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Abstract. Impurity transport is an important topic for ITER as impurity density in tlie core has to stay below a relative
concentration of 5 x 10~^ [1] to reach ignition conditions. The reasons for that is mainly impurity radiation leading to cooling.
In the edge region on the other hand site, higher impurity densities, going along with radiation energy losses are beneficial as
the radiative cooling arranges for good power distribution onto thefirstwall.
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INTRODUCTION
Thermonuclear fusion is easiest obtained using a mixture of Deuterium and Tritium as fuel. Any other material in
the plasma diluting the fuel mixture is considered an impurity, this includes the Helium ash resulting from the fusion
process. The Helium ash is, however, the only impurity species that has its source in the confined plasma region. All
other impurities have their origin at the walls, from where they enter the plasma either as fast neutrals, originating from
processes that release them from the walls, or they are already ionised in the scrape off layer, the SOL and transported
across the last closed flux surface (LCFS) into the confined plasma region. Some impurities are deliberately injected
into the plasma to infiuence the plasma properties in the SOL, for example to enhance the coupling of radiofrequency
heating schemes, or are puffed or ablated, gaseous and solid impurities respectively, for transport experiments. In these
cases the impurity sources are more or less known and we speak of extrinsic impurities. Materials that have their origin
in the tokamak walls, either as material being deposited in layers onto the wall or wall materials themselves, are called
intrinsic impurities. The sources of intrinsic impurities are badly known or not known at all.
Impurities influence the plasma performance through a number of processes. In the core the impurities dilute
the plasma fuel, thus diminishing the efficiency of the fusion process. They can also influence through dilution the
instabilities which drive transport and thus reduce core confinement. As impurities are usually materials with a rather
high mass they efficiently radiate energy from the plasma and thus cool the plasma, an effect that is detrimental in
the core, where high temperatures are needed to obtain fusion, but that is beneficial in the edge, where radiative
cooling of plasma that leaves the confinement region. This distributes its energy onto a larger surface, compared to
the rather small area that is '"wetted"' by the plasma flowing toward the divertor plates, which have to withstand
tremendous heat fluxes. At the same time the presence of impurities can change the ratio between plasma density
and temperature to obtain a certain critical plasma pressure at the edge, thus contributing to the H-mode physics as
for example influencing the nature and frequency of edge localised modes (ELM) bursts, which pose one of the most
difficult problems to obtain a technically viable operating regime for a fusion reactor.
This paper will discuss methods to investigate turbulent impurity transport only, classical and neoclassical impurity
transport has been reviewed in detail in [2].
We will start by considering test particle transport in section two with a focus on simple and paradigmatic turbulence
equations. A second part of these considerations will focus on the consistency of the test particle transport with bulk
transport and the use of test particle densities instead of the particles themselves. The third paragraph we will describe
different pinch effects, as they are of utmost importance in understanding peaked impurity profiles. Most of these
pinches arrive due to finite compressibility of the advecting velocity field, with the best known being the curvature
pinch originating in the compressibility of the velocity field perpendicular to the magnetic field direction, others
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pinch effects arising due to parallel velocity compressibilties and finally pinch effects from off -diagonal elements of
the transport matrix, for example thermodiffusion, where the upgradient transport of particles is a consequence of a
potentially large down gradient energy flux.

TEST PARTICLE TRANSPORT
Impurities in a plasma are never passive in the sense that they would not alter the stability of the plasma or details
of the turbulence, they always participate in transport of heat, particles and momentum. However, it is a useful and
instructive simplification to neglect theirinfluence on the bulk plasma and consider the impurities as species that are
moved and changes by the plasma conditions around them, but exert no backreaction. Specifically, and besides energy
losses through impurity radiation, this means that the impurity charge density plays only a negligible role in the
quasineutrality condition expressed as V • / = 0. The impurity contribution to quasineutrality must everywhere be
smaller than each of the terms contributing to the quasi-neutrality condition from other species. Contributions to the
quasi-neutrality are related to the fluctuating currents, which for an anomalous transport situation are brought about by
the turbulence. Thus, a much more strict relationship has to be fulfilled, namely, the passive density must everywhere
be smaller then the bulk current divergences building up in a characteristic time. For drift-wave like turbulence with a
characteristic time given by ion larmor radius at electron temperature over ion sound speed ps/cg :
2impnimp < PsICsY,"^

•K ^ O •

(1)

This is a strict condition, which cannot be guaranteed to be fulfilled in a real plasma at all times, as this would demand
a correlation of the impurity densities with the bulk fluctuating quantities.
Noting that this condition will strictly not be fulfilled triggers an additional word of caution, if we consider self
consistency. Let us make a 'Gedankenexperiment' and assume we would be able to mark a certain number of bulk
plasma ions, so that these marked ions fulfill the condition above. Obviously a short time after these particles have lost
the memory of their starting positions, i.e., after a Lagrangian auto-correlation time, we expect and know that these
particles are transported like the bulk plasma. They will be exhibiting the same gradient and the same relative flux. In
fluid turbulence this allows to asses general transport properties of the turbulence from passive tracer dynamics [].
If passive tracers do not follow the bulk and do deviate from the bulk, then because the transport of passive
test particles cannot tell us about f.x. the equilibrium pressure gradient. We would need the back reaction of the
plasma density onto the fields governing its motion. Having stated this, we notice that the usual evaluation of
anomalous transport in fluctuation based models does, however, not address the profile problem self-consistently as
well. Consequently this approach will be able to to reveal pinch effects, but not self-consistently. On the positive side
it has for a number of practical situations been shown, that the bulk transport and the one derived from the relative
diffusion of passive test particles are indeed in agreement with each other [15, 16]. Deviations between passive tracer
transport and bulk transport, as they appear, will only be resolved if we are able to solve the plasma profile problem
for a multi-species plasma under turbulent action in a self-consistent manner.

Fundamentals of particle dispersion in turbulent flows
The classical results for particle dispersion in homogeneous turbulent flows dates back to the works of G.I. Taylor
more than eighty years ago (see, e.g., [3, 4]). Here we present a short account of the basic features. Consider a particle
released at f = 0 in an isotropic and homogeneous turbulent flow field characterized by the velocity fluctuations: u{x, t).
The particle is assumed to ideally follow the flow as a passive tracer. The displacement of the particle from its initial
position, which we may take to be the origin of the coordinate system without loss of generality, is determined as:

7{t) = [ u(r{t'),t')dt',
Jo
where v{t) = u{f{t),t) designates the so-called Lagrangian velocity of the particle measured along its trajectory. The
mean value of the displacement will be zero, since {u{r{t),t)) = 0 (here (•) denote average value). Thus, we shall
consider the mean square displacement (the variance), which will be positive. The time derivative of the squared
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displacement of the particle is calculated as follows:

'^'^Jt'^'^ = \jt^'^'^^^ = 7(f) .]|'v(Orf?' = jj{t)-v{t')dt'.

(2)

We now average this expression for the single particle over an ensemble of particles that are initialized all over the
flow, and obtain the mean square displacement over the ensemble of particles: R^it) = (r^(f)),:
^^'^'^ -2f'{vit)-vit'))dt'.
dt
Jo

(3)

The integrand is expressed as
{v{t)-v{t'))=CLit-t'){v^)
where we have introduced the normalized Lagrangian autocorrelation function, Ci, for a time stationary turbulent
flows {Ci depends only on the time differences) with Q^(0) = 1. (v^(f)) is the mean square velocity fluctuations.
(Note: for homogeneous turbulence the mean square of the Eulerian and Langragian velocity fluctuations are equal
[3]). We define the Lagrangian integral time scale:
TL= /

Jo

RL{T:)dz,

which is a characterizing the memory of the dispersing particle. From Eq. 3 we obtain for the mean squared displacement:
R^{t) = 2{v^) f dt' [ CL{s)ds = 2{v^) [ [t- s)CL{s)ds.
JO
Jo
Jo
We may estimate R^{t) for two limiting cases:
i) short times f <C T^ where Eq. 4 reduce to
R\t)=2{v^)t\
ii) long times t^Xi

(4)

where Eq. 4 reduce to
R^{t) =2Dt.

Thus, for short times the particle motion is ballistic, while for large times the dispersion is characterized by a diffusive
process like Brownian motion with the variance growing linearly in time, and the diffusion coefficient expressed as

Thus, if the full Lagrangian statistics of the flow were known then the particle dispersion could in principle be
calculated. Furthermore, if the integral of the Lagrangian autocorrelation function is finite, i.e., T^ is finite, the
dispersion process will asymptotically approach a normal diffusion process.
In addition, to the two asymptotic regimes discussed above there is a regime for intermediate times of anomalous
dispersion characterized by
7?2(f)ocf^

where a > 1 is referred to as superdijfusion, and a < 1 is referred to as subdijfusion. The time window of this
intermidiate regime may in principle be arbitrary wide when ii tend to infinity. Typical values of a found in numerical
simulations of particle dispersion in two-dimensional turbulence lays in the region 1.3 < a < 1.7 [5, 6, 7]. Although
it is believed that it is the intermittent trapping and de-trapping of particles in coherent vortical structures that is
responsible for the anomalous dispersion, it has not been possible to find/predict a unified value of a. Various attempts
have been proposed to describe the anomalous dispersion, including stochastic models [7] and fractal kinetics [8, 9].
The Lagrangian statistics is in general not obtainable. From standard single point measurements one obtains the
Eulerian statistics and the relation between Eulerian and Lagrangian statistics is not at all trivial. Numerous works
have been devoted basically to derive the Lagrangian correlation from the Eulerian statistics, see e.g. [4]. For two
dimensional homogeneous turbulence a particularly simple result was suggested [10] for the scaling between the
Lagrangian and Eulerian correlation functions: Ci{pt) « Ct:{t) where j3 < 1 is a parameter and thus TL < TE- This
result was tested numerically with good agreement. Other studies also aim at providing the scaling of the diffusion
coefficient with the rms-value of the fluctuations [11], and the analytical predictions have been compared with diffusion
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of particles in a synthesized wave field modelling the turbulence [12]. These investigations were generalized further
[13] to cases of strong turbulence where the assumptions behind the Taylor result are breaking down. This regime may
be characterized by the so-called Kubo number/T > 1, where ^ = (v^)^'^rc/A, Tc is a typical correlation time and A is
the averaged spatial scale of the fluctuations. The Kubo number measures the averaged distance covered by a particle
during the correlation time relative to the typical spatial scale of the fluctuations. The results can be summarized by the
dependence of the diffusion coefficient on the Kubo-number: D o= K"^, with a = 2 for ^ <C 1 and a « 0.7 for ^ ;:^ 1.
The particle trapping is found to partly hinder the diffusion, introducing a regime of subdiffusion.

Particle dispersion in plasma turbulence
The results discussed above also apply to to cross field particle dispersion in low frequency turbulence in magnetized
plasmas. Here the fluctuating electric field give rise a fluctuating velocity field with the E x B velocity being the main
contribution. For an overview of turbulent diffusion in magnetized plasmas see the Monograph by Balescu [14].
We shall shall here discuss a specific an example of test particle dispersion in electrostatic plasma turbulence. We
base our discussions on the well-known Hasegawa-Wakatani equations (HWE) [15] for plasma edge turbulence driven
by the resistive drift wave instability:
din + dy(p + {(p,n}
diV^(p+{(p,V^(p}

=
=

-C{n-(p)

+ ii,y^n ,

- C ( « - ( p ) + M,pV>,

(5)
(6)

where n and (p are the fluctuating part of the density and potential, respectively. 1/C = i-/k}:Lu is the adiabaticity
parameter and contains via the parallel scale length Lii = (L„ Tg/nie Cg Vgi) ' the parallel resistivity.
It is inherently assumed that only one mode, parallel to the homogeneous magnetic field B = BQZ , is excited, and all
differential operators work in the (x,)')-plane, {(p,Y} = zx Vqy-Vij/ = -^^ — -^-^- The x-coordinate is identified
as the radial direction and the }'-coordinate the poloidal direction and the model covers a slab region of the plasma-edge
in a toroidal device. The fluctuating E x B velocity is given as a = (a,v) = {—-^, -jj). The normalization scales are
ps = Cs/^i for lengths perpendicular to the magnetic field and L„/cs for the times, where Cg = ^/Te/nii is the soundspeed and L„ = {VnQ{x)/nQ{x))^^ is the length scale of the radial back-ground density gradient (along x). Potentialand density-fluctuations are normalized by {Tele) (ps/Ln) and noPs/L„, respectively. The electron-temperature is
constant, and we assume cold ions. ii„ is designating a diffusivity and jiq, is the viscosity. For convenience and without
loss of generality we take jin = l-i-<p = jJ-•
The HWE Eqs. (5,6) are solved numerically on a double periodic domain by means of a de-aliased pseudo-spectral
code for details see [16, 17, 18]. After the initial linear growth the system enters a saturated turbulent state, where the
global statistical properties show little or no time dependence, nor any dependence on the initialization method.
To gain statistically relevant results a large number of particles, typically more then 10000, that are passively
advected by the flow have to be considered. The particles are initialized at random positions uniformly over the
domain, when the turbulence has reached the quasi-steady regime. The trajectories of the particle are found from:
f{t)=fo+

I u{f{t')/)dt'
(7)
Jo
where ro is the initial position of the particle and u the velocity. The principal component of M = (a, v) is the E x B
velocity evaluated at the position of the particle from the electrostatic potential (p: VLE = i—dy(p,dx(p). This velocity is
employed when tracking ideal "massless" particles for which inertia effects can be neglected. Inertial effects can be
incorporated by adding the polarization drift, Up to u^-, which may be written in normalized form:
Up = - C ( ^ ^ + (vi-V)^V(p,

(8)

where ^ = ^ jf-, M and q are the mass and charge of the particle. For the background, singly ionized ions, with charge
e and mass ntj, Up is a very small correction since jf- is on the order of 0.01 or less (Ps = Cs/Hd and L„ is the density
scale length). But for heavy ions (e.g., impurity ions, or alpha particles) it might become important. In the next section
we briefly investigate the influence of the polarization drift correction on the dispersion properties and in particular the
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diffusion of heavy ions. The specific feature of this velocity is that it is compressible in contrast to the E x B velocity
which in a homogeneous magnetic field is incompressible V • UHXB = 0. For compressible convection velocities we
have the possibility of clustering of particles and particularly of pinching, as will be discussed in the next section.
For the cases discussed above we inherently assumed that finite Larmor radius effects (FLR) could be neglected.
That is, the typical scale lengths of the fluctuations are much larger than the Larmor radius of the particles. This holds
well for "cold" impurity particles in the edge region. However, for high energetic particles like fusion alphas, having a
Larmor radius of few cm the finite Larmor radius effect is certainly important. Then in principle the particle trajectory
have to be calculated applying the full Lorenz force:
dui
—— =

q dip'
^

dxi
\-Q.ceijUj;

—— = Ui\ Su = - £ 2 1 = ^,£ii = 0.

dt
m oxi
dt
However, provide that the time scale of the turbulence is much slower than the gyro-motion one apply the standard
gyrokinetic approach. That is averaging the potential over the gyro orbit of the particle, which results in the effective gyro averaged potential - given by

^^(^) = 7^f_

dkexp{ik-f)^(k)Joikp)

(9)

where (p (k) designates the Fourrier transform of the potential, Jo is the Bessel function of zero order, and p is the
Larmor radius of the impurity ion. The particles are advected by the gyro averaged E x B velocity obtained from
(/)G(r).
In the case of weak turbulence one will intuitively expect that the FLR will limit the dispersion, since the particle
is sampling over a varying ii-field and therefore experiences and effectively smaller E x B drift. This is in agreement
with results of [19] who investigated the influence of FLR on particle dispersion in drift wave turbulence, and the
results of Krane et al [20]. However, recently it has been shown that for the limit of large Kubo numbers the effect of
the FLR becomes less dramatic [21], and for Kubo numbers of around 10 FLR only a weak reduction of the dispersion
results. Similar results are also found by [22, 23], who applied these results to explain the anomalous diffusion of fast
ions originating from off-axis neutral beam injection in Asdex Upgrade [24].

Particle dispersion
First we consider a dense collection of particles initially located in a small domain around the center of the box.
Fig. 1. Initially we observe a large dispersion in the radial direction (along x). After around 16 time units the poloidal
diffusion starts to dominate, and atT = 80, the initially dense particle collection confined to an {x,y) symmetric part
of the flow has been dispersed to an area in the flow that is roughly two times as long in the y direction as in the x
direction.
To describe the diffusion of a large ensemble of particles we introduce the running diffusion coefficient. We split it
into a radial and poloidal (x and y) component defined as

A.(o = ^ , A.(o = 4 r ,

(10)

where X^{t) = {{x{t) — x{t = 0))^), Y^{t) = {{y{t) —y{t = 0))^) are the mean square displacements of particles in
radial and poloidal direction. The brackets denote an average over all particles. For a diffusive process the running
diffusion coefficient D{t) reaches a time independent value D, as X^{t) ~ t holds. We should note that the running
diffusion coefficients ia often defined as the differential D{t) = 5 ^ , which also approach a constant in the diffusive
limit. Applying the classical Taylor result for particle dispersion in turbulent flows (see the Introduction) for the two
components of D the asymptotic diffusion coefficients can be expressed as:
D, = {U^)TL, Dy = {v^)ZL,

(11)

Employing the estimated value of TL « 2 — 3 and the values of the rms velocity fluctuations (ip-) « 1.4, (v^) « 1.1,
which are only weakly dependent of C we would expect: Dx = 4 — 5 and Dy = 2 — 3 almost independent of C.
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FIGURE 1. Dispersion of a dense sample of particles initially released in a square box at the center of the domain.

From the Lagrangian autocorrelation function we can estimate the Lagrangian integral time scale: TL = 2 — 3, which
is weakly dependent on C Thus, the Kubo number, K = {v^Y'^TdX, takes typical values of/T = 2 — 3 for both radial
and poloidal fluctuations, where the Tc is taken as TL and the averaged spatial scale length is estimated as A ~ 2 . Thus,
the Kubo number is roughly constant for the parameters we have considered, and it is not possible to perform a Kubo
number scaling of the dispersion properties.
In Fig. 2 we have shown the evolution of the radial and poloidal component of the running diffusion coefficient
defined in (10) for different values of the coupling coefficient, C. We observe that Dx is strongly dependent on C,
although it is found that (M^) only weakly decreased with C. After an initial ballistic phase, Dx °= t, the coefficient
decreases and finally tends to flatten out at least for C < 2. Thus, it appears that the evolution after a period of
subdiffusive behaviour characterized by X^{t) ~ t^ with a < 1 approach an asymptotic diffusive regime, with a
diffusion coefficient that is strongly decreasing with C. Indeed the diffusion is significantly smaller than the the "Taylor
diffusion", Eq. (11). For the value C = 5 the subdiffusive behavior is more pronounced than at smaller C values. The
poloidal diffusion is clearly larger than the radial one. For moderate values of C it is found to be in agreement with the
value predicted from the Taylor-formula (11), however, for larger C > 1 it tends to increases with C with the tendency
for superdiffusive behavior for large C-values (C = 5). This behavior and in particular the strong anisotropic effect
for large C have also been observed for the dispersion of passive particles in the frame-work of the Hasegawa-Mima
equation (see, e.g. [19, 25, 26].
The intermediate subdiffusive regime for the radial dispersion and the superdiffusive behavior for the poloidal
dispersion was found to be related to trapping of particles in vortical structures [16]. A significant amount of particles
are trapped in the vortical structures and convected with them for some time (typically t = 10 - 15 for moderate values
of C). The vortical structures propagate predominantly in the poloidal direction with a poloidal velocity about 0.45,
which is 3 times higher than their typical radial velocity 0.15. Thus, it may be estimated that the convection by the
vortices will enhance the poloidal spreading and limit the radial spreading of the particles.
In order to investigate the radial subdiffusive and poloidal superdiffusive behavior in more detail for the case C = 5
we have plotted the mean square displacement both in radial and poloidal direction in Fig. 3a. For Y we observe a
clear superdiffusive behavior in an intermediate time span (5 < f < 100), Y^ ~ t^ with an exponent a ~ 1.4, while
it is approaching a normal diffusion for f > 100 ( a = 1). For X it is more subtle, a naive fit would indicate a sub-
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FIGURE 2. a) Running diffusion coefficient in the radial direction, Dx, and b) in the poloidal direction, Dy, versus time for
various values of C.
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FIGURE 3. a) The mean square radial and poloidal particle displacement X^(t) and Y'^{t) versus time for C = 5. For the radial
displacement a subdiffusive regime is clearly visible for f > 5. For the poloidal/meridional displacement a superdiffusive regime
is visible for 5 < f < 500. b) A detailed fit to X^{t). The dashed curve is a least mean square fit of the form At"^ + B to X^{t) for
t > 400, where cj = 1, A = 0.184, B = 68.75. The dashed line has the slope 1 and the dot-dashed line has the slope 0.73.

diffusive behavior continuing for t > 100 with X ^ t", a ~ 0.73 following a stronger subdiffusive regime, a ~ 0.5,
for 10 < f < 100 However, a detailed fit, see Fig. 3b, shows that after the subdiffusive behavior for 10 < f < 500 there
is a a slow transition to the asymptotic diffusive behavior. The dashed curve is the best fit of a function of the form
At'^ +B for t > 400 with a = 1. The "naive" fit in the regime 200 < f < 2000, X^ (t) ~ fO-^^ is shown by the dot-dashes
line.

Consistency with background transport
We would like to point out, that there are two ways to determine the plasma particle transport. One way is to
determine the particle transport is to derive a diffusion coefficient from following passive tracer particles convected by
the turbulent flow, as described above. The other way is to look directly at the convected density, leading to the familiar
expression F = n UEXB for the local turbulent particle flux. The radial component of T is the cross-field transport as
usually measured in experiments and simulations of electrostatic turbulence, see e.g., [27, 28, 29, 30]. Note that an
effective diffusion coefficient related to the flux is defined through Pick's law, D"^^ = FQ/VMQ, with our normalizations
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FIGURE 4. Comparison of radial diffusion coefficient Dx denoted by x and the diffusion coefficient obtained from the particle
flux DY ( O ) ' for various values of C a) Newtonian viscosity li = 0.001. b) Hyper-viscosity with the operator: V^. c) For different
values of the Newtonian viscosity and C = 2 (from [17]).

reduce to D'^-^-^ = FQ. Here FQ is the flux averaged over the whole domain. A more elaborated discussion of the relation
between the E x 5-flux and the particle diffusion is presented by [17]. Here we just show in Fig. 4 that the effective
diffusion coefficient obtained from calculating the the mean flux and the particle diffusion coefficient are consistent.
Thus for the present model with fixed and given density gradient the asymptotic diffusion coefficient for ideal tracers
indeed is consistent with the transport of the bulk plasmas.
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FIGURE 5. Poloidal crosssection showing impurity concentration initially (left) and after 25 time units (right) (from [35]).

DIFFERENT PINCH EFFECTS
Curvature pinch
The pinch effects may be generally ascribed to the compressibility of the advecting velocity field. As a simple
example, we first consider a nonuniform magnetic field mimicking the toroidal field in toroidal devices, then the
spatial dependence of the magnetic field will result in a compressibility of the E x B velocity V • UEXB = Z X (p'V(l/B)
for a simple slab geometry. The the pinch effect may simply be understood by considering the continuity equation for
the impurity particle density A^' [31],
^ + ^zxV(/)-V)^=0,
dt B
J B

(12)

which implies that N/B is a Lagrangian invariant advected by the compressible electric drift z x Vip/B. Now, assuming
that the impurities are effectively mixed by the turbulent velocity fluctuations, this invariant will be uniformly
distributed in space and the poloidally averaged impurity density No{x) varies like B{x). Thus, impurities released
in the outboard midplane region will on average experience an inward transport, which corresponds to the the socalled inward pinch. This effect is usually referred to the curvature pinch, since the magnetic field inhomogeneity is
originating from the curved toroidal geometry. The effect was clearly demonstrated in two-dimensional interchange
instability simulations by employing the so-called ESEL code [32], and it was observed that impurities originating far
out in the scrape-off-layer effectively was transported across the last closed flux surface and into the main plasma [33]
In a three dimensional flux tube geometry the curvature pinch was also clearly demonstrated for the transport of
impurities in drift-Alfven turbulence by employing the TYR code [34, 35]. Fig. 5 shows the poloidal projection of the
impurity density development in that case. The analysis is based on expressing the flux F of the impurity species by
the standard parameters used in modeling and in evaluation of transport experiments: a diffusion coefficient D and a
convection velocity V, which is associated to a pinch effect:
r(s) = -D{s)d^ < n >y +V{s) < n >, .

(13)

The turbulence is radially homogeneous, so there is no radial dependence of D and V. Profiles < • >,. are obtained by
averaging over y, corresponding to averaging toroidally over the domain extend in the drift plane, with s representing
the coordinate along the magnetic field projected onto the poloidal plane. It is readily observed that by rewriting Eq. 13
in the form:
F(^)/ < n >y= -D(s)d,, < Inw >^. +V(s),
(14)
scatter plots of r{s)/ < n >y versus dx < Inn >y will provide values for D{s) and V{s). Figure 6 shows a scatter plot
with a fit, and from the slope we obtain the value of D, while V is given by the offset at zero gradient. A comparison
of the evolution of the impurity density profile with its presumed evolution using the values for D and V obtained
from the above analysis is shown in Figure 7. This shows that while the scatter plot has a significant amount of noise,
the fitted values for D and V are reasonably represents the overall transport process. Directly using such a kind of fit,
would be an alternative method to determine the D and V values.
The dependence of D and V on s) is significant and as shown in Fig. 8. The effective convection velocity V{s)
changes sign and is at the high field side directed out of the plasma {V{s) is directed towards the symmetry axis of the
torus for all s). This pinching velocity is due to curvature and can be consistently explained within the framework of
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FIGURE 6. Scatter plot (at high field side) of flux versus gradient with linear fit, gray area indicates gradients admissed for the
fitting procedure(from [35]).
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FIGURE 7. Impurity density profile at the outboard midplane att = 0 and after 25 time units compared to the expected evolution
of a Gaussian due to coefficients D and V obtained by the fitting procedure (from [35]).
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Turbulent EquiPartition (TEP) [36, 37], similar to the arguments in connection with Eq. 12 In the absence of parallel
convection, finite mass effects and diffusion, Eq. (??) has the following approximate Lagrangian invariant
L{s) = Intiimp + 0)BCOS{S)X — (i)Bsin{s)y ,

(15)

where (Og = 2-^ governing the toroidal magnetic field inhomogeneity, R is the tokamak major radius and L±_ the
mean gradient length of the pressure profile. TEP assumes the spatial homogenization of L by the turbulence.
Since the parallel transport is weak, each drift plane s = const, homogenizes independently. This leads to profiles
< L{s) >y= const{s). At the outboard midplane {s = 0) the impurities are effectively convected radially inward leading
to an impurity profile (< Innimp >y°^ const. — Osx), while at the high field side they are effectively convected outward
(< Iniiimp >y°^ const. + (OBX). One should note that this effective inward or outward convection is not found as an
average E xB velocity, but is mitigated by the effect of spatial homogenization of L under the action of the turbulence.
The strength of the "pinch" effect is consequently proportional to the mixing properties of the turbulence and scales
with the measured turbulent diffusion. We arrive at the following expression for the connection between pinch and
diffusion:
V{s) = -a(OBCos{s)D{s) .
(16)
Considering a stationary case with zero flux and combining Eq. (15) and Eq. (13) we obtain a = 1. The ballooning
in the turbulence level causes the inward flow on the outboard midplane to be stronger than the effective outflow on
the high-field side. Therefor, averaged over a flux surface and assuming poloidally constant impurity density, a net
impurity inflow results. This net pinch is proportional to the diffusion coefficient D in agreement with experimental
observations [38]. The proportionality constant will, however, depend on the amount of ballooning of the transport,
which has been investigated f.x. in [39, 40, 34]. The level of ballooning of the transport increases with the transition
from the drift regime to the MHD regime, as j3 increases to large values. Here, for small j3 the ballooning of the
transport is weak at about 70%.

Inertial pinch
The equation for the impurities can be rewritten in the form [41]:

d,{ine-^co) = ^Vj^ine-d,y^(p + ^yle.

(i7)

8
If the diffusivity jig is of order ^ <ti I and fluctuations Oi of the impurity density measured relative to a constant
impurity background OQ do not exceed a corresponding level, the quantity ln0 — ^O is approximately a Lagrangian
invariant. Turbulent mixing will homogenise Lagrangian invariants in TEP states [42, 37], leading to
l n 0 - C c ( ) « const,

(18)

which constitutes a prediction about the effect of compressibility on the initially homogeneous impurity density field.
The conservation of impurity density yields
^ « 1 + C«,

(19)

which conforms with the assumed ordering. We thus predict a linear relation between impurity density 6 and vorticity
ft), the proportionality constant being the mass-charge ratio ^. This is related to, but not the same as, the aggregation of
dense particles in vortices in fluids due to the Coriolis force [43]. The prediction is verified by numerical simulations
of inertial impurities in saturated HW-turbulence for '^ = I. The simulations are performed on a [-20,20]2 domain,
using 512 X 512 gridpoints, and impurity diffusivity 0.02. The impurity density field is initially set to unity. The
impurity density field for i^ = 0.01 is presented together with vorticity in Figure 9. Eigure 10 shows a scatter plot of
the point values of impurity density and vorticity at time 150 for three different values of ^. The proportionality factor
0 = 1 + Km is determined to be slightly below one: /T ~ 0.82 ^.
The role of inertia for a radially inward pinch is investigated by considering the collective drift of impurities.
f | + f ^ = / " x 0 | x V x ( p + /"x0Ccf(Vx9,
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(20)

FIGURE 9. (a) Vorticity and (b) density of inertial impurities in the saturated state with 'if = I and ^ = 0.01, L = 40. Other
parameters: fi„ = fi^j = IJ-e = 0-02.
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TABLE 1. Radial drift velocity of impurities for different values of the mass-charge ratio ^ in the saturated state
inHWwith'^= 1. Calculated as the average value between f = 25 andf = 150. Parameters: /x„ = fi(g = fig =0.02.
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In terms of the integral impurity flux, we define an overall impurity drift velocity Vg by

Ideal impurities do on average not experience a drift, but this is not the case for inertial impurities, since compressibility
effects arrange for a correlation between 0i and ft). Note that only the deviations from the above discussed linear
relationship 0 = 1 + K(0 result in a net flow, as jKavrdx = 0 for periodic boundary conditions. The radial drift
velocity has a definite sign that depends on the sign of ^, which was first discussed in [44]. There is a continuous
flow of impurities in a definite direction (inward for positively charged impurities). This resembles the anomalous
pinch observed in magnetic confinement experiments [45]. Average radial drift velocities computed using the values
of the drift from f = 25 to f = 150 are presented in Table 1. The scaling of the average radial drift with ^ is seen to be
remarkably linear.

Parallel compressibility pinch
A similar pinch effect results from compressibility along magnetic field lines, that is when parallel advection is
taken into consideration, details can be found in [46].

Thermodiffusion
Additional pinch effects appear from off-diagonal elements of the transport matrix. Obviously this needs the
introduction of a finite impurity temperature and thus a finite impurity pressure. To elucidate this effect we consider,
for illustration only, the system of impurity pressure and density in a system with an effective curvature given via (DB
[47]:
d,nz

=

-(OB(nzV(l) + -Vpz]

(22)

d,pz

=

-rft)B UzV(/) + ^ V p | / n z J

(23)

with r = 5/3. We evaluate the quasilinear fluxes, assuming that the impurity density response is due to an external
potential perturbation caused by some instability and arrive at the following expression for the particle (Gammaz) and
heat (Qz) fluxes:
—
^
r DnH
r, „
n T 1 /
drHz/riz + (OB
D„T
D„t DfT
drTzlTz + (OB{T-l)
^^^^
in which case we see that the quasilinear particle flux recovers the curvature pinch (occurence of omegaB), but through
the off diagonal element picks up a contribution proportional to the gradient of the impurity temperature (PnT).
Expressing the flux now in terms of a diffusive contribution, namely everything that is proportional to Vn,- and a pinch
(the rest), this term leads to a pinch effect. The physics behind this easy, namely the plasma can increase entropy more
efficiently by exchanging a larger number of colder impurity ions with a smaller number of hotter ions. The effective
energy flux is down gradient in this case.
It should be noted, however, that in the quasilinear estimate the actual direction of the pinch effects (including
thermodiffusion) depends on the propagation velocity of the underlying unstable modes.

QUASI-LINEAR GYROKINETIC CALCULATIONS OF IIMPURITY TRANSPORT
(AND COMPARISON WITH EXPERIMENTS)
Recently, the need of explaining and predicting impurity transport observations in fusion experiments which cannot
be accounted for by neoclassical transport, lead to calculations of turbulent impurity transport adopting a physical
description as realistic as possible, by the application of gyrokinetic models, and related codes.
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In order to show how these calculations can be performed, first we recall that the 5 / gyrokinetic equation for
the perturbed distribution function of particles of a given species is linear in the radial logarithmic gradients of
the unperturbed (equilibrium) density and temperature of particles of the same species. Therefore, for small charge
concentration of the impurity, which is usually the case for large part of the impurities in the experimental conditions,
impurities should behave close to the passive (tracer) limit. In this case, a linear relationship holds between the
particle flux of the impurity, and its density and temperature logarithmic gradients, which we express in terms of
the dimensionless ratio of the major radius R to the gradient length L, namely
Rr
—

R

R

=D—+DT—+RVP.

(25)

Here the diagonal diffusive coefficient D, the off-diagonal thermodiffusive coefficient Dj and the pure convection term
Vp can be identified directly.
This property can be used in the framework of quasilinear gyrokinetic calculations in order to compute the previous
contributions separately and measure the relative weight of each one and perform comparisons with the experiments.
In experimental stationary conditions, in the absence of sources, the flux of the impurity is close to zero, which implies
that for practical purposes it is useful to introduce the coefficients Cp = Dp /D and Cp = RVp/D. Then, the parameter
V/D « -^ usually directly accessible in the experiments can be obtained by the sum of the thermodiffusive and pure
convection contributions, in the form
-— =CT-—+CP.
L>
Lp

(26)

This quantity can be computed directly with a gyrokinetic code and compared to the experimental observations. Such
investigations have been performed using the gyrokinetic code GS2 [48, 49]. As already presented in the previous
section, it has been noted that the signs of the coefficients Cp and Cp may change depending on the direction of
propagation of the background plasma microinstability [50, 46, 47, 51, 52]. In particular the thermodiffusive term
provides an outward/inward contribution for modes propagating in the ion/electron diamagnetic direction [53, 50, 46],
and decreases with increasing charge of the impurity, while the pure convection coefficient is usually directed inwards
by ExB compression. Parallel dynamics adds a contribution to this term [46] which can lead to a total particle flux
which is directed outwards, in the case of modes propagating in the electron diamagnetic direction. Conditions of
outward impurity convection are extremely interesting from the experimental side, particularly in the development of
ITER relevant scenarii. Therefore, some recent work has focused on the conditions for which an outward impurity
convection is measured experimentally (e.g. [54, 55, 56]). Here we show specific gyrokinetic simulations of the
previously introduced pure convection coefficient for the experimental conditions presented in Ref. [55]. In these
experiments in ASDEX Upgrade (AUG), with Si laser ablation, a central outward total impurity convection was
measured in the presence of strongly localized central electron cyclotron heating, while in the absence of this, the
impurity convection was measured directed inwards. Such a transition in the behaviour cannot be explained by
neoclassical transport. For this reason, corresponding investigations with a gyrokinetic model have been performed
[52]. Input parameters of the gyrokinetic calculations were taken using experimental measurements. It has been found
that in the plasma centre, in the presence of strong electron heating, producing locally strong electron temperature
gradients, modes propagating in the electron diamagnetic direction can be destabilized. These modes feature an
extremely elongated eigenfunction along the field line, shown in Fig. 11(a), and are generated by the non-adiabatic
passing electron response of passing electrons. Passing electrons are transported inward in these conditions. Such
an electrostatic potential develops an eleongated structure of parallel velocity fluctuations by parallel force balance,
shown in Fig. 11(b). The latter, by parallel compression, leads to the development of a radial impurity flux which
is directed outwards, as shown in Fig 11(c), for these modes, which have phase velocity in the electron diamagnetic
direction. The mechanism of outward impurity convection introduced in Ref. [46] is found to occur in the specific
simulation of these AUG experimental conditions. We mention also that such an outward convection mechanism is
not specific exclusively of very long wave numbers, as erroneously pointed out in [51], but covers the full usual long
wave length spectrum, as specifically demonstrated in [52]. We have to mention as well that the destabilization of
these extremely elongated eigenfunctions is possible only in the very central region of the plasma, and that this kind
of modes cannot be thought to be responsible of the outward convection observed at mid-radius in JET in Ni laser
ablation experiments [56]. In that case, usual ballooning ITG modes were found as dominant modes, producing an
inward convection of the impurity, in disagreement with the experimental observations. An outward impurity flux of
the impurity was found in the gyrokinetic simulations of these experiments only by switching off the ITG instability
and singling out the effect of the otherwise subdominant trapped electron mode.
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FIGURE 11. Linear mode structure along the field line of the electrostatic potential fluctuations \(j)^\ (a), of the Si parallel
velocity \u\ (b), and of the normalized cross phase relationship between Si denity fluctuations and electrostatic potential fluctuations,
proportional to the Si radial flux, (c) as a function of the extended ballooning angle 6 for a calculation with experimental input
parameters for a AUG H-mode plasma with central electron heating [52].

In conclusion, the study of turbulent impurity transport by means of gyrokinetic models has made significant
progresses and first non-trivial qualitative agreement between the experimental observations and the theoretical
predictions have been found. However, the way is still long before a model for impurity transport is indeed assessed
for reliable ITER prediction purposes.
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