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ABSTRACT

Measurements of the attenuation of an electromagnetic
wave in a cylindrical plasma of electron density between
101° and nearly 10*! cm™2, electron temperature 2+2 eV and
electron collision frequency for momentum transfer 1-2 MHz
agree with an elementary theory using the Lorentz conduct-
ivity. Small deviations observed for an electron density

“of 10%* cm™® and a wave frequency cf a few MHz are ascribed
to the appreciable electron thermal velocity. The electron
density and collision frequency deduced from the attenuation
agree with Langmuir probe measurements. The influence of
the magnetic probe size, density gradients and finite Debye

length are shown to be small.
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1. . INTRODUCTION

Interest in the attenuation of electromagnetic waves in plasma
arises because of their importance in heating, communications and
high frequency containment. Elementary theory relates the attenua-
tion to the Lorentz conductivity o = ne?/m(v - iw) whére w is the
wave angular frequency and n, e, m and v are the electron density,
charge, mass and collision rate for momentum transfer reSpectively.
However, when the electron temperature and mean free path are appreci-
able the conductivity must be modified to allow for the non-local
relationship between the current density and electric field, produc—
ing effects similar to the anomalous skin depth observed in metals(l’z).
Weibel's(S) calculations for a semi-infinite plane plasma show that
ﬁhe attenuation is then not exponential or,in general, monotonic
because electrons carry momentum acquired near the plasma surface to
deeper layers where they are out of phase with the field. Experiment-—
ally, these effects are usually further camplicated by cylindrical

geometry which introduces the plasma radius and further boundary

conditions.

The object of this investigation was to determine experimentally
the range of applicability of the elementary theory using a cylindrical
plasma. rThe procedure was to compare the elementary theory to the
ratio of the amplitude of the magnetic field at the plasma surface to
the amplitude of the magnetic field at the plasma axis measured as a
function of wave frequency for various fixed electron densities. The
wave frequency was between O-1 v and 10 v and the electron density
between 10%° and 101* cm™2. Over the greater part of the frequency
and electron density ranges the elementary theory applied, provided

suitable values of electron density and collision rate were chosen.



These values were close to those measured by Langmuir probes. Signifi-
cant deviations from the elementary theory were only found for the
highest electron density and wave frequencies a few times the colli-
sion frequency. These appeared as an enhanced screening rather than
an enhanced penetration.

Previous investigations(4—7) have been carried out in plasmas
maintained by the wave itself thus leading to doubts about the cén—
stancy of the electron temperature and density, an electron cyclotron
frequency much greater than the wave frequency, and a chlqtron radius
comparable or small compared to the measured skin depth. 1In the pre-
sent work a small amplitude wave penetrated the positive column of a
low pressure mercury arc maintained by a steady axial current. The
electron cyclotron radius in both the wave magnetic field and the

magnetic field of the axial current was greater than the plasma radius,

and the wave contributed a negligible energy to the plasma,

The wave attenuation is calculated on the elementary theory by

combining Maxwell's equations (using electromagnetic units)

E and VxE = iw B eee (1)

—

with the Lorentz conductivipy(s)

ne” 1
:*m_<3—iw> ees (2)

where B and E are the wave electric and magnetic fields (taken as
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proportional to exp(-iwt) and J is the current density. It is
assumed that the velocity distribution is isotropic but not necessarily
Maxwellian, the perturbation produced by the wave is small, and the
electron collision rate for momentum transfer is independent of elec-

tron velocity (see Figure 7). In cylindrical coordinates, taking



B parallel to the axis, equations (1) and (2) give
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where & is the collisionless skin depth = (mc?/4mne®)?2..
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In these experiments the wave frequency was muéh less than the
plasma frequency (c/®) so we may neglect the displacement current
term w2/c?. The boundary conditions that the magnetic field at the
plasma surface (radius a) is B,, and the magnetic field on the

axis (zero radius) is By, then give the solution of equation ( 3)

Ba a w
ESZI()(EJJm) I

This is the basic equation which we compare to our experimental

results. To use it we separate the real and imaginary parts by

(9)

expanding the Bessel function according to

EZN
2k 2

Io(x) = Z _(N.I)-Q L B

N=0

so that Ba/Bo may be expressed in the form

—:Aeie e (6)

where A is the ratio of the amplitude of the magnetic field at the
plasma surface to the magnetic field at the axis and © is the phase
difference between the surface and axial magnetic field. For the
particular experimental parameters investigated the maximum value of
A was about 3, and an accuracy to within 1% is obtained by using_the

first four terms of the Bessel expansion.
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For very high frequencies, when w » v, equation (4) tends to

Ba a
B = I, <3> wes (7)

and the ratio of the magnetic field at the plasma surface to the mag-

the limit

netic field on the axis is ihdependent of frequency and depends only
on the ratio of the plasma radius to collision free skin depth. Also,

since B,/B, is real there is no phase difference.

On the other hand, at very low frequencies we may expand equation

(4) as a series in w/v:

(7)) O @)

It should be noted that only when a/8 » 4 this becomes

T, 02 |2 1 -if & VERWARY a N/ w)? +
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where &, = collisional skin depth = & . AS w o 0, the

imaginary part of I, (% ,w4?iv> > 0 and so the phase difference

tends to zero. A semi-log plot of the phase difference against wave

frequency is almost symmetrical about a peak near w = v (see Figure

3) where, for a/8 « 2

2
tan@:%(%) ...(8)

2, APPARATUS
The positive column of a mercury arc maintained by a steady cur-
rent was chosen since it has been studied for many years and is well

understood(lo).



A diagram of the apparatus is shown in Figure 1. The typical

operating conditions are shown in Table I.

Discharge
tube

Pump Electrostatic screen

I,,1, ion gauges

C,,C, magnetic pick-up coils 20cm |

P,,P, Langmuir probe ports

Fig.1 Apparatus (CLM-P204)

Neutral density 1.0% 10*® ¢cm™®

Electron density 1019 to 10** cm ®
(according to arc current)

Electron temperature about 22 eV

Electron collision frequency shout 1+2 MHzZ
for momentum transfer

Are current O to 17 amps
Apode—cathode potential about 50 volts
difference

Axial electric field in about 0+1 volts/cm

positive column

Table I. Typical operating conditions.



The plasma was contained in a‘glass tube 150 cm long and 8+1 cm
internal diamter. A water cooled ring anode and a mercury pool cathode
with a starter electrode and spray screen were used. The neutral atom
pressure was contrOlled by keeping the cathode at a constant tempera-
ture of + 0-4-0C using a water bath. The pumping rate was kept suffi-
ciently low to prevent a pressure differential developing along the
tube. During the experiment the pumping rate was adjusted to keep the
ion gauge at the cathode end reading 8 x 10~4 torr, and a later check
with a movable ion gauge showed that the pressure without the discharge
was uniform along the tube, The ion gauge was calibrated by introduc-
ing into it a small quantity of mercury liquid, and sealing it off
from the discharge tube. The gauge was immersed in a water bath and
the gauge reading compared to tabulated values of the vapour pressure
of mercury at the water bath temperature. The calibration showed that
the neutral atom density was 1:0 x 10%%cm—2,

The electromagnetic field was generated by a 15 cm diameter 80 cm
long solenoid placed coaxially with the plasma cylinder so that the
induced electric field was circumferential, the magnetic field axial
and the propagation radial. Standing waves and self resonances in the
coil were avoided up to 13 MHz frequency by making the solenoid of 8
equal sections each shorter than the diameter, These sections were
10 cm long with 5 turns and were connected in parallel to the 195 O
output of a distributed amplifier fed by a wide range oscillator., The
coil was electrostatically screened from the plasma by 7+5 cm wide
plastic strips in which many parallel 1 mm wide copper strips were
embedded 1 mm apart (commercially known as "Biccastrip"). These were
placed under the tube coil with the copper strips parallel to the axis,

connected together at one end and earthed. The large ratio of length

to diameter of both the coil and plasma reduced end effects.,
=B =



_ The amplitude of the wave electric field at the plasma surface
was less than 10~2 volts/cm. Since thié was only 1% of the axial
electric field in the plasma, the resulting perturbation of the elec-
tron velocity distribution was insufficient to change the average

electron density and energy.

The wave magnetic field.was detected by two identical coils, one
placed on the plasma axis and the other placed outside the discharge
tube. Each consisted of 50 tufns wound on a 0+6 cm diameter former
and screened by a slotted brass tube. The capacity between the coil
and screen was sufficiently small to keep self resonances above 13 MHz.
The signal was detected on either an oscilloscope or a milli-voltmeter.
The two coils were cross—calibrated for relative sensitivity without
the plasma,- then the relgtive signals with the plasma present were
measured aﬁd the attenuation calculated. The frequency range covered

was O0-1 to 13 MHz.

The phase difference between the magnetic field at the plasma
surface and the magnetic field at the plasma axis was measured as a
function of frequency by triggering the oscilloscope at a constant
time in the cycle using the signal from the coil external to the
plasma, and observing the change in phase when the axial probe was
movedlto the plasma edge (the tube which contained the probe was sup-
ported on a system that could swing it from side to side of the dis-
charge tube). The signal from the probe in the plasma was sinusoidal
with no visual distortion, so the change in time at which the signal
was zero gave the phase change. Triggering jitter produced a reading
1imit of * Oe1 cm on a 0:02 usec/cm time base, which is equivalent

to * 3+6 degrees at 5 MHz wave frequency.



3.  MAGNETIC FIELD RATIO AND PHASE MEASUREMENTS
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Fig.2 (CLM- P 204)
Magnetic field ratio as a function of frequency for various arc currents
compared to equation (4) using the parameters given in Table II

Figure 2 shows the ratio of magnetic field at the plasma surface
to the magnetic field at the plasma axis measured as a function of

frequency from O-1 to 13 MHz for fixed arc currents (which are pro-

Arc current (amp)

portional to the electron density). The field ratio rises with increas-

ing frequency tending to a constant value above a few MHz. This is
interpreted as collisional attenuation below w ~ y changing to
collisionless attenuation well above w ~ v, Each curve in figure 2
is plotted fram equation 4 chosing the constant parameters n and v
(given in table II) to give the best fit with the measurements over
the whole frequency range. It can be seen that the agreement is good
except for the highest electron density where it was not possible to
get a good fit at all frequencies for a single value of electron den-

sity. Preliminary measurements using higher arc currents and an

- -



extended frequency range showed that the majority of the descrepancy
was an enhanced field ratio in the region of a few MHz, rather than a

reduced field ratio at higher frequencies.

Phase (degrees)

Arc Collision Electron
current frequency density
(amps) (v/2r sec™) (em™2)
16+2 1+11 . 10° 9.11 . 10%°
1346 1-29, 10° 824 , 10*°
111 1-00. 10° 5.99, 10*°
9-31 0:96. 10° 4.87. 10%°
7426 1-09 , 10° 3.54 , 10*°
4-60 1:04 , 108 958, 0™
Parameters used in equation (4) to fit

Table II.

the experimental results of Figure 2.
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(CLM-P 204)

Phase difference between the wave at the plasma surface and the
wave at the plasma axis as a function of frequency for an arc
current of 13.6 amps. (Electron density 8.24 x 10" cm™)
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Figure 3 shows the measured phase difference between the magnetic
field at the plasma surface and the magnetic field at the plasma axis
as a function of frequency for an arc current of 15-6 amps. The points
are close to a curve plotted from equation (4) using the same parameters
as were used to fit equation (4) to the measured magnetic field ratio
shown in figure 2 (electron density 8+24, 10%° cm™® and collision fre-
quency 1-29. 10° sec™®). The measured phase peaks near © = v and
tends to zero for w «v and w » v, as predicted for collisional
and collisionless conditions respectively.

4, MEASUREMENT OF THE ELECTRON ‘DENSITIES AND COLLISION FREQUENCIES
USING A LANGMUIR PROBE

Current was drawn from the plasma to the end of a 03 cm diameter
tungsten wire probe which was ground flat and flush with the end of
a supporting glass tube. A small gap of 0-005 cm between the inside
of the glass tube and the probe prevented conduction currents on the
glass surface increasing the effective probe area. The axial uni-
formity of the electron density and temperature was measured by using
two probes, one placed 28:8 cm towards the anode and the other placed
28+8 cm towards the cathode, measured from the centre plane of the
discharge tube. The probe current and potential referred to the

cathode were measured with moving coil meters.

In order to compare the results with the dispersion measurements,

the volume average density, 5

—13 2% rn dr .. (9)
7a

=R
]

was calculated rather than the density at particular radial positions.
The measurement was made by placing the probe at the discharge tube

wall, and measuring the flux of positive ions moving to the wall under

- 10 %



the -action of the radial electric field of the sheath. Since there
was no probe immersed in the plasma, the effect of the probe on the
plasma potential and electron density is to a great extent avoided.
Langmuir's(lo) theory of a plasma arc may be used to cglculate the

average electron density from the ion current to the wall.

For an arc with rate of ionization proportional to the electron
density and an ion mean free path greater than the radius, the ion

current density is given by

a
e
I = S j‘n ng <ov> 2xrr dr i, L1}
)

where ng 1is the neutral density and <o@> is the ionization cross
section times the electron velocity averaged over the electron
velocity distribution. Since the ionization level Was sméll and
experimentally we observed the electron temperaturerto be uniform,
the ionization rate per electron ng{ov) was independent of radius.

2 o

Langmuir(]o) has shown that, if we assume that at all points in the plasma
the ion density is equal to the electron density, the plasma potential

is related to the radius by
s N,
s, ds,e
é./ z °Z - & =0 eee (12)

(o]

where m is the dimensionless potential - E% (v is the potential

referred to the axis, T is the electron temperature and k is
Boltzmann's constant), s is the dimensionless radius I ng v E%T

(M is the ion mass), and the subscript 2z refers to a variable

- T -



radius z. Very near the wall the assumption that the ion density is
the same as the electron density breaks down and the solution of equa-
tion (12) gives

M
s; = 0:7722 = a n, (oW \/EE? e § 15)

With equation (11), these numbers give the ion current density to the
wall
KT

I =0:5346 n e R sve (14)

This equation is almost the same as the Bohm(]]) equation except
for a slight change in the numerical constant from O-566 td 0546, and
here we specifically define the density obtained as the volune aver-
age density. Experimentally the ion current density to the wall was
measured by plotting the current to a probe placed at the wall as a
function of potential with respect to the cathode. 1In order to
obtain reproducible readings, the probe was heated (by applying a
large positive potential) for a few minutes; it is probable that this
removed surface layers of impurities that accumulated when the dis-
charge was not in operation. The probe potential included a small
correction for the potential drop across the ammeter. Figures 4 and
5 show typical probe current/potential plots. The electron density
is calculated from the ion current given in Figure 4 and the electron

temperature from the slope of Figure 5.

The graph for negative probe currents should, for an ideal probe,
saturate as the potential is decreased since all electrons are repelled
and the current is wholly the positive ion flux leaving the plasma
under the influence of the space charge electric field. In fact, the
graph shows a gradual increase in current with increasingly negative

probe potentials, possibly because the highly negative probe changes

- 12 -
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(CLM-P 204)
Positive probe plot for an arc current of 13.6 amps.



the plasma potential distribution which affects the sheath thickness
and also invalidates the theoretical assumption of both axial and
azimuthal uniformity., To avoid these complications we require to
measure the ion current to the wall when the probe is at the wall
potential. This is the potential at which equai fluxes of ions aﬁd
electrons flow to the wall, so the resultant current is zero (point

X in Figure 4), Although the ion current at this point can be méasured
by using a fine grid to repel the electrons (Boyd(]z)) it is simpler
and probably more accurate to assume that the ion current is given

by the negative probe characteristic extrapolated to the same poten-

tial as the wall potential.

Tabe III gives the electron temperature and density determined
from the Langmuir probe results for each of the arc currents used in
the magnetic field ratio measurements given in figure 2. The electron
temperature is independent of arc current, averaging 2:2 eV, and the

electron density is proportional to the arc current.

Arc Electron - Electron Collision
current temperature density frequency
(amps) (ev) (em™@) (v/2r sec—?)
1642 2.2 9.76 ,10%0 129, 108
13+6 24 8+10. 10*° 1:27. 108
11+1 21 6+45, 1010 1+10. 10°
9.31 241 5-38, 10%° 1-22, 108
7:26 241 3:75 . 1010 109, 108
4260 2.3 ' 2:75: (0*0 1-24, 10°

Table III. Arc Parameters from Langmuir probe results

- 14 -



_.Table III also gives the electron collision frequency (v/2m)
calculated from the potential drop (¢)- down the plasma column
accompanying the direct arc current. The potential drop was measured
from the turn-over point to the electron saturation current for two

Langmuir probes a distance ¢ = 57:6 cm apart. By equation (2) the

d.c. conductivity is

where J is the current density at a radius r. Using equation (9)

we get

n(a®- b?)e®

mé

Y=

Hl‘G‘

where I is the total arc current, n(a®- b?) is the cross sectional
area of the arc, and n is the average electron density as measured
by the Langmuir probe. The results show that the collision frequency
is independent of the electron density, and has an average value of

1-2 MHz.

5. COMPARISON OF THE AVERAGE ELECTRON DENSITY AND COLLISION
FREQUENCY REQUIRED TO FIT EQUATION (4) TO THE WAVE ATTENUATION
MEASUREMENTS, TO VALUES FOUND USING LANGMUIR PROBES

Before comparing the electron densities, small corrections were
made for the finite size of the magnetic prdbe and the electron den-
sity non-uniformity on the attenuation results, and the presence of
the magnetic probe at the plasma axis and the finite Debye length on
the Langmuir probe results. The calculations, which are in terms of
the volume average electron density, are given in the Appendices, and
the results are summarised in Table IV. This shows that in no case

was the correction more than 4%.
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Table V compares the corrected average electron density and
collision frequency required to fit equation (4) to the measured mag-—
netic field ratios to the Langmuir probe results, The agreement shows
that, within experimental error, the elementary theory expressed by

equation (4) is applicable over most of the density range.

The result given in Table V may be expressed as a graph of colli-
sionless skin depth measured from the wave attenuation plotted
against the inverse of the square root of the average electron density
measured by the Langmuir probe. This should be linear, thfough the
origin and have a slope (mc""‘/él-me’a)]é = 5+31 x10° cm—%. Figure 6
shows the results give a linear graph through the origin with a slope
of 553 x 10° cm‘%. Thus our measurements have confirmed that the
collisionless skin depth is independent of frequency, is proportional
to n‘l‘i and the constant of proportionality is correct within experi-

mental error.

|

Collisionless skin depth (cm)
(Y]

1

0 2x1676 4x1078 6x1076
3,

W em

Fig. 6 (CLM-P 204)
Collisionless skin depth as a function of density
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The measurements of electron density in the 13:6 amp arc were
compared to the value found at a frequency much higher than the plasma
frequency using an 8 mm micro-wave interferometer. The method was to
measure the micro-wave phase change when the plasma was started. The
phase change was only about 120 and it was found that a spurious sig-
nal of at least this magnitude was caused by multiple reflections bet-
ween the tube walls. The influence of these reflections on the result
was reduced by plotting the observed signal as a function of wavelength.
Since the signal due to multiple reflections depends on the numbér of
wave—lengthé between the reflecting surfaces whereas the direct signal
is to first order independent of wavelength, the observed signal passes
through maxima and minima as the wavelength is changed and the signal
corresponding to the correct phase is the mean value. However, hecause
of this correction and because the magnetic pfobe had to be removed to
allow the microwaves to propagate across the tube diameter, the method
was not as precise as, or exactly comparable to, the wave attenuation
and Langmuir probe measurements. The final result gave an average
electron density of 9+2 x 10%© cm™® * 20% compared to 8&-4 x 102%m—2
given by the wave attenuation measurement, and 8-1 x 101%m—2 given
by tﬁe Langmuir probe measurement. The agreement is satisfactory con-

sidering the uncertainties involved in the microwave measurement.

Table V also shows that the collision frequency calculated from
the attenuation at high frequency is in agreement with the collision
frequency calculated from Langmuir probe measurements using the d.c.
potential drop. The collision frequency does not vary with electron
density showing that electron-neutral, rather than electron-ion colli-

sions are involved. This is to be expected since the electron-ion

- 19 =



collision frequency is negligible compared to the measured collision
frequencies (the electron-ion collision frequency calculated from

Spitzer's(14)

resistivity formula including electron-electron encounters
and taking an ion charge of unity varies from 0-018 MHz for the

4*6 amp arc to 0:065 MHz for the 16¢2 amp arc).

By using the density of neutral atoms measured by the ion
gauge, we can express the collision frequency in terms of the colli-
sion cross section (o) times the electron velocity (v) averaged over
the electron velocity distribution. The mean collision frequency
from the Langmuir probe measurements was 1+20 MHz giving
V) = 753 x 1077 cm sec?, and the mean collision frequency from
the dispersion measurements was 1-08 MHz giving <ov> =6-78 x 10”7 cm sec—1.

These results are compared in Figure 7 to values computed from the

measurements of Brode(IS) giving the total probability of elastic

7

10.10 r
ay ;
-3 - ———o—— Langmuir Probe ]
(em sec”) These experiments
—=@—— Dispersion Measurement
5007
Brodes experimental points
o o )
| 1 1
00 5 10 15
Electron energy (volts)
Fig.7 (CLM- P 204)

Collision cross section times electron velocity as a function of elec-
tron energy from Brode’s results compared to these experiments
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and inelastic scattering of a beam of monoenergetic electrons through
mercury vapour. It can be seen that Brode's results are around 25%
less than these measurements. It is possible that, since the mean
free paths (= v/ng ov~11-7 ecm for ov = 7+53 x 10~7 cm® sec™?

T= 22 eV) are greater than the tube radius, this may to some

extent be connected with reflections at the sheath.
6. DISCUSSION

Necessary conditions for thermal ef‘f‘écts to be appreciable in
plane geometry are that both the electron mean free path and the
radial distance moved by the electron during the time 1/w must exceed
the skin depth. Figure 8 (calculated assuming a component of electron

velocity parallel to the wave propagation direction of 1 /\E', times

the thermal velocity) shows that these conditions are satisfied over

100
. _Mean free path for
< electron neutral collisions
10
€
<
= 4-60 amps
:g'- TR “~._:“""‘~=.\_}urc current
; S 16-20 amps
b= Tube radius \} arc current
v 1+
Radial distance moved by .
an electron during time % -2
v
b
2w
01 . .-
0l 1 10 100
Frequency (MHz)
Fig.8 (CL*-P204)

Theoretical skin depth for these experiments assuming plane geometry

compared to the electron mean free path and the radial distance moved

by electrons during a time l/w (continuous curve: complex conducti-
vity skin depth: dashed curve: anomalous skin depth)
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most of the frequency range. The anomalous skin depth, defined by
Weibel as 2/&% (log EE*) .at x = 0, is also shown since it is often
compared with experiments although it should be remembered that it is
not simply related to the field inside the plasma because the attenua—

tion is not exponential.,

Weibel's calculations using semi-infinite plane geometry and an
electron reflecting plasma surface permit a more quantitative condi-
tion for appreciable thermal effects in terms of a parameter

= EESE (I-F(v/w)g)%. Although he stafed that thermal effects deep
in the plasma should become noticeable for > 2 0-3, interpolation of
his results for w = v show that a more stringent condition is required
for the small field ratios measured in these experiments. For example,
with A = 15 and a field ratio of 2 (corresponding to the 16-2 amp
arc current at = v) Weibel's curves show that the field ratio differs
by only 14% from the Lorentz conductivity field ratio. For lower arc
currents, A and consequently the difference, should be even less.
In these experiments 2\ is between ~ 0<1 and 15 (see Figure 9) so
Weibel's semi-infinite plane theory should not predict large thermal
effects. The influence of the cylindrical geometry on these predic-
tions. is not clear, although the experimental agreement with the
Lorentz conductivity fonnula over most of the densities used show that
this is small. The absolute value of the field ratio is, of course,

not predicted by Weibel's semi-infinite plane calculations because

of the cylindrical geometry used in the experiment.

The region where these experimental results deviated significantly
from elementary theory based on the Lorentz conductivity was around a

frequency of 7 MHz with the 162 amp arc current (see Figure 2).
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Fig.9 (CLM-P 204)
Weibel's parameter A calculated for these experiments

Then w ~ 6v, the magnetic field ratio is ~ 3, A < 3 and the attenu-
ation is enhanced above the elementary theory. Weibel's curves for

w = v predict enhanced attenuation for small 1(5 1) and high field
ratios (> 10) and reduced attenuation for high A and low field

ratios leading to a variation in field ratio which is not monotonic.

He ascribes this to electrons which carry momentum acquired near the
surface to deeper layers where they are in or out of phase with the
field. Unfortunately he does not present curves for higher frequencies.
Nevertheless, we think the effect we observe for w ~ 6v 1is physically
gimilar to that predicted by Weibel modified, perhaps, by geometrical
factors. These factors should make deviations from the elementary

theory more pronounced because electrons can move from side to side
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of the tube, successively sampling the strong surface field, They
can thereby be in resonance with the applied field in a similar
manner to a travelling wave accelerator. Other factors which should
make Weibel's semi-infinite plane theory differ from our experiment
are that in cylindrical geometry the wave electric field must vary
with radius even with no plasma present (since V x E = - gg), elecf
tron convergence effects and the plasma potential distribution |
(expressed by Langmuir's arc equation) which may prevent electrons of

certain velocities moving across the tube,

Measurements carried out at higher densities where these effects
should be more pronounced will be compared to a more fully developed

theory in a later paper.
7. CONCLUSIONS

We have shown that the attenuation and phase of a transverse electro-
magnetic wave in a cylindrical plasma can be fitted to an elementary
relation based on the Lorentz conductivity for an angular frequency
range from O+1v to 10v by a suitable choice of v and electron
density. For the electron density range 2+7 x 10%0 em™?  to
8+1 x 10*° em=23 the electron density and collision frequency agree
with ﬁeasurements using a Langmuir probe at the tube wall, The influ-
ence of plasma non-uniformity, finite magnetic probe size and finite
Debye length is small. When the wave frequency is much greater than
the collision frequency, the attenuation of the wave is independent
of frequency, the phase shift is zero and the results agree numeri-
cally with the collisionless skin depth. A greater attenuation than
predicted by the elementary formula is observed in the collisionless

regime with an electron density of 9:8 x 10*° em™®, Tt is postulated
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that this is due to the finite electron thermal velocity.
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APPENDIX A

Correction for the finite magnetic probe size

To find the effect of finite magnetic probe dimensions we must
solve equation (3) neglecting the displacement current term w?/c?

in the plasma since  « ¢/8. This gives

r [_w r ’ )
B=Cly <E w+iv>+DK0 <€ m) ... (16)

where C and D are constants determined by the boundary condition

at the plasma/probe interface (radius b).

We first note that the magnetic field in the probe is uniform
since, from equation (3) with & = =, the ratio of magnetic field
at a radius r to magnétic field on the axis is Jy(r%/c) which is
unity because for these experiments rw « c. Thus the boundary con-
dition at the probe surface that the magnetic field is continuous

gives

b W b | W
BO:CIO(E\/;-)TI'._\J)-FDKO (g m) wrm (TE)

where . B is now the uniform magnetic field within the probe on the
axis of the plasma. The second boundary condition at the probe sur-
face is that the electric field is continuous. Maxwell's electromag-

netic equations give the electric field just inside the probe surface

Juby b ; y ) -
as = * 3 and the electric field just inside the plasma at
2
r=b as -(v-iw) %r g% giving the boundary condition, using

equation (16)
b W _ b | _w b W _
Egﬁjlu+i ) BO__ E Ty \@j(»+iv> ol Ki(&jtn+iv>"' (18)
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Also, as before, we use the boundary condition at the outer plasma

surface that the magnetic field is continuous

a w a w
Ba =CI0(€ fm>+DKo<€ ’w+iv> ee. (19)

Eliminating the constants C and D between equations (17), (18) and

(19) and rearranging by using Wronskian relations(g) between Bessel

functions, we get

- ) [ ) [T )

sss (20)

To find the correction for finite probe dimensions required when equa-
tion (7) is used to get the plasma density when w » v (the collision-

less case), we expand equation (7)

a 1 a ac a
10<3'm)=10<3>"§'11<6>

where e is the fractional correction to be added to the apparent

BEI
B,

ratio of the plasma radius to collisionless skin depth deduced from
equation (7). Since a/6 is proportional to the square root of the

plasma density, the correction required on the apparent density is

a
)

Py (D3 (L) () 3)]
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Tables(g) show that, for the parameters used in these experiments

(a = 405 cm, b = 0+625 cm, &~ 2 cm),

SOMORIOENC
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so equation (22) reduces to

n B %®
}T:%<;> 1 ) . e. (23)
1 i o)

Since this is positive, the actual density is greater than the apparent

e

density deduced using the simple formula 17.)=

6
s°
o
g 4
o
o
£
=]
(& ]
2L
1 1 1
00 | 2 3 4
Plasma radius/ collisionless skin depth
Fig.10 (CL%-P 204)

Correction to density deduced from the collisionless equation (7)
for finite magnetic probe dimensions (b/a = 0.154)
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Figure 10 shows the correction %? plotted as a function of % for

the experimental ratio of probe radius to tube radius of 0154,
‘For very small %(« 2), equation (23) reduces to
bn _ /b\?
n "\ a

or, if n® is the apparent density obtained using the simple equation

(7),

ma®n* = w(a®- b2)n

S0 equation (7) predicts the correct line density rather than the

actual density.
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APPENDIX B

Correction for plasma non-uniformity

"The variation of electron density with radius may be derived

(10)

by Langmuir's series solution of ecuation 12, This may, to a

good approximation, be expressed as

=37 (8))

where Y = 0-6, giving the volume average density

(-3)

and 1Ly ( )2
R ——> .. (25)

a

n= —17 2nr ndr
na“ :
)

1l

Nl

jON L]

We will now derive the wave magnetic field using this variation of
density as a function of radius. In order to avoid density gradients
in the final equation, we will first find the dispersion equation for
the wave electric field, then use Maxwell's equation V x E = ij/c

to give the dispersion equation for the wave magnetic field. Neglect-

ing displacement currents, equations (2), (25) and Maxwell's equations

2
Tiss 5)
a
w

19|12 1
EE[FE(EF)]:?< . )'wm

where & = \/mc2/4ﬂﬁe2, the collisionless skin depth using the volume

give

=<7~

average density. The substitutions

Za = E = £ = and o (£
a = kr , T]"4‘6 (w+1iv) Y(1-Y/2) 2 : a

. [



reduce the equation to the standard form
2
8z, ,(1-20_¢,
op* p

The solution which is zero at the axis is

Er
Z:.?:Ci'FO(T],p)

where F,(n » ) 1s a Coulomb Wave Function(g) and C, is a constant,

Converting this to the dispersion equation for the wave magnetic field

by using Maxwell's equation %-é%(Er) = igﬁ we get

- 4YnC.c
B = by

T Fo (0, p)

Applying the boundary conditions that B=B; at r=a and

B=By at r=20

B, Fi(n,2rn) _
2 o ZN on(2ym! ce. (26)
BO FO(T] , 0)

N=1

where

G, =1,G,=mn and GyN(N-1) = 2q GN_1—GN_2 W &

We may now find the correction in the apparent density required
when we use the simple equation (4) rather than equation (26), know-
ing the value of Y. Taking as an example the collisionless extreme
when w » v and the attenuation is a maximum, the correction is,

from equations (21) and (285,

(Lo (3)]
-?'l_n = B4 = a a
= T)

This is negative, so the correction tends to cancel the correction

required for the finite probe diameter. For Y = 0+6 this becomes
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This is plotted in Figure 11
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Fig. 11 (CLM- P 204)

Correction to the density deduced from the collisionless
equation (7) for density gradients using y = 0.6
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APPENDIX C

Correction to the Langmuir probe equation for the

presence of the magnetic probe

A sheath is formed at the magnetic probe surface as well as at
the discharge tube wall. Consequently, there is a peak in the plasma
. botential between the probe ﬁnd discharge tube wall. To calculate
the correction on the average density deduced using the simple equation
(14), we divide equation (12) into two parts, one giving a solution
between the radius of magnetic probe (Sb) and radius of peak poten-

tial (sp) .

and the other giving a solution between the radius of peak potential

and the tube radius (sg)

Sa 3
s.,e dz
se™" :/ =
Sp T =Ty

with the common boundary condition that n = O and dn/ds = 0 at
S = sp. The solutions were computed using a series solution from
b/a = 1 (plane approximation) to b/a = 0-35 (Figure 12), Below

b/a

the curve to b/a = 0, the cylindrical approximation.

0+35 the series solution diverged, and we have extrapolated

= F =
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Fig. 12 (CLM- P 204)

Correction to the density deduced from Langmuir’s probe for

the presence of the magnetic probe
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APPENDIX D

Correction to the Langmuir probe equation for
the finite Debye length

In deriving the probe equation (14) we assumed that at all points
across the radius, the ion density was the same as the electron density.
This is not true near the wall where a sheath forms, and an accurate
expression for the potential distribution in the plasma is obtained

using the Poisson equation

V3V = 4ne(nj - n) = 4ﬂe<hi— n exp (E%)) .. (28)

where nj is the ion density. In dimensionless parameters this gives

[ON B

s
s_ ds_ exp(-n_) S_. A\ 2
/ 2= : —exp(—n):<zn> V... (29)
)

= ng

in place of equation (12)., Here RD/a is the ratio of the Debye
length at the plasma axis to the tube radius, and sz is the correct
value of s at the wall (which is the radius at which the outward
electron flux equals the outward ion flux). The correction to be added
to the density determined assuming Ay « a (when s’ = s,) is, by

equations (13) and (14)

n “a_ %3
—_— = .|0q%
n Sa

g

Parker(13) has solved numerically equation (29) in cylindrical geometry,
and using his value of s; we have computed the correction as a

function of kD/a. The results are shown in Figure 13.



Fig.13 (CLM-P 204)
Correction to the density deduced from Langmuir’s probe
for the finite Debye length

For small Ap/a (<~ 3 x10~2), the curve gives approximately

& 1'6x1032\2%
n a
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SYMBOLS

ratio of the amplitude of the magnetic field at the plasma
surface to the amplitude of the magnetic field at the plasma

" axis.

plasma radius

wave magnetic field at a radius r

wave magnetic field at the plasma surface, r = a
wave magnetic field at the plasma axis, r = 0]
magnetic probe radius

arbitrary constant

arbitrary constant

velocity of light

arbitrary constant

electric field at a radius r

electron charge

Coulomb wave function of zero order

9F o/ 9p

defined by equation 26

ion current density to the discharge tube wall

modified Bessel Function of zero order and first kind

modified Bessel Function of first order and first kind

modified Bessel Function of second order and first kind

A =

current density

Bessel Function of zero order and first kind

modified Bessel Function of zero order and second kind
modified Bessel Function of first order and second kind

modified Bessel Function of second order and second kind

Boltzmann's constant

distance between Langmuir probes



=1

S

N

<

ol

ion mass

electron mass

electron density at a radius r

average electron density defined by equation 9
peak electron density

apparent electron density neglecting effect of finite probe
radius .

neutral atom density

ion density at a radius r
radius of peak electric field
radius

dimensionless radius defined by equation 13.

sat r=a
satr=»>0
satr=p
3 at r = a assuming A\ « a

Sat r=z

electron temperature

time

electron velocity

plasma potential at radius r
dimensionless eiectric field by Za = Er

a radius less than r

2
1 2 w
4(a/8)® —r—s
constant governing the variation of density with radius
collisionless skin depth at radius r

collisionless skin depth corresponding to the average density, n

collisional skin depth at radius r



€ correction to a/8 for finite magnetic probe diameter

M dimensionless plasma potential, —E¥

o a W %
M 45 <(w+ iv )T(I —Y/2)>

dimensionless plasma potential at radius z
Nz
0 phase angle
A Weibel's parameter

Ap Debye length at peak density

P 2Yn (r/a)®

o conductivity

o electron collision cross section for momentum transfer
¢ potential drop between Langmuir probes

v collision rate for electron momentum transfer

w wave angular frequency

ber, real Kelvin function of zero order and first kind

beip imaginary Kelvin function of zero order and first kind
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