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Abstract

®

CrossMark

This work introduces a reduced model to predict the ‘resonance overlap threshold’ governing
transport of fast ions (FIs) by toroidal Alfvén eigenmodes (TAEs) in tokamak plasmas. TAE-FI
resonance occurs within distinct ‘resonance regions’ of particle phase space, which grow wider
when the TAE mode amplitude increases. If these resonance regions are separate then FI
transport is limited and localised; if multiple resonance regions overlap then large-scale
stochastic transport of FIs can occur, jeopardising confinement. Predicting the resonance
overlap threshold between these two scenarios is an important problem in the field of FI
transport modelling. Current workflows rely on computationally expensive orbit-following
codes; the new reduced resonance overlap model provides a much simpler and faster alternative,
for ease of implementation in integrated models. In this paper, we apply this approach to
passing particles and find good agreement with more detailed numerical modelling, including
HALO code simulations. Models based on this approach could provide a useful step in
increasing efficiency of predictive modelling for next-generation fusion reactors.

Keywords: fast ions, TAEs, resonance, tokamak, transport

(Some figures may appear in colour only in the online journal)

1. Introduction

Fast ion (FI) transport by toroidal Alfvén eigenmodes (TAEs)
is predicted to be of great importance in future tokamaks
with high rates of deuterium-tritium fusion, since plasma
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self-heating capability relies on good confinement of fusion-
product alpha particles. In future burning plasma devices such
as ITER, the FI velocity is comparable to the Alfvén velocity,
creating the possibility for resonant interactions between Fls
and Alfvénic modes [1]. Present day tokamaks such as MAST-
U [2] typically have the capability to generate a super-Alfvénic
FI population via external heating sources, thus ensuring that
the FI velocity is comparable to the Alfvén velocity, and allow-
ing for the study of resonant interactions on a smaller scale.
Most Alfvénic modes are strongly damped by the Alfvén
continuum. However, toroidal effects can cause different con-
tinuum branches to intersect and couple, producing gaps in the
continuum where weakly-damped discrete eigenmodes can

© 2026 The Author(s). Published by IOP Publishing Ltd on behalf of the IAEA
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exist [3, 4]. A common example of these are the TAEs, which
are predicted to be a particularly important instability in ITER
[5]. These modes can be driven unstable by spatial or energy
gradients in the FI population, resulting in corresponding flat-
tening of the gradients and transport of Fls [3]. Modelling
these resonant interactions and the associated FI transport
is therefore an essential topic in the design of future fusion
reactors.

FI transport by TAEs has been studied extensively in the
literature. Typically the FIs are treated as a small popula-
tion separate from the bulk thermal plasma, while the TAEs
are considered as linear eigenmodes of the bulk plasma. The
spatial shape of the TAE eigenfunction is determined by the
bulk plasma equilibrium, and only the TAE growth rate is
affected by the FIs. The simplest case is that of a single isol-
ated TAE resonance, whose amplitude is driven to saturation
by the free energy in the local spatial or energy gradients of
the FI distribution function. Where multiple TAE resonances
exist, the ‘resonance overlap threshold’ defines an important
distinction between two possible regimes [6]. If the TAE amp-
litudes are sufficiently small and the resonances sufficiently
far apart, they remain as isolated resonances, and FIs can only
be transported within the vicinity of each individual reson-
ance. If the TAE amplitudes grow sufficiently large, multiple
TAE resonance regions may overlap. (Resonance overlap can
also occur due to other mechanisms such as frequency chirping
[7]; in this paper we focus on resonance overlap due to mode
amplitude growth, assuming the mode frequencies are given
by the linear dispersion relation. However, the ROM formal-
ism could also be applied to investigate frequency chirping
scenarios.) When this mode amplitude threshold for reson-
ance overlap is exceeded, the FIs suddenly begin to exhibit
stochastic behaviour, since they can be ‘kicked’ from one
resonance region to the next [8]. Evidence of this threshold
has been observed in tokamak experiments [9]. If multiple
overlapping TAE resonances exist throughout the plasma,
global transport and loss of FIs may result. Note that overlap
may occur between multiple resonance regions of the same
TAE, or between resonance regions associated with different
TAEs; the stochasticity threshold behaviour applies in both
cases.

Reduced models for FI transport most commonly utilise
quasi-linear (QL) theory, which models the evolution of the
FI distribution function via a diffusion equation in phase
space. Eigenmodes are typically computed using a linear
MHD solver such as MISHKA or NOVA [10, 11]. Reduced
models utilising QL theory include the ‘resonance-broadened
QL (RBQ) [12, 13], C‘critical gradient model’ (CGM)
[14, 15], ‘kick model’ [16], and ATEP [17] approaches.
The foundational assumption of all QL-based models is
that the FIs exhibit stochastic behaviour. This does not
occur when FIs interact with a single resonance, but two
overlapping resonances are sufficient to produce stochasti-
city. CGMs additionally assume a large number of loc-
alised, strongly-overlapping resonances [18]. In all cases,

quantifying resonance overlap is essential to determine the
stochasticity regime and applicability of the FI transport
models.

In this work we propose a simple reduced model, referred
to as the ‘resonance overlap model’ (ROM), for calculating the
TAE-FI resonance overlap threshold. Since resonance regions
grow with increasing TAE amplitude, this threshold can be
considered as a TAE amplitude threshold. This threshold
has been calculated analytically under specific assumptions
[6]. When analysing cases outside the applicability range
of the analytical theory, or when full resonance maps are
required, existing methods rely on high-performance orbit-
following codes such as HALO or MEGA [19-21], as well
as linear MHD codes to compute the modes. The ROM
uses a highly reduced system of analytical equations to pro-
duce full resonance maps with higher computational effi-
ciency and simpler code workflow, bypassing the need for
orbit-following or linear MHD codes. The ROM equations
are based on an analytical framework by Berk, Breizman
and Sharapov, which describes resonant interactions between
particles and TAEs via the Hamiltonian equations of motion
under the guiding-centre (GC) approximation [22]. The gen-
eral Hamiltonian formalism applies to any plasma equilib-
rium and any particle trajectories, but in this paper the
calculations are presented only for the simple case of co-
current passing particles. The ROM is of immediate interest
for plasma scenario design, by providing rapid phase-space-
dependent predictions of whether large-scale stochastic FI
transport by TAEs is expected, as well as defining the applic-
ability of QL models. It is also suitable for implementation as
a sub-module in more general-purpose integrated modelling
codes.

The ROM as currently formulated enables calculation of
resonance overlap thresholds, expressed in terms of TAE amp-
litudes. However, to be fully predictive for real tokamak scen-
arios, it would also be necessary to calculate the TAE satura-
tion amplitudes. Assuming TAEs stabilise rapidly at saturation
amplitude, these can then be compared against estimated over-
lap thresholds to identify whether overlap is in fact occurring,
and make predictions on FI behaviour. Various methods have
been developed to estimate TAE saturation amplitudes [23—
27], but including these calculations is outside the scope of this
work.

In section 2, a description is given of the physics basis
and model equations. In section 3, the ROM is applied to
two contrasting case studies. The first case study is an ana-
lytically constructed equilibrium, designed to satisfy the mod-
elling assumptions well, and is therefore a useful case for
model benchmarking. The second case study is a MAST-
U equilibrium (pulse number #47133 at 225ms), chosen
as a ‘worst-case scenario’, since it violates most of the
modelling assumptions. The fact that the ROM performs
reasonably well for both cases is a good indicator of its
robustness. The ROM allows for different levels of simpli-
fication, referred to as ROM (i)—(v): these range from a
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more accurate version incorporatinghigh-performance code
outputs (ROM (i)), to a fully reduced version constructed
entirely from analytical approximations (ROM (v)). This
allows the effects of each individual approximation to be
quantified and compared. The key result of this paper, illus-
trated in figure 5, is that the ROM produces reasonably accur-
ate predictions for resonance overlap thresholds, even when
high-performance orbit-following and linear MHD codes are
replaced by simple analytical approximations. Most of the
approximations perform surprisingly well compared to numer-
ical simulations, even for scenarios far outside the applic-
ability range of the analytical theory (the MAST-U case
study is chosen to illustrate this). In section 4, the ROM
is benchmarked against higher-accuracy simulations carried
out using HALO and MISHKA. A validation of the ROM
against experimental data will be published in a future
work.

2. Description of the new model

2.1 Physics background

Due to the symmetries present in a tokamak plasma equilib-
rium, every unperturbed particle trajectory may be uniquely
defined by three constants of motion (COM), plus the sign o
which defines its direction of motion relative to the plasma
current. The most common choice of variables to parametrise
3D COM space is (p,E,Pg): the particle magnetic moment,
energy and toroidal canonical angular momentum respect-
ively. Resonant interactions with modes perturb particle tra-
jectories, or equivalently alter the particle COM (i.e. shift its
position in COM space). Throughout this paper, it is assumed
that p is never altered by resonant interactions or any other
effects [28, 29], which is justifiable for modes such as TAEs
with frequency well below the ion cyclotron frequency. This
assumption reduces the dimensionality of the problem to
2D (E,P,) COM space. As an alternative parametrisation to
(E,Py), later figures are plotted in (E, Rinit), With Rini denot-
ing the particle major radial position at the point where it
crosses the horizontal plane of the magnetic axis (Z = Zj) on
the outboard side. (Note (R,Z) are the horizontal and ver-
tical Cartesian coordinates parametrising the poloidal plane
in real space.) An alternative radial COM space variable is
7, defined as the average of the particle’s minor radial posi-
tion over its full trajectory. The Hamiltonian theory formal-
ism (see section 2.4.2) instead uses canonical action variables
(Pg,Py) [30].

The two main categories of unperturbed particle trajectories
in a tokamak are the ‘passing particles’ (those which always
travel in the same toroidal direction) and the ‘trapped particles’
(those which bounce back and forth on the tokamak outboard
side, trapped in a magnetic field well). Passing particles can
be further categorised as co-current (o > 0) or counter-current
(0 <0). All three trajectory types can resonate with TAEs,

but the resulting effects on FI transport depend on the dens-
ity of FIs in each phase space region [3, 4, 31]. Although the
Hamiltonian formalism described in sections 2.4.1-2.4.2 is a
general formalism applicable to all tokamak particle and tra-
jectories, the ROM in this paper is only applied to passing
particles, since their trajectories have a simpler analytical
description. This case may be mainly relevant to the plasma
core region [3, 31]. An extension to the trapped particle pop-
ulation is a topic for a future work, which may be more
relevant for modelling losses at the plasma edge, and also
for devices such as JET where the FI population is mainly
trapped [32].

In MHD theory, TAEs occur due to toroidal coupling of
different Shear Alfvén continuum modes [3, 4]. In particular,
the peak TAE location occurs at the point where two counter-
propagating continuum modes match in frequency. The coup-
ling of these two modes produces a gap in the Alfvén con-
tinuum. For a TAE with toroidal mode number # and domin-
ant poloidal harmonics m,m — 1, the TAE peak occurs at radial
position r = ry satisfying:

an,m (rO) = _an,m—l (V()) . (1)

Here the parallel wavevector k|, , is defined as:

Kl (r) = f% (n + q’&) , @

where R is the major radial coordinate and g(r) is the toka-
mak safety factor profile. The solution to equations (1) and (2)
implies that TAEs occur at rational values of the safety factor
profile, given by:

(n—b)

q(ro) = — (3)
The frequency wy,, at the centre of the Alfvén gap is given by
the product of the parallel wavevector with the plasma Alfvén
speed va. The second equality in equation (4) is obtained by
substituting in equations (2) and (3).

VA (r(])
2Rq (o)

The TAE itself has frequency wpmp lying within the
Alfvén gap. To zeroth order approximation, wyg ~ Weap-

“

Weap = an,m (r0) va (ro) =

2.2. Heuiristic description of the new model

In the linear theory, TAE-FI resonance occurs on discrete sur-
faces in 3D (u,E,Ps) COM space, i.e. lines in 2D (E,Py)
COM space. These discrete lines are labelled by toroidal and
poloidal integer mode numbers. In fact, the resonance is a
nonlinear phenomenon. Here the ‘linear picture’ describes
the resonant interaction of an unperturbed particle traject-
ory with a TAE; whereas the ‘nonlinear picture’ takes into
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account that the particle trajectory is itself altered by the
TAE, which influences the resonant interaction. In the non-
linear theory, the Hamiltonian action-angle formalism is used
to solve the COM space equations of motion, demonstrat-
ing that a resonant particle will oscillate back and forth
around its original COM space position, referred to as the
nonlinear bounce motion. In particular, it can be shown
that particles are constrained to move along straight lines
in (Pg,Py) COM space, and oscillate around the linear res-
onance; the equation of motion can then be solved simply
in 1D. The outer edges of this oscillation define a reson-
ance band (or resonance region) of finite non-zero width.
This resonance region may be equivalently defined as the
region of COM space where particles can resonate with the
mode.

The resonance line positions in 2D COM space are given by
a formula from linear drift-kinetic theory (section 2.4.1). The
resonance width formula (section 2.4.2) is derived from the
particle Hamiltonian equations of motion. A heuristic descrip-
tion of this formula is that the resonance width (particle COM
space oscillation width) is proportional to the line-average
of the TAE potential along the unperturbed particle traject-
ory. Analytical approximations are used to describe the TAE
structure (section 2.4.3) and the passing particle trajectories
(section 2.4.5), to enable evaluation of the resonance width
formula. Resonance lines and widths are calculated numeric-
ally from these formulae and plotted in 2D COM space, for
qualitative visual interpretation of resonance overlap.

The primary inputs required for the ROM are the mag-
netic field equilibrium B(%), #), the TAE toroidal and poloidal
mode numbers n,m, and the TAE frequency wyyg. These inputs
may be obtained from experimental data, or from an analyt-
ically constructed example. From these inputs, the resonance
lines (section 2.4.1) can be calculated. In order to calculate
the resonance widths (section 2.4.2), the following additional
inputs are required: the TAE Fourier eigenfunctions ®,,, (1))
(section 2.4.3); the particle frequencies wg and wy for each
point in COM space (section 2.4.4); and the particle trajectory
in the form ((6),6(6),¢(8)) for each point in COM space
(section 2.4.5). These quantities may be calculated either by
running another modelling code (a linear MHD code for the
TAE, and an orbit-following code for the particle trajectories),
or directly from the primary inputs by means of simple ana-
lytical approximations. Here (v,0, ¢) are standard orthogonal
flux coordinates parametrising real space, and 6 is an angu-
lar variable parametrising motion along the particle trajectory
(defined in section 2.4.2).

The physics basis of the ROM relies on the GC approx-
imation and the conservation of particle magnetic moment
1. These assumptions are valid only if the magnetic field
does not vary substantially over the particle Larmor orbit.
FIs in spherical tokamaks (STs) combine large Larmor radii
with wide variations of the magnetic fields, and under these
conditions the adiabatic invariance of p can break down

[33-36]. The validity of the GC assumption is not tested in this
paper, since the ROM is only benchmarked against GC codes.
Additionally, the formula p ~ % (M the particle mass) is
used here for many calculations such as phase space coordin-
ate transforms; but this is only a zeroth-order approximation to
the actual adiabatic invariant p [28, 33]. This approximation
roughly corresponds to a distortion of the 2D COM space slice
shown in the resonance maps. Further assumptions, required
only for certain analytical approximations, are specified in
sections 2.4.3-2.4.5.

This paper uses sign convention COCOS7 for equilib-
ria with current and magnetic field in the same direction
(analytical case), and COCOS3 for equilibria with current
and magnetic field in opposite directions (MAST-U case),
to define the sign of g(r) [37]. Without loss of generality,
sign(wrag) is taken to be positive. Since the TAE mode num-
bers satisfy equation (3), then they must be defined such
that sign(nmg) = —1. It remains to choose sign(n). In fact,
the model has a strong symmetry between the cases for
positive and negative n, with resonances occurring for both
signs. However in tokamak experiments, typically only one
sign of n is observed. This is because the driving FI gradi-
ent only drives the TAE whose sign matches the co-current
direction [19]: this condition is used to select sign(n) in this
paper.

All plots in this paper show the 2D slice =0 of 3D
particle COM space (except some 0 cases included in
appendix A.1). All plots show only the COM space region of
co-current passing particles. For all plots incorporating HALO
code runs, the HALO code is run in GC mode.

2.3. Description of different model versions

In section 3, we present five different versions of the ROM,
referred to as ROM (i)—(v). Details of the five versions are
given in table 1. All ROM versions use the Hamiltonian
formalism detailed in section 2.4.2. The differences are
in the calculation of the additional inputs by either high-
performance modelling codes or analytical approximations.
ROM (i) involves the most numerical inputs and is therefore
the most accurate; ROM (v) is entirely analytical and there-
fore the fastest to compute. Results from all five versions are
presented and compared in section 3.2, in order to assess the
validity of the various approximations used.

Note that ROM versions (i)—(ii) apply to the whole of
particle COM space. However for the purposes of this paper,
the restriction to the passing particle region (where our ana-
Iytical particle trajectory approximation applies) was applied
identically across all model versions.

2.4. Model equations

All symbol and parameter definitions are listed in

appendix A.2, table 4.
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Table 1. Description of ROM versions.

ROM version TAE eigenfunctions Particle trajectories Particle frequencies
1) MISHKA (full) HALO HALO

(ii) MISHKA (2 modes only) HALO HALO

(iii) MISHKA (2 modes only) analytical approx. HALO

@iv) analytical approx. analytical approx. HALO

) analytical approx. analytical approx. analytical approx.

2.4.1. Resonance lines: analytical formula.  In linear kinetic
theory, the condition for resonance between a tokamak particle
and a TAE (under the GC formalism) is given by [29, 38]:

nwe (/‘I’7E7P¢) +lw9 (/’LaE7P¢) = WTAE- (5)

Here [ is any integer, which labels the different resonances
(a single TAE typically has multiple resonances). wg and we
are the toroidal and poloidal angular frequencies of the GC
motion: i.e. wy = 2: where 74 is the average time period for
the GC to traverse from ¢ =0 to qb = 27; and wy defined sim-
ilarly. Note wg = % and wy = az The particle frequencies
wg and wy depend on the particle COM (u,E, Py), and they

can therefore be viewed as functions in COM space.

2.4.2. Hamiltonian formalism for resonance widths. The
key element of the ROM is the formula for the nonlinear width
of the resonance region, derived from the particle Hamiltonian
equations of motion in action-angle coordinates [22]. This is
used to define a resonance region in 2D COM space, which
can be plotted to qualitatively determine where different res-
onance regions overlap.

The key parameter describing the resonance widths is
Vu(, E,Py), given by equation (6),

1 2w
Vn](M,E,P¢) :szﬂ—/() q)nm (w)

x {—i [wTAE—l—va-(anS—FmVH)]}
xexp[i (10 —mf+nd—np)|dd.  (6)

Here Q is the particle charge; ®,,,(¢) are the TAE Fourier
eigenfunctions; b is the magnetic field unit vector; and v is
the particle velocity component parallel to the magnetic field;
and (0, ¢) are the angle variables in the Hamiltonian action-
angle formalism. These angle variables are defined specifically
for each equilibrium (unperturbed) particle trajectory, in such
a way that each particle moves with %—‘f = wgy and % =Wy
constant.

The integration variable  parametrises the unperturbed
particle trajectory; thus the V,; formula describes a line-
integral along the unperturbed particle trajectory, with the
integrand incorporating features of the magnetic equilibrium
and the TAE perturbation. All quantities in the integrand are
functions of the particle spatial position (¢(6),6(6),(f)).
The particle trajectory itself is uniquely defined by the particle
COM (p,E,Py), thus V,,; is a function on COM space.

The sum is taken over all poloidal harmonics m of the TAE.
The largest |V,;|, and hence the strongest power transfer, occur
when [/ is equal to one of the dominant poloidal m numbers of
the TAE [22].

The nonlinear resonance width is then defined by:

\Y |an|

2V2
\/‘ (lé%g +n%) (HW¢ + IWQ)‘

. (D

1. 1.
—0Py = —0Pg =
n Tt

An alternative definition of the resonance width is given by:

dw =0 (nwy + lwy)

_M\/’

Here (Pg,Py) are the action variables (canonical momenta)
in the Hamiltonian action-angle formalism [22]. Equation (7)
describes the particle excursion in 2D (P, Py) COM space,
while equation (8) describes the variation in the frequency
function (nwy + lwy) over the same excursion.

Particles are constrained to travel along straight lines of
constant nPy — [Py in (P4, Pp) space [22]. To implement the
ROM, the width dw is calculated for each point on the reson-
ance line, and particles are assumed to travel along straight
lines nPy — IPs = constant, up to the outer points where
(nwg + lwg) has varied by +dw. The set of all such outer points
define the outer edges of the resonance region. Notice that
since V,; scales with the TAE amplitude, the resonance width
dw scales with the square root of the TAE amplitude.

Under the toroidal axisymmetry assumption Py = Py,
whereas Py # Py. Since the calculation of Py is not implemen-
ted in HALO, we use the approximation Py = —f—r2 (here
By is the magnetic field strength at the magnetlc ax1s) [22].
Examples of the relationship between # and 6 are shown in
figures 1(b) and (d).

V |an|~ (8)

17
8P9 +n

BT

2.4.3. TAE structure: analytical approximation. =~ One of the
inputs required for the ROM is the TAE Fourier eigenfunctions
D, (1) (or ®,,(r), under the circular flux surface assump-
tion). These are typically calculated using a linear MHD code
such as MISHKA. The alternative analytical approximation
used in this paper is adapted from [39]. This approximation
includes only the two dominant TAE poloidal harmonics. It is
theoretically valid under the following assumptions:
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(a) low-beta plasma, 8 = 8”” < 1 (p is the plasma pressure;
B is the magnetic field strength) [39-41],

(b) equilibrium with circular flux surfaces [39],

(c) high poloidal mode number, m > 1 [39, 40],

(d) weak toroidal coupling, €= (e+AShaf) 2 <l (r
is the minor radial variable; Ry is the tokamak major
radiu5' €= R—’U is the local inverse aspect ratio parameter;

=2(e+ Ag,,) is the local toroidal coupling parameter;
A shaf 1s the Shafranov shift) [40, 41],

(e) low shear, s = % < 1[39].

Values of these parameters for the example TAEs used in
this study are listed in table 2. Note that the analytical TAE
described here is the only mode existing in the Alfvén gap
provided € < s%; otherwise, additional modes may exist in the
same gap with a different analytical description [42].

The outline of the analytical TAE derivation is as follows
(details in [39, 40]). First, the TAE electrostatic potential {74
is Fourier transformed, to express it in terms of Fourier com-
ponents ®,,,(r):

frag (r,0,0,1)

Zcbnm

ryexp[—i (wragt +md +no)].
©))

Next, the linearised Ideal MHD equations in toroidal geo-
metry are Fourier transformed and reduced to a set of coupled
ID ordinary differential equations in ®,,(r) [41, 43]. In
cylindrical geometry, the equations for each (n,m) would
be uncoupled. However, toroidal effects introduce coup-
ling between adjacent poloidal harmonics. These effects are
only significant in a narrow ‘inner region’ local to r = ry,
where adjacent continuum modes match in frequency (see
equation (1)). In the ‘outer region’ far from r = ry, toroidal
coupling effects are negligible and the cylindrical solution
applies. The solution for the TAE eigenfunctions ®,,,(r) is
derived separately under these two different limits and an
asymptotic matching condition is applied. These two solu-
tions will be referred to as @ (r) POUr (1) respectively:
their exact formulae are given by equations (12),(16),(17)
in [39].

For the purposes of calculating the V,; integral in
equation (6), it is necessary to use one continuous function
®,,,(r). In this paper, we approximate the radially varying
inner solution as a constant value (specifically, its maximum
value @0 = max { @™ (r) }). We then ‘stitch together’
the inner and outer solutions by applying this constant inner
value as an upper cutoff or ‘flat top’ on the outer solution.
Figures 3(c) and (d) show the accurate mode structures cal-
culated by MISHKA, while figures 3(e) and (f) show the ana-
Iytical solution with the ‘flat top” approximation applied. The
applicability of this approximation depends on how the orbit
excursion width compares to the width scale of the inner mode
structure. Throughout most of particle COM space, the particle
trajectory only interacts with the inner mode structure over a
very small r range, where the mode variation has a negligible
effect on the integral overall.

The TAE amplitude is given in terms of %B, defined as the
total magnetic field perturbation due to the TAE relative to the
equilibrium magnetic field (evaluated at r = ry).

2.4.4. Particle frequencies: analytical approximation. The
ROM also requires the particle frequencies wy and wy as
inputs. These frequencies may be calculated using an orbit-
following code such as HALO. Alternatively, under the
assumptions of circular ﬂux surfaces and strongly passing
particles satisfying e < B: <1, the following analytical
approximations may be derlved [22]:

U
= 10
We Ro (10)
E
W= ——5—— 11
’ Ry q(7) (v

where 7 is the particle orbit-averaged minor radial position; A,
is the particle orbit excursion from radial position 7; and Vi is
the particle parallel velocity where it crosses the Z = Z, plane
on the outboard side.

2.4.5. Particle trajectories: analytical approximation. The
ROM also requires the particle trajectories as inputs. For the
purposes of calculating the V,; integral in equation (6), a
particle trajectory in the form (r(6),0(6),¢(6)) is required for
each point (u,E,Py) in COM space. In fact, under the large
aspect ratio assumption then ¢ ~ ¢ and the ¢ term approx-
imately cancels out from the integrand, so only the functions
r(6) and 0(0) are required. Particle trajectories may be calcu-
lated either using an orbit-following code such as HALO, or a
suitable analytical approximation. In this paper, two different
approximations are used, for the cases of circular flux surfaces
and MAST-U flux surfaces respectively.

For the case of a circular flux surface equilibrium (such
as the analytical case study described in section 3.1), we use
the standard formulae for strongly passing particle trajectories
[22]. To construct this simple analytical model, the functions
r(0), 0(0) are expressed in terms of two COM space para-
meters 7, A,. Under the assumption € < L <1, strongly
passing particle trajectory can be descrlbed by equations (12)
and (13), which describe approximately circular orbits in the
poloidal plane, shifted horizontally outwards off the flux sur-
faces by A,. (For co-current passing particles, A, is positive).

r=r+A,cosf (12)

9:@—%sm9. (13)
First, it is necessary to estimate the trajectory parameters 7, A,
for each point (i, E,Pg) in COM space. This is done using
the conservation of Py4. The particle must have equal val-
ues of Py everywhere on its trajectory, in particular at the
two points where it crosses Z = Z; in the poloidal plane (the
inboard and outboard extrema of the trajectory). The formula
Py = QY — MRy can be used to estimate these two points.
Equations (12) and (13) imply that these points are at r = +7 +
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Figure 1. Example particle trajectory approximations. (a) shows the poloidal projection of the trajectory approximation used for the
analytical (circular flux surface) case, for a sample particle at E = 0.6 MeV. The approximation is compared with the full trajectory as
calculated by HALO. (b) shows the corresponding 6(6) approximation for the analytical case, compared to a straight line (grey dotted). (c)
shows the poloidal projection of the elliptical trajectory approximation developed for the MAST-U case, for a sample particle at E = 60 keV.
(d) shows the corresponding 6(6) approximation for the MAST-U case, compared to a straight line (grey dotted).

A, and this can be directly solved for 7, A,. Once 7, A, have
been obtained, equation (13) can be used to iteratively estim-
ate 6(6), and then () can be calculated from equation (12).
An example particle trajectory calculated by HALO, alongside
the corresponding particle trajectory approximation, is shown
in figure 1(a).

For the case of a MAST-U equilibrium (such as the case
study described in section 3.1), we use an adapted traject-
ory model. In MAST-U, the assumption of circular flux sur-
faces is strongly violated. Therefore a higher-order extension
to the particle trajectory formula is needed: this is motiv-
ated by observation of MAST-U particle trajectories calcu-
lated by HALO (see figures 1(c) and (d)). In particular, the
poloidal orbit projection appears elliptical rather than cir-
cular, and the function 6(f) appears to have a substantial
double-periodicity component. Accordingly, we introduce an
additional parameter A,, to account for these two devi-

ations from the circular case. We express the functions r(6),
6(0) in terms of three COM space parameters 7, A,, A,..
Equations (14)—(18) replace equation (12), while equation (19)

replaces equation (13). Equations (14)—(18) describe an ellipse

in the poloidal plane, shifted horizontally outwards off the flux
surfaces by A, (here r'(8’) describes an ellipse centred at
(R,Z) = (AL,0), then r(9) represents the same curve with ori-
gin (0,0)). The parameter A, = % describes the ellipt-
icity, where AZ AR are the major and minor radii respect-
ively. A heuristic investigation found that the parameter A;*
provides a good approximation for the double-periodicity term
coefficient required in equation (19),

(F— A )T+ Ak)

= (14)
VI = Avi)sind’2 + [(7+ A..) cos 0]
R=r"cosf' + A, (15)
Z=r'sin6’ (16)
r=+R2+272 (17)
Z
= arct — 1
@ = arctan (R) (18)
= A* . kk .
0 =60— —sinf + ——sin20 (19)

r r
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Figure 2. Example resonance maps produced by the ROM, for the analytical case study with the n = —6 TAE. (a): mode amplitude

B
figure 2(a), so the resonance widths are approximately doubled.

Again, we estimate the trajectory parameters 7, A, A, from
(u,E,Py) using the conservation of Pg. A similar method is
used, except that the calculation involves the vertical extrema
of the particle trajectory as well as the horizontal extrema.

Once 7, A, A, have been obtained, the functions r(f) and
6(0) can be calculated from equations (14)—(19). An example
particle trajectory calculated by HALO, alongside the corres-
ponding particle trajectory approximation, is shown in Figure
1(c).

Figure 1 shows only one randomly chosen particle traject-
ory for each case, to illustrate the approximations. More com-
prehensive benchmarking is carried out in section 3.2, by com-
paring the resonance maps produced when the particle traject-
ories are calculated either by HALO or by this approximation,
for two case study equilibria. The model can be generalised to
different equilibria by finding a suitable representation of the
particle trajectories.

2.5. Example resonance map

Results of the ROM are produced in the form of ‘resonance
maps’ for qualitative interpretation. Figure 2 shows example
resonance maps produced for the analytical equilibrium case
study with the n = —6 TAE (section 3.1), for two different val-
ues of mode amplitude (%B =0.004,0.016). This figure illus-
trates the square root scaling of resonance width with mode
amplitude: in figure 2(b) the amplitude is quadrupled relat-
ive to figure 2(a), so the resonance widths are approximately
doubled.

The resonance map depicts 2D particle COM space in
coordinates (Riq, E), for a fixed value of the third COM space
coordinate w (in this paper always p=0). The background
black region depicts the region of COM space where co-
current passing particle orbits can exist. White lines indicate
the resonance lines associated with the specified TAE(s). Pale
pink regions indicate the nonlinear resonance regions asso-
ciated with each TAE resonance line, as calculated by the
Hamiltonian formalism. Darker pink regions show the over-
lap of two or more resonance regions.

9B — (.004. (b): mode amplitude %B = 0.016. Maps produced by ROM (iii). In figure 2(b) the amplitude is quadrupled relative to

Irregular features in the plotting of resonance lines and the
boundaries of resonance regions, such as those seen towards
the left of figure 2(b), are a result of numerical error. Small
numerical errors in the resonance width are magnified at the
stage of the calculation where the COM space parametrisation
is converted from (E, Py) to (E, 7). This effect is worse at lower
7 values (i.e. lower Rj,; values), especially for the analytical
case study: this is because %L:o ~ %—f is very small for low r
values.

3. Example results from the new model

In this section, example results of the ROM are displayed and
analysed. We apply the ROM to two example cases, an analyt-
ically constructed equilibrium and a MAST-U equilibrium.

3.1. Case studies

The first case study is taken from HALO code benchmarks
[19]. It consists of an analytically constructed equilibrium,
along with an n=—6 TAE. The equilibrium has circular
flux surfaces as shown in figure 3(a), large aspect ratio, and
low shear. The TAE is strongly dominated by two main pol-
oidal harmonics, as shown in figure 3(c). Notice that the
analytical TAE described in section 2.4.3 is a very suitable
approximation for this case, since the parameters s(rg),€(ro)
are indeed < 1 (details listed in table 2). For all resonance
maps produced for this case study, the maximum particle
energy is set at 2 MeV. This is an arbitrary high energy value
chosen mainly to contrast with the MAST-U case study (see
below), particularly regarding the dimensionless orbit shift
parameter A?* (whose importance is discussed in section 3.3).
The analytical equilibrium at 2 MeV has AF* in the range
~0.4 — 0.8, whereas the MAST-U equilibrium at 100 keV has
8~ 0.1-03.

The second case study equilibrium is reconstructed from
MAST-U discharge #47133, at 225ms. This discharge
was chosen because two well-separated TAEs are clearly
identifiable, and some FI transport is observed. Summary
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Table 2. Parameters describing the TAEs studied in the analytical and MAST-U cases.

Analytical case: MAST-U case: MAST-U case:
Parameter n=—6TAE n=2TAE n=3TAE
Dominant poloidal mode numbers m — 1,m 11,12 3,4 4,5
_1
Safety factor crossover g(ry) = — @ 1.92 —1.75 —15
TAE central location ry [m] 0.331 0.260 0.174
Major radius Ry [m] 3.068 0.939 0.939
TAE frequency f7ag (calculated by MISHKA) [kHz] 76.1 56.2 66.4
Alfvén gap frequency fup ~ 5 gt [KHz 71.4 455 61.1
Local shear s(ro) 0.150 0.650 0.213
Local toroidal coupling parameter €(ry) 0.269 0.693 0.463
Assumed constant plasma density value n, [cm™>] 5.0 x 10" 2.0 x 10" 2.0 x 105
2.0
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Figure 3. Magnetic equilibria and TAE radial profiles for the two case studies. (a) and (b) show the flux surfaces in the poloidal plane for
the analytical and MAST-U cases respectively. (¢) and (d)) show the MISHKA TAE profiles for the analytical n = —6 and MAST-U n=2
cases respectively. (e) and (f) show the corresponding analytical TAE approximations for the analytical and MAST-U cases respectively.
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Figure 4. MAST-U diagnostic data from discharge #47133. Left panel: NBI power; plasma current; safety factor at the magnetic axis;
line-integrated electron density; fission chamber neutron count; OMAHA coil CHOI signal. Right panel: MHD mode spectrogram,
calculated as Fourier Transform of OMAHA coil CHO1. TAEs are observed in the frequency range of 100 — 170 kHz.

Table 3. Direct comparison of %B overlap threshold predictions by the five ROM versions, for four different cases.

Analytical case:
main two resonances

Analytical case: next
two resonances

MAST-U

case: main two MAST-U case: next two

ROM version (I=10,11) (I=11,12) resonances (I = 3,4) resonances ([ = 4,5)
@) 0.012 0.012 0.049 0.063
(ii) 0.016 0.013 0.113 0.064
(iii) 0.014 0.014 0.074 0.042
>iv) 0.017 0.016 0.091 0.023
W) NA (/=10 out of range) 0.018 0.046 0.018

parameters from this discharge are shown in figure 4, and the
equilibrium flux surfaces are shown in figure 3(b). Magnetic
perturbations including TAEs are diagnosed on MAST-U
using a magnetic pick-up coil array called OMAHA [2, 44].
The OMAHA spectrogram in figure 4 shows three clear modes
in the time period of around 225-260 ms. The OMAHA signal
can also be used to identify the toroidal mode numbers of these
perturbations as n = 1,2,3 (from lowest to highest frequency
respectively). The n = 1 mode is assumed to be the tail-end of a
fishbone rather than a TAE, therefore only the n = 2,3 modes
are included in this paper. In the spectrogram, these modes
are observed in the frequency range of 100 — 170kHz: the
observed frequencies are given by fopserved =f -+ nfior, Where
frot 18 the toroidal rotation frequency of the plasma (estimated
to be ~33 kHz in this case), and f is the actual TAE frequency
(specified for 225 ms in table 2). Unless otherwise stated, res-
onance maps for this case study are produced for the n =2 TAE
only, whose radial structure is shown in figure 3(d). Notice that
the analytical TAE described in section 2.4.3 is a very weak
approximation to this case, since the parameters s(ro),€(ro)
are not substantially smaller than 1 (details listed in table 2),
and the two main poloidal harmonics are strongly coupled
with many side harmonics. For all resonance maps produced
for this case, the maximum particle energy is set at 100 keV

(since MAST-U fast deuterons typically have energies up to
~75 keV).

For both case studies, a constant plasma density profile is
used. The chosen density value is specified in table 2.

3.2. Model results and discussion

Results from the ROM are produced for the five different sim-
plification levels discussed in section 2.3. Figure 5 shows the
full resonance maps, while table 3 shows the estimated reson-
ance overlap thresholds.

The key result from figure 5 is that the resonance map
remains reasonably similar across all five ROM versions (with
some exceptions detailed below). This implies that reson-
ance overlap can be reasonably well quantified even when all
HALO and MISHKA outputs are replaced by simple analyt-
ical approximations. Figure 5 also allows us to identify which
approximations introduce the greatest degree of inaccuracy,
so future improvements to the model can focus on updating
these with more advanced or higher order approximations as
required.

Table 3 quantifies the degree of error. For the analytical
case, all ROM versions agree to within ~50% of each other.
For the MAST-U case, all ROM versions agree to within a
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Figure 5. Direct comparison of resonance maps produced by the five ROM versions. Plots in the left column are for the analytical case
study with the n = —6 TAE, with %B = 0.004. Plots in the right column are for the MAST-U case study with the n =2 TAE, with %B =0.01.

factor of 2.5 for the two main resonances, and a factor of 4
for the next two resonances.

For the analytical case, none of the individual approxim-
ations alter the estimated thresholds by more than ~20% —
30%, with the exception of the particle frequency approxima-
tions (equations (10) and (11)), which introduce the greatest
inaccuracy. This is clear from the left column of figure 5:
applying the particle frequency approximations (ROM (iv) to
(v)) substantially alters the positions of the resonance lines,
since these are very sensitive to changes in the particle fre-
quency functions. One reason for this inaccuracy is that the
particle energies (up to 2 MeV) are sufficiently high that one

of the assumptions used to derive the particle frequencies
(A* < 1) breaks down. This can be demonstrated using the

7

approximate analytical formula for A, [22]:

Mo (et i)
Ay~ R I
QBOq(r) o
M 2M
=—q[F)v. = \/;q(?) VE = 0.00007 - ¢ (F) /E[eV].
QBO QB()

(20)

For the core region 7 < 0.3, the safety factor is g(7) ~ 1.9.
This gives A, & 0.00014 - /Eand 2= > 0.0005 - v/E. Thus at
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< 1, required for the particle frequency formulae. Blue
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region where both inequalities hold; orange region where left inequality is approx violated; red region where right inequality is approx
violated. (a): for the analytical equilibrium. (b): for the MAST-U equilibrium.

E=1MeV we have A;* 2 0.5 in the core region, and A?* 21

for 7 < 0.15. The higher the energy and/or the closer to the
core, the more the assumption % < 1 is violated. The exact
validity region is shown in figure 6(a) (the red region shows
where A;* > 0.5). However, it is useful to note that although
the positions of the resonance lines change from ROM (iv)—
(v), the resonance widths and overall overlap thresholds do not
change substantially.

For the MAST-U case, by far the greatest inaccuracy is
introduced by ROM (i)—(ii), i.e. reducing the many-harmonic
MISHKA TAE down to only its two dominant harmonics: this
increases the estimated overlap threshold by a factor of 2.3.
This is somewhat unsurprising since the high-shear equilib-
rium in MAST-U (s~ 0.65 at the peak TAE location) results
in many non-negligible side harmonics of the TAE, as shown
in figure 3(d). When applying the ROM to high-shear scen-
arios, a substantial improvement could be provided by using
a more appropriate high-shear TAE approximation, able to
capture the multiple harmonics. There is a lack of analyt-
ical global TAE theory in this area; developments would be
desirable. Another improvement could be provided by using
higher-order particle frequency approximations, especially in
the plasma edge region (Rini; = 1.35). Figure 5 shows that the
positions of the edge resonances change substantially from
ROM (iv)—(v). The model currently uses the simplest, lowest-
order versions of these particle frequency formulae, which
fail to take into account MAST-U plasma edge effects such
as the large increase in shear and the strong Shafranov shift;
figure 6(b) also shows that the large aspect ratio assumption
is violated over most of phase space (orange region). Using a
more appropriate higher-order adaptation to the particle fre-
quency formulae would be a straightforward way to upgrade
ROM (v) for MAST-U. Another substantial inaccuracy of
~45% is introduced by using the analytical TAE profile
(i.e. ROM (iii)—(iv)) in the plasma edge region. The analyt-
ical TAE profile is scaled to have the correct peak amplitude,
so it matches the MISHKA profile reasonably well in the core
region; whereas its global shape and width are defined by the

parameters €(rg),s(rp), which strongly violate the modelling
assumptions of € < 1, s < 1. This means the analytical TAE
profile is a very poor approximation to the MISHKA profile in
the edge region (see figures 3(d) and (f)). Again, a more appro-
priate high-shear, low-aspect-ratio TAE approximation would
be very useful to improve the model results. The remaining
approximations each alter the estimated overlap thresholds by
around ~20% — 30%, without substantially altering the over-
all appearance of the resonance maps.

For both the analytical and MAST-U cases, a large portion
of the remaining discrepancies can be explained by the highly
sensitive V,; ‘waist’ effects, discussed in section 3.3.

3.3. Discussion of V,; parameter and ‘waist’ effects

Instead of simply using V,; to calculate the nonlinear reson-
ance widths along each resonance line, it is also enlighten-
ing to plot V,,; over the entire COM space slice, as shown in
figure 7. This is useful in explaining some of the discrepancies
between different ROM versions. The left column of figure 7
is for the analytical case with n = —6, = 11; this corresponds
to the second resonance line from the left in the left column of
figure 5. The right column of figure 7 is for the MAST-U case
with n = 2,1 = 3; this corresponds to the leftmost resonance
line in the right column of figure 5. The appropriate resonance
line is overlaid onto figure 7 as a white line. The nonlinear
width at each point on this resonance line is calculated from
the value of V,; at that point, via equation (7).

Due to the analytical behaviour of the integral in
equation (6), V,; is predicted to be an oscillatory function over
COM space. Specifically, a simple approximation shows that
each term m of the summation is proportional to J,,_; (’”? ,
where J; is the ith Bessel function of the first kind [22, 45].
These oscillations can be clearly seen in figure 7 in the ana-
Iytical case, which shows alternating bands of much higher
and lower V,; values. Where the resonance line crosses these
bands, ‘bulges’ and ‘waists’ are seen in the corresponding res-
onance region. Figure 7 shows that the V,, calculation overall
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Figure 7. Direct comparison of V,; parameter as a function over COM space, calculated by the ROM versions (i)—(iv). Plots in the left
column (with left colourbar) are for the analytical case with n = —6,/ = 11; plots in the right column (with right colourbar) are for the
MAST-U case with n = 2,/ = 3. The corresponding resonance line, where the V,; value must be sampled to produce resonance maps, is

overlaid as a white line. V,; is here normalised to FB =1.

gives heuristically similar results across ROM (i)-(iv) for the
analytical case; however, slight variations cause the resonance
line to sample the bulges and waists in very different positions.
This reflects what is seen in figure 5: the maximum widths of
each resonance region remain fairly similar across all model
versions, but the waist positions move substantially. Therefore
the more reduced ROM versions give good predictions of the
overall picture, but very poor predictions at specific energy
values, due to this ‘waist’ sensitivity.

A similar effect is seen in the MAST-U case, although here
the heuristic similarity is less strong. Across ROM versions
(1)—(iv), figure 7 shows two ‘lobes’ of high V,; either side of a
‘waist’ of very low V ;. The dramatic difference between ROM
(1)—(ii) in the right column of figure 5 is partially explained by
this: the position of the low band moves slightly, in such a way
that the / = 3 resonance line samples the highest V,; for ROM
(1), but the lowest V,; for ROM (ii). Figure 7 shows that the
dramatic difference between ROM versions (i)—(ii) is mainly
caused to this V,; ‘waist’ sensitivity, and therefore the two-
mode assumption may not be as bad as it initially seemed.

One consequence of this discussion is as follows. The
overall agreement between different ROM versions looks

heuristically much better for V,; plots like figure 7 than for
resonance maps like figure 5. However, both cases shown in
figure 5 have a sparse number of resonance lines (4-5), since
only one TAE is shown in each. In cases where there are
many TAEs and/or each TAE has many resonance lines close
together in COM space, the bulge and waist effects would
become a small detail on the overall picture, and the different
ROM versions may actually show better heuristic agreement.

3.4. Computational efficiency

The ROM provides significant computational reductions com-
pared to existing methods. One reduction is that each particle
trajectory need only be calculated over one poloidal rotation,
with time period 7y = i—’; (This is equivalent to calculating
the equation (6) integral from = 0 to 27.) In contrast, orbit-
following and/or QL methods must track the particle trajectory
for at least the nonlinear bounce time 7, of the resonant inter-
action (see sections 2.2 and 4.2 for further details), or launch a
large number of particles at different phases over the nonlinear
bounce. Typically 79 < 7, by several orders of magnitude,
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thus the ROM provides a theoretical reduction in computa-
tion time. The ROM also has the advantage that it can be
run without requiring any high-performance orbit-following
or linear MHD codes, including in cases where very minimal
diagnostic data is provided: it only requires a magnetic equi-
librium file along with the TAE mode numbers and frequen-
cies. This allows for a greatly simplified user workflow, and
is useful for rapidly testing multiple scenarios when detailed
diagnostic data is not immediately accessible.

Note that the ROM computation time increases linearly
with the number of resonances plotted.

4. Benchmarking of the new model

In this section, we benchmark the ROM against the HALO
code. HALO is an orbit-following code with the functionality
to track many particle trajectories in the presence of a TAE
perturbation. This allows for explicit, accurate calculation of
resonance regions and resonance overlap. We use two differ-
ent approaches to compare the ROM results in section 3.2
against HALO results. The first approach (section 4.1) is to
produce Poincaré plots [19]. These plots show only a 1D slice
of particle COM space, with the other dimension measur-
ing the phase difference between the particle and the wave.
Particles trapped in a TAE resonance appear as closed ‘islands’
on a Poincaré plot, from which the resonance width can be
measured. The second approach (section 4.2) is to calculate
the net energy transfer between each particle and the TAE. In
theory, the resonance regions should correspond with regions
of highest net energy transfer.

4.1. Model benchmarking against HALO Poincaré plots

Poincaré plots can be used to precisely measure the resonance
width at any given point in COM space. Examples of such
plots are shown in figure 8. To produce them, HALO tracks the
trajectories of several test particles in the presence of a TAE
perturbation. Each time the particle crosses # =0, the wave
phase (160 + n¢ — wragt) at the particle’s toroidal location is
recorded, and a point is plotted. Here the particles are initial-
ised for a range of Ry, values at a fixed (E, 11). The Poincaré
plot shows Rj,;; on the horizontal axis and the wave phase
on the vertical axis. Non-resonant particles appear as straight
lines Rjni¢ = constant, i.e. their COM space position remains
unchanged, exhibiting no coherence with the TAE. Resonant
particles appear as closed islands on the Poincaré plot, since
their TAE wave phase undergoes harmonic oscillations. The
maximum radial width of the resonant island is the resonance
width. When the resonant islands begin to overlap, stochastic
behaviour is suddenly observed (seen in figure 8(b)).

HALO Poincaré plots were used to produce resonance
width estimates for particles at different energies and mode
amplitudes. In figure 9, these estimates were overlaid onto res-
onance maps produced by ROM (i) (the most accurate ROM
version). The HALO Poincaré plot results agree reasonably

well with the ROM predictions, in the sense that wherever the
ROM predicts a resonance region, a resonance region of very
similar width is seen in the Poincaré plots.

However, many small additional resonances appear in the
Poincaré plots which do not match with any of the resonance
lines predicted by equation (5). An example is the very narrow
resonance appearing at R~ 3.58 m in figures 8(a) and 9(a).
Other authors have called these nonlinear resonances [46—48].
The presence of additional resonances could reduce the overall
overlap threshold, an effect which is not included in the ROM.

4.2. Model benchmarking against HALO energy transfer
plots

To produce energy transfer plots, HALO tracks the trajectories
of many test particles in the presence of a TAE perturbation.
At each timestep, the power transfer P(t) = QE(r) - v(¢) is cal-
culated (where E is the TAE electric field and v is the particle
velocity) [4]. The total net energy transfer fot”“'P(t)dt (where
fend 18 the end time of the calculation) is saved for each particle.
Energy transfer plots provide information over all of COM
space, in particular over a 2D slice comparable to that used
in figure 5. The main disadvantage of energy transfer plots is
that they do not show resonance regions with clearly defined
edges, so they can only provide very rough estimates for the
resonance overlap threshold.

HALO energy transfer plots for the analytical case study
are shown in figure 10. Notice that in figures 10(b) and (c),
the strongest energy transfer does not occur on the linear res-
onance lines, but rather on a non-resonant band centred at
R~3.38 m (corresponding to the peak TAE location). This
suggests that non-resonant effects dominate over resonant
effects, at least in the core region. These strong non-resonant
effects are essentially caused by the extremely steep TAE pro-
file. Non-resonant particles experience regular random ‘kicks’
from the TAE perturbation, but these kicks average out rap-
idly over time. Therefore the net energy transfer accumulated
by a non-resonant particle is limited by the size of one or a
few TAE ‘kicks’. On the other hand, a particle in resonance
with the TAE accumulates ‘kicks’ with a given sign of power
transfer. If the variation in particle COM due to TAE reson-
ance is neglected, then the net energy transfer of a resonant
particle steadily accumulates over time, so it must eventually
outstrip any non-resonant particle. However, when nonlinear
effects are taken into account, the resonant particle actually
follows a slow nonlinear bounce oscillation around the res-
onance in COM space, with timescale denoted 7;. The pos-
itive power transfer it experiences on one side of the reson-
ance is offset by the negative power transfer it experiences on
the other side. Therefore fot“" P(1)dt never exceeds [, P(1)dt,
which is proportional to both the bounce timescale 7, and the
local mode amplitude frag (7). Since the amplitude of this TAE
varies by many orders of magnitude between the peak and
the edge, and since 7, is sufficiently short for the resonant
particles in this case, then a single ‘kick’ for a non-resonant
particle close to the peak TAE can easily exceed [;” P(f)ds
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Figure 8. HALO Poincaré plots for 64 particles at © =0, E = 1.5 MeV, in the presence of the MISHKA n = —6 TAE, for the analytical
case study. (a) is for mode amplitude %B = 0.003 (non-overlapping resonances); (b) is for mode amplitude %B = 0.012 (overlapping
resonances causing stochasticity). Each line shows the path of one particle, with the colours chosen arbitrarily to distinguish each particle.

2.00

175

1.50 -

1.25 4

1.00 1

E (MeV)

0.75 4

0.50 +

0.25 4

0.00

3.1

Rinit (M)

(a)

E (keV)

1.2 13

Rinit (M)

(b)

1.0 11

Figure 9. Resonance maps produced by ROM (i), with resonance width data from HALO Poincaré plots overlaid as red bars. (a): analytical
case study, n = —6 TAE, %B = 0.003. (b): MAST-U case study, n =2 TAE, %B = 0.01. Note that the bars at E = 1.5 MeV in figure 9(a) are
taken directly from figure 8(a). Resonance line / values as labelled in figure 5.

for a resonant particle far from the peak TAE. For the analyt-
ical case study, these non-resonant effects dominate over res-
onant effects, meaning that the HALO energy transfer plots
are of limited usefulness for calculation of resonance overlap
thresholds. However, the ROM (i) overlap threshold predic-
tions (%B ~ 0.01 for first overlap at E=1.25 MeV, %B ~0.02
for overlap in the range 1 — 1.5 MeV) seem at least plausible,
since figure 10 shows the core resonances stop being clearly
separated at around %B ~0.01 —0.02.

HALO energy transfer plots for the MAST-U case study
are shown in figure 11. The regions of highest energy trans-
fer are centred on the linear resonance lines, implying that
non-resonant effects are insignificant in this case. Although
the exact threshold of resonance overlap is unclear, it can be
estimated by observing when the core resonance lines are no
longer clearly separated. They show very clear separation at
%B =0.001; begin to merge at %B =0.01; and by %B =0.04
the individual resonance lines are no longer visible. This is
in reasonable agreement with ROM (i), which predicts over-
lap thresholds of 2 ~ 0.05 at £=100 keV, %2 ~ 0.04 at
E =50 keV, and %B ~0.03 at E=25 keV. The edge res-
onances are too close together to produce any clear overlap
threshold estimate.

5. Possible applications of the new model

5.1 Use cases

We make the distinction between two possible use cases of the
ROM.

The first use case is the application to pre-existing data
obtained from plasma discharges that have already occurred.
In this case, the inputs required for the ROM can typically be
obtained from diagnostic data, as is done for the MAST-U case
study in this work (see section 3.1). In particular, for a given
point in time, the excited TAEs can be identified from the spec-
trogram. Their toroidal and poloidal mode numbers can be
deduced from magnetics data. If amplitude data is not avail-
able, we can make the assumption that all TAEs have equal
amplitude, and estimate the overlap threshold amplitude based
on this assumption. If amplitude data is available, we can input
the actual individual TAE amplitudes, and accurately identify
whether resonance overlap is occurring at this time (and in
which regions of COM space). This use case is suitable for
purposes of model validation, and to help interpret the FI beha-
viour that occurred during a given discharge.

Figure 12 shows an example of this for the MAST-U case
study (#47133 at 225 ms), with the n = 2,3 modes included
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Figure 10. HALO plots showing the logarithm of the absolute value of the net energy transfer in Joules, for 16 384 test particles over a scan
of COM space, in the presence of the MISHKA n = —6 TAE, for the analytical case study. (a): positions of linear resonance lines. (b)—(d):
energy transfer for mode amplitudes % =0.001,0.01,0.02 respectively. Individual resonance lines are somewhat visible when the

amplitude is below the ROM overlap threshold prediction (approx. %B ~ (.01 — 0.02), but no longer visible when the threshold is exceeded.

Resonance line / values as included in figure 5.

as identified from the spectrogram. Since sufficient amp-
litude data was not available, we only predict an overlap
threshold amplitude (assuming both TAEs have equal amp-
litude), and do not determine whether this threshold was
exceeded. Note that when more TAEs are included, the over-
lap threshold becomes lower. Since this figure only shows co-
current passing particles with p = 0, the overlap threshold may
be substantially different for other regions of COM space.
This paper will be followed by a second study, using a sim-
ilar method to validate the ROM against experimental data.
The second use case is the predictive capability for future
tokamak plasma scenarios in the design stage. In this case, dia-
gnostic data is not available. The spectrum of TAEs must be
predicted by a linear MHD solver. However, this presents the
question of which TAEs actually are excited (driven unstable),
which depends on the FI distribution and several damping
mechanisms. One option is to include the full linear spec-
trum of TAEs in the ROM, and identify a lower bound overlap
threshold (provided this threshold is not exceeded, overlap will
certainly not occur). If a more detailed answer is needed, other
models must be used to first predict TAE stability, and only the
excited TAEs then included in the ROM. Further complexities

would arise from the possible nonlinear interactions between
TAE stability and the FI distribution.

The ROM could also be used in conjunction with a critical
gradient model [14, 15]. To implement a CGM, first some sub-
set of TAEs are identified as most likely unstable, then some
saturation rule is established between the FI gradient and the
TAE amplitudes. Crucially the CGM is only valid under the
assumption of resonance overlap (since this allows the FI dis-
tribution to diffuse and settle on the CGM prediction). Once
a CGM calculation has been performed and the TAE amp-
litudes calculated, a subsequent ROM calculation could be
used to check whether the resonance overlap assumption is
indeed met.

5.2. Lower/upper bound overlap threshold estimates

It is useful to consider whether the ROM can be adapted to pro-
duce lower/upper bound resonance overlap threshold estim-
ates. Figure 5 and table 3 show ‘moderately accurate’ estim-
ates, but exhibit substantial non-monotonicity between model
versions, with some overpredicting and some underpredicting.
This non-monotonicity is difficult to avoid since equation (6)
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Figure 11. HALO plots showing the logarithm of the absolute value of the net energy transfer in Joules, for 16 384 test particles over a scan
of COM space, in the presence of the MISHKA n =2 TAE, for the MAST-U case study. (a): positions of linear resonance lines. (b)—(d):
energy transfer for mode amplitudes % =0.001,0.01,0.04 respectively. Individual resonance lines are somewhat visible when the

amplitude is below the ROM overlap threshold prediction (approx. %B ~ (.04 — 0.05), but no longer visible when the threshold is reached.
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Figure 12. Resonance map produced by ROM (iii) for the MAST-U
case study: realistic scenario with n = 2,3 TAEs included. This plot
is for 5—; = 0.036, the estimated overlap threshold for the core
resonances.

is oscillatory in nature, and these oscillations depend sensit-
ively on the Fourier harmonics of the different terms in the
integrand.

Due to the ‘waist’ structure resulting from these oscil-
lations (discussed in section 3.3), the resonance widths are
reduced to near zero at certain (fairly sensitive and unpre-
dictable) points in COM space. This makes it difficult
to find a sensible lower bound for the resonance width
(other than zero), therefore difficult to find an upper bound
for the overlap threshold %B. Some solutions are avail-
able: we can lower bound the width of the widest point
(or ‘bulge’), using a similar method to equations (21)—(23)
below; then calculate when it touches the ideal (zero width)
resonance line of the neighbouring resonance. This would
allow us to guarantee that ‘if %B exceeds this threshold
value, some resonance overlap certainly does occur at some
energies’.

On the other hand, it is relatively straightforward to cal-
culate an upper bound for the resonance width, i.e. a lower
bound for the overlap threshold. For practical applications,
this allows us to guarantee that ‘provided %B stays below this
threshold value, overlap certainly does not occur’. (Note that
this lower bound only applies to the passing particle region as
currently formulated; thresholds in the trapped particle region
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may be lower.) Depending on the amount of detailed inform-
ation available (on the mode structure etc), the lower bound
may be tuned ‘tighter’ or ‘looser’. A very loose lower bound,
which can be calculated with even very limited information,
is given as follows. We produce the resonance maps using an
upper bound on V,;:

1
[Vl (11, E; Pg) < QZ {max\q)nmlrggi{( |wrAE = v kjjm| 7

m

27 B A = _
/ exp {i(l—m)@—i—imf*sine} dﬁl}.
0 r
ey

X

Here we have applied the LAR approximation ¢ ~ ¢, and
the circular flux surface orbit approximation (equation (13)),
in the exponential term: we find these approximations have
a sufficiently small effect that the bound still applies even in
the MAST-U case. We have also rewritten b-(nV¢ + mV#8) =
—kjjum- We then apply the Jacobi-Anger expansion to evaluate
the integral:

Vil (1., Pg) < Q) miax| @, | max worar
m

A,
Jim (m) ‘ 22)
r

(23)
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< szax | Dy max |wraE = vk | P (1 —m).
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Here J,, is the Bessel function of the first kind of order «,
and we define the function P(cv) = max, |/} (x)|.

This method has the advantage that max |®,,,| can be cal-
culated straightforwardly from %B, even when the mode struc-
ture ®,,,(r) is not known. Another major advantage is that
equation (23) is much simpler to calculate than equation (6),
since the integral has already been evaluated analytically.
Preliminary calculations suggest that equation (23) underes-
timates the overlap threshold %B by a factor of around 5 to 20
times in the core plasma region, compared to ROM (i). (Using
max |®,,,| causes it to underestimate much more drastically in
the edge region away from the peak TAE.) This bound can be
improved upon if more information is available, for example
by replacing max |®,,,| with max,i¢ | P, (r)|, and by treating
(wTAE — V| ikjjum) With a higher order Fourier transform.

Further analytical investigations, taking advantage of this
Bessel function reduction, will be published in a future work.

6. Discussion and conclusions

In this work, we develop a new reduced ROM to calculate
TAE resonance regions in particle phase space, enabling the
calculation of phase-space-dependent TAE resonance over-
lap thresholds. This threshold determines stochasticity of FI

transport by TAEs. The ROM is based on an analytical frame-
work described in [22]: it is highly reduced compared to pre-
vious methods, since it bypasses the need for computationally
intensive orbit-following and linear MHD codes. The ROM
is of interest for implementation as a submodule in transport
codes, and for rapid qualitative assessment of the effect of dif-
ferent plasma parameters on resonance overlap. In this work,
we apply the ROM to the passing particle region: promising
results suggest that the model is worth further investigation
and development, such as an extension to the trapped particle
region. We intend to cover this in a future work.

We present five different versions of the ROM. ROM (i)
incorporates outputs from the HALO and MISHKA codes;
each subsequent version replaces these outputs one-by-one
with simple analytical approximations; up to ROM (v) which
is entirely analytical. This multi-step formulation enables the
accuracy of each approximation to be assessed individually.
For practical application, it also provides the freedom to select
a model version based on accuracy/efficiency requirements.

We test the five ROM versions on two contrasting case
studies: an analytically constructed plasma equilibrium and a
MAST-U equilibrium reconstructed from experimental data.
The analytical equilibrium is chosen as a ‘best-case scenario’
since it satisfies all the modelling assumptions very well; the
MAST-U equilibrium is chosen as a ‘worst-case scenario’
since it falls well outside the applicability range of most of
the modelling assumptions. For the analytical case, overlap
thresholds calculated by the different ROM versions agree to
within ~50% across most of phase space. For the MAST-
U case, overlap thresholds calculated by the different ROM
versions differ by up to a factor of 2.5 in the plasma core
region, but by up to a factor of 4 in the plasma edge region.
This reflects the fact that many of the modelling assump-
tions are strongly violated near the MAST-U plasma edge.
Further optimisation of the ROM for STs such as MAST-
U would be possible by adapting the analytical approxima-
tions used, particularly the analytical TAE approximation and
the particle frequency approximations. However, even in its
present non-optimised form, the ROM does provide moder-
ately good estimates for resonance overlap thresholds in the
MAST-U plasma core.

We benchmark the ROM against HALO code simulations,
since orbit-following codes of this type provide the standard
tools used in the literature to produce TAE resonance maps.
Resonance widths calculated by the ROM show good agree-
ment with resonance widths calculated from HALO Poincaré
plots, for both the analytical and MAST-U cases.

The key advantage of the ROM compared to previous com-
putational methods is that it can produce TAE resonance maps
from a quick and simple calculation, requiring only a magnetic
equilibrium file and the TAE mode numbers and frequencies
as inputs. Existing reduced FI transport models rely on lin-
ear MHD solvers to compute the modes; whereas results from
ROM (i)—(iv) suggest that resonance overlap thresholds are not
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particularly sensitive to the finer details of the mode struc-
ture, only to the peak mode amplitude, which substantially
reduces the computational requirements. The key advantage
of the ROM compared to previous theoretical formalisms is
that it produces full resonance maps over most of phase space,
rather than relying on reducing the problem down to 1D. It
is also highly adaptable to diverse plasma scenarios, with less
reliance on strong assumptions such as neglecting orbit excur-
sion. Another advantage of the ROM is that it generalises eas-
ily to scenarios with many TAEs present.

Figure 7 suggests that the resonance regions are highly
sensitive to the particle trajectory parameters and the Bessel
function structure described in [45]. Figures 5 and 7 also show
that some phase-space resolution (particularly energy resolu-
tion) is lost as the model is reduced from ROM (i) to (v), in a
large part due to this Bessel function structure. However, ROM
(v) can still provide reasonable estimates for the onset of large-
scale resonance overlap throughout the plasma region.

There are several important limitations to consider, when
applying the ROM to different tokamak scenarios. First, the
ROM is based on the GC assumption, which is known to be
problematic for FIs in STs: further benchmarking against full-
orbit calculations is needed to quantify this error. Second, the
TAE approximation used here relies on the assumptions of
large aspect ratio and low shear, since the analytical theory of
TAESs has not been developed for STs. Third, the basic particle
trajectory formulae rely on the assumption of circular flux sur-
faces; adapted formulae are needed for equilibria with non-
circular flux surfaces, since the resonance width calculation is
very sensitive to this shaping. Fourth, the particle frequency
formulae rely on not only the circular flux surface assump-
tion (violated in STs), but also the assumption of € < A; <1
(violated for particles with very high energy and/or large orbit
excursion width, and for particles near the plasma edge in
STs). Each approximation may be tested by substituting more
accurate modelling code outputs instead, and comparing the
results (similarly to ROM (i)—(v) in this paper). The ROM
inherently contains the freedom to adapt its various analytical
approximations for different plasma scenarios: for example,
low-order large-aspect-ratio formulae may be substituted out
for higher-order formulae more suited to STs.

The ROM may be applied to interpret diagnostic data from
plasma discharges, or in a predictive capacity to assist design
of future plasma scenarios. The ROM may be adjusted to pro-
duce most accurate estimates or lower/upper bound estimates,
depending on the requirements and the available data. Of par-
ticular importance is detailed information on the TAE spec-
trum, including stability and amplitudes. If only lower bound
overlap thresholds are required, it may be sufficient to include
the entire linear spectrum of TAEs, whether or not they are
excited: overlap certainly will not occur below this threshold.
It is also straightforward to tune the model equations to pro-
duce true lower bound overlap threshold estimates, which can
be even more highly reduced analytically. True upper bound

estimates are generally more difficult to obtain, but can be
found if we relax the COM-space-resolution of the model.
(Note that if only upper bound overlap thresholds are required,
then it may be sufficient to restrict the ROM to the passing
particle region as formulated in this paper: overlap certainly
occurs once this threshold is reached, but may occur sooner in
other COM space regions).

This paper will be followed by a validation of the ROM
against experimental data.
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Appendix

A.1 Resonance maps for ;1 #0

Hitherto in this paper, all figures have shown the p = 0 slice of
COM space. Figure 13 shows the effect of varying p, for the
analytical case study. The same amplitude value %B =0.0151s
used in all plots.

These figures only show the passing particle COM space
region. As p increases, we have excluded more and more of
COM space, since it contains either trapped orbits (approx bot-
tom region of plot), or stagnation or potato orbits (approx left
region of plot). Note that the trapped particle region is given
by E< MB(Rinil)'

The key point to observe from this figure is that the overlap
threshold (in the passing particle region) remains reasonably
similar across all p values, for the analytical case study. The
same situation was found for the MAST-U case study. This
informs the choice to show only p = 0 plots in the body of this
paper. However, different case studies may exhibit stronger
dependence on p. In general, when using the ROM to estimate
resonance overlap thresholds, it is advisable to produce reson-
ance maps at a few different i values, as in figure 13.

For the case uBy =1 MeV (figure (13(c))), we produced
HALO Poincaré plots and plotted the resonance width data as
red bars. The resonance widths and overlap threshold agree
reasonably well: for example at E=1.8 MeV, the overlap
threshold is almost reached but not quite. However, the red
bars appear systematically shifted ~ 0.05 m to the left as com-
pared to the ROM plot. There may be some systematic dif-
ference in the approximations used to initiate the particles
and calculate p; this discrepancy may require some further
investigation.
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Figure 13. Resonance maps produced by ROM (iii) for the analytical case study with the n = —6 TAE, at varying values of y, all with
%B =0.015. (a): uBo = 0.0 MeV. (b): uBy = 0.5 MeV. (¢): uBy = 1.0 MeV. d): uBo = 1.5 MeV. In (c¢), resonance width data from HALO
Poincaré plots is overlaid as red bars.

A.2. List of symbols, parameters and acronyms

See tables 4 and 5.

Table 4. Symbol and parameter definitions.
Constants
o Particle charge
M Particle mass
Ry Magnetic axis radial coordinate (major radius)
Zy Magnetic axis vertical coordinate

Variables parametrising real space

r Minor radial variable

P Poloidal flux function (alternative radial variable to r; under circular flux surface assumption
then ¢ = ¥(r))

(R, 2) Horizontal/vertical Cartesian variables parametrising poloidal plane (i.e. major radial coordinate

and vertical coordinate)

(¢,9) Toroidal and poloidal angle variables in orthogonal flux coordinates (1,0, ¢)
(¢,0) Toroidal and poloidal angle variables in action-angle formalism. Defined differently for each
particle trajectory; they are defined such that the particle moves with %‘f, % constant.

Variables parametrising COM space

E Particle constant of motion: energy

" Particle constant of motion: magnetic moment

Py Particle constant of motion: toroidal canonical angular momentum

(Py,Pp) Particle constants of motion: toroidal and poloidal action variables (momenta) in action-angle
formalism. (Note that under toroidal axisymmetry assumption, Py = P.)

7 Average minor radius of particle trajectory (alternative parameter to Pg)

Rinit Particle major radial position, when it crosses the magnetic axis on the outboard side (alternative
parameter to 7)

V[« Particle velocity parallel to the magnetic field, when it crosses the magnetic axis on the outboard
side (alternative parameter to E)

o Extra parameter for sign of direction of particle motion

Other features of particle trajectories

We,We Angular frequencies of particle periodic motion in toroidal, poloidal directions respectively. (L.e.
we = 3—;’, where 74 is the average time period for the particle to traverse from ¢ =0 to ¢ = 2;
and wy defined similarly.) Functions on COM space (y, E, Py). Note wy = %2 and wy = %

A, Particle orbit excursion width (radial shift from flux surfaces). Function on COM space
(,LL,E, P ¢)'

AR, AZ, A Additional parameters introduced to describe MAST-U elliptical orbits. Functions on COM
space (i, E, Py).

v Particle velocity parallel to magnetic field. Varies along particle trajectory.

(Continued.)
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Table 4. (Continued.)

Features of the magnetic equilibrium

B

b

VA

q

s
Agpaf
€

Magnetic field vector
Magnetic field unit vector
Alfvén speed profile

Safety factor profile

g’ (r)

; q(r)

Shafranov shift parameter

Local inverse aspect ratio parameter, € =

Shear profile s =

r
Ry

€ Local toroidal coupling parameter, € = z- + Ay = %R—’O
Parameters to describe TAEs
1

) Minor radial position of TAE peak. Defined by ¢g(ro) = — (mn 2) , for a TAE with dominant
poloidal harmonics m,m — 1.

WTAE TAE frequency

n,m TAE toroidal, poloidal mode numbers

l An integer labelling different resonances with the same TAE. Strongest power transfer occurs
when / is equal to one of the poloidal 7 mode numbers of the TAE.

% TAE amplitude—given in terms of magnitude of magnetic field perturbation relative to
equilibrium magnetic field (evaluated at ry).

K{nm Spatially varying Shear Alfvén parallel wavevector in toroidal geometry: k,, = 711; (n + %)

SFrae(¥,0,0,1) TAE electrostatic potential

Dy () TAE Fourier amplitude functions

Resonance width parameters

Vi Function on particle COM space, describing the TAE perturbation amplitude averaged over the
whole particle trajectory (for a particular TAE with toroidal mode number 7; and a particular
resonance line labelled by /)

dP4,6Pg Width of particle wobble from its original (P, Ps) COM space position, caused by resonance
with TAE

ow Variation of particle frequency function (nwg + lwe) from its original value, caused by

resonance with TAE

Table 5. Acronyms used in this paper.

Acronym

Meaning

COCOS
COM
FI
GC/FO
HALO
LAR

MAST-U

MHD

MISHKA

NBI
ROM
ST
TAE

COordinate COnventionS

Constants of motion

Fast ion

Guiding-centre / full-orbit

An orbit-following code: combination of the HAGIS+LOCUST codes
Large aspect ratio

MAST-Upgrade: a spherical tokamak device

Magnetohydrodynamic

A linear MHD code: used to calculate TAE profiles

Neutral beam injection

Reduced Resonance Overlap Model: the new model presented in this paper
Spherical tokamak

Toroidal Alfvén eigenmode

21
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