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ABSTRACT

The expression for the frequency distribution of elec-
tron density fluctuations in a plasma containing more than
one ionic species is used as the basis for numerical compu-
tation which investigates the effect of varying the charge,
mass and abundance of impurity ions on the ion feature of
the scattered light spectrum. The calculation is done for
various values of the electron/ion temperature ratio and
for correlation parameters o =1 and o = . The effect
of a temperature difference between the two ionic species

in the plasma is also studied.
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1. INTRODUCTION

In the form in which it is generally used to interpret laser
light scattering experiments, the theory of electron density fluctua-
tions ignores the possibility that the plasma may contain ions of
more than one kind. Yet it is not uncommon to find a few per cent of
impurity ions in many laboratory plasmas, and their influence upon the
electron fluctuations may occasionally be more drastic than their
abundance might lead one to expect. Although most of the papers that
derive the spectrum of electron density fluctuations do so in a way
that can readily be extended to several types of ion, that of FEJER
(1961) appears to be the only one that includes multiple ionic species
explicitly. In the investigation to be described here, the expression
for the scattered light spectrum is generalized to include any number
of different ions of arbitrary charge and mass. No approximation,
such as that of SALPETER (1960) has been employed; the exact analytic
expression under a variety of different plasma conditions has been
evaluated numerically. The effect of varying the charge, mass, and
abundance of the impurity ions has been calaulated for different
values of the scattering scale length to Debye length ratio a, and

for different ion and electron temperature ratios.

2. GENERALIZED FREQUENCY SPECTRUM

The form factor for scattering, S(k,w), is related to the
intensity of light scattered per unit solid angle and per unit fre-

quency interval through the expression
I(k ,w) dwdQ = Iy Nop S(E , ) dwdQ

where I, is the incident laser intensity, N the number of electrons

2 \2
per unit volume, op = (ELﬁj the Thomson cross section, and dw
mc



and d are the elements of frequency and solid angle respectively.
or S(k ,w) may be thought of as the scattering per electron. The
vector Kk = kg - kg, where Kk, and kg are the propagation vectors
of incident and scattered beams respectively.
The form factor for a plasma free from impurity can be written
(e.g. EVANS and KATZENSTEIN, 1969)
11 -Gy |? Fo+ZIGe|?F;
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where F, and F;j are velocity distribution functions and G and
Gj are screening integrals (which depend upon Fe and Fi) for elec-
trons and ions respectively. S was calculated by assuming that the
electron and ion distribution functions each satisfied its own colli-
sionless Boltzmann equation, the two being coupled through a Poisson
equation. To extend S to include several ionic species, it was only
necessary to assume a separate distribution function for each, to-
gether with a corresponding Boltzmann equation. Again, all the
Boltzmann equations, one for the electrons and one for each ionic
species, were coupled by a Poisson equation. The modified form factor

which resulted was

_2 .2 2 2 h. F.
. _ |1 3 GJI Fe-+|GeI ¥ bJ FJ )
= -2 G. |2
|1 -Ge -3 G4

where

with



In the foregoing, Zj is the charge of the jth kind of ion and Nj
is the number of such ions per unit volume. In either case (equation
(1) or equation (2)) the form factor can be divided into two terms the
first having frequency bandwidth of the order of kvg, Vg being the
electron thermal speed, and called the electron term, the second hav-—
ing width of the order of kv;, V; being the ion thermal speed, and
called the ion term. It may be remarked that in passing from the case
of a single ionic species to that of several ionic species, not only
is the numerator modified by the addition of extra terms, but the com-
mon denominator is modified by the inclusion of additional terms as
well. This means that the fluctuation spectrum of the plasma contain-
ing several ionic species is more than simply the linear superposi-
tion of a set of spectra, one for each sort of ion,

Expanding the screening integrals and letting the distribution
functions be Maxwellians, the following final form for equation (2)

is obtained.
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S(a,x) =

where o = (le)_1, the ratio of scattering scale length to plasma
Debye length, describes the degree to which the scattering depends
upon plasma correlation effects, that is, the degree to which it is

"co—operative" .,



qa = |Me Il _ thermal speed of ions of the principal kind |,
e M, T, - thermal speed of the electrons *

o, = My Il _ thermal speed of ions of the principal kind
J T M T; =~  thermal speed of ions of the jth kind

Frequency shift is expressed in units of kvy, that is

w W M,
R mepomiE e \/ K being the Boltzmann constant.

dt = 1 + x Re Z(x)
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I(x) = Nn xe=X° = x Im Z(x)

where Z(x) is the plasma dispersion function of real variable dis-

cussed and tabulated by FRIED and CONTE (1961).

3. RESULTS OF THE CALCULATIONS

An analytic examination of equation (3) shows that the high
frequency electron term is not greatly affected by the inclusion of
impurity ions, so attention in this investigation was confined to the
ion term and the machine calculation was accordingly terminated at
X = 3:0. Throughout all the computations, the principal ionic compo-
nent of the plasma was taken as hydrogen. In the first set of calcula-
tions, whose results are displayed in Fig.1, the change in the a = 1
spectrum brought about by introducing increasing amounts of fully
stripped oxygen ions (8016) into plasmas whose electron/ion tempera-
ture ratio Te/Ti varied between 5 and 0-2 is examined. Whereas the
abscissa in each graph in this and subsequent figures runs from 0-0 to
3:0, the ordinate scale changes to accommodate the various peak heights

of the spectra. Thus, in the first column, which illustrates the
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well-known variation in shape and amplitude of the ion feature of a
pure plasma resulting from alteration of the Te/"I‘i ratio, the range
of the ordinate scale changes from 0-0-0-05 to 0-0-0-20. The second,
third, and fourth columns show the effect of adding O-2%, 1-0% and 5%
by number of B016 ions to the pure hydrogen plasma. A.relaﬁively
narrow central feature whose height increases both with the increasing
relative abundance of impurity and with decreasing Te/Ti is super-
imposed upon the pure plasma spectra. When Tg/T; = 0-2 and the
relative abundance of the impurity is 5% it will be seen that this
central feature dominates the ion term. 1In fact, the peak height is
about 7 times greater than the height attained by the ion term of a
pure hydrogen plasma having the same temperature ratio.

The al teration in the shape of the spectra shown in Fig.1 is

accompanied by an enhancement of the total amount of scattered light
as measured by the integral under the curve:
3-0

2[ S(a,x) dx .

0.0
This integral is plotted as a function of the per cent abundance of
the impurity ion, fully stripped oxygen (,0'®) in Fig.2, for a
variety of values of Te/Ti. The correlation parameter o was unity
in each case. The integrals over the ion features of impurity-
containing plasmas are larger than one might expect from a simple
linear superposition of the ion features of the two components com-
puted separately. For example, the integral over the ion feature is
given classically by

Za*
(1+a®)[1+a®(1 +2Z T/T;) ] )

/'S(a ,x) dx =

ion



For a hydrogen plasma having o = 1 and Te/Tj = 1, this has the
value O0-17. A fully-stripped oxygen plasma with the same values of
a and Te/Tj has an integral over the ion feature of 0.4, If the
weighted sum of the two integrals is formed, using as weighting fac-
tors the relative abundance of the two ions in the composite plasma,
one might expect to get the integral under the ion term in that
plasma if a linear superposition principle applied. For example, if
the plasma were composed of 90% hydrogen and 10% E1016, this integral
might be expected to be (0-9 x 0-17)+ (0-1 x 0-4) = 0-19. In fact
it will be seen from Fig.2 to lie in the neighbourhood of 0-32,

Although Fig.2 shows that the total scattered light increases
with increasing relative abundance of impurity ion, it also shows that
the amount of the increase is governed by the electron /ion temperature
ratio Te/Tj, and somewhat unexpectedly it shows that if Te/Ti is
great enough (= 10 in this Figure) increasing the impurity abundance
leaves the total scattering unaltered.

It was seen in Fig.l that the ion spectra of composite plasmas
all of whose ionic species have the same temperature display narrow
central features. The relative widths of the part that can be attri-
buted to the pure hydrogen plasma and the central feature which is
associated with the presence of the impurity are approximately in the
inverse ratio of the square roots of the masses of the two ion species
present. For example, the spectrum for 5% contamination by g0'® at
Te/Ti = 5 exhibits two maxima located near x = 0:-4 and x = 1-45,
The ratio of these is 3:6 and this is in the neighbourhood of
\/MO/MH = 4., To investigate further the dependence of the spectrum
on the mass of the impurity ion, a set of curves for the hypotetical
56 (

impurity gFe iron stripped of 8 electrons) was computed, and these



are displayed in Fig.3. Once again, the spectra display two
distinguishable parts whose relative widths are in the ratio of the
square roots of the masses. The central impurity features are greater
in amplitude than those characterizing the less massive impurity

6018, but it was found that the integrals are virtually identical to
those found in the 8016 cases., We may conclude that the integrals
under the ion feature of a composite plasma are independent of the
mass of the impurity.

The way in which the charge Z of the impurity ion affects the
spectrum was studied by assuming a plasma contaminated by 1% of
ZFe56 and allowing Z to vary between O and 15. As in the previ-
ous calculations, the value of o was kept at unity and the temper-
ature ratio Teg/T; was pemitted to vary so that the influence of
hot ions or hot electrons could be observed. The curves obtained
are shown in Fig.4. Here, proceeding from left to right corresponds
to increasing Z. It will be observed that increasing the effective
charge of the impurity ion produces effects in the scattered light
spectra broadly similar to those brought about by increasing the
abundance of the impurity. The corresponding total scattering cross
sections as measured by the integral under the spectrum from 0.0 to
3.0 are shown as functions of Z in Fig.5. The same integrals cal-
culated for o ; « are shown in this Figure as well.

Because situations can occur in which the impurity ions and the
ppincipal plasma ions may possess different temperatures, calculations
in which the ratio of temperature of the impurity g0'® to that of
the hydrogen, TO/TH, was allowed to vary were performed. Here, the
electron temperature was maintained equal to the principal ion tempera-

ture and the ratio T,/Ty took the values 0-2, 0-5, 1.0, 2-0, 5-0



and 16-0. The last value was chosen to make the velocities of the
principal ions and the impurity ions equal. There are circumstances,
for example during the implosion phase of a theta-pinch plasma, in
which this state of affairs is thought to exist. Fig.6, which dis-
plays the result of this calculation, shows that changing the tempera-
ture of the impurity changes the width of the feature associated with
it on the ion term. Also there is found to be weak dependence of the
total scattering intensity on TO/TH. When the impurity ions are cold
relative to the hydrogen the impurity feature is reduced in width
relative to its width for equal temperatures (To,/Ty = 1) and the
integral over the ion term is marginally smaller than in the Tg/Ty = 1
case. On the other hand, when the impurity ions are relatively hot,
the impurity feature is wider and at the same time the total amount
of scattered light is increased, though only by a few per cent. For
example, the ratio of toﬁal cross section for equal velocities to
total cross section for equal temperatures in the present computation
with 1% fully stripped oxygen was 1:i7.

All the spectra described so far were calculated for the case of
a = 1. The calculations were then repeated in the long wavel ength
limit, that is, with a - «. Figs. 7 and 8 illustrate the results.
Comparison of Fig.7, which shows g0'® impurity spectra for 4differ-
ent relative abundance and various values of Te/Ti, with Fig.1
demonstrates that the presence of impurities leads to the same general
spectral features in both the o =1 and the o = «» cases, but that
the influence of impurities in those plasmas in which electron tempera-
ture exceeds ion temperature is less marked for strongly correlated
scattering (a = «») than for moderate correlation (o = 1). It has

already been pointed out that the scattering enhancement, measured



by the integral of S(a,x), depends upon the temperature ratio
Te/Ti and is greatest when the ions are hotter than the electrons.
Fig.8, which displays these integrals as functions of impurity abund-
ance in the long wavelength limit, shows two noteworthy features.,

The first is that even where impurities are absent, the integral is
not monotonically decreasing with increasing Te/Ti, but goes through
a minimum, The second, shown by the curve labelled Te/Tj = 10
exhibiting an actual decrease in the total intensity of scattered
light with increased abundance of impurity, is the displacement of
that minimum towards higher values of Tg/Tj as the amount of
impurity increases. This behaviour stems from the fact that for large
values of the electron/ion temperature ratio, the contribution to

the ion spectrum of the first, or electron term in the form factor is
not negligible, and even dominates S(a ,x) at last. It is connected
with the thermal excitation of the ion-acoustic resonance Which is
only lightly damped at large Te/Ti, and becomes the principal contri-
bution to the electron density fluctuations at long wavelengths. A
more complete discussion of this point is to be found in EVANS and
KATZENTSTEIN (1969). The rate of increase in the amount of scattered
light with increasing abundance of impurity in the hot ion cases is
not very dependent upon the value of «a: thus when Te/Ti =01 and
a = 1, increasing the relative abundance of g0'® from 0:2% to

10% increases the total scattering from 0-29 to 0-81, that is, by a
factor of 2.8 times, The same increase in the abundance of this
impurity for this same temperature ratio when a = «» Aincreases the

total scattering from 0-86 to 2.6, that is, by a factor of 3.



4. DISCUSSION

A physical explanation of these results can probably be found
in the increased clumping of electrons about the relatively highly
charged impurity ions. In cooperative scattering, Doppler effects
stemming from the motion of bunches of electrons and not from indi-
vidual electrons determine the frequency shifts which will be observed,
and such bunches, adhering to impurity ions are clearly the origin
of the relatively narrow impurity feature. But in addition, any
departure of the electrons from a random spatial distribution may
be expected to lead to enhancement in the total scattering. This is
because any change from randomness is towards some sort of order, the
limiting case being a grating-like distribution. ‘Any change of this
sort can lead to an increase in light scattering through the effect
of constructive interference, It is not surprising then, that the
increase in clumping which the impurity ions are expected fd effect

can lead to an increase in the total amount of light scattered.
5. CONCLUSIONS

The addition to a plasma of a small amount, as little as 0-2%
of an impurity in the form of ions of relatively high charge and mass
compared to the charge and mass of the ions of which the plasma is
chiefly composed (fully stripped oxygen in a hydrogen plasma was
adopted as an example) can bring about a striking change in the ampli-
tude and frequency distribution of the cooperative electron density
fluctuations, confined principally to the ion term. The effect of
the impurity is to alter the spectrum of fluctuations of a pure plasma
by the addition of a central feature, symmetric about the zero (laser)
frequency, whose width compared to that of the pure plasma ion term

is in the ratio of the thermal velocities of the two sorts of ions

- 10 =



and whose height depends upon the charge and abundance of the impurity
ions. But the composite spectrum is not a simple linear superposi-
tion of the spectra of the principal ion and the impurity ion calcula-
ted separately. The influence of the impurity becomes more marked as
the ion temperature is increased over the electron temperature so

that for example, in a hydrogen plasma contaminated by 5% of fully
stripped oxygen whose electron/ion temperature ratio To/Tj = 0-2,

the height of the spectrum at the centre was found to be 10 times
greater than the spectrum of pure hydrogen plasma, and the total

scattering intensity was increased by a factor of 3.
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Fig.2 The integrals under the curves shown in Fig.1 are displayed as functions
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