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ABSTRACT

The charge exchange capture cross sections are calcu-
lated for captures into all states of the hydrogen atom
for levels through n = 15 using the Brinkman-Kramers matrix
element. These expressions are sufficiently general to

simulate captures from all the elements assuming only one

electron is active.

* On leave of absence from Lawrence Radiation Laboratory,
Livermore, California.

U.K.A.E.A. Research Group,
Culham Laboratory,

Nr. Abingdon,

Berks.

May, 1964 (C/18 ED)






CONTENTS

INTRODUCTION
QUANTITATIVE DISCUSSION
ACKNOWLEDGEMENT

REFERENCES

1.3

13






1. INTRODUCTION

Electron capture by protons pPassing through gases is known to
result in captures into all states of the atom, Early calculations?’?
had shown that at high proton velocities captures into s~states pre=-
dominate, and had indicated a population distribution which varied
inversely with the third power of the principal quantum number, Later
work®’® has shown that in general the population distributions will
be functions of five parameters involved in the capture process : the
effective charges of both the target and the incident projectile, the
Principal quantum number and angular momentum of the active electron,
and the relative velocity of the incident projectile and target,
Although expressions for electron capture cross sections through
Principal quantum level n = 4 have been available*, there has been
little explicit discussion in the literature of the dependence of the

population distribution on the above mentioned parameters.

For the most part, discussion of excited state capture has been
based on the Born matrix element, and the Brinkman-Kramers (BK)
approximation to the Born expressions,®’*?% While these approximae
tions are known to give poor results for absolute values of the
capture cross sections, there is some evidence to suggest that the BK
matrix element will prove reliable for ratios of the capture cross
sections, In recent experiments with thin hydrogen targets, Riviere

and Sweetman® *? have found the population distributions follow closely

an n® distribution for levels n = 9 through n = 23, and agree with
the BK ratio for captures into the n = 14 level for energies above
40 keV,

An interest in the population distributions for hydrogen has
arisen recently in conjunction with experiments designed to produce

thermonuclear plasmas, Beams of excited energetic hydrogen atoms are



expected to play an important role in contemporary neutral injection

8 29 510 In these injection experiments the excited levels

experiments,
below n = 6 are not expected to contribute significantly because of
their relatively short radiative lifetimes, ' while those levels above
about n = 15 are generally not of interest because of their rather

2 It is this group of approxi=

low electric ionization thresholdse®
mately ten levels, from n = 6 through n = 15, which, at the present

time, appears to be of primary interest for neutral injectiona

Earlier, an impact parameter method'® was used to calculate the
s-state capture cross section for the ten lowvest levels of hydrogen

14

in the case of a lithium or cesium neutralizer, The use of lithium

vapor as a neutralizer had been proposed previously as a means for

15  An experiment by

enhancing the population of the H(25) state.
Futch and Damm'® using protons incident on lithium vapor has shown
that excited state populations for levels n = 8,9, and 10 exhibit an
increase similar to that indicated by the theory, Since the impact
parameter method is based on physical assumptions similar to those
leading to the BK matrix element, their experiment suggests that for
purposes of comparing the population distributions for different neu=
tralizers the BK approximation may be useful for energies as low as
20 keV, A difficulty with the impact parameter method as applied to
charge exchange is that in general it does not as readily lead to
closed expressions for the cross sections as does the BK method. Only
in the limit of high energies, corresponding to small impact para-
meters, can the integrals be easily evaluated without recourse to
numerical methods.,?? For this reason, the BK matrix element would

appear to be more suited as a basis for a theoretical survey of neu-

tralizers than would the impact parameter method.

In this paper is discussed the capture cross sections for all



states through the n = 15 level in the case of protons incident on
various atomic gases, Capture cross sections are presented which are
derived using the BK matrix element and for a range of effective
nuclear charge 2Z, target principal quantum level n, and angular
momentum 1, sufficient to simulate_all the elements in a one elec-
tron approximation, It is believed these cross sections will aid in
elucidating those regions of the periodic table where significant
population enhancement might occur, and will give some indication of
the magnitude of the population enhancement, In pPrevious papers
dealing with excited state calculations the relevant integrals have
been evaluated by means of parametric differentiation,429218 7
extension of these calculations to the very highly excited levels
using this method would involve considerable labor. Here we utilize
the fact that the integrals can be expressed in terms of momen tum
eigenfunctions which in turn are readily generated using recursion

relations,

2, QUANTITATIVE DISCUSSION

In this section is considered the electron capture cross sece-
tions for protons incident on an atomic neutralizer in which it is
assumed that only a single outer electron is active, The BK exprese«
sion of the cross section for capture into the state n,l1 of the
hydrogen atom from a state VoA of a neutralizer in which the elece
tron is moving initially in a Coulomb potential with effective charge

eZ, is given by*

O (VA = nl) = (2r)"Y M@ B4 (Vf/vi)f: ]’)?Lle d (cos 0), (1)
where

|%|2=|f¢(vh)(e22./r) exp ia + ;-dx_'-|2 |J(¢*(nl} exp iff o sds|2. (2}



The angle © is the angle between the initial and final velocities

;i and ;f’ and M is the reduced mass. The other quantities are
defined by
O o=k +k M /M +m;
B =-k, ~k_. M /(M + m);
i f 2 2

F.o=v. 51" (M +m) M /(M +M + m);
1 1 1 2 1 2

F =v. B ' M +mM/(M +M + m).
f i 2 i 1 2
The masses M1, Mz’ and m are the target nuclei, proton, and elec-

tron masses, respectively,

Introducing a new integration variable

2 2 2
y = Q a0+a2=B ai+b2,
where a = Z/¥y, b = 1/n, and a_ the Bohr radius, eq.(1) can be written
- o0
o (VA - nl) = (4na®p®e®) 1_/-lelz’- dy; (3)

here the upper limit is taken to be infinite as a matter of conven=

ience, The quantities p? and x are defined by

2

_ 1,2
P = (mviaéh )

3
x = p2/4 + (a® + B2)/2 + (P = a?)?/ap?.

. . . i9
The momentum eigen functions are defined as

& (nlm) = {zqc)‘a/gfga(mm)e“ik’ far. (4)

For a Coulomb potential these functions can be written

& (nlm) = F(nl) Y(lm), (5)
where the Y(lm)'s are the spherical harmonic and the general form
9

for the function F(nl) is given by Bethe and Salpeter.1

Writing eq.(2) as

|2 = |von]? |x (a1)]?



and comparing eqgs.(2), (4), and (5) we see that
[x*(n1)]2 = 2x2 (2141) a® F2(n1), (6)
Using20
(VM2 = (422)7 2y ) |2, (7)
the expression (3) for the capture cross section can be written
O(VA = nl1) = ﬂaai (21 4 1)(4p223}-1j‘2 Y?F® (VA)F2 (nl1) dy., (8)

Expressions for the cross sections have been obtained using eq. (8)
for all n,l1 states through the n = 15 level and for VsA states
1s— 7s, 2p- 6p, and 3d- 5d, inclusive, Following Bates and Dalgarno
(BD) ,* advantage is taken of the fact that considerable compactness
can be achieved by expressing these cross sections as simple inte=

grals, Writing eq.(8) in the form
= sigd. S0 - oo -
O(VA - nl) = ma’p™® D(vA nl)fX G(VA - nl) dy, (9)

the appropriate quantities are:

D(1s=ns) = 2% 757,
Writing z= y 1 (y - 2b%), the expressions for G become:
G(1s-1s) = y-6;
G(1s= 2s) = y'6(2z)2
G(1s- 3s) = y 6(422- 1)2;

G(1s~ 4s) = Y“6(8z3- 4z)2;

G(1s= 5s) = Y_6(1624- 12z2 + 1)2;

G(1s = 6s) = y=0(3225- 3223 1 62)2,

G(1s=- 7s) = y 0(6426- 802% + 2422~ 1)2,

G(1s=8s) = y=6(12827- 19225 + 8023 - 8z) 2,
G(1s=9s) = y=6(25628- 44826 + 2402% - 4022 + 1)2;

G(1s=10s)= y=6(51229- 102427 + 67225- 16023 + 102)2;

G(1s=11s)= y=6(1024210- 230428+ 179226-5602% + 60z2- 1)2;



G(1s -12s)
G(1s =-13s)
G(1s -14s)
G(1s =15s)
D(1s - np)
G(1s - 2p)
G(1s - 3p)
G(1s - 4p)
G(1s - 5p)
G(1s - 6p)
G(1s - 7p)
G(1s - 8p)
G(1s - 9p)
G(1s -10p)
G(1s -11p)
G(1s -12p)
G(1s -13p)
G(1s -14p)
G(1s -15p)
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- 2
G(1s -15q) = y 39 (Y-b2)12(364z -13)2.
2 0 .3 5 - -
D(1s - nr) = (13107 2°0 3 2% 0730 [(nha) 1] [(as13)1]7",
-3 2.13
G(1s -14r) = vy . (y-b7) 7
- - 2 2
Gl1s -15r) = y 32 (y-b2)13(282)
2 - -
D(1s - nt) = (29) (141)° 2°% 2% 0732 [ (n45) 1) [ (ar1a)1]7",
G(1s -15t) = y_34 (y—b2)14.
.. -1 2 .
Defining w = y (y-2a™), the capture cross section for those

neutralizers in which the active electron is not initially in the

1s state can be derived from:

D(2s - nl) = 2.d3 D(1s - nl);
-2 2 2

G(2s - nl) =y (y=-2a")" G(1s - nl).
D(3s - nl) = 3_5 D(1s - nl);
Gida - m1] = [AwT=1]1% Bleg - m1).
D(4s - nl) = 4—5 D(1s - nl);
G(4s - nl) = (8w3-4w)2 G(1s - nl).
D(5s - nl) = 5-5 D(1s - nl);

4 2 2
G(5s - nl) = (16w -12w +1) G(1s - nl).
D(6s - nl) = 6_5 D(1s - nl);
G(6bs - nl) =(32w5—32w3+6w)2 G(1s - nl).
D(7s - nl) = 7 D(1s - nl);
G(7s - nl) = (64w6-80w4+24w2-1)2 G(1s - nl).
D(2p - nl) = 273 371 22 D(1s - nl);
G(2p - nl) = Y—z (Y—az) G(1s - nl),
D(3p - nl) = (2) 3_7 22 D(1s - nl);
G(3p - nl) = y-z (y-az) (4w)2 G(1s - nl).

- 4 -4 2
D(4p - n1) = 2719 37" 577 22 pys - n1);

G(4p - nl) (y-az) (12w2-2)2 G(1s - nl).

i
<



D(5p - nl) = (6) 5.7 Z2 D(1s - nl);
2

(y-a ) (32w3-12w)2 G(1s - nl).

Y
& o4 =T =1 _2
D(6p - nl) = 2" 5 ! 6 7 1 Z D(1s - nl});
¥

-2 2 4 2 2
(y-a~) (80w -48w +3) G(1s - nl).

-9 -1 _4

D(3d - nl} = 27 3 9 5 1 Z D(1s - nl);
-4 2.2

G(3d - nl) =y (y-a~) G(1s - nl).

D(4d - nl) = 3710 372 g1 44 D(1s - nl);
- 2.2 2

G(4d - n1) = y ¥ (y-a®)? (6w)° Gl1s - nl).

A -1 4

D(5d - nl) = 27 3 = 5 9 74 ! 7  D(41s - nl);
-4 2.2 2 2

G(5d - nl) = vy (y-a™)" (24w -3) Gl(1s - nl).

In labelling these states the spectroscopic notation given in
Condon and Shortley(Zﬂ) has been used. It is easily verified that

the above expressions reduce to those given by BD for states through

n = 4.

In a subsequent paper explicit results of the population dis-
tributions for a variety of neutraiizers will be presented. Here
we restrict the discussion to a few semiquantitative remarks based
on the general form of the capture cross sections as given by Eq.(8).
Firstly, for a sufficiently high incident proton velocity and for
all neutralizers we have the well-known result that the s-state
capture distribution varies as n ~, as deduced from the coefficient
of the asymptotic form for Fz(nl). Secondly, captures into the very
high angular momentum states are in general not expected to contri-
bute appreciably to the total cross section since the magnitude of
Fz(nl) is dominated by the coefficient

41 2

2 (1!) [(n-1-1):]2 [(n+1):]“2.

In this connection, we note that the large resonance reported by
(22) 2

Butler and Johnston at p = 1 is not reproduced in these

calculations.
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