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ABSTRACT

This paper describes a theoretical and experimental study of
axial plasma flow and end losses in a theta pinch with a collisional
100 eV plasma with beta on axis of 0.7. The predictions of an M.H.D.
code which is two-dimensional in radius and axial length were com-
pared with data from a theta pinch with a coil 8 metres long, which
gives stable times of some-tens of microseconds and good axial reso-
lution. The radial density distribution was measured at four axial
positions and its spatial and temporal evolution during the loss pro-
cess agreed with the computed results. Rarefaction waves were found
nuwerically, and the propagation velocity on é given flux tube agreed
with the analytic expression. The computed and measured line density
also agreed, and fell sequentially at different axial positions. The
results showed that particle flow on a given flux tube depends on the
local values of beta and sound speed. Higher beta plasma on the axis

is lost more slowly than the plasma as a whole.
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1. INTRODUCTION

Axial flow and.end losses in theta pincheé have been studied in
collisional plasmas'™®, in the high temperature collisionless regime®” %
and in the reversed field®"® configuration. In addition, the eftfects
of magnetic mirrors®’®'Ohave been investigated. The results have been
combared with various theoretical models, including the steady state
model™'™"¥, flow model’, sheath models'®s'® and for collisionless
plasmas??s 18,

This paper discusses axial flow and end losses in a collisional
plasma with no externally applied magnetic mirrors or initial bias
field, where the plasma is best described by the flow model 14, in
which rarefaction or area waves start at each end of the plasma and
move inwards towards the midplane. The velocity and change in area
and 1;ne density across such a wave primarily depend upon beta,
sensitively for values close to unity.

Previous studies in this regime include an investigation'® of
particle and heat losses in which experimental results were found to
be in agreement with the predictions of an axial version of the one-
dimensional M.H.D. code®®, The relative importance of energy loss
due to particle or heat flow has been shown®!' +to depend upon the
ratio of the mean free path to the coil length. At the values of
average beta (0-4) obtained positive identification of rarefaction
waves was not possible in the two metre coil used. Rarefaction waves>?
have been observed in a theta pinch of large diameter where g > 0-8
and agreed with calculations using the same code. Waves with sharp
area discontinuities have been studied®® with reversed field where

the effective beta is almost unity. Flow effects have also been

studied®* in the formation of a bulged region in a plasma column.



In the experiments described here mich better spatial resolution
in the axial direction and longer time scales-than in previous work
have been obfained by using a theta pinch coil 8 metres long in which
the plasma remains stable for some tens of microseconds®®. The theo-
retical studies have been carried out using, for the first time, an
M.H.D code which is two-dimensional in radius and axial length. The
zssumptions in this code are well satisfied by the collisional 100 eV
plasma which is used in the experiment.

The time variation of the computed and measured radial density
distributions and line densities at four axial positions has been
compared. The numerical calculations were started at 2 microseconds,
after the initial dynamic phase, and used the measured plasma distri-
butions at this time as the initial conditions. The subsequent
behaviour is then calculated for the measured time variation of the
external magnetic field. In general, the experimental results includ-
ing the propagation of rarefaction waves are in agreement with
computed predictions.

2. THEORY

9.1 Two-dimensional M.H.D. Code®®

This code was designed to study the axial flow of heat and par-
ticles and it describes the time history of the discharge after the
initial implosion phase. A collision-dominated one-fluid plasma with
infinite electrical conductivity and isotropic pressure 1is assumed.
The M.H.D. equations are used and hence the set of differential

equations for the quantities p, 3, p and B are:
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where p = mass density, V = flow velocity, p = pressure,

e
B = magnetic induction vector, j = current, vy = EB . The coefficient
Vv F
of heat conductivity is « = Ky o+ oKy and vy 1is taken for an atomic

gas (i.e. y = 5/3). The temperature T is calculated from pressure and
mass—-density by T = p/p . Azimuthal symmetry is assumed so that all
funétions are independent of the angular coordinate 6. It is further
assumed that Be = Vg = O and that there is no heat flux in the
radial direction. The first of these assumptions implies no current
flow in the z-direction, while the third is Justified because the

heat flux along the magnetic field is much greater than that in the
perpendi cular direction. Radial inertia can be ignored because experi-

mental ly after the dynamic phase the radial acceleration is negligible,

Therefore the magnetic fieid is detemined by the equilibrium
eBH SiLan - Up + 7} ixB=0. sas (8

The initial equilibrium conditions for the radial profiles of
density and temperature used for the calculations are obtained from
experimental data, together with the external magnetic field whose
measured time variation is fed into the calculation.

As a boundary condition for the magnetic field at the endplane,

periodicity is assumed. For the quantities Y : p, 3; p '"free
2
boundary" conditions are used, i.e. EQE Y = 0.
VA



For the numerical treatment of the system of differential equa-

tions the coordinates chosen are (r, z, t). A flux function

r

F(r, z, t) .: = j' B, (r}, z, t) r' dr’ eee (3)
)

5
and the corresponding relation bztween F and the magnetic field B

i oF oF
B(r‘,z,t):lr{--é—z-,o,—a;} e (4)

suggests the use of the inverted flux function

r =R (F, z, t) (if B, # 0

as coordinate lines (instead of 1 = const). This curvilinear
coordinate system is non-orthogonal and time-dependent. Its main
advantage is that a more accurate computation of effects parallel to
the magnetic field lines is possible because there is no numerical
diffusion perpendicular to F = const. Infinite electrical conductivity
implies no transport of plasma across the coordinate lines f = const
particularly at the plasma/vacuum interface, since it is a flux
tube. Therefore the only velocity in the radial direction is the
velocity of the coordinate lines, which simplifies the set of differ-
ential equations.

The numerical solution of the equations in this coordinate
system is obtained by solving the equivalent difference approximation.
Implicit methods are used for the equations of p, v, DP. The equation

for radial equilibrium is solved with an iterative method.

2.2 Theoretical Results from 2D Code - Comparison with Analytic Model

Firstly the computed velocity of the rarefaction wave is compared,
for an experimental diffuse density profile {examples are shown in

Section 4), with the analytic results of Wesson's [Ilow model'. There



are dlfferences in the assumptions in these two calculations princi-
pally that in the flow model radial unlformlty and a constant external
magnetic field are assumed, and thermal conductivity is neglected.
However, by normalising the computed quantities the gross effects of
the time-varying external field can be‘ranoved and the comparisons
are made for individual flux tubes. For T ~ 100 eV additional 2D
calculations show that thermal conduction can be neglected.

The analytic model predicts that area waves will travel from the
ends of the midplane with a velocity+
Ve =c N1 =B 15 (5)
where Cq is the sound speed. The area ratio across this wave 1is

= [(1 - IS .t (6)
When B < 0-8-0-9 the change in line density across the wave is
mainly due to the change in the number density, while for higher
values the change in line density results from a large change in the
plasma area.

The value of VS on three flux tubes was obtained directly frcm
the 2-dimensional calculations and compared with the phase velocity
Vp of the wave on the same flux tubes defined by

AZ

VD:-A-TL

where At is ths interval between the times at which the nommal ised

%k
density, n = n/n (suffix o referring to the start of the computa-

O!
tion) and the normalised line density, N* = N/ND, have fallen by 3%
at two axial positions a distance Az apart (Az = 50 an). In

Table 1 the wave velocities are shown for flux tubes at mesh points

+ The simple expressions given are for the case that the effect of
the conducting coil can be neglected, which applies for the com-

pression ratios in this work.



1, 13 and 25, for distances z = 100, 150 a'd 200 cm from the ends.
Mesh point 1 corresponds to the axis, point is to about 1-25 cm where
the density has fallen to approximately 18%, but the temperature

(~ 100 eV) remains conmstant; point 25 refers to radii about 2-5 cm
where both the density and temperature have fallen to values less
than 5% of those at the plasma axis. No analytic results for

the line density wave are given because the appropriate average
values of Cg and B are not known. It is seen from Table I that
the wave velocity is a minimum on the axis where beta is largest and
rises to a maximum at point 13, since f has decreased, although the
temperature and sound speed remain constant. At point 25 the velo-
city has decreased again beca:se the temperature has fallen and the
reduction in sound speed outweighs the de:E factor in equation (4).

Table I illustrates that qualitatively according to the 2D

code the plasma, on a given flux tube, is lost according to the local
values of sound speed and beta, which supports the supposition that the
analytic model can be applied on individual flux tubes for a diffuse
density distribution. The most reliable quantitative comparison
between the two models is expected on the axis and at mesh point 13.
In the two cases at 2z = 150 cm and in the one case at z = 200 cm the
agreement is within 10%. However, at axial posi tions which are closer
to the coil ends (z < 150) the agreement is less good and the code
shows higher values for the velocity, which is believed to be due to
the end effects - for example, insufficient mesh points covering the
initial phases of the wave. The agreement shown in Table I could

only be obtained when the maximum number of axial mesh points (50)

was used. Further studies showed that the results varied considerably

when the number of mesh points was reduced, for example, with 25 points



the value of the velocity of the line density wave was larger by a
factor of 1-8. According to the analytic modél the density should
begin to fall sequentially at different axial positions with the
arrival of the rarefaction wave. This effect, seen in Fig.1, was
only clearcut using 50 mesh points; with significantly fewer points
it was smeared out and the line density tended to fall simultaneously
at all axial positions. With 50 mesh points the accuracy was better
than 15-20%, and using a hyperbolic extrapolation agreement with the

analytic model to less than 10% was obtainable.

3. EXPERTMENTAL DETAILS AND PLASMA PROPERTIES

The experiments were carried out on a theta pinch with the coil
771 cm in length and internal diameter 11 cm which encircles a guartz
tube of 8:-1 cm bore, filled with deuterium gas at an initial pressure
of 20 mtorr??. The peak magnetic field of 21 kG was reached in
5+5 psec and e-folded in about 160 Lsec.

The radial density distribution (the line density is obtained
by integrating the profile) was measured at the midplane and at four
rother axial positions from an Abel inversion of the light intensity
profile obtained from streak photographs using a calibrated image
converter camera®’. The temperature distribution was measured at
the midplane using Thomson scattering and the mean value agreed with
that obtained from diamagnetic loops assuming Te = Ti' The radial
density distribution was of Gaussian form and the radial temperature
distribution was uniform over most of the plasma®’. The plasma in
the midplane was found to be uninfluenced by either particle or heat

losses for at lzast 25 usec; the expected time of arrival of the

rarefaction wave was at least 40 usec.



The plasma density on axis at peak field is 2-7 + 0-3 x 10"%cm™
with equal ion and electron temperatures of 120 + 12 €V, The plasma
is collision dominated with T 0-1usec, B, 2 usec; beta on the
axis is about 0-7 with an average value 2% of about 0.4: the ion
Larmor radius is about 1 mm and the mean plasma radius is about 1 cm.

This plasma is well described by ideal hydromagnetic theory and
satisfies the principal assumptions in the 2-dimensional computational
model (Section 2.1), namely isotropic pressure and equal ion and
electron temperatures. The assumption of infinite electrical conduc-
tivity is also justified, because for the observed classical diffusion®®
in the midplane the density distribution does not change (from diffu-

sion) over the times for which end losses were studied.

4. EXPERIMENTAL RESULTS AND DISCUSSION

Fig.2 shows radial image converter streak photographs taken at
distances of z = 50 and 100 cm from the ends with a time resolution
0.5 psec. The change in area due to the rarefaction wave becomes
marked by about 10 psec at z = 50 cm. The lateral motion seen at
2z = 50 and 100 is an m = 1 instability believed to be associated
with the adverse curvature of the magnetic field lines due to the
m = O rarefaction wave, which propagates faster than the m = 1
wavezé This motion was similar to that of the m = 1 instability
propagating outwards from a deliberately introduced m = O bulge 1in
the midplane of the c01125. Its amplitude is less than the plasma
diameter and decreases with axial distance from the ends; it does
not appear to affect the density profile nor give rise to radial
particle losses.

Measured density distributions are compared with those calculated

using the 2-dimensional code in Figs.3 and 4 at various axial positions



and different times. The computations were started at 2 psec, after
the implosion (duration ~ 1 psec) and when radial oscillations have
damped out; the initial conditions are the measured radial distribu-
tions of temperature and density at that time (on axis 85 ev,
146 x 10"%em™?),

Fig.3 shows that, for z = 50 cm and at five different times
after the rarefaction wave has reached this position (which occurs at
about 5 usec) the computed and measured distributions are in reason-
able agreement. Each curve shown comes fro:m one discharge, and the
errors shown correspond to standard deviations over five similar
discharges which were about * 10%. The time variation of the profile
largely depends on that of the external magnetic field; the effect
of end losses is superimposed on this variation. Fig.4 shows the com-
puted and measured distributions at 13-4 usec for three axial positions.
Agreement is within the experimental error at z = 50 and 100 cm, but at
z = 200 cm it is less good.

Fig.5 shows for four axial positions that the time variation of
the computed and measured iine density, normal ised to the initial value,
agrees to within the experimental error. The principal characteristics

of rarefaction waves expected from Wesson's 4 analytic theory can be

seen; the line density remains constant at a given position until

the rarefaction wave reaches this point, when it begins to fall. A
sequential decrease of the line density with increasing z is seen
for z = 50, 100 and 150 cm. There is some evidence from Fig.5 that
the theoretical curves fall sooner than expected, corresponding to a
faster area wave velocity than the analytic theory predicts, espec-

ially at smaller values of z » as was mentioned in Section 2.2.



The experimental data shows a similar trend but, taking into account
the experimental error and the uncertainty about the time at which
axial plasma flow begins, it was not possible to resolve whether or
not this was a genuine effect.

Fig.6 shows, at a position 50 cm from the end, the experimental
and computed time variation of the line density and the number den-—
sity on the axis; theory is also shown for ne at mesh point 13,

a flux tube at a radius of about 1-25 cm. Each computed value of

the number density is normal ised with respect to the value at the

same mesh point and the same time in the unperturbed plasma. The

same (computed) normalisation factors are used for the experimental
data, since larger nomalisation errors would have been introduced

by normalising with respect to other experimental data because measure-
ments were only made at one value of z per discharge. It is seen
that the computed airves for the line density and the density at

mesh point 13 lie close together, which implies that the values of
density and beta on that flux tube are characteristic of the plasma as
a whole from the point of view of end losses. The theoretical curve
for the density on the axis lies some 20% higher than that at me sh
point 13 which confirms the conclusion from Table I that particles

are lost according to the local values of beta and the sound speed,
the effect of beta domimating in the present experiment. The experi-
mental data for the density on the axis shows a spread extending
outside the experimental error possibly because off the normal ising
process. itowever, qualitatively the data in Fig.6 shows that par-
ticles on the axis are lost more slowly than in the plasma as a whole.
This is known as the ‘onion skin' effect and has not previously been

observed.

= 0 e



5. CONCLUSIONS

Observations on axial flow of" plasma and end losses in a collision
dominated piasma at 100 eV in a theta pinch are in general agreement
with the predictions of a 2-dimensional M.H.D. code, whose essential
assumptions are well satisfied experimentally.

The propagation velocities of the rarefaction wave for the density
on different flux tubes computed from the 2D code and obtained from
Wesson's'4 one-dimensional analytic model agree. The agreement is
within 10-15% for distances more than 100 cm from the ends of the
Coil using the maximum number of 50 mesh points in the axial direction.

The measured time variation of the electron density distribution
at .dif ferent axial positions along the coil agrees remarkably well
with the computed distributions, often to better than 10% which is
less than the combined experimental and numerical error. Rarefaction
waves were found experimentally and the line density fell sequential ly
at successive axial positions as the waves travelled from the ends to
the midplane, in satisfactory agreement with the 2D code. The mea-
sured time variation of the number density on the axis was in
approximate agreement with numerical predictions which showed that
particle flow on a given flux tube is determined by the local values
of beta and sound speed, a result expected but not previously demon-
strated. Higher beta plasma near the axis is lost more slowly than

the plasma as a whole.
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TABLE I

Vv (f(me1) v (nfmet3) | v (ntme2s) Vo) oz
1]
cm/sec cm/sec 1 cm/sec cm/sec
!
2D 8.40 14.18 | 11.23 13,50 | 100
|
Analytic 7.52 10.90 | 7.58 -
(Wesson) !
2D 7.66 12.06 9.78 11.48 | 150
Analytic ' 7.65 10.92 8.13 -
(Wesson) : ;
2D | 11.81 10.31 1 11.12 | 200
|
Analytic | | 11.30 7.93 -
(Wesson) l !
1
|

i ! |

e
e

Table Caption

Computation did not extend far

enough in time to cover this case

Comparison between wave propagation velocities V obtained

using

dimensional code, at three axial distances
coil end. The normalised line density, N,

density, n , on three flux tubes (mesh points m = 1,

the analytical expression'? and numerically from the two-

z , measured from the

ate

and the normal ised number

13 and 25,

corresponding to the axis, radii about 1.3 cm and 2+4 cm) are shown.
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Fig. 1 Computed axial variation of line density at different distances from the coil
end showing the propagation of a rarefaction wave from the end towards the midplane.
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Fig. 2 Streak photographs taken at two axial
positions z = 50 and 100 cm from the end of the coil.
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Fig. 3 Time evolution of density distribution at z = 50 cm
from the end of the coil. Experiment and theory, 2D code.
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Fig. 4 Radial density distributions at 13 microseconds for 3 axial

positions from the end of the coil. Experiment and theory, 2D code.
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Time variation of the line density at 4 axial positions; experiment and theory, 2D code.
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Fig. 6 Computed time variation of the line density and the number density
on axis and at mesh point 13; experimental data for the density on axis and
the line density is also shown. ( z =50 cn from the end of the coil.)
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