿𝑎𝑏 + 𝜗 𝛥𝑡 𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ 𝑷 𝑏 − 𝜗 𝛥𝑡 𝜕 ̇𝛾𝑎

𝜕 𝜏𝑎𝑐
ℎ𝑎𝑏 sgn(𝛾̇(𝑡))

]

{

𝛥𝜸𝑏
}

=
{

𝛥𝑡 ̇𝛾𝑎(𝑡) + 𝜗 𝛥𝑡 𝜕 ̇𝛾𝑎
𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ 𝛥𝜺

}

.

(2.96)

9 
Therefore, the forward-gradient method is simply the linear solution of
Eq. (2.97):
[

𝑵𝑎
𝑏
]

{𝛥𝛾𝑏} = {𝝃𝑎} . (2.97)

where
[

𝑵𝑎
𝑏
]

is the known square coefficient matrix with the size being
equal to the number of the slip systems:
[

𝑵𝑎
𝑏
]

=
[

𝛿𝑎𝑏 + 𝜗 𝛥𝑡 𝜕 ̇𝛾
𝑎

𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈

−𝝈 ⋅ 𝑾 𝑎) ∶ 𝑷 𝑏 − 𝜗 𝛥𝑡 𝜕 ̇𝛾
𝑎

𝜕 𝜏𝑎𝑐
ℎ𝑎𝑏 sgn(𝛾̇(𝑡))

]

. (2.98)

and {𝝃𝑎} is the vector containing known quantities with the size given
y the number of slip systems:

{𝝃𝑎} =
{

𝛥𝑡 ̇𝛾𝑎(𝑡) + 𝜗 𝛥𝑡 𝜕 ̇𝛾
𝑎

𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ∶ 𝛥𝜺
}

.

(2.99)

The solution for the slip increments is simply achieved by inverting the
oefficient matrix:

{𝛥𝛾𝑏} = [

𝑵𝑎
𝑏
]−1 {𝝃𝑎} . (2.100)

Once the slip increments are computed, the plastic velocity gradient in
the intermediate configuration can also be computed using 𝛾̇𝑎 = 𝛾∕𝛥𝑡
and Eq. (2.14).

2.4.3. Material tangent
The material tangent is also derived for the forward-gradient case as

explained in detail in Section 2.3.2. Differentiating the stress increment,
𝛥𝝈 from Eq. (2.67), with respect to strain increment 𝛥𝜺 gives:
𝜕 𝛥𝝈
𝜕 𝛥𝜺 = C− 𝜕

𝜕 𝛥𝜺 [𝝈 tr(𝛥𝜺)] −
∑

𝑎
(C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎)⊗

𝜕 𝛥𝛾𝑎
𝜕 𝛥𝜺 .

(2.101)

Note that 𝛥𝛾𝑎 and 𝛥𝜺 are related through the expression in Eq. (2.100),
y differentiating we get:
𝜕 𝛥𝛾𝑏
𝜕 𝛥𝜺 =

[

𝑵𝑎
𝑏
]−1 𝜕𝝃𝑎

𝜕 𝛥𝜺 . (2.102)

The term 𝝃𝑎 is directly related to the total strain increment and differ-
ntiating (2.99):
𝜕𝝃𝑎

𝜕 𝛥𝜺 = 𝜗 𝛥𝑡 𝜕 ̇𝛾
𝑎

𝜕 𝜏𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) . (2.103)

Substituting Eq. (2.103) to Eq. (2.102) gives the differential of the slip
increments with respect to the total strain increments:
𝜕 𝛥𝛾𝑏
𝜕 𝛥𝜺 = 𝜗 𝛥𝑡 𝜕 ̇𝛾

𝑎

𝜕 𝜏𝑎
[

𝑵𝑎
𝑏
]−1 {C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎} . (2.104)

Going back to (2.101) the Jacobian becomes:
𝜕 𝛥𝝈
𝜕 𝛥𝜺 = C − 𝜕 𝛥𝝈

𝜕 𝛥𝜺 tr(𝛥𝜺) − 𝝈 𝜕tr(𝛥𝜺)
𝜕 𝛥𝜺 −

∑

𝑎
(C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ⊗

𝜕 𝛥𝛾𝑎
𝜕 𝛥𝜺 .

(2.105)

Re-arranging terms gives:
𝜕 𝛥𝝈
𝜕 𝛥𝜺 [1 + tr(𝛥𝜺)] = C − 𝝈 𝜕tr(𝛥𝜺)

𝜕 𝛥𝜺 −
∑

𝑎
(C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ⊗

𝜕 𝛥𝛾𝑎
𝜕 𝛥𝜺 .

(2.106)

The derivative of the trace of a second rank tensor is equal to the
identity matrix, hence the Jacobian becomes:
𝜕 𝛥𝝈
𝜕 𝛥𝜺 [1 + tr(𝛥𝜺)] = C − 𝝈 ⊗ 𝑰 −

∑

𝑎
(C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ⊗

𝜕 𝛥𝛾𝑎
𝜕 𝛥𝜺 .
(2.107)
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in which the dyadic multiplication 𝝈 ⊗ 𝑰 in direct notation is shown
n Eq. (2.108) for clarity:

𝝈 ⊗ 𝑰 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜎11
𝜎22
𝜎33
𝜎12
𝜎13
𝜎23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

{

1 1 1 0 0 0
}

. (2.108)

The final expression for the material tangent is obtained by rearranging
erms in Eq. (2.107) and substituting the expression for 𝜕 𝛥𝛾𝑎

𝜕 𝛥𝜺 from
q. (2.104):

[ 𝜕 𝛥𝝈
𝜕 𝛥𝜺

]

=
C − 𝝈 ⊗ 𝑰 −

∑

𝑎 (C ∶ 𝑷 𝑎 + 𝑾 𝑎 ⋅ 𝝈 − 𝝈 ⋅ 𝑾 𝑎) ⊗
𝜕 𝛥𝛾𝑎
𝜕 𝛥𝜺

1 + tr(𝛥𝜺) .

(2.109)

This material tangent provided an alternative solution based on the slip
ncrements, which is more stable than the stress solver, Eq. (2.50). The
angent together with stress is the backup solution and they are used if

the stress solver does not converge.

2.4.4. Fully-implicit method
The forward-gradient (linear) method explained in Section 2.4 was

mplemented in an iterative loop for consistent calculation of slip
increments. In this case, the residual, 𝜳 , is formulated in terms of slip
increments by substituting Eq. (2.95) into the residual (2.110):

𝜳 = 𝛥𝛾𝑎 − (1 − 𝜗) 𝛥𝑡 𝛾̇𝑎(𝑡) − 𝜗𝛥𝑡 𝛾̇𝑎(𝜏 , 𝜏𝑐 ). (2.110)

The solution of Eq. (2.110) is obtained by the Newton–Raphson scheme
until each slip increment becomes less than the desired tolerance.

2.5. Plastic part of deformation gradient and orientation update

Once the crystal plasticity solution converges, important related
uantities are computed. The plastic part of the deformation gradient

is calculated using its value at the former time increment, 𝑭 𝑝(𝑡), and
𝑝:

𝑭 𝑝 =
(

𝑰 − 𝑳𝑝𝛥𝑡
)−1 𝑭 𝑝(𝑡), (2.111)

𝑭 𝑝 is normalized by the cube root of its determinant such that the
isochoric condition is maintained:

𝑭 𝑝 = 𝑭 𝑝 ∕ 3
√

det(𝑭 𝑝) (2.112)

Stress is computed using its former value and the stress increment
btained by the solvers, Eq. (2.67) or Eq. (2.41):

𝝈 = 𝝈(𝑡) + 𝛥𝝈. (2.113)

The orientations9 are updated using rotation rate, 𝜴𝑒, which is com-
puted from the elastic spin increment according to Beausir et al. (2007):

̇ = 𝜴𝑒 𝒈. (2.114)

Note that 𝒈 is the current crystal orientation not the previous value
𝒈(𝑡). Adding the increment of orientation change gives the current
orientation:

𝒈 = 𝒈(𝑡) + 𝒈̇𝛥𝑡. (2.115)

9 The rotation matrix 𝒈, is used to transform a vector in the crystal frame
o the sample reference frame, while, 𝒈𝑇 represents the conventional sample
o crystal transformation. Both are passive transformations for the change of
asis.
 p

10 
By substituting Eq. (2.114) into Eq. (2.115), utilizing the orthogonality
of rotations, and rearranging the terms, we derive the equation to
update the orientation:

𝒈 =
(

𝑰 − 𝜴𝑒𝛥𝑡
)𝑇 𝒈(𝑡). (2.116)

For a given total rotation or spin, 𝛥𝜴, which is prescribed by the
otal deformation, 𝑭 , the elastic spin is computed by subtraction of the
lastic spin from the total as in Eq. (2.117):

𝛥𝜴𝑒 = 𝛥𝜴 − 𝛥𝜴𝑝. (2.117)

which is given in terms of the slip increments as in Eq. (2.118):

𝛥𝜴𝑝 =
∑

𝑎
𝑾 𝑎 𝛥𝛾𝑎. (2.118)

The total spin increment can be computed from the velocity gradient
according to Eq. (2.119):

𝛥𝜴 = 𝑳 − 𝑳𝑇
2

𝛥𝑡. (2.119)

The plastic part of the deformation gradient and orientation update,
once completed, are stored to be used as the former time values at the
next time step.

2.6. Numerical scheme

Abaqus® user subroutines UMAT and UEXTERNALDB are used
to implement the crystal plasticity solver available with open ac-
ess (Tarleton, 2023). A UMAT subroutine is used to enter the user-

defined material parameters for each element and integration point (IP)
while a UEXTERNALDB subroutine is accessed externally once at the
start of the analysis, at the beginning and end of a time increment for
initialization. One-time initialization is performed at the beginning of
the calculations for array allocation and assignment of mesh properties.
Initialization at the IP level continues during the first increment to
assign IP coordinates, material properties that can be different for each
grain set/element, and to compute undeformed slip vector. Apart from
that, initialization at the end of the first increment is needed to compute
the gradient operators and volumes of each IP at the end of the first
increment in the UMAT.

The crystal plasticity solver based on the Cauchy stress explained
n Section 2.3 works as follows: for the nonlinear large deformation
ase Abaqus® gives the UMAT the current, 𝑭 , and former, 𝑭 (𝑡), total
eformation gradients for a time step, 𝛥𝑡, between the displacement
ield increments. From these, the velocity gradient, 𝑳, is calculated
sing (2.8) which is then used to calculate the strain rate (2.9), spin
2.11), and the strain increment (2.10). The solution assumes that every
elated quantity that belongs to the former time step is stored and

known. The elasticity matrix in the crystal reference is transformed to
the deformed configuration using the crystal-to-sample transformation
matrix with (2.27) which is later used to calculate the trial stress with
2.34) using the elastic strain increment at the previous time step. A

guess of the stress is obtained either by the forward gradient method or
using (2.43). Within the stress iteration algorithm, the stress is resolved
to the slip systems with (2.38). The RSS is used with constitutive
laws, either of the slips laws in (3.5), (3.12), or (3.13) to compute
lip rates for the corresponding effective CRSS in (3.1). The slip rates

are then summed to give the increase in plastic strain using (2.35),
hich allows the calculation of the residual in (2.33) and the tangent

of the residual (2.36). The stress increment is then calculated using
the Newton–Raphson scheme with (2.41). The stress is updated using
(2.42) until its incremental change is less than a tolerance. Once the
tress iteration converges, state increments are calculated using (2.45)

for the corresponding slip increments explicitly in a single step or semi-
implicitly within another loop using (2.46). Finally, other dependent
quantities are updated, such as crystal orientation using (2.116), the
lastic part of the deformation gradient with (2.111) and (2.112), and
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Table 1
Model parameters used in the simulations unless otherwise stated.
𝐶11 𝐶12 𝐶44 𝑏𝑎 𝜏0𝑐 𝛼 𝑛 𝛾̇ ℎ0 𝑠𝑠 𝑚 𝑞 𝜃

170 GPa 124 GPa 75 GPa 2.56 × 10−4 μm 16 MPa 0.25 20 0.001 s−1 250 MPa 190 MPa 2.5 1.4 298 K
a
i

m
W
r
s
t

q

f
f

the tangent stiffness matrix using (2.51). A similar method is used for
he forward-gradient solution described in Section 2.4.

The numerical method is a unique mixture of the stress update
ethod based on deformed vectors (Dunne et al., 2007) and a forward-

gradient/fully-implicit solution technique based on slip increments
(Huang, 1991). Fig. 2 shows the algorithm used in the crystal plas-
ticity solver to minimize convergence issues and time cutbacks. The
forward-gradient (FG) approach provides both an initial stress guess
to the solver and a backup solution in case the stress iteration does
ot converge. Most convergence problems occur when inverting the

[I + C ∶ P]−1 matrix in Eq. (2.41), due to the large spectral range
that occurs (near singular matrices) for higher slip rates calculated
with exponential-based slip laws. Therefore, singular value decompo-
sition (SVD) is added as an optional alternative approach to do the
inversion by generalized pseudo-inverse. In addition, the CP solver has
semi-implicit and fully-implicit state update procedures that deal with
igh-strain hardening/softening rates. Therefore, the hybrid method-

ology developed has the flexibility to deal with various convergence
ssues.

3. Results

The developed crystal plasticity-based finite element model was
pplied to simulate various cases to investigate the capability of the

developed code. The widely accepted copper parameters were used; as
shown in Table 1. These were used in the simulations unless otherwise
specified. This study aims to provide information on the selection
of model parameters by showing the sensitivity of stress on these
parameters.

All the input files of the example cases in the following sections
re included in the GitHub link: https://github.com/TarletonGroup/

CrystalPlasticity/tree/master/Examples. The orientation calculations
are based on the Bunge convention (Bunge, 2013), with the Euler angles
expressed in degrees.

3.1. CRSS

The proposed framework has the flexibility to deal with different
tate variables for various strain-hardening and irradiation models and
heir effect on strength. The most general form of the effective CRSS,
𝑎
𝑐 𝑒𝑓 𝑓 , which considers the effect of all possible state variables on CRSS

including lattice friction, 𝜏0𝑐 , Voce-type phenomenological hardening,
𝜏𝑎𝑐 , Taylor strength with geometric factor, 𝛼, forest dislocation, 𝜚𝑎𝑓 𝑜𝑟,
cut-through mechanism, and irradiation effects phenomenologically by
solute strength, 𝜏𝑠, or physically by defect loops of different types
denoted by 𝑙 with loop density, 𝜚𝑙𝑙 𝑜𝑜𝑝, and loop-slip strength interaction
coefficients, 𝐽 𝑎𝑙 , (Note that some of the material models that cannot
co-exist, i.e. irradiation model can be either model-1 or model-2 that
will be explained in detail later):

𝜏𝑎𝑐 𝑒𝑓 𝑓 = 𝜏0𝑐
⏟⏟⏟

friction stress

+ 𝜏𝑎𝑐
⏟⏟⏟

Voce hardening

+ 𝐺 𝑏𝑎
√

√

√

√

√

√

𝛼2𝜚𝑎𝑓 𝑜𝑟
⏟⏟⏟

cut-through strength

+
∑

𝑙
(𝐽 𝑎𝑙 )

2 𝜚𝑙𝑙 𝑜𝑜𝑝
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
irrad. model-2

+ 𝜏𝑠
⏟⏟⏟

irrad. model-1

(3.1)

Forest dislocations are computed using proper projections consider-
ing the statistically-stored dislocation (SSD) and the geometrically-
ecessary dislocation (GND) density of edge and screw dislocations
 b

11 
with line directions of 𝒕𝑏 and 𝒔𝑏, respectively10:

𝜚𝑎𝑓 𝑜𝑟 =
∑

𝑏

|

|

|

𝒏𝑎 ⋅ 𝒕𝑏||
|

(

|

|

|

𝜚𝑏𝐺 𝑁 𝐷𝑒
|

|

|

+ 𝜚𝑏𝑆 𝑆 𝐷𝑒
)

+ |

|

|

𝒏𝑎 ⋅ 𝒔𝑏||
|

(

|

|

|

𝜚𝑏𝐺 𝑁 𝐷𝑠
|

|

|

+ 𝜚𝑏𝑆 𝑆 𝐷𝑠
)

.

(3.2)

The edge and screw components of the SSD density (𝝔𝑎𝑆 𝑆 𝐷𝑒 and
𝝔𝑎𝑆 𝑆 𝐷𝑠) are computed using an appropriate mapping 𝝌 . Square dislo-
cation loops consisting of equal amounts of positive and negative edge
nd screw dislocations densities are assumed for SSDs. Therefore, 𝝌
s used to maps these square loops in each slip system from the SSD

density, 𝝔𝑏𝑆 𝑆 𝐷, to SSD edge and screw dislocation families:
{

𝝔𝑎𝑆 𝑆 𝐷𝑒
𝝔𝑎𝑆 𝑆 𝐷𝑠

}

=
[

𝝌𝑎𝑏
] {
𝝔𝑏𝑆 𝑆 𝐷

}

. (3.3)

The total density in a slip system is obtained by the sum of the SSD
and GND densities:

𝜚𝑎𝑡𝑜𝑡 =
∑

𝑎
𝜚𝑎𝑆 𝑆 𝐷 + |

|

|

𝜚𝑎𝐺 𝑁 𝐷𝑒
|

|

|

+ |

|

|

𝜚𝑏𝐺 𝑁 𝐷𝑠
|

|

|

. (3.4)

3.2. Slip laws

Three commonly used slip laws are implemented. Different slip
odels can co-exist for different materials or regions in the domain.
e investigated the effect of the main parameters on the stress–strain

esponse using a single crystal model along the cube orientation con-
isting of eight elements with unit dimensions loaded to 10% uniaxial
ensile strain at a constant strain rate of 0.02 s−1.

In the following sections, strain hardening effects were suspended
to examine the affect of only slip parameters on flow stress. The
parameters were investigated for a large spectrum of values showing
the improved convergence response of the proposed model.

3.2.1. Thermally-activated slip (slip model-1)
Thermally-activated glide law governed by the hyperbolic-sine slip

law is the original form of thermally activated glide that considers the
probability of backward dislocation jumps as a function of resolved
shear stress (RSS), 𝜏𝑎, and backstress, 𝑋𝑎:

𝛾̇𝑎 = 𝐴𝑎 sinh
[

𝐵𝑎
(

|𝜏𝑎 − 𝑋𝑎
| − 𝜏𝑎𝑐 𝑒𝑓 𝑓

)]

sgn(𝜏𝑎 − 𝑋𝑎), if |𝜏𝑎 − 𝑋𝑎
| − 𝜏𝑎𝑐 > 0.

(3.5)

Calculation of the parameter 𝐴𝑎 is performed based on slip system
uantities such as mobile dislocation density, 𝜚𝑚, vibration frequency of

dislocations, 𝜈0, Boltzman constant, 𝑘𝐵 , temperature, 𝜃, Helmhotz free
energy, 𝛥𝐹 , that might be different for differen slip families:

𝐴𝑎 = 𝜚𝑚 (𝑏𝑎)2 𝜈0 exp
(

−𝛥𝐹
𝑎

𝑘𝐵𝜃

)

(3.6)

In the case of the presence of irradiation, in one of the models the
raction of mobile dislocations is altered by the factor, 𝜓 , to account
or the decrease in dislocation mobility:

𝜚𝑚 = 𝜓 𝜚0𝑚 (3.7)

The parameter 𝐵𝑎 for a general case with state variables per slip system
(indicated with the superscript 𝑎) reads:

𝐵𝑎 = 𝛥𝑉 𝑎

𝑘𝐵 𝜃
(3.8)

10 The line direction of an edge dislocation in slip system 𝑏, 𝒕𝑏, is obtained
y the cross product of the slip direction,𝒔𝑏, and slip plane normal, 𝒏𝑏.

https://github.com/TarletonGroup/CrystalPlasticity/tree/master/Examples
https://github.com/TarletonGroup/CrystalPlasticity/tree/master/Examples
https://github.com/TarletonGroup/CrystalPlasticity/tree/master/Examples
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Fig. 3. Effect of the parameters of the hyperbolic-sine slip law (a) 𝐴 [s−1] and (b) 𝐵 [MPa−1].
a

r
r

c
i
p

The activation volume 𝛥𝑉 𝑎 is computed by assuming it as a multiple of
he volume governed by Burgers vector where 𝛥𝑉0 is a dimensionless

factor:

𝛥𝑉 𝑎 = 𝛥𝑉0 (𝑏𝑎)3 (3.9)

Alternatively, activation volume can also be defined as a multiple of
he jump distance:

𝛥𝑉 𝑎 = 𝜆𝑎(𝑏𝑎)2 (3.10)

In that case, the jump distance is set by the dislocation spacing:

𝜆𝑎 = 1 ∕
√

𝜚𝑎𝑓 𝑜𝑟 (3.11)

The forest spacing leading to the variation in the activation volume
causes potential convergence problems in using hyperbolic-sine slip
aw. The use of a simplified expression by defining the parameters 𝐴
nd 𝐵 as constants helps to overcome this problem. Fig. 3 shows the

stress–strain curves for different sets of parameters for 𝐴 in the range
0.001–1.0 s−1 and 𝐵 in the range 0.001–100.0 MPa−1. 𝐵 parameter
determines how sharp the transition to yield would be; thus, the
sensitivity of the strain rate converges to the insensitive behavior of the
rate as 𝐵 increases. The yield point increases as 𝐴 decreases, revealing
a rate-sensitive behavior. This analysis shows the capability of the CP-
solver to deal with a wide range of parameters that depend on intrinsic
material properties.

3.2.2. Thermally-activated slip ignoring backward dislocation jumps (slip
model-2)

A thermally-activated glide law is also available in a temperature-
dependent exponential form by ignoring the probability of backward
islocation jumps. The slip model is capable of taking into account

the long-range stress field (back stress), 𝑋𝑎. In this model, slip is a
unction of reference slip rate, 𝛾̇0, and exponential constants 𝑝 and 𝑞
that typically vary 0 ≤ 𝑝 ≤ 1 and 1 ≤ 𝑝 ≤ 2 characterizing the shape of
he statistical obstacle profile (Follansbee and Kocks, 1988)):

𝛾̇𝑎 = 𝛾̇0 exp

{

− 𝛥𝐹
𝑘𝐵 𝜃

[

1 −
(

|𝜏𝑎 − 𝑋𝑎
|

𝜏𝑎𝑐 𝑒𝑓 𝑓

)𝑝]𝑞}

sgn(𝜏𝑎 − 𝑋𝑎). (3.12)
12 
Fig. 4 shows the effect of changing these parameters on the stress-
strain response. 𝛾̇𝑎0 , 𝑝, and 𝑞 all effect the yield point.

3.2.3. Power law (slip model-3)
Power law slip is the most common method to compute the slip

rates using RSS as the driving force and CRSS as the threshold for slip
s shown in Eq. (3.13) in which the 𝛾̇0 and 𝑛 represent the reference

slip rate and rate-sensitivity exponent (Asaro, 1983), respectively:

𝛾̇𝑎 = 𝛾̇0

(

|𝜏𝑎 − 𝑋𝑎
|

𝜏𝑎𝑐 𝑒𝑓 𝑓

)𝑛

sgn(𝜏𝑎 − 𝑋𝑎). (3.13)

Fig. 5 shows the effect of the reference slip rate, 𝛾̇0, and the rate
sensitivity exponent, 𝑛, on the stress–strain response. The flow stress
is proportional to 𝑛, while inversely proportional to 𝛾̇0. Decreasing the
ate-sensitivity exponent eventually changes the yield transition from
ate-dependent to perfectly plastic behavior.

3.2.4. Creep law (creep model-1)
The creep affects the slip rate by causing unpinning of dislocations

which was found to be the governing mechanism for creep. Creep
effects on slip is more pronounced than the axial strains and volumetric
hanges due to dislocation climb. Therefore, creep law defines the slip
n terms of two contributions related to the creep (slip) and damage
henomenologically (Skamniotis et al., 2023):

𝛾̇𝑎 = 𝛾̇𝐶 exp
(

𝑏𝐶 |𝜏𝑎 − 𝑋𝑎
| −

𝑄𝐶
𝑅 𝜃

)

sgn (𝜏𝑎 − 𝑋𝑎) +

𝛾𝑎𝛾̇𝐷 exp
(

𝑏𝐷 |𝜏𝑎 − 𝑋𝑎
| −

𝑄𝐷
𝑅 𝜃

)

sgn (𝜏𝑎 − 𝑋𝑎) , (3.14)

𝛾𝑎 = ∫

𝑡

0
|𝛾̇𝑎|d𝑡. (3.15)

The identical equation form applies to both creep deformation and
damage. The parameters of the model governed by (3.14) include the
stress multipliers 𝑏𝐶 and 𝑏𝐷, as well as the activation energies 𝑄𝐶 and
𝑄𝐷. The reference rates for creep and damage, indicated as 𝛾̇𝐶 and 𝛾̇𝐷,
correspond to these phenomena. 𝑅 and 𝜃 indicate the universal gas
constant and temperature, respectively.
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Fig. 4. Exponential slip law, affect of the: (a) reference slip rate, 𝛾̇𝑎0 [s−1], (b) exponent 𝑝 [–], and (c) exponent 𝑞 [–].
Fig. 5. Power law, the effect of the parameters (a) reference slip rate, 𝛾̇𝑎0 [s−1], for constant 𝑛 = 0.1 [–] and (b) rate-sensitivity exponent, 𝑛 [–], for constant 𝛾̇0 = 0.001 [s−1].
𝜏

3.3. Strain hardening laws

Different strain hardening models are implemented, including mod-
els without hardening, Voce-type, linear, and Kocks–Mecking–Estrin
models.

3.3.1. Voce-type (hardening model-1)
Voce-type hardening (Wagoner, 1980) is used to compute the self-

strain hardening rate of a slip system in which ℎ0, 𝑠𝑠, 𝑚 prescribe
hardening rate, saturation value of CRSS, and hardening exponent,
13 
respectively (Values and units are shown in Table 1.):

ℎ̇𝑏 = ℎ0

(

1 − 𝜏𝑏𝑐
𝑠𝑠

)𝑚
|

|

|

𝛾̇𝑏||
|

, (3.16)

The strain hardening interaction is considered by the latent hardening
matrix:

̇ 𝑎𝑐 =
∑

𝑏
𝐻𝑎
𝑏 ℎ̇

𝑏. (3.17)

The hardening interaction matrix has unit values for coplanar systems,
while a latent hardening constant greater than unity, 𝑞, is used for strain
hardening in non-coplanar slip systems.
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Fig. 6. Strain hardening response of none, linear, Voce, and Kocks–Mecking–Estrin hardening models.
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Table 2
Hardening model parameters.

Voce-type ℎ0 = 250 MPa 𝑠𝑠 = 190 MPa 𝑚 = 2.5 𝑞 = 1.4

linear 𝑘 = 1550 μm 𝜚0𝑆 𝑆 𝐷 = 1.8 μm−2

KME type 𝑘1 = 1466 𝑘2 = 200 𝜚0𝑆 𝑆 𝐷 = 1.8 μ−2m

3.3.2. Linear dislocation evolution (hardening model-2)
The dislocation evolution per slip system is considered linearly

roportional to the corresponding total slip in that slip system (Dunne
et al., 2007):

𝜚̇𝑎𝑆 𝑆 𝐷 = 𝑘 |𝛾̇𝑎| . (3.18)

3.3.3. Kocks–Mecking–Estrin (hardening model-3)

Kocks–Mecking–Estrin (KME) type hardening (Kocks and Mecking,
2003) has a hardening term inversely proportional to the forest spacing

hile the temperature and strain rate dependent annihilation term is
linearly proportional to the dislocation density on the slip system:

𝜚̇𝑎𝑆 𝑆 𝐷 =

⎛

⎜

⎜

⎜

⎝

𝑘1

√

𝜚𝑎𝑓 𝑜𝑟
𝑏𝑎

− 𝑘2(𝜖̇ , 𝜃) 𝜚𝑎𝑆 𝑆 𝐷
⎞

⎟

⎟

⎟

⎠

|𝛾̇𝑎| . (3.19)

We used a single crystal model loaded to 10% uniaxial tensile strain
along a cube orientation consisting of eight elements at a strain rate of
.02 s−1. For no hardening, no evolution of state variables was allowed.
he hardening parameters for the linear and KME hardening laws were
btained by trial-error until a reasonable match was obtained with the

Voce-type hardening response. The strain hardening parameters are
hown in Table 2 and the rest of the material parameters were the same
s in Table 1.

Fig. 6 shows a comparison of available strain hardening models that
ere calibrated with respect to Voce-type law to obtain a comparable

esponse approximately with an additional case of no strain hardening.
he linear hardening model is limited to linear response and nonlinear

hardening can be modeled using Voce or KME hardening laws. The
bserved slight jumps in the stress–strain response were due to the

explicit state update used in the calculations.
14 
3.4. Strain-gradient models

Strain gradients are expressed in terms of the geometrically neces-
sary dislocation density (GND) to be included in the strength of single
crystals (Busso et al., 2000). Simplified Taylor’s equation, Eq. (3.20),

as used to compute the CRSS instead of Eq. (3.1) ignoring the effect of
statistical hardening effects. CRSS on slip system 𝑎 (𝜏𝑎𝑐 ) was a function
of 𝜏0𝑐 , 𝛼, 𝐺, 𝑏𝑎, and 𝜚𝑎𝐺 𝑁 𝐷 that represent the lattice friction, geometric
factor, shear modulus, Burgers vector, and GND density:

𝜏𝑎𝑐 = 𝜏0𝑐 + 𝛼 𝐺 𝑏𝑎
√

𝜚𝑎𝐺 𝑁 𝐷. (3.20)

Several methods using different incompatibility measures are available
o compute GND density for various types of finite elements (Demir

et al., 2024). The error in the incompatibility associated with the total
orms in Sections 3.4.1 and 3.4.2 were calculated to be much less

than that of both the rate form (Section 3.4.3) and the slip gradient
(Section 3.4.4).

3.4.1. Total form restricted to the active slip systems (GND model-1)
The total form of incompatibility, −

(

∇ × 𝑭 𝑝
)𝑇 , is used. The GND

densities for edge and screw components are characterized by the line
irection, 𝒍𝑎:

𝜦 = − (

∇ × 𝑭 𝑝
)𝑇 =

∑

𝑎
𝜚𝑎𝐺 𝑁 𝐷 𝑏𝑎 𝒔𝑎 ⊗ 𝒍𝑎. (3.21)

3.4.2. Total form with flux correction (GND model-2)
Total form with area correction of −

(

∇ × 𝑭 𝑝
)𝑇 𝑭 𝑇𝑝 is used to ac-

ount for the configuration changes as recommended in Cermelli and
Gurtin (2001):

𝜦 = − (

∇ × 𝑭 𝑝
)𝑇 𝑭 𝑇𝑝 =

∑

𝑎
𝜚𝑎𝐺 𝑁 𝐷 𝑏𝑎 𝒔𝑎 ⊗ 𝒍𝑎. (3.22)

The GND density in both of the total forms (GND models 1 and 2)
s obtained by singular value decomposition followed by inversion to
btain the densities. The solution is restricted to the active slip systems
hich is determined based on the value of the total slip 𝛾𝑎 of the slip

ystem 𝑎:

[𝑨] =
∑

𝑎

⎧

⎪

⎨

⎪

⎩

𝜚𝑎𝐺 𝑁 𝐷 𝑏𝑎 𝒔𝑎 ⊗ 𝒍𝑎, if |𝛾𝑎| >10−10,

0, otherwise.
(3.23)
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Fig. 7. Stress–strain response of single crystal cube cantilevered beam bending case for three different thicknesses of 1–10–100 μm. Euler angles of the beam were (0◦, 0◦, 0◦).
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3.4.3. Rate form for large deformations (GND model-3)
The rate form of ∇ × (

𝛾̇𝑎 𝒏𝑎 𝑭 𝑝
)

can also be used in which the edge
nd screw dislocation families are calculated according to Eqs. (3.24)
nd (3.25), respectively:

𝜚̇𝑎𝐺 𝑁 𝐷 𝑒 = − 1
𝑏𝑎

∇ × (

𝛾̇𝑎 𝒏𝑎 𝑭 𝑝
)

⋅ 𝒕𝑎, (3.24)

𝜚̇𝑎𝐺 𝑁 𝐷 𝑠 = − 1
𝑏𝑎

∇ × (

𝛾̇𝑎 𝒏𝑎 𝑭 𝑝
)

⋅ 𝒔𝑎. (3.25)

The glissile jogs on edges that have their line direction along the slip
plane normal are ignored in this study.

3.4.4. Rate form of slip gradient model (GND model-4)
Slip gradients for small deformations are used. The edge and screw

islocation densities are given by:

𝜚̇𝑎𝐺 𝑁 𝐷 𝑒 = − 1
𝑏𝑎

𝛁𝛾̇𝑎 ⋅ 𝒔𝑎, (3.26)

𝜚̇𝑎𝐺 𝑁 𝐷 𝑠 = 1
𝑏𝑎

𝛁𝛾̇𝑎 ⋅ 𝒕𝑎. (3.27)

In all GND models, an initial GND threshold is used to eliminate
the artificial GNDs that are a result of small numerical differences
between the slip at the integration points. These physically negligible
GND densities tend to accumulate over time, hence they need to be
eliminated using a threshold:

𝜚𝑎𝐺 𝑁 𝐷 = 𝜚𝑎𝐺 𝑁 𝐷(𝑡) +
⎧

⎪

⎨

⎪

⎩

𝛥𝜚𝑎𝐺 𝑁 𝐷, if ||
|

𝛥𝜚𝑎𝐺 𝑁 𝐷
|

|

|

>2 × 10−10 μm−2,

0, otherwise.
(3.28)

A single crystal single slip case was studied to show the length scale
effects. GND model-1 was used and the initial Euler angles of the beam
were set in cube orientation (0◦, 0◦, 0◦). The initial strength (𝜏0𝑐 ) was set
at 1 MPa to minimize the elastic effects. In this case study, no statistical
hardening was used to demonstrate the affect of GNDs on hardening.
The power law slip was applied utilizing the material parameters for
opper listed in Table 1.

The effectiveness of the proposed length scale dependence model
GND model-1) was initially tested for the three different beam thick-
esses of 1, 10, 100 μm. Linear hexahedral elements (C3D8) were used
n this analysis, with five elements through the thickness and width
irections and twenty-five elements through the length. The displace-
ent was applied as a rotation boundary condition of 0.1 radians at
 o

15 
one end of the cantilevered beam, while the other end remained fixed
for a total duration of 10 s.

Fig. 7 shows the resulting stress–strain response corresponding to
cantilever beams of different thicknesses. The yield stress was the
same for all thicknesses for the low initial CRSS value (1 MPa). The
effect of strain hardening was pronounced as the thickness of the
beam decreased. The cantilever beam was oriented so that bending
an be achieved by a single slip. The initial Euler angles of the beam

were (−135◦, 35.264◦, −135◦) with respect to the sample reference
to facilitate a single slip. The same model parameters were used for
the investigation of the length-scale dependence. A linearly increasing
moment of 1000 Nμm was applied at one end of the beam for a duration
of 10 s while the other end was fixed. Ten eight-node quadratic quadri-
lateral plane stress elements (CPS8) were used through the thickness
and a hundred elements along the length of the beam.

The total slip was only along the first slip system with the [11̄0] slip
direction and the (111) slip plane. The slip in the other slip systems was
negligible, Fig. 8. Therefore, single slip was achieved as desired.

The predicted GND density for the cantilever beam geometry was
edge-type and on the first (active) slip system only. For this reason,
the GND density on the remaining slip systems is expected to have
negligible values. The restriction of the solution to the active slip
ystems led to vanishing GND density values on the other slip systems;
ee Fig. 9. The sign of the GND density was of the negative edge

type, as expected for an ideal single slip case with positive bending
moment (Arsenlis and Parks, 1999). In addition, there was no self-
hardening due to the increase in the GND density, as the CRSS was
only related to the forest density, Eq. (3.1). This shows the importance
of this constraint regarding the complexity of strain hardening in case
f the presence of the GND density on non-active slip systems that the
2-method would reveal (Arsenlis and Parks, 1999). The proposed SVD

approach (GND model-1) is capable of dealing with single slip cases as
the worst case because the dislocation tensor is in its most sparse form.

3.5. Back stress

In reverse loading of metals, a decrease in yield strength (Sowerby
et al., 1979) followed by a stronger response to hardening under
strain has been experimentally observed (Demir and Raabe, 2010). This
kinematic hardening effect needs to be included for accurate modeling
f metallic materials.
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Fig. 8. Single crystal single slip bending case. Total slip, 𝛾𝑎, distribution on the [11̄0] (111) slip system and on all other systems. Euler angles of the beam were (−135◦, 35.264◦,
−135◦) to give a beam axis of [1̄1̄2].
Fig. 9. The corresponding distribution of GND density, on the [11̄0] (111) slip system and on all other systems. The total form of lattice incompatibility (GND model-1) was used
in the simulations.
k

3.5.1. Armstrong–Frederick (back stress model-1)
A local Armstrong–Frederick (A–F) back stress model (Armstrong

et al., 1966) is adopted and slightly modified for crystal plasticity
with slip systems to incorporate back stress (Agius et al., 2020). The
kinematic hardening term in slip constitutive laws Eqs. (3.5), (3.12),
and (3.13), evolve linearly with slip, while the softening term has a
bilinear dependence on slip and back stress. At saturation (𝑋̇𝑎 = 0),
the kinematic stress reaches a value of ℎ∕ℎ𝐷:

𝑋̇𝑎 = ℎ 𝛾̇𝑎 − ℎ𝐷 𝑋
𝑎
|𝛾̇𝑎| . (3.29)

3.5.2. GND-based (back stress model-2)
A non-local GND-based back stress model was implemented that is

similar to that previously reported (Kapoor et al., 2018; Bandyopadhyay
et al., 2021) originally inspired by the experimental evidence of Sleeswy
et al. (1978). Similar to the geometric factor 𝛼 of CRSS in Eq. (3.1), 𝜁
is used as a strength scaling factor :

𝑋𝑎 = 𝜁 𝑏𝑎 𝐺
⎛

⎜

⎜

⎜

⎝

√

|

|

|

𝜚𝑎𝐺 𝑁 𝐷 𝑒
|

|

|

1 − 𝜈 +
√

|

|

|

𝜚𝑎𝐺 𝑁 𝐷 𝑠
|

|

|

⎞

⎟

⎟

⎟

⎠

sgn(𝛾𝑎). (3.30)

We have used the sign of the total slip as a memory to store the sense
of the polarization. To explain this, consider a single slip cantilever
beam bending case. The shear stress has opposite signs on the above
and below the neutral axis, GND density however has a single sign
(negative edge for positive bending case with the positive slip direction
aligned with the maximum stress direction). Therefore, the sign of the
GND density does not represent the sign of the backstress that oppose
the applied stress in a simple monotonic loading case. For this reason,
the sign of total slip in Eq. (3.30) was used to account for the alteration
of the sign of the back stress above and below the neutral axis of the
beam.
16 
The effects of back stress on a polycrystal RVE in a cube shape
with an edge length of 40 𝜇 m were investigated. RVE was loaded to a
displacement of 0.1 𝜇 m corresponding to 0.25% strain along the 𝑥 di-
rection in 10 s, followed by releasing the load for a duration of 1 s, and
reverse loading for an absolute displacement of 0.1 μm that corresponds
to −0.25% strain along the 𝑥 direction in 10 s. The parameters for the
A–F model were ℎ = 6555 MPa and ℎ𝐷 = 245 as kinematic hardening
and softening parameters, respectively. The Voce-type strain hardening
was present to investigate the actual conditions, including the effects of
strain hardening and latent hardening. Similarly, the strength factor, 𝜁 ,
was 0.25 for the non-local GND-based back stress model. The remaining
parameters were the same as in Table 1.

Fig. 10(a) shows the stress vs. strain curves that are obtained by
averaging the true strains (LE11) and the true stress (S11) of all the
integration points in the RVE. Polycrystal RVE consisted of 34 grains
and 64,000 elements.

Both the A–F and GND-based back stress models capture the two
important features of the Bauschinger effect that was experimentally
observed: i. drop in the flow stress upon reverse loading, and ii.
change in the strain hardening response during reverse loading. Both
models exhibit a clear drop in flow stress after reverse loading. The
strain hardening for A–F is slightly altered. In contrast, the GND-based
model had a lower strain hardening response in the reverse loading
case, which is linked to the reduction of the GND density and the
corresponding decrease in the CRSS. The yield point of both models is
the same during forward loading. However, there is a significant strain
hardening difference between the two models which is apparent in the
forward loading curve, which is linked to the additional strengthening
due to GND density. Further adjustment of the parameters with the
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Fig. 10. (a) Average absolute value of stress vs. strain curves with two different back stress models during forward and reverse loading (curves are shifted to origin for comparison)
and (b) polycrystal RVE used in the simulations (colors indicate grains).
Table 3
Slip and strain hardening parameters for ir-
radiated zirconium (Hardie et al., 2022).
Parameter Value Unit

c/a 1.57 –
𝑏1−6 3.2 ×10−4 μm
𝑏7−30 6.0 ×10−4 μm
𝛼 0.22364 –
𝜌0𝑆 𝑆 𝐷 10 μm−2

𝐸1 98.32 GPa
𝐸3 123.28 GPa
𝐺12 32.01 GPa
𝜈12 0.4 –
𝜈13 0.24 –
𝜏1−3𝑐 180.7 MPa
𝜏4−6𝑐 140.8 MPa
𝜏7−12𝑐 140.8 MPa
𝜏13−24𝑐 489.8 MPa
𝜏25−30𝑐 2449.1 MPa
𝜚𝑚0 0.01 μm−2

𝜈0 1011 s−1

𝛥𝐹 5 ×10−20 J
𝛥𝑉0 20.93 μm3

k 2600 μm−2

experiments for the two back stress modeling approaches together with
the experiments is needed.

3.6. Irradiation models

The material properties of zirconium (HCP) were used in the sim-
ulations, Table 3. The hyperbolic-sine slip with thermal activation
parameters was used with linear dislocation evolution.

The irradiation effects were simulated on a single crystal. The
model consisted of eight hexahedral elements with linear interpolation
(C3D8), as shown in Fig. 5(c). A tensile strain of 10% was applied along
the X-direction for a duration of 10 s. Euler angles were (0◦, 0◦, 0◦), and
the loading axis was along one of the basal slip directions (X-axis).

3.6.1. Solute strength (irradiation model-1)
This is a simplified model to incorporate irradiation hardening

effects using only three parameters. The irradiation effects are assumed
to be isotropic, which means that the same level of influence of the
17 
Table 4
Solute strength (irradiation model-
1) parameters.
Parameter Value Unit

𝛤𝑠 0.025 –
𝜏0𝑠 75 MPa
𝜓 3.457×10−2 –

irradiation-induced defects is considered uniformly in all slip systems.
The effect of irradiation is considered by an additional strength that is
referred to as the solute strength, 𝜏𝑠:

𝜏𝑠 = 𝜏0𝑠 exp
(

− 𝛤
𝛤𝑠

)

. (3.31)

in which 𝜏0𝑠 and 𝛤𝑠 represent the initial value of the solute strength and
the amount of cumulative slip required for softening. The irradiation
strength degrades exponentially with cumulative slip.

A secondary effect of irradiation is the reduction in the mobile
dislocation density that enters the coefficient, 𝐴𝑎, that is used for
thermally activated slip, Eq. (3.6). This was considered by taking a con-
stant fraction, 𝜓 , of the mobile dislocation density of an un-irradiated
material, 𝜚0𝑚:

𝜚𝑚 = 𝜓 𝜚0𝑚 (3.32)

Table 4 shows the model parameters used in this study for zirconium
in conjunction with the model parameters shown in Table 3.

3.6.2. Loop defects (irradiation model-2)
This model takes into account the irradiation-induced defects in

the form of dislocation loops (Hardie et al., 2022). These ‘a-type’
loop defects have their habit planes determined based on experimental
observations. For example, for zirconium, the defects were along the
three typical ⟨𝒂⟩ directions: [21̄1̄0], [1̄1̄20], and [21̄1̄0] which correspond
to the slip directions of the fourth, sixth and eleventh slip systems E.6,
respectively.

To find the affect of irradiation on slip, the interaction between
defects and slip needs to be quantified. First, the defect directions, 𝒔𝑙,
were summed up with the slip direction of concern, 𝒔𝑎, to obtain the
reaction product, 𝒓𝑎𝑙 :
𝑎 𝑙 𝑎
𝒓𝑙 = 𝒔 + 𝒔 (3.33)
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Fig. 11. Stress–strain curves for irradiated hardening models. Euler angles were (0◦, 0◦, 0◦). The hcp crystal is loaded along the basal slip direction up to 10% strain for a duration
of 10 s.
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Table 5
Parameters for irradiated zirconium.
𝑗1 𝑗2 𝑖1 𝑖2 𝑁0

𝑙 𝑜𝑜𝑝 𝑑0𝑙 𝑜𝑜𝑝
1.25 1.875 0.5 0.0 2.033×104 μm−3 1.4 ×10−3 μm

Second, the reaction vector in Eq. (3.33) was then projected on the slip
lane normal to get the scalar parameter, 𝑐𝑎𝑙 , between the slip system
and the defect system 𝑙:

𝑐𝑎𝑙 = 𝒓𝑎𝑙 ⋅ 𝒏𝑎 (3.34)

Finally, the interaction matrix for strength in (3.1), 𝐽 𝑎𝑙 was computed
by using two interaction parameters: 𝑗1 and 𝑗2 based on whether the
value of the projection, 𝑐𝑎𝑙 that has zero or non-zero magnitude:

𝐽 𝑎𝑙 =

⎧

⎪

⎨

⎪

⎩

𝐽 𝑎𝑙 = 𝑗1, if 𝑐𝑎𝑙 = 0,
𝐽 𝑎𝑙 = 𝑗2, otherwise.

(3.35)

and similarly the interaction matrix for strain-softening, 𝐼𝑎𝑙 , was com-
puted considering 𝑐𝑎𝑙 having a magnitude of zero or non-zero:

𝐼𝑎𝑙 =

⎧

⎪

⎨

⎪

⎩

𝐼𝑎𝑙 = 𝑖1, if 𝑐𝑎𝑙 = 0,
𝐼𝑎𝑙 = 𝑖2, otherwise.

(3.36)

in which 𝑗1, 𝑗2, 𝑖1, and 𝑖2 are the strength and strain-softening interac-
ion coefficients when 𝑐𝑎𝑙 = 0 or otherwise.

The irradiation slip resistance reads Eq. (3.1) in which the density of
he loop defects was computed using the number density of dislocation
oops per unit volume, 𝑁 𝑙, and the average diameter of these loops, 𝑑𝑙
here the superscript 𝑙 indicates the defect family:

𝜚𝑙𝑙 𝑜𝑜𝑝 = 𝑁 𝑙 𝑑𝑙 (3.37)

The evolution of loop density is governed by considering the softening
interactions between the slip systems and defects 𝐼𝑎𝑙 represents the
softening (hardening) interactions between the defects and slip systems:

𝜚̇𝑙𝑙 𝑜𝑜𝑝 =
∑

𝑎
𝐼𝑎𝑙

√

𝜚𝑙𝑙 𝑜𝑜𝑝
|𝛾̇𝑎|
𝑏𝑎

(3.38)

The effect of defect loops on the CRSS was computed considering
he interactions between the loop defects and slip systems that are
ccounted for by the 𝐽 𝑎𝑙 matrix. Strength interactions enter through
q. (3.1).
 d
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Table 5 shows the parameters of the irradiation hardening model
used in this study. The resulting stress–strain curve shown in Fig. 11
exhibits an initial strengthening followed by softening. The model
allowed for the incorporation of irradiation effects using a physical
basis that is based on experimental observations.

3.7. Single crystal goss compression

Single crystal Goss compression tests were performed to simulate a
cylinder with a circular cross-section becoming an ellipse due to plastic
nisotropy. The model parameters were the same as shown in Table 1.

Euler angles were (45◦,0◦,0◦) with respect to the sample axes shown in
Fig. 12.

Fig. 12(a) and (b) shows the transition of the circular cross section
o an ellipse as in Kalidindi and Anand (1993). The strain hardening

response was also the same as in the experimental curve in Kalidindi
and Anand (1993). The calculation efficiency tends to increase the time
steps and the explicit default state update causes the jumps in the
tresses. These jumps disappear when semi-implicit or fully implicit
tate update was used. This study validates the correct incorporation
f the plastic anisotropy of slip and the consistency of the proposed
olver.

3.8. Single crystal copper tension

Copper single crystal experiments of Takeuchi (1975) was used to
benchmark simulations. Tensile simulations were along the crystallo-
graphic directions of ⟨001⟩, ⟨101⟩, ⟨112⟩, and ⟨111⟩ that correspond
o the Euler angles of (0◦, 0◦, 0◦), (180◦, 45◦, 0◦), (0◦, 54.3◦, 45◦),
nd (−90◦, 35.2644◦, 45◦), respectively. The finite element model has
5 mm long with a displacement of 9 mm applied along the z-direction
orresponding to the engineering strain 20%. The degrees of freedom
t the ends of the sample along the 𝑥 and y directions are fixed to
epresent the clamped boundary conditions in the experiments shown
n Fig. 13(b).

The KME hardening was used as in (3.19) and calibration was
performed only for the ⟨001⟩ tensile data. The same value of parameters
was used for each crystallographic direction for consistency as shown
in Table 6. The different initial value of the yield in the experiments
suggests the presence of a difference in the CRSS due to the initial
islocation density, for example, for the experimental result for the
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Fig. 12. Single crystal Goss compression (a) von Mises stress before deformation, (b) von Mises stress after 70% strain, and (c) stress–strain curve. Euler angles were (45◦,0◦,0◦).
Experimental data is for copper from Kalidindi and Anand (1993).
Fig. 13. Single crystal copper tensile response (a) true stress vs. true strain, (b) finite element model. Tensile strain of 20% was applied along the z-axis with a strain rate of
3 × 10−3 s−1.
Table 6
Model parameters used in the single crystal tension simulations for the
KME hardening model. 𝜏0𝑐 : lattice friction, 𝜚0𝑆 𝑆 𝐷 : initial SSD density,
𝑘1: mean-free-path hardening factor, 𝑘2: annihilation coefficient, 𝛼:
geometric factor. The remaining parameters are the same as in Table 1.
𝜏0𝑐 𝜚0𝑆 𝑆 𝐷 𝑘1 𝑘2 𝛼

1 MPa 0.05 μm−2 0.0625 50 0.25/
√

2

⟨101⟩ direction. These experimental differences were neglected in the
simulations, and the same values were used for all model parameters.

Fig. 13(a) illustrates the comparison between the stress–strain re-
sponses. Despite the discrepancies between the simulated and experi-
mental curves, the simulation aligns closely with the experimental data.
A key aspect of this study is the incorporation of the sum of total
and forest densities, similar to parallel and forest density, as described
in Gottstein’s work (Gottstein, 2004). Prior to this adjustment, the
single-crystal curves exhibited a mixed order with the crystallographic
direction. Thus, the effective CRSS is redefined in (3.1) as:

𝜏𝑎𝑐 𝑒𝑓 𝑓 = 𝜏0𝑐 + 𝛼 𝐺 𝑏𝑎
√

𝜚𝑎𝑓 𝑜𝑟 + 𝜚𝑎𝑡𝑜𝑡 (3.39)

The total and forest dislocation densities are obtained using
Eqs. (3.2) and (3.4), respectively.
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3.9. Polycrystal simulations

The RVE resolution and size has been shown to play a central role in
macro- and micro-scale stress responses (Kanit et al., 2003). Polycrystal
RVE was generated using Dream3D® with an average grain size of
24.5 μm (natural logarithm of average grain size, 𝜇=3.2) and with a
standard deviation of 2.7 μm (natural logarithm of standard deviation
of average grain size, 𝜎=1). The minimum and maximum cut-off values
were set to give minimum and maximum feature sizes of 4.1 μm and
25.8 μm, respectively, to allow the presence of a range of grain sizes
within the cube-shaped RVE, resulting in 34 grains for an edge length
of 40 μm.

The resolution of the RVE was investigated by changing the res-
olution without altering the microstructure (e.g. crystallographic and
morphological texture) by keeping the orientation and shape of each
grain constant for a uniaxial tension of 2.5% axial strain. Fig. 14 shows
the resulting RVE for a range of resolutions (element sizes from 8 μm
to 0.25 μm) that were investigated with the corresponding total number
of elements ranging from 125 to 4,096,000.

Fig. 15 shows the influence of the RVE resolution on the macro-
scopic stresses. Macroscopic stresses converge after 2 μm resolution,
which is approximately one fifth of the grain size, or approximately 625
elements per grain to have a converged macroscopic engineering stress
and von Mises stress response. Convergence refers to the convergence of
a finite element solution due to a numerical solution ideally converging
with an infinite number of elements.
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Fig. 14. A polycrystal RVE with a size of 40 μm size and 24.5 ± 2.7 μm average grain size for a range of RVE resolutions (voxel sizes from 8 μm – 0.25 μm) generated using
Dream3D®. Colors indicate grains and, at low resolutions, small grains disappear due to coarse resolution, resulting in a different color code.
Fig. 15. Macroscopic scale stresses obtained by averaging over the RVE: (a) engineering stress (S11) and (b) von Mises stress (Mises) as a function of the RVE resolution.
Fig. 16. Von Mises stress distributions on grain-18 in the middle of the RVE for different resolutions.
Fig. 16 shows the distribution of the microscale stresses in the mid-
grain (grain-18). Microscale distributions start to resemble each other
below the resolution of 1 μm indicating the greater mesh refinement
necessary for microscale convergence than for the macroscale conver-
gence. The voxel size is approximately one-tenth of the average grain
size, or ten elements per edge of a grain, demanding approximately a
thousand elements per grain for convergence.

3.10. Element type

Tetrahedral meshes can be preferred over hexahedral elements due
to their superior meshing capabilities. However, it is well known that
linear tetrahedrals may suffer from shear locking and they are much
stiffer than the quadratic tetrahedral and hexahedral type elements. To
investigate the effect of element type on mechanical response at the
macro- and microscales, the same polycrystal RVE was simulated using
quadratic tetrahedral (C3D10) and linear hexahedral (C3D8) elements
with full integration for a uniaxial tension load case.

Polycrystal RVEs were generated using NEPER® with a size of 1 μm
edge length consisting of 30 grains, Fig. 17(a). The hexahedral mesh
had 27 elements per edge to make a total element number of 19,683,
while the tetrahedral mesh had a non-uniform spacing on average of
13 elements per edge consisting of 24,012 elements. Although the
mesh grids were different, the mesh refinement parameter used to
20 
generate the RVE was the same for both cases. The number of elements
for a tetrahedral mesh increase 3/2 times more than a hexahedral
mesh for the same level of mesh refinement. The grain boundaries are
represented as continuous lines for a Voronoi tessellation by tetrahedral
elements instead of the saw-tooth representation of grain boundaries
by uniform grid of hexahedral elements. Tensile loading up to 25%
strain was applied over 10 s in time along the X-direction. The material
properties are shown in Table 1.

The stress–strain curves and distributions both revealed a slightly
stiffer engineering stress and a von Mises stress behavior with the
quadratic tetrahedral elements, Fig. 17(b). However, this can be at-
tributed to the coarser mesh refinement of the tetrahedral elements.
Figs. 17(c) and (d) show the total slip distribution on the deformed
mesh. The deformed surface topologies match qualitatively, which
justifies the use of both element types. In addition, the total slip
distributions for the two cases were quite similar exhibiting a noticeable
shear banding behavior for both element types. However, the local dif-
ferences were greater when tetrahedral elements were used, indicating
the presence of the smoothing effect of these local differences in the
linear hexahedral elements because of their reduced ability to represent
deformations involving high curvature.

Tetrahedral elements can offer a more realistic representation of
grain boundaries. This is especially important for polycrystals involving
fracture and damage that can initiate when stress is usually localized
near the grain boundaries (Quey et al., 2011).
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Fig. 17. Effect of element type: (a) Tessellation and mesh generation using NEPER®, (b) stress–strain response, total slip distributions on the RVE for (c) hexahedral and for (d)
tetrahedral elements.
3.11. Time integration and state update techniques

We investigated the effect of the state update procedure on the
computational time and the total number of time increments necessary
for a polycrystal RVE containing six grains. A coarse grained polycrystal
was selected to impose high stress gradients across grains, thus making
convergence difficult. 10% uniaxial strain was applied in a time of
100 s. The material properties in Table 1 were used. The state up-
date procedures can be linear (using the linear non-iterative solution
in Peirce et al., 1982) explicit (the states belong to the former time),
semi-implicit (the states belong to the current time obtained by a Euler
time integration procedure as described in Kalidindi et al., 1992), or
fully implicit (the states belong to current time that is simultaneously
computed with the slip increments as described in Huang, 1991).

The linear solution refers to the forward-gradient method which is
the linearized noniterative solution for the slip increments as described
in Section 2.4. Therefore, the slip and strain hardening can be non-
linear. The OXFORD-UMAT linear solution reveals approximately 70%
less computational time compared to the OXFORD-UMAT semi-implicit
solution. The linear scheme works well if the very first strain increment
is within the elastic limit of the material. Even though using the solver
alongside the linear solution extends the overall simulation duration,
having the linear solver as a backup during simulations of extensive
polycrystal applications significantly reduces computational time in
case a convergence issue arise.

The implicit state updates reveal a smoother stress–strain response
free of the stress jumps in exchange for an additional increase of 133%
and 454% in the computational time, respectively. The semi-implicit
21 
state update in this case offers a stable solution free of jumps in the
stress–strain curves with an acceptable decrease in the simulation time.

3.12. Comparison to the other crystal plasticity solvers

The performance of CP-based solver (OXFORD-UMAT) was com-
pared to different CP UMAT subroutines that use Abaqus® as the same
finite element software. The same field solver was used to compare
other CP-based solvers to avoid complications related to differences in
the FE solver and solution techniques. CP-based solvers use different
time integration schemes. The OXFORD-UMAT is based on a hybrid
scheme consisting of a crystal plasticity solver based on Cauchy stress
and a forward-gradient scheme as described in detail in Section 2.4.
UMAT (Huang, 1991) uses Huang’s integration method, which was
also formulated on the basis of the deformed vectors, and the pri-
mary variable is the slip increments. BRISTOL (Demir et al., 2023)
used a time integration scheme that was formulated in the interme-
diate configuration using the 2nd Piola–Kirchoff stress as the primary
variable.

The simulations were performed using the same material properties
in Table 1 except the hardening exponent, 𝑚 and the latent hardening
parameter, 𝑞, which were set to unit values. Linear hardening was used
because the UMAT (Huang, 1991) used a hyperbolic-secant type hard-
ening rule without the hardening exponent, which was the reason for
the slight difference in the stress–strain curves in Fig. 19(b). Similarly,
UMAT (Huang, 1991) applies the latent hardening parameter to all slip
systems except the self-slip system, while the others employ a latent
hardening coefficient to the noncoplanar slip systems only, and hence
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Fig. 18. Comparison of time integration and state update methods using OXFORD-UMAT: (a) simulation time (total number of time increments are indicated with white color.)
and (b) engineering stress (S11) vs. strain curves. The polycrystal RVE contains six grains. The stress based solver has explicit or semi-implicit state update procedures, while the
slip-based solver can provide a linear (forward gradient) or a fully-implicit solution.
Fig. 19. Comparison of different solvers: (a) simulation time and (b) engineering stress (S11) vs. strain curves. UMAT (Huang, 1991) and BRISTOL (Demir et al., 2023) are
completely different solvers that work in Abaqus® which rely on forward-gradient (Asaro and Needleman, 1985) and Kalidindi–Anand (Kalidindi et al., 1992) time integration
schemes, respectively. A polycrystal RVE consisting of 6 grains was investigated. Simulation time was computed by excluding the time required for initialization for all schemes.
to provide a reliable comparison, the latent hardening was set to unity
for all slip systems. The von Mises stress distributions were quite similar
to those obtained by entirely different solvers, showing the validity of
the OXFORD-UMAT, Fig. 20.

The OXFORD-UMAT offers a range of solution options to select
the level of efficiency depending on the application. The simplicity of
the scheme resulted in lower computational times than that of both
BRISTOL and UMAT (Huang, 1991) solvers. BRISTOL uses a different
time-stepping method that is explained in Kalidindi et al. (1992) which
leads to a greater number of time increments (52 time steps) than the
others. In addition, BRISTOL (Demir et al., 2023) takes into account
changes in the slip vectors implicitly considering a more complex
residual that leads to a complicated tangent for the Newton–Raphson
iteration. Similarly, the tangent stiffness is computed using a rigorous
seven-step method (Lieou and Bronkhorst, 2020; Zhang et al., 2021;
Demir et al., 2023). UMAT (Huang, 1991) has a fully-implicit scheme
22 
that is slower than both OXFORD-UMAT and BRISTOL (Demir et al.,
2023), which may be linked with the presence of the hyperbolic-secant
strain hardening rule.

3.13. Miscellaneous

In this section, the influence of the initial guess and the stress
increment correction on the solution efficiency is investigated. The
model parameters as shown in Table 1 were used with the nonlinear
slip rule and strain hardening, including the effect of latent hardening.

We have found a significant affect of the initial guess on the
convergence rate and therefore on the computational time according
to Hardie et al. (2023). The initial guess was calculated using the
weighted average of the fully elastic and fully plastic guesses using a
factor 𝜙 in this study. Approximately 40% gain (nearly one half) in
computational time was obtained as the initial guess approaches the
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Fig. 20. Von Mises stress distribution (MPa) at the end of 10% tensile strain: (a) UMAT-OXFORD (linear), (b) UMAT-OXFORD (semi-implicit), (c) BRISTOL (semi-implicit) (Demir
et al., 2023), (d) UMAT (linear) (Huang, 1991), and (e) UMAT (fully-implicit) (Huang, 1991).
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fully plastic guess rather than using 0.1 as the weight for a fully elastic
guess (𝜙 = 0.1), Fig. 18(a).

Correction of large stress increments exceeding a tolerance 𝑓 𝜏𝑐 in
Eq. (2.43) as used in Kalidindi et al. (1992), helps the convergence
ignificantly. This correction regarding the large stress increments al-
ows the crystal plasticity iteration to converge faster and continue

with large time steps without the time cutbacks, thereby leading to an
efficient solution. The comparison of an explicit scheme with that cor-
rection and without; which is referred to as the ‘explicit + no 𝛥𝜎 limit’
case in Fig. 18, shows approximately 10% reduction in computational
ime. Therefore, we have this minor correction in Eq. (2.43) can help
educe the number of time increments.

The solution considering the stress threshold and with fully plastic
initial guess was set as the two default settings of the CP-based solver.

he linear solution can be used as a predictor and a backup solution
n case convergence fails, acknowledging the likelihood of significant
rrors associated with the explicit solution for a highly nonlinear
roblem that causes convergence failure in the first place.

The proposed method has the option of deciding the factor to push
the time increment. It is usual practice to use 1.25 as the magnitude of
that factor. However, our experience with a variety of problems sug-
gests leaving the time-stepping decision to the field solver. Therefore,
we found that it would be a better practice to let Abaqus® decide on
the time increment considering various other factors while leaving the
option to the user.

4. Conclusions

In this study, a crystal plasticity framework (OXFORD-UMAT) is
developed and implemented in a finite element framework. The frame-
work has constitutive laws to account for temperature dependence,
slip, creep, strain hardening, length-scale dependence, back stress,
and irradiation effects. The model is tested against Goss compression,
uniaxial tension and polycrystal cases, and it can deal with extreme
material properties and parameters leading to almost rate-insensitive
behavior. The comparison of models with existing crystal plasticity
solvers reveals the validity and relative computational efficiency that
can be attained with the simplicity of the OXFORD-UMAT framework.
Several modifications have led to significant time savings. For exam-
ple, the use of i. fully plastic guess (40%), ii. a threshold for stress
increase (10%), iii. linear solver (70%). The crystal plasticity solver
is available for public access in a modular form that allows other
researchers to use and develop constitutive models easily (Tarleton,
2023). In summary, the computational efficiency together with mul-
iple solver structure makes OXFORD-UMAT a versatile alternative for

crystal plasticity applications.
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Appendix A. Code inputs

PROPS vector is the property entry of Abaqus® that contains at least
ix mandatory entries while 300 optional entries that correspond to
aterial properties. The mandatory entries are Euler angles (𝜙1, 𝛷, 𝜙2)

n the Bunge convention (Bunge, 2013) and in degrees as PROPS(1-
3), an integer grain ID as PROPS(4), and an integer material ID as
PROPS(5). The rest of the inputs are decided using PROPS(6) by either
of the following:

1. PROPS(6) = 1: Read the material properties from PROPS vector
of a length of 300, or,

2. PROPS(6) = 0: Read the corresponding material parameters
from the ‘usermaterials.f’ file for the corresponding material ID
identified in PROPS(5). The total length of the PROPS vector is
6 in this case.

The other important entries are the total number of elements in the
esh, the type of elements, and the maximum number of slip systems

that are defined in the ‘userinputs.f’ file. The same file also contains
the input parameters related with the numerical solution, the type of
the solver(s), non-local GND calculation method, and the type of the
back stress model.

The in-grain orientation scatter can be included in the model
hrough a ‘*.vox’ file that has a default format such that the rows
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Fig. C.1. Slip as a simple shear type of deformation (red color) in slip the reference
(blue color) and crystal reference (black color).

correspond to 𝜙1, 𝛷, 𝜙2, 𝑥, 𝑦, 𝑧, grain-id, and phase-id for each element.
The filename and folder location shall be indicated in ‘userinputs.f’
ile.

Appendix B. Code outputs

The important state variables can be visually outputted using state-
ependent variables (SDV) in the DEPVAR function of Abaqus®. The
umber of outputs may take a significant amount of disk space; thus,
he decision of the outputs is left as optional in the ‘useroutputs.f’ file.

In this case, the number of state-dependent variables (SDV) that are
efined in the model shall match or be greater than the total number
f outputs.

Appendix C. Schmid tensor

Slip is in the form of simple shear, as shown in Fig. C.1, hence the
strain in the slip reference, 𝝐𝑎:

𝝐𝑎 =

⎡

⎢

⎢

⎢

⎣

0 𝛾 0

0 0 0

0 0 0

⎤

⎥

⎥

⎥

⎦

. (C.1)

The transformation from slip reference to crystal reference in Fig. C.1
is given by Eq. (C.2):

𝐠𝑎2𝑐 =
[

𝒔𝑎 𝒏𝑎 𝒕𝑎
]

. (C.2)

Therefore, 𝐠𝑎2𝑐 transforms the slip strain in the slip reference to the
crystal reference. The strain is a second rank tensor hence transfor-
mation must be applied twice. Using index notation the slip in crystal
transforms with Eq. (C.3):

𝜖𝑐𝑖𝑗 = 𝑔𝑎2𝑐𝑖𝑚 𝑔𝑎2𝑐𝑗 𝑛 𝜖𝑎𝑚𝑛. (C.3)

Since there is only 𝜖𝑎12 term, Eq. (C.4) can be concluded:

𝜖𝑐𝑖𝑗 = 𝑔𝑎2𝑐𝑖1 𝑔𝑎2𝑐𝑗2 𝜖𝑎12. (C.4)

Note that the columns of the transformation are indeed slip vectors:

𝑔𝑎2𝑐𝑖1 = 𝑠𝑎𝑖 . (C.5)

𝑔𝑎2𝑐𝑗2 = 𝑛𝑎𝑗 . (C.6)

Substituting these identities to Eq. (C.4) with 𝜖𝑠12 = 𝛾, the transforma-
ion becomes:
𝑐 𝑎 𝑎
𝜖𝑖𝑗 = 𝑠𝑖 𝑛𝑗 𝛾 . (C.7) o

24 
𝑠𝑎𝑖 𝑛
𝑎
𝑗 represents the dyadic product of the slip direction and slip plane

normal vectors which gives the Schmid tensor, Eq. (C.8):

𝑆𝑎𝑖𝑗 = 𝑠𝑎𝑖 𝑛
𝑎
𝑗 = 𝑺𝑎 = 𝒔𝑎 ⊗ 𝒏𝑎. (C.8)

Therefore, Schmid tensor is the transformation required to find the
orresponding strain at the in the crystal reference due to slip in a slip

system.

Appendix D. Rate of change of slip direction and slip plane nor-
mal

The time rate of Eq. (2.68) and using chain rule gives the rate of
change of RSS which involves time derivatives of slip direction and slip
plane normal:

̇ 𝑎 = 𝒔̇𝑎𝑒 ⋅ 𝝈 ⋅ 𝒏𝑎𝑒 + 𝒔𝑎𝑒 ⋅ 𝝈̇ ⋅ 𝒏𝑎𝑒 + 𝒔𝑎𝑒 ⋅ 𝝈 ⋅ 𝒏̇𝑎𝑒 . (D.1)

Derivation of 𝒔̇𝑎:
The deformed slip direction is computed using Eq. (D.2):

𝒔𝑎𝑒 = 𝑭 𝑒 𝒔𝑎. (D.2)

The time rate of change of slip direction is given by Eq. (D.3) since the
time rate of change of constant undeformed vectors is zero:

𝒔̇𝑎𝑒 = 𝑭̇ 𝑒 𝒔𝑎. (D.3)

Inversion of Eq. (D.2) gives:

𝒔𝑎 = 𝑭 −1
𝑒 𝒔𝑎𝑒 . (D.4)

Substituting the expression for 𝒔𝑎 by using Eq. (D.4) into Eq. (D.3) gives:

𝒔̇𝑎𝑒 = 𝑭̇ 𝑒 𝑭 −1
𝑒 𝒔𝑎𝑒 . (D.5)

Using the property in Eq. (2.7), the elastic part of the velocity gradient
can be found as in Eq. (D.6). In some Khan and Huang (1995) the
lastic stretch part is neglected to give the elastic spin instead.

𝒔̇𝑎𝑒 = 𝐋𝑒 𝒔𝑎𝑒 . (D.6)

Derivation of 𝒏̇𝑎:
The slip plane normal is mapped with Eq. (2.17). Rewriting reads:

𝒏𝑎𝑒 = 𝒏𝑎 𝑭 −1
𝑒 . (D.7)

Taking time derivative of Eq. (D.7) gives:

𝒏̇𝑎𝑒 = 𝒏𝑎 𝑭̇ −1
𝑒 . (D.8)

Using properties for the derivative of inverse11 reveals:

𝒏̇𝑎𝑒 = −𝒏𝑎 𝑭 −1
𝑒 𝑭̇ 𝑒 𝑭 −1

𝑒 . (D.9)

Also taking the inverse of Eq. (D.7) giving:

𝒏𝑎 = 𝒏𝑎𝑒 𝑭 𝑒. (D.10)

Substituting Eq. (D.10) to Eq. (D.9) reads:

𝒏̇𝑎𝑒 = −𝒏𝑎𝑒 𝑭 𝑒 𝑭 −1
𝑒 𝑭̇ 𝑒 𝑭 −1

𝑒 . (D.11)

which simplifies to:

𝒏̇𝑎𝑒 = −𝒏𝑎𝑒 𝑭̇ 𝑒 𝑭 −1
𝑒 . (D.12)

or by using the identity in Eq. (2.7) becomes as Eq. (D.13):

𝒏̇𝑎𝑒 = −𝒏𝑎𝑒 𝐋𝑒. (D.13)

11 Differentiating the expression: 𝐀 𝐀−1 = 𝐈, gives: 𝜕𝐀 𝐀−1 + 𝐀 𝜕𝐀−1 = 𝟎 and
y re-arranging terms the relation for the differential for the inverse can be
btained as: 𝜕𝐀−1 = −𝐀−1 𝜕𝐀 𝐀−1.
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Table E.1
Slip systems for BCC material (1–12).
𝒔𝛼𝑐 [1̄11] [11̄1] [111] [11̄1] [111] [111̄] [111] [1̄11] [11̄1] [111̄] [1̄11] [111̄]

𝒏𝛼𝑐 (110) (110) (1̄01) (1̄01) (1̄10) (1̄10) (011̄) (011̄) (011) (011) (101) (101)
Table E.2
Slip systems for BCC material (13–24).
𝒔𝛼𝑐 [111̄] [11̄1] [1̄11] [111] [11̄1] [111̄] [111] [1̄11] [1̄11] [111] [111̄] [11̄1]

𝒏𝛼𝑐 (112) (1̄12) (11̄2) (112̄) (121) (1̄21) (12̄1) (121̄) (211) (2̄11) (21̄1) (211̄)
Table E.3
Slip systems for FCC material (1–12).

𝒏𝛼𝑐 (111) (1̄11) (11̄1) (111̄)

𝒔𝛼𝑐 [11̄0] [011̄] [101̄] [110] [011̄] [101] [110] [011] [101̄] [11̄0] [011] [101]
Table E.4
Slip systems for FCC material - for
cubic slip (13–18).

sys. 𝒔𝛼𝑐 𝒏𝛼𝑐
13 [011] (100)
14 [011̄] (100)
15 [101] (010)
16 [101̄] (010)
17 [110] (001)
18 [11̄0] (001)

Table E.5
Slip systems for BCT material (1–8)
with unit lattice dimensions indi-
cated with the letters a, b, c.

sys. 𝒔𝛼𝑐 𝒏𝛼𝑐
1 [1 0 0] (0 1 0)
2 [1 0 0] (0 0 1)
3 [a b̄ 0] (b a 0)
4 [a b 0] (b ā 0)
5 [a b̄ 2c] (0 c b/2)
6 [ā b̄ 2c] (0 c b/2)
7 [a b 2c] (0 c b̄/2)
8 [a b̄ 2c̄] (0 c b̄/2)

Appendix E. Slip systems

The slip systems for the crystal structures of BCC, FCC, HCP, and
CT correspond to phases 1-2-3-4 (see Tables E.1–E.5). .

Data availability

The code and examples used in this paper are available with public
ccess at https://github.com/TarletonGroup/CrystalPlasticity.
25 
Table E.6
Slip systems for HCP material - for cubic slip (1–30) in Miller-Bravais in-
dices. The hcp slip direction and slip plane normals converted to rectangular
cartesian system by using equations [𝑢𝑣𝑡𝑤] → [3𝑢∕2(𝑢+ 2𝑣) ∗ √

(3)∕2𝑤 ∗ (𝑐∕𝑎)]
and (ℎ𝑘𝑖𝑙) → (ℎ(ℎ + 2𝑘)∕√(3)𝑙∕(𝑐∕𝑎)), respectively.

System Type 𝒔𝛼𝑐 ⟨𝑢𝑣𝑡𝑤⟩ 𝒏𝛼𝑐 {ℎ𝑘𝑖𝑙}
1 basal [21̄1̄0] (0001)
2 basal [1̄21̄0] (0001)
3 basal [1̄1̄20] (0001)
4 prismatic [21̄1̄0] (011̄0)
5 prismatic [1̄21̄0] (1̄010)
6 prismatic [1̄1̄20] (11̄00)
7 1st order pyramidal <a> [1̄21̄0] (101̄1)
8 1st order pyramidal <a> [2̄110] (011̄1)
9 1st order pyramidal <a> [1̄1̄20] (1̄101)
10 1st order pyramidal <a> [12̄10] (1̄011)
11 1st order pyramidal <a> [21̄1̄0] (01̄11)
12 1st order pyramidal <a> [112̄0] (11̄01)
13 1st order pyramidal <c+a> [2̄113] (101̄1)
14 1st order pyramidal <c+a> [1̄1̄23] (101̄1)
15 1st order pyramidal <c+a> [1̄1̄23] (011̄1)
16 1st order pyramidal <c+a> [12̄13] (011̄1)
17 1st order pyramidal <c+a> [12̄13] (1̄101)
18 1st order pyramidal <c+a> [21̄1̄3] (1̄101)
19 1st order pyramidal <c+a> [21̄1̄3] (1̄011)
20 1st order pyramidal <c+a> [112̄3] (1̄011)
21 1st order pyramidal <c+a> [112̄3] (01̄11)
22 1st order pyramidal <c+a> [1̄21̄3] (01̄11)
23 1st order pyramidal <c+a> [1̄21̄3] (11̄01)
24 1st order pyramidal <c+a> [2̄113] (11̄01)
25 2nd order pyramidal <c+a> [1̄1̄23] (112̄2)
26 2nd order pyramidal <c+a> [12̄13] (1̄21̄2)
27 2nd order pyramidal <c+a> [21̄1̄3] (2̄112)
28 2nd order pyramidal <c+a> [112̄3] (1̄1̄22)
29 2nd order pyramidal <c+a> [1̄21̄3] (12̄12)
30 2nd order pyramidal <c+a> [2̄113] (21̄1̄2)
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