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ABSTRACT

A new technique is described by which the temporal evolution
of the wavelength of electron plasma waves in a Q-machine plasma
column during a repetitive electron current pulse can be measured.

A consistent analysis of the dispersion curves is presented
from which axial velocity moments of up to fourth order of the

electron distribution function can be deduced.
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1. INTRODUCTION

This paper accompanies CLARK and HAMBERGER (1978), hereinafter
referred to as I, in that it describes how measurements of the temporal
evolution of the dispersion of long wavelength electron plasma waves
in a cylindrical, turbulent, plasma column can be used to provide
information on the evolution of the electron distribution function
of axial velocities, f(v), spatially averaged over scale-lengths of
the order of the column radius, a.

Measurements of the dispersion (i.e. frequency w/2m, versus
axial reciprocal wavelength k/2m) of small amplitude waves in a steady-
state Q-machine plasma column have been reported in the literature
(BARRETT et al 1968, FRANKLIN et al 1974). The results are in very
good agreement with the predictions of linear theory where f(v) is
assumed to be a Maxwellian. For long wavelengths (ka < 1) the waves
are undamped with a dispersion determined in detail by the finite
geometry of the plasma column, whereas for short wavelengths (le < 1)
Landau damping is observed and the dispersion is unaffected by the
finite geometry provided a >> AD'

In I the column is made turbulent by drawing a pulsed electron
current of sufficient magnitude for the electron-ion two-stream
" instability to be excited. Under these conditions fluctuations of
density and potential with scale-lengths ~ AD are expected. Thus the
short wavelength dispersion should be drastically affected by the
turbulence. However for long wavelengths, most of the electrostatic
energy is in the fringing fields which lie outside the plasma. Thus,

with a microscopic turbulent scale-length, propagation of such waves



should only be minimally affected by the fluctuations and their
dispersion should provide information on f(v) averaged over scale-
lengths ~ a. In practice it is found that for a = 1.3 cm, it is
not possible to measure wavelengths < 0.7 cm during the turbulence.

The steady-state measurements are normally made by launching
a continuous wave from a small transmitter probe connected to an
r.f. oscillator and measuring the axial phase variation using a
second, receiving probe connected as an interferometer. In this way
the axial wavelength is measured for a given frequency. However the
pulsed nature of this experiment (I) makes the usual interferometer
technique unsuitable since f£(v) and hence the wavelength are changing
in time during the pulse. To overcome this problem a sampling tech-
nique has been devised which effectively produces "snapshots' of the
instantaneous wavelength at a given frequency by recording the
instantaneous phase of the received signal as a function of axial
position from an ensemble average taken over many pulses. Interpretation
of such a measurement is possible if the parameters determining the
dispersion are changing on a timescale much longer than the oscillation
period, 2m/w. In practice this condition is fulfilled for the long
wavelength dispersion. Section 2 gives the details of this sampling
technique with some typical results. In section 3 a self-consistent
analysis of the dispersion curves is presented from which the temporal
evolution of the low order velocity moments of f(v) can be deduced.

2. EXPERIMENTAL TECHNIQUE

Figure | shows the layout of the experiment. As detailed in I,
pulsed electron currents are drawn through the plasma by applying
positive voltage pulses (repetition rate 100 - 1000 sul, duration 2 us)

to the cold plate of the Q-machine from the main pulse generator.



Figure 2 shows the design of the axially movable probes which launch
and detect the waves in the plasma column (radius a = 1.3 em) which is
concentric with a cylindrical copper waveguide (radiﬁs b=2.6 cm).
As will become clear in section 3, an accurate measurement of the
steady-state dispersion is necessary to interpret the dispersion
during the pulse. Hence the design of the probes. The loop part of
each probe preferentially couples to the lowest order (0,0) eigenmode
for long wavelengths (ka < 1) but does not couple to the short wave-
length (ka >> 1) modes for which the cross—-wire is effective. The
waveguide has a cut-off frequency =~ 5 GHz, so that electromagnetic
resonances and direct electromagnetic coupling between the probes are
considerably diminished for frequencies of interest, (< 1 GHz). This
configuration helps to give clean interferometer traces. Also the
250 MHz filter is necessary to cut out the low frequency fluctuations
associated with the turbulence.

The transmitter probe continuously excites an electron plasma
wave at a fixed frequency, w/2m, (typically 300 - 800 MHz). The sampl-
ing unit is set to the "manual" mode so that it samples the amplitude
of the received signal, while the sampling gate is open (duration
360 ps << &), at a fixed time delay to, from the start of each current
pulse. The d.c. output of the sampling unit is the amplitude of the
sample at t = to’ averaged over many pulses by the external integrating
circuit. As the transmitter-receiver separation z, is slowly increased
.(at a rate ~ 2 mm s_l), the d.c. output varies sinusoidally with the
instantaneous phase of the wave as it changesﬁalong the column,
providing the phase of the transmitted signal does not change from
sample to sample. This condition is maintained by triggering the

sampling unit with a signal derived from both the voltage pulse and



the transmitted signal as shown in Fig. 3. With this arrangement
the sampling gate opens at a fixed phase of the transmitted signal
and at a fixed time delay o but with a small jitter on the latter

% 2m/w. Thus the received signal is,

R(t) = Acos [k(t)z - wt] cen. (1)
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where ‘

The sampling unit measures the signal at t = t, s° that the d.c. output
is,

Y(z)

<Acos[k(t Yz - wt ]>
o o

Acos[k(to)z - 6] el (B

where & = wto is a constant phase angle. Y(z) is plotted on aﬁ X-Y
pen recorder from which 2ﬂ/k(t0) can be measured. Measurement of
wavelengths parallel and antiparallel to the electron current are made
by interchanging transmitter and receiver although the receiver will
detect both waves, particularly at very long wavelengths, because of
reflections-at the column end plates. In practice, for moderate wave-
lengths, this is not a serious problem because the reflected signals
are very weak.

For very long wavelengths the interferometer trace will have a
beat pattern as shown in Fig. 4(i). The two wavelengths can be separated
by allowing the time delay for the sampling gate to vary in proportion
to the transmitter-receiver separation. This is achieved by applying
the voltage from the axial position-sensing potentiometer to the "external
sweep" input of the sampling unit and using the unit in the "external
sweep”" mode. The time delay per unit distance o, is adjusted using the
"external sweep attenuator" control, so that there is no phase variation

with distance for one of the waves, but the phase variation of the other



wave is increased. The received signal is effectively sampled in the
inertial frame of the wave with stationary phase and the observed
frequency of the other is doppler-shifted from the laboratory frame.

Thus the received signal for very long wavelengths is:
R(t) = Acos[k+(t)z - wt] + Beos[k _(t)z + wt] eeee (&)

where 2Tr/k+ and 2m/k_ are the wavelengths of waves propogating in the
+z and -z directions respectively and k, =~ k_. The sampling unit

measures the signal at t = t, *t oz where

m_l <0z << .L g..k_i: (5)
max k+ dt : e

Condition (5) requires that the maximum time-delay change a%nax’
is much shorter than the time-scale for change in wavelength. (In
practice max < 30 em). Thus the d.c. output to the X-Y pen recorder
is,

Y(z) = <Acoslk, (t )z - wt - awz] + Beos[k (t )z + wt .+ awz]>.
+ o ) -0 o
cers §0)
If o is adjusted such that,
k (t) = ow cene (7)
+ o

then (6) becomes,

gz * §]. TIVR o

_ Y(z) = Acosd + Bcos[kef
The effective wavelength Zﬂ/keff is related to the wavelength in the

laboratory frame by,

k_=k oo - ow. vees (9)

Notice that k, may be computed from (7), but in practice better accuracy
is achieved if the process is repeated with k = - ow. A worked example
is shown in Fig. 4.

Figure 5 shows typical moderate wavelength interferometer traces



taken at different times for a particular transmitter frequency. At
the start of the current pulse (t = 0), the parallel and antiparallel
wavelengths are equal. During the interval O < t < 0.2 us, the parallel
wavelength is axially non-uniform whereas the antiparallel wave dis-
appears if w is close to the electron plasma frequency wpe' Af ter
this initial period the antiparallel wave reappears and both wavelengths
are axially uniform, tending to increase with time. This behaviour
is generally observed under conditions where the plasma is unstable
(see 1), the time taken for axial uniformity to be established tending
to be longer for smaller electron currents. When the plasma is stable
the technique is insensitive to the small changes in wavelength that
occur.

It is possible to plot the wave dispersion curve at different
times during the pulse when th; wavelengths are axially uniform.
Fig. 6 shows a typical example where the solid lines are fitted
theoretical curves using the analytical procedure described in the
next section. It can be seen that, after the short time interval of
0.2 us, an axially uniform electron drift exists in the column causing
the dispersion curve to be doppler-shifted from its value at t = O.
The non-uniform nature of the parallel wavelength in Fig. 5 indicates
that the establishment of the electron drift occurs during the initial
transient as it propagates along the column from the cold plate.
Further discussion of this transient is given in I.

3. ANALYSIS OF THE DISPERSION CURVES

In contrast to the usual theoretical problem, we wish to evaluate
the electron distribution function £(v)}, from the dispersion of electron
plasma waves. Although f(v) can be determined in principle from a

complete knowledge of the wave dispersion, a limited number of



experimental points provides restricted information of £(v), i.e. the
fitting parameters are in terms of the low order velocity moments of
f(v). The following analytical procedure is systematic in that the
velocity moments are fitted in sequence with decreasing preéision,
starting with the zero order (density), followed by the first order
(drift velocity) etc up to the fourth order, beyond which the uncertainty
in the estimate exceeds the estimate itself.

In the appendix it is shown that the dispersion relation for

the (0,0) eigenmode of the column may be written as,

2 A
v - G(k)J 1_fwdy vee. (10)
W 2 f kv \

pe \] - Ig-j

where G(k) is a function which depends on the radial plasma density
profile and the radial boundary conditions. In the experiment the
change in dispersion from the initial form at t = 0 is measured, so
that if we assume the density profile does not alter bétween 0 and t,
G(k) can be eliminated by taking the ratio of two frequencies for a

given value of k, i.e.

J’ f(v)dv ,
2
(1 - kv/w) t _ (11)

wt 2
('m_)= £(v)dv
o Y
J (1 - kv/w) ,t =0

where wave k has frequencies w, at time t and mo at t = 0. If w/k

has a small imaginary part, then the integrals can be evaluated to a

good approximation by assuming w/k as real and taking the principal

value, (JACKSON, 1960). For (w/k)2 > v2, the denominator can be expressed
as a binominal expansion and if we further assume that f(v) = 0 for

v2 > (w/k)2 then,
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If we assume that the dispersion at t = 0 is that of a cold plasma,

the integral in the denominator of (11) is equal to n_. Thus (11)

becomes:
- 3A
\ _ 2 i S | |
( ) Ta U Tlwrk] Tl T
9 (15)
w - 2A 3A
(_-)_I_A__1+_g_ ]
= 2 s
w n_ | o |w/k| " |w/k|
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Where the + and — subscripts refer to parallel and antiparallel pro-
pagation respectively. Adding and subtracting the expansions (15) for

frequency ratios which have the same phase speed |w/k|, leads to:

2 2 -
%h%{\w_:) +<@} nl_[A + 38,0 + 5A,L L

e 2 o 21 : (16)
O S ¥ (. U (e 1 .
T ok {\wo) \wo) fral [?-A e
"= ceee (1D

where

(w/k)2

Thus & and A/YCT can be computed from the dispersion data taken
at time t, and t = 0, and plotted as a function of [. Even and odd
moments of f(v) can be deduced from the coefficients of a least squares

polynominal fit, (in practice no higher than a quadratic) to the two



Plots, an example of which is shown in Fig. 7.
The three assumptions that lead to the expansions (16) can be

checked a posteriori. Firstly the assumption that the radial density

profile, which affects the long wavelength (ka < 1) dispersion, does
not change between O and t: inspection of the plots of I and A/VT for
small ¢ in Fig. 7 indicates that this is not the case. After the
coefficients AP have been fitted to the plots, neglecting the points
at small Z, it is possible to work backwards from the small r data

and determine how the G(k) function has changed between 0 and t due to
a change in the radial profile. Fig. 8 shows an example of the
corresponding change of the long wavelength dispersion, as viewed from
the electron drift frame, suggesting that the density profile broadens
during the pulse, although it is difficult to deduce quantitative data
from such a measurement; (for an illustration of the dependence of the
dispersion on the radial density profile see Barret et al).

Secondly the assumptions concerning the validity'of expansion (12)
can be checked by ensuring that velocities computed from the fitted
coefficients are much smaller than the phase velocities of the waves
used in the analysis. A consequence of this is that the value of IX
must always be close to unity, (in practice 0.8 < 3 < 1.4),

Thirdly, the assumption that the dispersion for a cold plasma
can be used at t = 0 is checked by estimating the correction to (15)
for a finite temperature at t = 0; i.e. if

I’ 3v 2-,

(w_O\zgg(k) | + _eo (18)
T, | B

2 ]
(w /k)
where L 2 x 107 cm s_l (corresponding to a temperature of 2,500 K),

. . ; . 2
‘then the correction to term A2 1n expansion (16) is ~ Veo and the

. 2 2 ;
correction to term-A3 is ~ 3/2 Veo Vd etc. These corrections are



smaller than the uncertainties in the estimates of A2 and A3.

In order to achieve a reasomable accuracy with the analysis,
about forty points are required for each dispersion curve so that
collecting the data is time consuming. A simple modification to the
basic technique which speeds the process up is to sweep the tramsmitter
frequency with a constant transmitter-receiver separation (CLARK, 1976) .
Figure 9 shows an example of the analysis where the evolution of the
first five velocity moments in the electron rest frame is plotted

against t, where,
+co

-

J vE(v)dv
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=
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This data was taken under conditions where electron heating is
expected (see I) and illustrates two properties of the techmnique.
Firstly the measurements are sensitive to velocity changes S Vao? the
initial thermal velocity. Secondly the uncertainty in the estimate of
each moment increases with the order of the moment; typical uncertainties
are, density | - 5%, drift velocity 5-10%, thermal velocity 10-207% etc.
A discussion on the implication of these results is given in I.

4. SUMMARY
In conclusion, a technique has been described which allows the

temporal evolution of the dispersion of electron plasma waves to be

i
measured in a turbulent plasma column for wavelengths > a. This
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technique has been applied to a plasma during a pulsed electron current
and the changes in the dispersion have been used to study the evolution
of low order velocity moments of the distribution of electron axial
velocities averaged over a scale-length ~ a.
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APPENDIX

Following the analysis given by Franklin et al the eigenmode
solutions for the plasma column take the form,

¢(r,0,z,t) = Ru(r) eiue ei(kz =) cen. (A1)

where the electrostatic potential ¢, is a solution of

V.(e V ¢) = 0. cene (AZY
In the frequency region,
wz >> mz = m2 >> mz . ce.. (A3)
ce pe pi

1,0,0
e=10,1,0 c.o.. (A4)
- O,O,E3
where
2 o [ §%é32-. dv
83(w,k,r) =] - em kz J—m CEED) .... (A5)

p(r) is the radial electron density profile and F(v)} is the normalised
velocity distribution function which is assumed to be spatially homo-
geneous.

Substitution of (Al), (A4) and (A5) into (A2) yields the differ-

ential equation for R

2
dR dR
el g o B s T % ple) Bl B)] KorE + piTR. = 0 .., (46)
2 dr u
dr
where
e2 |-+°°%E' . dv

h(w,k) = - e m J_m(v =5l eee. (AT

At the waveguide wall the potential must vanish, hence the

boundary condition,

¢(r =b) =0 vess (AB)

_12_



determines the dispersion relation for a prescribed p(r) because by
integrating (A6) with prescribed values of k and Y from r = 0 tor = b,
the values of h which make R vanish at r = b can in principle be
determined; i.e. for the prescribed variable k, the boundary condition

(A8) determines an eigenvalue equation

b= g () ceen (A9)

for a prescribed function p(r) such that equation (A7) can be solved

for w, i.e.

_ gw(k) =i - 5 (A10)

€ mk
o
U and v are the azimuthal and radial mode numbers respectively.
Integrating (Al10) by parts and defining some suitable mean density n,
we obtain the form of the dispersion relation for the lowest order

(M = v = 0) mode used in section 3, viz;

2 o0 =]
S gy | B EODde coen (AID)
w — [l kv\

where G(k) = e ©
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Fig4 An example of interferometer traces at t = 0.3 us for a transmitter frequency w/2m =
320MHz, plasma frequency wpe/2m = 540MHz.

(i) & (ii) Traces obtained for parallel and antiparallel propagation respectively with a fixed
sampling gate time-delay.

(iiii) Trace obtained with a time-delay which increases at a rate of 0.001 us per cm of probe
separation; the antiparallel wavelength (calculated from (9) in the text) is 2.8 cm.

CLM-P 532



propagation parallel to propagation antiparallel
the electron drift to the electron drift
Time,t

AVAVAVAVAVAV LV VL VoV oV W OV W T TR VAVAVAVAVAVAV, VA VaVaVaVaVa Va0

/\/\/\/WM 0.13 ~ e

0.18

T 1
5 10 15 20cm
probe separation, z

Fig.5 Typical interferometer traces at different times for /2 = 720MHz, wpe/2rr = 740MHz.
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Fig.6 Typical set of dispersion curves measured at different times.
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Fig.8 The change in the long wavelength dispersion (as viewed from the electron drift
frame) when a large pulsed current of 700mA is drawn through the plasma column;
ng=6x 10° cm™.
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Fig.9 Evolution of the first five velocity moments (see text).


















