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ABSTRACT

The electric field ionization probabilities for the hydrogen atom
have been calculated using the method of Lanczos and the method of Rice
and Good. The results of these calculations are presented graphically
for the extreme components of all levels through n = 25, and for all
the individual states belonging to a particular level through n = T
Tabulations of the ionization probabilities are presented for a few

representative levels.
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1. INTRODUCTION

The possibility of ionizing the hydrogen atom by an external electric field
was first discussed by OPPENHEIMER [1], who obtained an expression for the ioniza-
tion probability for the ground state, Somewhat later, LANCZOS [2] extended
these calculations to include the excited states of the atom, and was able to
interpret the disappearance of the spectral lines of the Balmer series in the
experiments of VON TRAUBENBERG et al. [3] as being due to the electric field
ionization of the excited states, The early work on the Stark effect and on
electric field ionization has been reviewed by BETHE and SALPETER [4]. Recently,
the problem has been reconsidered by RICE AND GOOD [5] (R G), who paid special
attention to the determination of the eigenvalues and obtained an expression for
the ionization probability which in some respects is more complete than that of

Lanczos.

A need has arisen for explicit values of the ionization probabilities up to
very high atomic levels in conjunction with studies of excited energetic hydrogen
atom beams, [6,7,8], and, in the application of these atomic beams to neutral
injection systems [9,10,11]. Since collision processes and radiative lifetimes
of the excited levels are in general sensitive functions of the degree of excita-
tion of the atom, it is necessary to identify the ionization thresholds with the
principal quantum numnbers to properly account for these processes, Explicit
values in the above references have been limited to the extreme components of the
n=4,5, 6 and 7 levels of hydrogen. In this paper we have used both the model
of R G and what is essentially the method of Lanczos to extend these earlier
calculations to include the extreme components through the n = 25 level and all

the components of each level through n = 7.

2, DISCUSSION OF THE CALCULATIONS

The evaluation of the electric field ionization probabilities requires the

calculation cof both the energy levels and the time development of the wave function



for the Schroedinger equation
VBy+2[E+r ' -Fz] =0

This equation is separable in parabolic co-ordinates [4], E, Ny ¢y With quantum
numbers n,, n,, m, respectively, appropriate to these co-ordinates. For a non-
vanishing electric field the equivalent potential in the 1 equation possesses a
maximum which forms a barrier through which the electron can escape fram the
region near the proton. In the method of R G, the energy level, E,, for a
particular state is selected by requiring that the amplitude of the wave function
be a minimun at the outer classical turning point of this barrier for fixed values
of electric field. The time development of the wave function leading to penetra-
tion of the barrier is represented by constructing a wave packet consisting of a
set of states with the same quantum numbers but with a certain range of energies,
A E, distributed about the energy Eg;. The probability of the electron remaining
near the proton is found to decrease exponentially in time with a transition rate

given by
' = AE/R

The method of Lanczos differs principally from that of R G in that the energy
level is determined using the perturbation expansion of EPSTEIN [12] and of
DOI [13]. The time development of the wave function in Lanczos' method is also
traced by following the decay of the initial wave packet, but is limited to a one
dimensional approximation using the m equation alone. According to R G, the
full three dimensional treatment leads to an improved value for the ionization
probability for certain states. On the other hand, R G have neglected a tem in
(m® - 1) which is easily incorporated into the Lanczos expression, and which
appears to be of importance in the sequential ordering of the thresholds for large
m values. In general, the formula derived by Lanczos is simpler to use than the

R G expression and for most purposes yields sufficiently accurate results.

The ionization prcbabilities calculated on the R G model have been evaluated

using the iterative formula for the energy levels described in their paper. The



ionization probabilities calculated using the Lanczos method have been evaluated
using the energy and the separation parameter each of which was expanded to first,
second, and third order in the electric field, These perturbation expansions for
the energy up to third order and for the separation parameter up to the second
order are available in BETHE and SALPETER [4]. The third order expression for
the separation parameter has been derived from the equations in the original paper
by DOI [13]. If the separation parameter, Z, , appropriate to the m equation,

is expanded in powers of the field strength F,

(o) (1) 2, (2) 3, (3)

22 = 22 + F 22 + F 22 + F 22 + ose
where F 1is in atomic units, then
22(3) - 22 Y (lemt 4 246 1 n, + 996 n’ n22 + 1500mn23 + 750 m24 +
123 m° + 996 m° n, + 2250mn22 + 1500 n23 + 36 M +
1584|nn2 + 1584 n22 + 417 m + 834 n, + 178) ;

here E is the unperturbed energy expressed in atomic units.

In Figs.1, 2, and 3 some comparisons are made of the ionization probabilities
obtained using both methods for the n = 1 level and for the extreme states of
the n=7 and n = 20 level, On each figure the results obtained by the R G
method are indicated by crosses and those obtained by the Lanczos method are
shown as solid curves. The order of the perturbation theory expansions used to
calculate E and Z, are shown as small numbers against each curve. In the
case of n = 1 the first and third order terms for E vanish, but this is not
the case for the terms in Z, so that there is some meaning to 'first' and
'third' order calculations, The effect of increasing the order of the expansions
for E and Z, for the extreme components can be seen in Fig.2 for n=7. On
the high field side very good agreement is achieved but on the low field side the
Lanczos results for higher orders are moving away from the R G results., This
tendency for higher orders to move away from the R G results, occurs on both sides

in the case of n = 20, Fig.3. The discrepancies between the third order Lanczos



results and those of R G are due to differences in the values for both E and Z,.

These discrepancies, however, are less than experimental uncertainties [3,6,7,8].

The R G ionization probabilities versus electric field are plotted in Figs.4
5 and 6 for the extreme Stark components of all levels through n = 25. The
thresholds for the successive levels are seen to be distinct through n = 6, the
first overlap occurring at n = 7, 8, The overlapping becomes successively more
pronounced for the higher levels, at n = 20 the ionization probabilities of as

many as eight levels lie within the range of the extreme components of n = 20,

To facilitate the use of the figures we have listed in Table I the ionization
probabilities of the extreme components at several electric field values for levels
n=1, 5, 10, 15, 20 and 25, The ionization probabilities are listed in double
entry, the first column giving the R G results, the second colunn the third order

Lanczos results.

In Figs.7 through 12 are plotted the ionization probabilities for all compo-
nents of each particular level for n =2 through n =7, These figures are
based on the R G expression for the ionization probability. Notice that for the
higher n levels there is a tendency for the ionization probabilities to cluster
toward the low field side of the electric field range. Upon comparing the results
of Figs.5 and 6 with earlier estimates [11] of the ionization probabilities based
on the Lanczos method, the previous calculations are seen to have over-estimated
the requisite electric fields by approximately twenty per cent for levels
n=35, 6 and 7, and by approximately thirty to forty per cent for levels n =9

and 10.

The ionization probabilities for all states of n = 7 calculated using the
Lanczos method are plotted in Fig.13. A comparison of Fig.12 and Fig.13 shows
that the ordering of the ionization probabilities is the same in either case with
the exception of two of the three states with the largest m values., In Fig.12

the states follow the sequence n, n_ m = 114, 006, 321, 213, 105, 420, 312 and in



Fig.13 the sequence n, n,m=114, 321, 213, 006, 420, 312, 105. This difference
in sequence has been traced to the neglect of the term (m® -1)/4 in the R G expres-
sion for the ionization probability. This term has been included in the Lanczos
expression used here although Lanczos did in fact neglect it in his original calcu-
lations, An examination of the sequence for n = 6 has shown a similar behaviour;
the neglect of this term would be expected to be more pronounced for the higher

levels.

Ionization has been observed by various workers for levels n =5 through
n = 23. In the experiments of VON TRAUBENBERG et al. [3], the quenching of the
Balmer lines by an electric field allows for a correlation between ionization
probability and principal quantum number for levels n =35, 6 and 7. The experi-
ment of BERKNER et al [6] identifies the ionization probabilities for levels 6, 7,
8 and 9, and the experiment of RIVIERE and SWEETMAN [7] for those levels n = 9
through n = 23, The correlation of these experimental ionization probabilities
with the theoretical values reported here allows for an unambiguous identification

of ionization threshold with principal quantum number for levels n =5 through

n=23|

ACKNONLEDGEMENT

We would like to thank Mr. D, Rampton for his assistance with the numerical
calculations based on the Lanczos method. One of us (JRH) would like to thank

the Culham Laboratory for the hospitality extended during the course of this visit.



[1]
[2]

[3]

[4]

[5]

(6]

[7]

[8]

[9]

[10]

[11]

[12]
[13]

REFERENCES

OPPENHEIMER, J.R., Phys. Rev., 31 67, (1928).

LANCZOS, C., Z. Physik, 68, 204, (1931).

TRAUBENBERG, VON H.R., GEBAUER, R., and LEWIN, G., Naturwiss, 18, 417,
(1930).

BETHE, H.A. and SALPETER, E.E., Quantum Mechanics of One and Two Electron
Atoms, (Springer-Verlag, Berlin, 1957) p.228,

RICE, M.H. and GOOD, R.H., J. Opt. Soc. Am,, 52, 239, (1962).

BERKNER, K.H., HISKES, J.R., KAPLAN, S.N., PAULIKAS, G.A. and PYLE, R.V.
Proc, Third Int. Conf, Physics of Electronic and Atomic Collisions,
London, 1963, (North Holland Publishing Co., Amsterdam, (1964)), p.726.

RIVIERE,A.C., and SWEETMAN, D.R., Proc. of the 6th Int. Conf. on Ionization
Phenomena in Gases, Paris, 1963 (Bureau des Editions Centre d'Etudes
Nucleaires de Saclay)} p.105.

FUTCH, A.H., and DAMM, C.C., Nuclear Fusion, 3, 124, (1963).
SWEETMAN, D.R., Nuclear Fusion 1962 Supplement, Pt.1, 279, (1962).

DAVM, C.C., FOOTE, J.H., FUTCH, A.H., and POST, R.F., Phys. Rev. Letters,
10, 323, 1963.

HISKES, J.R., Nuclear Fusion, 2, 38, (1962)._@_(_1 Phys. Rev, Letters,
10, 102, (1963).

EPSTEIN, P.S., Phys, Rev., 28, 695, (1926).

DOI, S., Proc. Phys. Math. Soc., Japan, 10, 223, (1928).



TO~O0OD

cl
1l
ol
8
S

(wIal (|} —pWw) YaTm sSozdueT)
_99s MTTTqeqodd UOTATSURI]

181°8
9s1°.
1s8°vy
Sss1't
+#6E°9

+ 4+ 4+

606°1
128°6
zog°1
S¢s°8
625°1

+ 4+ 4+ +

Pe6° 1
08s5°L
STyl
9108
9¢T °8

+ o+ o+

61E°1
160°¢C
£L9°1
968 ¥
¢68°¢C

+ o+ o+ o+

996°¢
o¥e°Ss
Lol
ol v
196°¢

++ + o+ +

6SL°¢
92z S
Sg6°¢
662°L
£ev 8

+ 4+ + 4+ +

!

(4}
L1
Ol
8
9

cl
Ll
0]
8
9

gl
cl
L
6
9

++4+++ +H+A++ T+ EF A F A+ 4+

+ 4+ 4+ o+

0g£0°1
628°6
66£°9
16L°C
1sL°L

961°9
992°9
+68°6
899 %
S¢S°8

6L2°1
6L7°L
682°1
09F°L
90F°L

9r9°1
g1s°e
6S6°!
119°S
orz ¢

2e8°T
£L8°¢
86C°1
880°¢
668°1

6 °1
Lre T
ceL’L
861 °¢
ce9°e

mﬁOOU pue 3dTY)

I 379Vl

WSt

g+ wFT TFTwww

wnWwwwnw 1w 0 0 O

+ 4+ + + +

00 0 0 0 @

SvT el
891°1
10L°1
820°1
06L°6

+ o+

£r9°l
gse’l
1zo°l
+EL°6
280°8

++ + ++

OiL°9
v18°¢
8L1°S
209+
850 °'¥

+ 4+ + + +

LL¥*1
coge”’1L
eeLtl
SL9°6
¢r0 '8

+ 4+ 4+

80% °6
€82 °8
vl °L
082 °9
7 °S

LS8°T
Ot °2
L20°Z
L19°1
60 "1

++ + + 4

u/1T0A

y18uaI1§ pPTaTH

0 ‘¥#1 ‘o

0 ‘0 ‘s

u §3yg n.nc

Si

oL

Ot



L+  10S°1L
oL + 1£6°9
6 + 080°L
8 + 8¢h°¢
9 + 90Z°8
6 + 2T19°L
8 + 0LP°I
9 + 689°8
S + vty
¥ + $8F°1
L+  9.9°1
oL + 985°l
6 + bkl
L + O0v8°L
9 + 8Iv°T
6 + 19¢°S
8 + 099°C
L + £90°!
S + 98L°C
v + 968°1
LL + 9i5°¢
oL + 19¢ v
6 + 6S2°C
8 + 98¢°l
9 + 0L9'%

(wrdy, (1 —zW) Y™™ SOZOUET)
_Jas ATTTqRqOdd UOTATSUBJI],

l

oL+ giL°g ¢+ 698°¢
6 + 0S£°8 g + S19°¢
8 + 1€0°L ¢+ Teb°e
L+ 6L2°¢ ¢+ 661°¢C
S + £Z9°8 ¢+ Ccl6°C
o1+ csv°8 e+ gL
6 + 9.9°¢ e + 165°1
8 + LbT°C ¢+ TTS°L
L + 5T0°l e+ 09F°l
g & gsh°e € o Lob°1L
o1 + 0lS°¢ ¢+ 8I8°8
6 + £€99°¢C ¢+ 060°8
8 + £6£°C g+ 0LS°L
L + 0sg£°l ¢+ S90°L
s + LIv P g+ TLS®9
oL + 186°L g+ £90°%
6 + 0l6°F g + 108°¢
8 + TE6°l ¢+ 885°C
9 + LI9L*Y ¢+ ¢g62°¢
s + cL0°¢ ¢+ 0L2°¢
1L+ $92°1 ¥+ 0.9°C
oL + 96T °1 v+ 6TP°C
g + 859°9 v+ 2O0T°C
L+ 191 °% ¥ + 820°C
9 + LSP*1 ¥+ LL8°1
(poon pue 30TY) uwd/1T0A
y38uaais PTaTd
{ panUTqUO?)

I 379vL

0 ‘0 ‘4T

0 ‘vz ‘0

0 ‘o ‘sl

0 ‘0 ‘w1

w ¢%u ¢tu

14

14

974

(074

St



lonization probability (sec")

S

10

S

o

I 2 3 4
Electric field strength (108 volt/cm)

CLM-P 50 Fig. 1
Comparison of the ionization probability for n = 1 calculated using the

method of Lanczos (solid curves) in successive orders with that calcu-
lated using the method of Rice and Good (crosses).
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Comparison of the ionization probabilities for the extreme components of n=7
calculated in successive orders using the method of Lanczos (solid curves)
with those calculated using the method of Rice and Good (crosses)
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Comparison of the ionization probabilities for the extreme components of n =20
calculated in successive orders using the method of Lanczos (solid curves) with
those calculated using the method of Rice and Good (crosses)
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Ionization probabilities versus electric field, in units of 106 volts/cm, for the

extreme components of levels n =2, 3, 4 and 5 using the R G method
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Ionization probabilities versus electric field, in units of 103 volts/cm, for the

extreme components of levels n=35, 6, 7, 8 and 9 using the R G method
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Ionization probabilities versus electric field, in units of 106 volts/cm, for the different

Stark states, ny n5 m, belonging to the n = 2 level using the R G method
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Ionization probabilities versus electric field, in units of 106 volts/cm, for the different

Stark states, n, ngy m, belonging to the n = 4 level using the R G method
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Ionization probabilities versus electric field, in units of 103 volts/cm, for the different

Stark states, n,n_m, belonging to the n = 5 level using the RG method
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