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Using an ab initio approach, we explore the stability of small vacancy and vacancy-chromium clusters in
dilute body-centred cubic Fe-Cr alloys. To explain experimental observations described in C.D. Hardie
et al., J. Nucl. Mater. 439, 33 (2013) and showing the occurrence of Cr segregation in low-Cr alloys, we
investigate if chromium can form stable bound conﬁgurations with vacancies in alloys with chromium
concentration below the low-temperature chromium solubility limit of 10e11 at. %. We ﬁnd that a single
vacancy can attract up to four Cr atoms in the most energetically favourable cluster conﬁguration. The
magnetic origin of the binding energy trend is conﬁrmed by a correlation between the average value of
the magnetic moment of a Cr atom and the binding energy. Similar trends are also found for di-vacancyCr clusters, conﬁrming that they likely also characterise larger systems not yet accessible to ab initio
calculations. The ratio of the binding energy to the number of Cr atoms increased more than twice in the
di-vacancy case in comparison with a single vacancy case. The binding energy of clusters containing
single vacancy as well as di-vacancies can be well described by analytical expression that includes
numbers of vacancy-vacancy, vacancy-Cr, and Cr-Cr pairs.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Fe-Cr alloys have attracted signiﬁcant attention in the past
decade because of a broad range of their applications in the ﬁelds of
fusion and advanced ﬁssion [1]. It is well established that the
enthalpy of mixing of Cr in body centred cubic (bcc) Fe is negative at
small Cr concentrations, but it changes sign and becomes positive
above 10e11 at.% Cr concentration in Fe-Cr alloys [2e4]. This
change of sign is responsible for the occurrence of segregation and
clustering of Cr in concentrated binary Fe-Cr alloys. In the low
concentration limit, Cr atoms prefer to be surrounded by Fe atoms
and separated from each other as much as possible; above 10e11 at.
% clustering of Cr begins. This results in a rather unusual phase
diagram of Fe-Cr alloys where the solubility of Cr in Fe in the dilute
limit does not tend to zero at low temperatures [5,6].
Hence, clustering of Cr atoms in dilute alloys is not expected.
However, recent atom probe tomography studies by Hardie et al. [7]
have shown the surprising occurrence of large clusters of Cr atoms
in Fe-5 at. % Cr alloys irradiated with Feþ ions at 400  C. There are
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several possible explanations for the occurrence of such clusters,
for example Cr enrichment at grain boundaries or dislocation loops.
Another possibility is the formation of CrN clusters; however,
recent work by Hardie [8] shows that Cr segregation is not necessarily accompanied by nitrogen enrichment, for example there are
precipitates with high Cr concentration and almost zero nitrogen
content. N-enriched areas were used in Ref. [7] to highlight Crenriched areas that were difﬁcult to locate using Cr count alone,
because of the overall average high Cr concentration in the matrix.
There is also a possibility that vacancies created during irradiation
form small stable complexes with Cr atoms, effectively causing
clustering well below the concentration threshold corresponding
to thermodynamic equilibrium. In recent studies by Barouh et al.
[9] and Schuler et al. [10], it was found that vacancies in Fe could
form stable complexes with interstitial oxygen and nitrogen. It is
natural to explore whether vacancies could have a similar effect on
the solute components of Fe alloys, resulting in the formation of
relatively stable solute-vacancy clusters.
Energies and structures of pure vacancy clusters were investigated in several recent studies [11e13]. However, relatively little is
known about vacancy-Cr clusters in Fe-based alloys, which were
investigated experimentally in Ref. [7]. Below, we summarize results of an ab initio investigation spanning a number of small
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vacancy-Cr clusters, to assess whether stable Cr-vacancy complexes
could form in dilute Fe-Cr alloys. We investigate how the binding
energy of vacancy-Cr clusters varies as a function of their size and
geometrical conﬁguration, in particular how it depends on the
vacancy-vacancy and Cr-Cr separation. Magnetic properties of Cr
and their relation to the strength of binding between Cr and vacancies are also investigated. We establish a linear ﬁt relating the
binding energy of a vacancy-Cr cluster to its geometrical conﬁguration. This relationship is expected to provide a foundation for a
cluster expansion based treatment of large clusters of vacancies and
Cr atoms. Calculations performed here include conﬁgurations
containing one or two vacancies, and up to eight Cr atoms. This
means that in a simulation cell containing 128 atoms, the total Cr
concentration remains low, being no higher than 6.25 at. %, and
hence well below the thermodynamic clustering threshold of
10e11 at. %.
The paper is organized as follows. First, we brieﬂy introduce the
methodology of ab initio calculations and deﬁne values of parameters controlling the simulations such as the cell size, the cut-off
energy etc. Then, the total energy values computed for a single
vacancy and small vacancy clusters in pure Fe are derived and
compared to other studies as well as to experiment. Next, clusters
consisting of a single vacancy and containing from one to eight Cr
atoms in the ﬁrst coordination shell are considered. We then proceed to studying clusters containing two vacancies and one or two
Cr atoms. Finally, we discuss the simulation data and conclude.

[32], with the highest known experimental vacancy formation
enthalpy in the ferromagnetic phase being 2.0 ± 0.2 eV [33]. When
discussing the relaxation of atomic positions around a vacancy, it is
appropriate to deﬁne two distinct, although related, values: the
formation volume and the relaxation volume. The former is deﬁned
as Uf1vac ¼ U0  ðUN  Uð127Fe þ 1VacÞÞ[34], where UN ¼ NU0 , N is
the number of atoms in the simulation cell (128 in the present
work) and U0 is volume per atom in a perfect lattice. The latter is an
observable quantity that enters elasticity equations, and is deﬁned
as Ur1vac ¼ Vð127Fe þ 1VacÞ  UN [35,36]. For the relaxation volume
of a single vacancy in pure Fe we have found the value of 2.74 Å3.
This is in good agreement with the recent study by Murali et al.
[30], where they found Ur1vac ¼ 2:92 Å3 adopting the same
simulation cell size. Formation volume is usually presented as a
fraction of the ideal volume for atom, U0 . For the formation volume,
we ﬁnd Uf1vac =U0 ¼0.76. This value lies inside a fairly broad range of
values obtained in several previous calculations, namely 0.55 and
0.63 [18], 0.90 [19], 0.80 [20], and 0.65 [13]. Good agreement with
literature values found in the case of a single vacancy makes it
possible to extend our study to small vacancy complexes.
We have also investigated how the binding energy between two
vacancies varies as a function of separation between them. The
binding energy of a cluster of m vacancies was calculated according
to the formula

Eb ðmVÞ ¼ m*Eð127Fe þ VÞ  ðm  1Þ*Eð128FeÞ
 Eðð128  mÞFe þ mVÞ

2. Computational details
DFT calculations were performed using the projector
augmented wave (PAW) method implemented in VASP [14,15].
Exchange and correlation were treated in the generalized gradient
approximation GGA-PBE [16]. PAW-PBE potentials with semicore
electrons were used for both Fe and Cr atoms. The plane-wave cutoff energy used in the calculations was 400 eV. The simulation box
contained 4  4  4 unit cells of bcc Fe, i.e. 128 atoms for pure Fe,
and 127 or 126 atoms where we investigated clusters of vacancies
and Cr. In order to check convergence as a function of system size,
several calculations using 5  5  5 unit cell simulation boxes (250
atoms for pure Fe) were also performed. Energies were evaluated
using the 4  4  4 Monkhorst-Pack mesh [17] of k points in the
Brillouin zone. We performed full relaxation with respect to atomic
coordinates and cell dimensions, and used spin-polarized electronic structure approach, to investigate magnetic properties of
vacancy-Cr clusters and to estimate the amplitudes of displacements of atoms from their perfect crystallographic positions. Initial
values of magnetic moments were selected so that Fe and Cr atoms
had their moments arranged antiferromagnetically with respect to
each other, in agreement with results of several previous studies. In
the ﬁnal outputs for all conﬁgurations studied, the magnetic moments of all the Cr atoms remained antiferromagnetically oriented
with respect to Fe atoms, thus conﬁrming that magnetic conﬁgurations found are true lowest energy states.
3. Single vacancy and small vacancy clusters
The formation energy of a single vacancy in pure Fe found in the
f
calculations equals E1vac
¼ 2:215 eV. This value agrees with most of
other ab initio studies, which give values in the range from 1.95 to
2.25 eV, depending on the size of the simulation cell, effects of
volume relaxation and other computational details [14,18e30].
Experimental observations often exhibit slightly lower values of
vacancy formation energy, namely 1.6 ± 0.15 eV [31], 1.7 ± 0.1 eV

(1)

where V denotes a vacancy. A positive value of the binding energy,
according to this deﬁnition, implies that a vacancy cluster has lower
energy than several individual single vacancies situated far away
from each other in the crystal. Taking into account the constraint
associated with the size of the simulation box, distances up to the
fourth nearest neighbour were investigated. The conﬁgurations
studied are shown in Fig. 1, and the corresponding binding energies
are given in Table 1, where they are compared with earlier calculations. In agreement with previously published results, the binding energy of a di-vacancy is the highest for the second nearest
neighbour distance. The best agreement for the cases of the nearest
and second nearest neighbours is between our results and those
found in ab initio calculations [13,20,25]. It is interesting to note
here that there are two ab initio studies [19,24] reporting binding
energies either consistently smaller [19] or consistently higher than
our results. This can be either due to the choice of pseudopotentials
used in Refs. [19] and [24] or the smaller value of the cut-off energy,
but both these papers also conﬁrm stronger binding between second nearest neighbour vacancies. Values obtained using tightbinding theory [12] or interatomic interaction potentials [11]
expectedly disagree with our and other DFT calculations, but they
also conﬁrm stronger binding between second nearest neighbour
vacancies. Beyond the second nearest neighbour distance, the
binding energy decreases substantially. At the third nearest
neighbour separation and further, elastic interactions dominate
binding between vacancies, and it is instructive to estimate this
interaction. An expression for the energy of elastic interaction between two spherically symmetric defects in a cubic crystal (see, e.g.
[37]) has the form:

E¼

15DV1 DV2 d G
;
8pg2 a3 ðr=aÞ3

(2)
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(3)

where DV1 , DV2 are the relaxation volumes of the two interacting
defects, r ¼ jrj is the distance between them, x, y, z are Cartesian
coordinates of vector r, a is the unit cell size, g ¼ 3ð1  nÞ=ð1 þ vÞ, n
is the Poisson ratio of the material, d ¼ C11  C12  2C44 is a measure of anisotropy of the material in terms of its elastic constants.
Using for the unit cell size and the relaxation volume the values
obtained in our calculations (2.824 Å and 2.74 Å3, respectively),
and for the Poisson ratio and elastic constants the experimental
values (n ¼ 0.291 [38], C11 ¼ 243.1 GPa, C12 ¼ 138.1 GPa,
C44 ¼ 121.9 GPa [39]), we obtained for the dimensional factor
V1 DV2 d
the value of 63 meV. The dimensionless angular and
158Dpg
2 a3

distance factor

pﬃﬃﬃ
2
40

Fig. 1. Conﬁgurations containing two (NN (a) and 2NN (b)), three (c) and four (d,e)
vacancies investigated by ab initio calculations. Fe atoms are shown as light brown
spheres, vacancies as grey spheres. Binding energies of each conﬁguration are given in
Table 1. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

G

ðr=aÞ3

for the third nearest neighbour equals

¼ 0:035, and hence the strength of elastic interaction between
vacancies at the third nearest neighbour separation is about 2 meV
(and repulsive, i.e. Eb3NN ð2VÞz  2meV). This value is an order of
magnitude lower than the DFT result. To check that with increasing
size of the simulation box the binding energy for the third nearest
neighbour decreases, we performed several calculations using a
larger box of 5  5  5 unit cells (250 atoms for pure Fe). Results are
given in Table 1 in parentheses and show that indeed the binding
energy falls almost to zero for the third nearest neighbour distance
between vacancies in agreement with the above estimate, whereas
for the ﬁrst and second nearest neighbours the values of the
binding energy remain close to those obtained for the 4  4  4
simulation box.
Finally, we investigated the most compact tri-vacancy complex
and two clusters of four vacancies that adopt “tetragonal” and
“square” conﬁgurations. These complexes are also shown in Fig. 1
with the results for the binding energies given in Table 1. The
binding energies of tri-vacancy and “tetragonal” four-vacancy
clusters agree well with recent calculations by Kandaskalov et al.
[13]. They also indicate the high stability of the “tetragon”-shaped
four-vacancy cluster. However, in the case of a “square” fourvacancy cluster, our calculated binding energy of 1.116 eV is substantially higher than that found in earlier calculations performed
using interatomic potentials [11], tight-binding [12] and DFT [13]
methods. The binding energy remains large (0.975 eV) for the
“square” cluster also if the calculation is performed on a 5  5  5
unit cells simulation box. Increasing the size of the vacancy clusters
leads to higher magnetic moment of neighbouring Fe atoms. In
pure Fe, it is 2.22 mB; around a single vacancy it is 2.43 mB; for Fe
atoms that have two vacancies as nearest neighbours, magnetic
moment approaches 2.62e2.65 mB; and for the atoms with four
nearest neighbour vacant sites (for example like those found in a

Table 1
Binding energies of clusters of 2, 3, and 4 vacancies (eV) obtained in the present study and compared with calculations performed by others. Vacancy conﬁgurations are shown
in Fig. 1. Values in parentheses obtained in this work are calculated using larger simulation boxes containing 5  5  5 unit cells. In the paper by Masuda [12], the values in
parentheses were obtained for unrelaxed atomic conﬁgurations.
Number of vacancies

This work

[13]

[25]

[24]

[20]

[19]

[12]

[11]

2
2
2
2
3
4
4

0.175
0.234
0.045
0.055
0.688
1.478
1.116

0.184
0.194

0.16
0.23

0.22
0.29

0.17
0.23

0.06
0.15

0.044 (0.224)
0.054 (0.150)

0.131
0.195

0.241 (0.670)
0.660 (1.264)
0.034 (0.488)

0.489
1.023
0.75

(NN) (Fig. 1(a))
(2NN) (Fig. 1(b))
(3NN) (Fig. 1(c))
(4NN) (Fig. 1(d))
(Fig. 1(e))
(tetragonal) (Fig. 1(f))
(square) (Fig. 1(g))

(0.140)
(0.224)
(0.001)

(0.975)

0.66
1.31
0.59
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“square” conﬁguration) the magnetic moment is 2.81 mB. This correlates well with results found in other computational studies, in
particular in calculations showing the increase of Fe magnetic
moment at the (100) surface up to 3 mB [40,41], as well as with
recent experimental ﬁndings showing the increase of observed Fe
magnetic moment following self-ion irradiation, which is believed
to be associated with the production of a large number of vacancy
clusters [42]. In Fig. 2, we show values of magnetic moments for Fe
atoms with one, two, and four nearest neighbour vacancies, as
obtained for the case of a “square” vacancy cluster.

4. Interaction of chromium atoms with a single vacancy
We start from the investigation of interaction between a vacancy and a Cr atom. As in the case of two vacancies, distances up to
the ﬁfth nearest neighbour were studied. The resulting binding
energies are given in Table 2. The strongest vacancy-Cr attraction is
found in the nearest neighbour conﬁguration, and the binding
energy rapidly decreases as a function of separation between the
vacancy and a Cr atom.
Next we consider the case of a single vacancy surrounded by
several Cr atoms. Similarly to the case of a vacancy cluster, the
binding energy of a cluster containing m vacancies and n Cr atoms is
deﬁned as follows:

Table 2
Binding energies for vacancy-Cr pairs (eV) as functions of
separation.
Vacancy e Cr distance

This work

NN
2NN
3NN
4NN
5NN

0.094
0.053
0.043
0.010
0.001

conﬁgurations are shown in Fig. 4. What they have in common is
that Cr atoms are situated as far apart from each other as possible.
For two Cr atoms, this corresponds to the ﬁfth nearest neighbour
coordination, for three and four atoms, they are the third nearest
neighbours of each other. On the other hand, complexes with the
lowest binding energy (the lowest binding energy is negative
starting from three Cr atoms, indicating repulsion) are characterised by the second nearest neighbour coordination of Cr atoms,
i.e. the closest interatomic distance that is possible given the
constraint that Cr are in the ﬁrst coordination shell of the vacancy.
In the conﬁguration where we have 8 Cr atoms near a vacancy, the
binding energy is negative and equal to 0.888 eV. The likely
reason why simulations show a correlation between large Cr-Cr
separations and positive values of the binding energy is the

Eb ðmV þ nCrÞ ¼ m*Eð127Fe þ VÞ þ n*Eð127Fe þ CrÞ  ðm þ n  1Þ*Eð128FeÞ
Eðð128  m  nÞFe þ mV þ nCrÞ

A single vacancy can have between one and eight Cr atoms in its
ﬁrst coordination shell. Among the conﬁgurations involving from 2
to 6 Cr atoms, there are cases that are not related by symmetry
operations. In total, there are 21 possible conﬁgurations, where for
each conﬁguration an ab initio calculation with full structural
relaxation was performed. The list of conﬁgurations including coordinates of Cr atoms and the binding energies is given in Table A1
of Appendix, and Fig. 3 shows the binding energy of all such
vacancy-Cr complexes as a function of the number of Cr atoms.
In the interval from one to four Cr atoms, there are conﬁgurations where the binding energy increases almost linearly as a
function of the number of Cr neighbours, as shown by the red line
in Fig. 3, increasing to the maximum value of 0.303 eV (this corresponds to approximately 0.076 eV per Cr atom). These

(4)

repulsive interaction between Cr atoms (in the Fe matrix) that have
parallel magnetic moments. This fact was noted in earlier work (e.g.
[3]), including our own work on bcc-fcc phase transitions in Fe-Cr
[43], and can even give rise to magnetic non-collinearity at Fe-Cr
interfaces and large Cr clusters in Fe [44,45]. The magnetic origin
of Cr-Cr repulsion is also conﬁrmed by the analysis of magnetic
moments of Cr atoms. In Fig. 5, the average value of the magnetic
moment of Cr atoms is plotted versus the binding energy of a
cluster computed for all the conﬁgurations (we note here that
magnetic moments of Cr atoms are oriented antiferromagnetically
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Fig. 2. Magnetic moments (mB) of Fe atoms in the vicinity of a four vacancy cluster
adopting a “square” conﬁguration.

Fig. 3. Binding energy Eb of vacancy-Cr clusters as a function of the number of Cr
atoms in the ﬁrst coordination shell around a vacancy (in eV).

M.Yu. Lavrentiev et al. / Journal of Nuclear Materials 499 (2018) 613e621

Fig. 4. Conﬁgurations with the highest binding energy, containing from 1 to 4 Cr
atoms (green spheres) around a vacancy (grey sphere). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

with respect to the moments of Fe atoms). There is a clear correlation between the two quantities, where a higher value of the
binding energy is correlated with a high absolute value of the
average moment. Cr atoms closely packed around a vacancy tend to
have lower magnetic moments as this minimizes repulsive Cr-Cr
interactions, while for the well-separated Cr, large magnetic moments stimulate stronger Fe-Cr interaction, which overcomes Cr-Cr
repulsion and results in a positive value of the binding energy. As a
result, conﬁgurations with the maximum number of Cr atoms
(four) as third nearest neighbours, see Fig. 4, are characterised by
the highest binding energy. The inﬂuence of a vacancy on the
magnetic moment of Cr atoms in its vicinity can be illustrated by
the difference between Cr magnetic moment in Fe without a vacancy (1.693 mB) and in the presence of a vacancy (1.936 mB). In the
case where there are eight Cr atoms around a vacancy, their magnetic moment is lower than the corresponding value of Cr moment
in bulk Fe (1.574 mB). Hence the presence of a vacancy increases
moments of both Fe and Cr and ampliﬁes their interaction in
comparison with a perfect vacancy-free Fe-Cr alloy.
Finally, we studied structural relaxations of atoms from ideal
lattice positions around a vacancy. In the nearest neighbour position, both Fe and Cr atoms tend to move slightly towards the vacancy, but the displacements are relatively small. For the case of Fe

Fig. 5. Average value of magnetic moment of Cr atoms (mB) around a single vacancy as
a function of the binding energy of the cluster (eV). The straight line is a linear ﬁt
hMCr i ¼ 1:879 þ 0:394*Eb .
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atoms only, their displacement from the ﬁrst shell to the vacancy is
0.085 Å. In the second shell, Fe atoms move away from the vacancy
by 0.028 Å. This is in agreement with calculations of the Kanzaki
forces and defect dipole tensors [46], where inward relaxation was
found for the ﬁrst nearest neighbours and outward relaxation for
the second nearest neighbours. Similar behaviour, but with smaller
relaxations, is observed for Cr atoms. If a single Fe atom in the ﬁrst
shell is replaced by a Cr atom, in the relaxed position this atom is
shifted 0.056 Å towards the vacancy. Fe atoms in the ﬁrst coordination shell also relax their position in the direction towards the
vacancy, the displacements are in the interval from 0.072 Å to
0.095 Å. For a single Cr atom in the second nearest neighbour position, the displacement is 0.033 Å away from the vacancy (Fe atoms
in the second coordination shell also relax away from the vacancy
by between 0.025 Å to 0.031 Å). With increasing number of Cr
atoms in the ﬁrst shell, their relaxation becomes smaller and ultimately changes sign for the case of eight Cr atoms, where these
atoms relax away from the vacancy (by 0.007 Å only). This is related
to the repulsive magnetic interaction between Cr atoms discussed
above. Overall, we found that the bcc structure with and without Cr
atoms is distorted only slightly in the vicinity of a vacancy.
5. Divacancy-chromium clusters
If a vacancy cluster contains more than just a single vacancy, the
number of possible conﬁgurations of Cr atoms around the vacancy
cluster becomes prohibitively high for ab initio calculations, and it
proves necessary to restrict ourselves to the treatment of only a
selected number of cases. We have chosen to study di-vacancy
clusters where the two vacancies are in the nearest and second
nearest neighbour positions, because the binding energy is the
largest in these two cases (see Table 1). Only clusters with one and
two Cr atoms were considered, with a constraint that the largest
separation distance between vacancies or the Cr atoms in the
cluster is less than half of the simulation cell size (i.e., less than the
sixth nearest neighbour). The full list of conﬁgurations with two
vacancies studied in this work, including coordinates of Cr atoms
and the binding energies, is given in Tables A2 and A3 in Appendix.
For the two vacancies in the nearest neighbour conﬁguration
and a single Cr atom, three possible cluster structures studied are
shown in Fig. 6(aec). We found that the binding energy of a cluster
consisting of two vacancies and one Cr atom is almost independent
on the position of the Cr atom with respect to vacancies in all the
conﬁgurations shown in Fig. 6(aec). For conﬁguration shown in
Fig. 6 (a), the calculated binding energy is 0.278 eV, whereas for
conﬁgurations shown in Fig. 6 (b) and 6 (c), the binding energy is
0.289 eV. Hence, the addition of a single Cr atom increases the
binding energy of the cluster by more than 100 meV, from 0.175 eV
(see Table 1) to 0.289 eV.
In conﬁgurations where vacancies are in the second nearest
neighbour position (Fig. 6(dee)), there are only two symmetrically
non-equivalent conﬁgurations for a single Cr atom and the binding
energy strongly depends on its position. In this case, a Cr atom
prefers the symmetric position where it is the nearest neighbour of
both vacancies (Fig. 6 (d)), with the total binding energy increasing
from 0.234 eV (Table 1) to 0.333 eV. If the Cr atom is in a nonsymmetric position where it is the nearest neighbour of one vacancy and is the fourth nearest neighbour of the second vacancy
(Fig. 6 (e)), the binding energy is close to 0.236 eV.
In conﬁgurations containing two vacancies and two Cr atoms, 12
different conﬁgurations with vacancies being nearest neighbours
and 7 conﬁgurations with them being second nearest neighbours
were investigated. It is instructive to look at conﬁgurations characterised by the highest and the lowest binding energies. In the
case of vacancies in the nearest neighbour conﬁguration, the lowest
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binding energy is 0.014 eV (i.e., the cluster is marginally unstable).
This corresponds to the case where the two Cr atoms are the
nearest neighbours of each other (Fig. 7 (a)). The highest binding
energy of 0.348 eV was found in the case of Cr atoms in the fourth
nearest neighbour positions (Fig. 7 (b)). This conﬁguration is not
the only one that has a high binding energy: altogether we have
found eight structures where the binding energy is in the range
from 0.31 to 0.35 eV. In all of them, Cr atoms are either in the third,
or the fourth, or the ﬁfth neighbour position, conﬁrming the
qualitative picture of bonding established above for the case of
single vacancy. Similarly, for the vacancies in the second nearest
neighbour position, the lowest binding energy of 0.188 eV (which is
lower than the binding energy between two vacancies only) was
found where Cr atoms are in the second nearest neighbour position
(Fig. 7 (c)), and the highest (0.409 eV) where they are third nearest
neighbours of each other (Fig. 7 (d)). In general, the binding energy
falls into two bands: 0.18e0.22 eV where Cr atoms are second
nearest neighbours and 0.32e0.41 eV where they are further apart.
This, together with a similar observation applied to the case of
vacancies in the nearest neighbour position, suggests that it should
be possible to describe the binding energy of vacancy-Cr clusters in
terms of a cluster expansion-type model. Comparing single vacancy
and di-vacancy clusters, we found that for the former, the ratio of
the binding energy to the number of Cr atoms is the highest for the
case of a single Cr atom in the nearest neighbour position (0.094 eV,
see Table 2). For the di-vacancy clusters studied, the ratio of the
binding energy to the number of Cr atoms is the highest for the
cluster shown in Fig. 7 (d) and is 0.204 eV per atom, i.e. increased
more than two times compared to the single vacancy case.

Fig. 6. Conﬁgurations containing two vacancies in the nearest (aec) or second (dee)
nearest neighbour position also containing a single Cr atom.

Fig. 7. Lowest (a, c) and highest (b, d) energy conﬁgurations containing two vacancies
and two Cr atoms. Vacancies are either in the nearest (a, b), or second nearest (c,d)
neighbour position with respect to each other.

Similarly to the case of a single vacancy, there is a clear correlation between the average magnetic moment of Cr atoms and the
binding energy, as shown in Fig. 8 (note again that the moments of
Cr atoms are oriented antiferromagnetically with respect to the
moments of Fe atoms). Larger distances between Cr atoms result in
the less strongly repulsive Cr-Cr magnetic interactions. As a result,
magnetic moments increase, and the positive Fe-Cr magnetic
coupling gives rise to higher binding energy values. As in the case of
a single vacancy, displacements of Cr and Fe atoms from their ideal
lattice positions are small in comparison with the lattice parameter.
The full set of conﬁgurations explored in this study is not yet
sufﬁcient for developing a full cluster expansion for the Fe-Crvacancy system, because it does not include larger Cr-vacancy
clusters which are necessary for ﬁnding cluster expansion coefﬁcients describing triplets, quadruplets and (possibly) larger
clusters. However, it is possible to approximate the binding energy
of a vacancy-Cr cluster by an analytical expression that includes
numbers of vacancy-vacancy, vacancy-Cr, and Cr-Cr pairs. To do so,
we used all the forty ﬁve conﬁgurations listed in Appendix and two

Fig. 8. Average magnetic moment of a Cr atom (mB) in the vicinity of two vacancies as a
function of the binding energy of the cluster (eV).
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conﬁgurations without Cr, namely two vacancies in the nearest and
second nearest neighbour positions (Table 1). For consistency, we
also calculated binding energies for two Cr atoms (without vacancies) in nearest and second nearest neighbour positions, and
added them to the set of conﬁgurations used in the approximation.
The interaction between the two Cr atoms was expectedly found to
be repulsive, with negative binding energies of 276 meV
and 153 meV in nearest or second nearest neighbour positions,
respectively. These values are in agreement with earlier results by
Olsson et al. [23], who obtained 242 meV and 123 meV for these
two conﬁgurations. The following expression describes binding
energies of all the forty nine conﬁgurations at a high level of
accuracy:
vacvac
vacvac
Eb ðeVÞ ¼ 0:036474 þ 0:1858NNN
þ 0:159392N2NN
vacCr
CrCr
þ 0:050649NNN
 0:294583NNN
CrCr
CrCr
 0:127033N2NN
þ 0:010031N3NN
CrCr
þ 0:02066N5NN

(5)

ij
where Ndist
are the numbers of vacancy-vacancy, vacancy-Cr, and
Cr-Cr pairs at given distance in each conﬁguration. This ﬁt spans
binding energies over a fairly broad range of ~1.3 eV and has the
mean square error of only 0.026 eV. The fairly good agreement
between the ﬁt and the calculated DFT energies is illustrated in
Fig. 9.

6. Discussion
In this work, we performed an ab initio investigation of small
vacancy and vacancy-Cr clusters in bcc Fe. The objective of this
study was to investigate the possibility of clustering of Cr atoms
around vacancies in Fe-Cr alloys at relatively low Cr concentrations
(below the thermodynamic solubility limit of 10e11 at. %, above
which Cr clustering occurs in perfect bcc alloys). We found that a
single vacancy attracts up to four Cr atoms in the most energetically
favourable conﬁguration. Cr atoms around a vacancy prefer to be in
the ﬁfth and the third nearest neighbour position with respect to
each other. Cr in the second nearest neighbour position reduces the
binding energy. The magnetic origin of this binding energy trend is
conﬁrmed by a correlation between the average value of magnetic
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moment of Cr atoms and the binding energy. Similar trend is found
also for the divacancy-Cr clusters studied here. Magnetic interaction in the presence of a vacancy or a vacancy cluster is ampliﬁed
compared to the case of a perfect Fe-Cr alloy because of the increase
of Fe and Cr magnetic moments.
Our results conﬁrm that single vacancies, as well as divacancy
clusters, can attract Cr atoms, forming small localised volumes with
high Cr concentration that cannot be detected using currently
available experimental means. We are able to approximate the
binding energy of a vacancy-Cr cluster by an analytical expression
in terms of numbers of vacancy-vacancy, vacancy-Cr, and Cr-Cr
pairs. Further investigation of this topic should aim at the development of a cluster expansion type model for the binding energy
that would allow extending the scale of simulations to sizes that are
currently too large for ab initio analysis. Also, for the assessment of
stability of Cr-vacancy clusters, it is necessary to evaluate not only
the binding energy, but also the height of the barrier that has to be
overcome to dissociate the cluster. Hence, calculations of barrier
heights and diffusion pathways for vacancy-Cr and vacancy-Fe
exchanges in these clusters are required. These calculations,
together with large-scale model for the binding energy, should
enable carrying out kinetic Monte Carlo simulations of the evolution of vacancy-Cr clusters in the Fe matrix. Finally, even though we
did not ﬁnd large displacements of atoms from their ideal crystallographic positions, this possibility cannot be excluded in the limit
of a large number of vacancies in a cluster. For larger vacancy and
vacancy-Cr clusters, it is natural to expect large lattice deformations
that could in turn result in a structural transformation away from
the body centred cubic lattice, at least on a small scale. Transformation of clusters of self-interstitial atom defects in pure Fe into
clusters of the C15 phase was predicted recently in Ref. [47]. It was
also shown that microstructure may change signiﬁcantly in alloys
where the mismatch between atomic sizes is small [48]. In our case,
vacancies and Cr atoms introduce substantial strains in the crystal
lattice, so an investigation of the possibility of structural and
microstructural changes associated with large vacancy and
vacancy-Cr clusters warrants attention.
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Appendix

Fig. 9. Plot illustrating agreement between DFT binding energy data on vacancy-Cr
clusters studied in the present work and a ﬁt (5) with respect to the numbers of
vacancy-vacancy, vacancy-Cr, and Cr-Cr pairs.

In this Appendix we summarize values of binding energies of all
the vacancy-Cr conﬁgurations studied in this paper, together with
their geometries. Coordinates of vacancies and Cr atoms are given
relative to the size of the simulation box, i.e. 4  4  4 bcc unit cells.
We keep continuous enumeration of the conﬁgurations studied.
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I. Single vacancy

Table A1
Coordinates of Cr atoms around a single vacancy and the corresponding binding energies. Vacancy is situated at (0,0,0). All of the 21 conﬁgurations of Cr atoms in the ﬁrst
coordination shell around vacancy are presented in Table A1.
Number of
conﬁguration

Number of Cr
atom(s)

Positions of Cr atom(s)

Binding energy
(meV)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

1
2
2
2
3
3
3
4
4
4
4
4
4
5
5
5
6
6
6
7
8

(1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8), (1/8,1/8,1/8),
(1/8,1/8,1/8)

94
20
138
151
221
55
106
303
79
222
44
94
116
10
272
127
440
325
326
591
888

II. Two vacancies in nearest neighbour position

Table A2
Coordinates of Cr atoms around two vacancies in the nearest neighbour position and the corresponding binding energies. Vacancies are situated at (0,0,0) and (1/8,1/8,1/8). All of
the three conﬁgurations of a single Cr atom and 12 conﬁgurations of two Cr atoms studied in this paper are presented in Table A2.
Number of conﬁguration

Number of Cr atom(s)

Positions of Cr atom(s)

Binding energy (meV)

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

1
1
1
2
2
2
2
2
2
2
2
2
2
2
2

(1/8,1/8,1/8)
(1/8,1/8,1/8)
(1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (0,0,¼)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (¼,¼,0)
(1/8,1/8,1/8), (¼,0,0)
(1/8,1/8,1/8),(¼,0,0)
(1/8,1/8,1/8), (0,¼,0)
(1/8,1/8,1/8),(¼,0,0)

278
289
289
327
210
332
337
338
180
317
348
319
90
314
14
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III. Two vacancies in second nearest neighbour position

Table A3
Coordinates of Cr atoms around two vacancies in the second nearest neighbour position and the corresponding binding energies. Vacancies are situated at (0,0,0) and (¼,0,0).
All of the 2 conﬁgurations of a single Cr atom and 7 conﬁgurations of two Cr atoms studied in this paper are presented in Table A3.
Number of conﬁguration

Number of Cr atom(s)

Positions of Cr atom(s)

Binding energy (meV)

37
38
39
40
41
42
43
44
45

1
1
2
2
2
2
2
2
2

(1/8,1/8,1/8)
(1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)
(1/8,1/8,1/8), (1/8,1/8,1/8)

333
236
409
357
188
208
316
222
342
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