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ABSTRACT

A study of the containment of particles in the loss-cone of a mag-
neticrmirror—machine by means of RF fields whose frequency slightly
exceeds the maximum value of the ion cyclotron frequency within the
plasma. Computations which verify the adiabatic theory of this con-

finement system are reported,

The rather discouraging outcome of a number of recent thermo-
nuclear reactor design studies based upon unaided magnetic mirror
plasma confinement(1’2), has emphasised the potential value of a
device which could prevent or diminish the loss of particles along
field lines in such machines, without dissipating an excessive amount

(3,4) that radio-

of energy in the process. It has long been known
frequency fields can in principle be used for this purpose, but their
usefulness has been questioned on the grounds that the RF frequency
must either coincide with the (ion or electron) cyclotron frequency,
in which case there is an irreversible and probably prohibitive dis-

sipation of RF energy in the plasma, or differ substantially from it,

in which case the RF fields act by exerting radiation pressure and



the required field strengths lead to a prohibitive power loss in the
metal structure used to localise them. It has recently been pointed
out(s) that a compromise is possible — to use RF fields whose fre-
quency slightly exceeds the maximum value of the ion cyclotron fre-
quency at points accessible to the plasma — and calculations based
upon the conservation of certain adiabatic invariants of the particle
motion have shown that the thermonuclear prospects of this approach
are rather encouraging. In this note we report the outcome of a
series of computations designed to test the underlying adiabatic

theory.

We selected an axisymmetric parabolic magnetic mirror profile
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supplemented by a circularly polarised standing wave with a node at

=

= z . c
the centre of the well, E = E, i (cos wt, - e wt, 0) and Rp=—=E,
where Lp and Lp are arbitrary scale lengths. The values of By,
and w are assumed to be such that the cyclotron frequency Q= ﬁg

of an ion of charge e and mass m is lower than w at the mid-
point Xx =y = z = 0. In consequence there exist resonant surfaces
intersecting the 2z axis at = Zres at which w = (.. According to
the adiabatic theory such a field configuration should confine a
plasma in the neighbourheod of the mid-point provided that the dis-
tribution function is truncated in velocity space in such a way that
no particles can reach the resonant surfaces. The non-relativistic
equations of motion in such fields can be reduced to a dimensionless
form convenient for computing if time is measured in units of 1/w

and length in units of c/w:

F 2 .
v, = Vyﬂb(l +a z2) + Vzﬂb Q@ yz+ g, zcost+v g sint "
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where r% el &, =IEEEEE and o = ;;IE . These equations are

v, - 5? » a = a/B?, and possess

invariant under the scaling v = §

one exact invariant, equal to the particle energy in the (rotating)
-

frame in which E vanishes. This invariant was used to check the

accuracy of the computations: it remained constant to within 0-1%

in all the cases discussed here.

The three adiabatic invariants discussed in(s) here take the form

eRF = 5(v, - vp)® + upp 0+ y e (4)
_1 . 2 Y 2
bRF = 5[ (v, - v )® + (v - vp)?)/0 eee (5)
: 1
JRF=j[(8RF—uRF 2- 4% ds s E8)
where
1
0 =0 [(1 +a 2%)? +a?22(x2 + y2)]?
Ve = 8, Z Sin t + [- a2z g,(x sin t +y cos t)
+ f%(1 T za)g0 z sin t]/(1 - Q)
Vgy = 85 2 COS t + [—f§ a?z% go(x sin t+ycos t )
- 01 +0 zz)go z ¢os t]/(1 - @F)
Vg, = [f%(2-+a z?%) q z° go(x sin t +y cos t)]/(1 - Q%)
voo=% g2 2%[1+9,(1+az%) - 2 a?(x® +y?)222]/(1 - O?)

and .¢-ds indicates an integral along a field line of E. It is
readily shown that Jpp is a function of X = r?(1+az®), the skream
function for E, and for simplicity we have taken ¥ instead of JRF
as the invariant.

The adiabatic theory can used to predict the behaviour of a par-
ticle injected at the point x =y = z = q, at t = o, with an initial

. % g ¥
velocity V, =V, Vo = (v; e Y;) and ¢ = tan™? ;i =

= X



Let us consider first the case of a particle injected along the axis

-
of the magnetic field By, (i.e. v, =0 = 0). For g, = 0, the

+ Mpp
"particle is lost from the system. For a given finite &, however,
as Eq.(4) shows, such particles will be reflected at a point z S;Zrefl
provided that % Vit §;¢ (Zrefl) and will in consequence remain adia-
batically confined. (The EE sign here reflects the presence of the

relatively small time-dependent term v_ .) As v, is increased,

Ez
Zrefl will approach zres' It can never exactly reach zres for
any finite vy, since by definition | ® e« as z = Zres‘ However,
when Zefl reaches some value .Zlim’ slightly inferior to —_—

we would expect adiabatic theory to break down, and at higher values

of vy we might expect one or other of two consequences to follow:

(i) The particle is still reflected at a point inside 2 e S0

the invariants remain defined, but their values experience a (pos-
1

sibly irreversible) change while the particle is in the 'non-adiabatic

region; or

(ii) The particle passes through Z os? at which point the invariants
are no longer even defined. If it gets well past - it will once
more enter a region where the adiabatic theory should apply, but the
new values of the invariants are not simply related to their values
of the other side of the resonance. Since the changes in EpF and
HRF depend upon the phase with which the particles enter the reso-
nance zone, we would expect these quantities to change in a stochastic

manner at each subsequent transit through resonance and hence for the

particle to be lost after a variable but finite number of transits.



To summarize, two or possibly three categories of particle are
predicted: (1) adiabatically confined particles with Zrefl' sig-

nificantly less than z, (2) non-adiabatic and eventually lost

es’

particles with z z or even > z _; and possibly (3) non-

refl ~ Zlim
adiabatic but confined particles, in which the variations in the

invariants are not sufficiently random to result in particle loss.

The above analysis applied to the case of injection along the
axis; however, cases where v, # O can be easily considered, since
the value of v, determines HpF and the equation defining the

outer bound on the reflection point Zrefl obtained from eqs(4) and

Az, ) - AO) ) il

(5) is
lﬁ Vlzl = 15 VJB: < .Q(O)

refl) . wex L7

Adiabatic theory does not provide internally a criterion which enables

one to determine 2z, . , which is the value of zrefl at which the

1im
theory breaks down. However, zlim is expected to be independent of

the angle of injection since a particle which is reflected at Z1im

approaches this point with v ~ v, and v, = O whatever its injec-
tion angle. Consequently, if Zlim is determined numerically for
vy = 0, Eq.(7) then defines the theoretical outer edge of the zone in

velocity space within which particles are confined adiabatically.

In comparing this adiabatic theory with the numerical results, it
is necessary to take into account the fact_that Eqs.(4) and (5) for
the adiabatic invariants are only correct to lowest order in the
expansion parameter (essentially v/c), and in view of practical limi-
tations on computing time, this parameter cannot be made arbitrarily
small - it was typically around 0-02 in the cases studied. Conse-
quently variations at least of the order of the expansion parameter

in the computed values of ERF and HRp are expected. In default

— 5 -



of 'exact' expansions for the invariants, we adopted the criterion
that such variations were to be regarded as compatible with conserva-
tion of the 'exact' invariants provided that they were periodic -
that is,provided that after a finite number of particle transits the
sequences of values of the approximate invariants repeated themselves

exactly.

To test these predictions and to investigate the accuracy with
which these invariants remain constant even when a particle approaches
the cyclotron resonance, we integrated Egs.(1) to (3) numerically,
using a differential equation routine with automatic step length
adjustment. Even with given initial conditions, Egqs.(1) to (3) define
a three-parameter set of solutions depending on gy @ and QO. We
report here the most interesting g, dependence, taking a = 0- 357,
and Qg = 0.675, values which, with a scaling B = 24-1, are relevant

(6)

to an existing experiment - Phoenix II at Culham.

These numerical calculations confirmed the predictions given above
in considerable detail. All three categories of particle were dis-
covered. The time dependence of epF

adiabatically confined particles are shown in Figs.1(a) and (b), and

and MR for two examples of

the corresponding trajectories in phase space, projected onto the
x-2z plane and the v, and v, plane respectively, are shown in
Figs.2(a) and (b). The variations in €rF and Hpp are in both
cases small, particularly when compared with the variation in % v,
and these variations were exactly periodic, with periods of a few
transit times. These figures illustrate rather perspicuously the
mode of operation of near-resonance adiabatic fields. Fig.1(d) repre-

sents a typical category (2) particle, which passes through the reso-

nance surface, at which the values of ErF and HrF become infinite.

-6 -



It is seen that on both sides of the first passage through resonance,
adiabatic behaviour is maintained and that a reflection results, lead-
ing to a second passage through resonance. At this énd each subse-
quent passage through resonance, a further, apparently stochastic,
change in the invariants occurs and in any real magnetic well such a
particle would be lost after a rather small number of transits. For
a very narrow range of injection parameters category (3) behaviour
was observed. Fig.l1(c) represents such a particle. It will be seen
" that the invariants fluctuate by a larger amount than in the case of
category (1) particles; more important however is that these fluctua-
tions are non-periodic but of apparently restricted amplitude. Par-
ticles in this class have been followed for 10° cyclotron gyration
times, during which they remained confined, without any periodicity
in ErF and pRF being detected. Although of theoretical interest,
this category represents such a narrow band in injection velocity
space that it is of little practical importance. The values of JRF
in the above cases are not shown, since for on-axis injection, x is
initially zero and the observed fluctuations in its value do not give
a useful measure of its invariance. In cases of off-axis injection,
computations showed that its fractional variations were of the same

order as those of SRF and “RF'

In Figs.3(a) and (b) we give in condensed form the results of a
very large number of computations designed to map out the boundary
between adiabaticity and non-adiabaticity for a fixed g, and with
varying injection parameters. From the form of Eqs.(4) and (5) for
egg @ ppp, it may be seen that, within the zone of adiabaticity,
the initial azimuthal phase ¢ 1is of no importance. As the edge of

this zone is approached, however, the magnitudes and periods of the



fluctuations in these invariants were found to depend on phase and
correspondingly the limit of onset of non-adiabaticity is smeared into
a phase dependent band which is too narrow to represent in Fig.3. The
lower solid line in Fig.3(a) defines the zone of adiabatically con-
fined particles, the shaded band above shows the region of "non-
adiabatic' confinement, and finally category (2) particles lie above
this band. These curves may be compared with those in Fig.3(b) which

are contours of constant =z The line of adiabatic confinement

refl’

corresponds rather closely to the contour zrefl = 0+83. If one uses

the 'empirical' value of z = 0+83 in Eq.(7), one obtains the 'dot-

lim
dash' curve which fits the edge of the adiabatic zone as well as can

be expected. The corresponding limiting value of (1-0Q) is 0-145.

Having confirmed that the adiabaticity boundary could be calcula-
ted from Eq.(7), given v max = [2 w(zlim)]z, we investigated the
dependence of v, On &6 by considering parallel injection only.
For 8, % 0-004 we found an approximately linear relationship
Yimane = 2.1 8y For larger values of 8, 2 saturation phenomenon is
observed, and no further improvement in the confinement is obtained (4
8o is increased beyond 0-013, at which value vV, payx = 0°02.

This general result may be interpreted in the context of two
classes of experiment. Firstly, if the scale lengths of electric and
magnetic field, LE and LB respectively, are of order c/w, then
deuterons with a parallel energy of 18 MeV could still be reflected if
the required electric field strength were available. Secondly, if
LEstLB « c¢/w, which is the case with most present-day experiments, the
results can still be applied, with an appropriate scaling, provided
that (essentially the mirror ratio), remains fixed. For example,

(6)

if we take a set of parameters typical of the Phoenix II experiment:



: : 1
B(O) = 12:5 kG, L, =7 cm, mirror ratio R = 1 +a = 1+357, Q, = ===,

the scaling is p = 24-1. The computed result - Vi max = 0+02 with
8y = 0013 O then implies that 0°33 keV protons would be confined by
an electric field of 3 kV em™®. Thus experimentally realisable fields
could lead to the trapping of slow ions which in turn could lead to
the build-up of fast ions. Furthermore, since after scaling the unit
of v is LEw and that of E is LEwQ, for LE = 14 cm, and B(o) = 16 kG,
protons of 5 keV could be confined by an electric field of 23 kV cm™*.
In extrapolating the results reported here towards a thermonuclear
reactor, two questions arise. Firstly, one might ask whether this
method of confinement is very sensitive to collisions in the mirror
region. A partial answer can be obtained by regarding a collision as
equivalent to a re-injection of the particle at z # O with new values
of v, and vy,. To emphasise that a particle can easily remain con-
fined after such an event, we have indicated in Fig.3(a) the adiabatic
boundary for particles injected at z = 0°57. Secondly it may be asked
how far the above discussion requires modification to take into account
the influence of the plasma on the electric field profile which would
exist inside it. As was shown in(SJ, the self—consistent profile can
be calculated if the adiabatic invariants are assumed to be conserved.
Such profiles are more complicated than the linear profile adopted
here, and the adiabaticity of particles in such profiles is currently
under investigation.
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Time evolution of egp ,pupF and energy v?/2 for particles injected at x=y=z=0,
t=0, for half of a transit period. The injected velocities (v, 8, ¢) of the particles
are given below: (a) adiabatically confined particle (0.009, 0.0,0.0); (b) adiabatic-
ally confined particle (0.009,0.57,0.0); (c) ‘non adiabatically confined’ particle
(0.01414,0.7954,m (d) ‘non adiabatic lost® particle (0.03,0.0 ,0.0)
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Fig.2 (CLM-P 165)
Particle trajectories in x - z and v, - v, planes for one complete transit period
for the adiabatically confined particles (a) (0.009, 0.0, 0.0) (b) (0.009, 0.57, 0.0)
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Fig.3 (CLM-P 165)
(a) Boundaries of adiabaticity for injection at z =0 and z = 0.57

(b) Contours of z . for different injections at z =0 in v, -v, plane
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Variation of maximum confined v, atz =0 with applied RF electric field












