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ABSTRACT

The 1s0_ state of the hydrogen molecular ion is
investigated, The result is given as a table in which
the electronic energy for a two Coulomb=centre is given
in 7 decimal places for values of internuclear separae

tion R wup to 20 in steps of 0,05 atomic units,
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The field dissociation H: is an important process for the injec=
tion of protons into mirror machines! "2, The probability of field
dissociation depends on the energy of the uppermost vibrational
levels, To calculate these energy levels it is necessaryato have an
accurate value for the electronic energy as a function of the inter=

nuclear separation R.

As shown originally by Burrau®, the Schrodinger equation for a
two Coulomb-centre can be separated, and the electronic energy E
thus calculated exactly . Bates, et al® have calculated this energy
for values of R wup to 9 (atomic units are used throughout this
paper), but this is not enough to determine the energies of the
highest levels. Cohen et al®, using a variational method, -calcu-
lated the energy up to R = 20, However, this result is not
sufficiently accurate for our purpose; We have therefore calculated
the electronic energy for the ground state 150g up to R = 40 in

7 exact decimal places..

The Schrgdinger equation, expressed in confocal elliptic co-

ordinates, A and W, and an azimuthal angle ¢ is, in atomic

units,
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the following equations are obtained ,
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where A is the separation constant, We will restrict ourselves to

the case m = o, since we will calculate the electronic energy for

the ground state 1sO

(1) Gives immediately ®&(¢) = Py

To solve (2) we have followed the method of Hylleraasz writing

M (L) = ﬁio Cg Pe(u)

ngu) being Legendre functions. When using the recurrence relation

(1 - p2) P! () = 24 PY (L) + n(n + 1) P (W) =0

(2) gives a recurrence relation for c¢,*
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# There appears to be a misprint in the original paper by Hylleraaso,
In equation (9c) a factor C has been omitted
the left hand side,

in the last term on



This recurrence relation 1s considered as an infinite set of homo-
geneous linear equations, in which the determinant of the coefficient
matrix must be zero, This determinant contains P and A and, by
eéquating it to zero, A is defined as a function of Pe For the
ground state ¢ is even, for é odd we would find the solution for
the 2P0, state. Since this determinant has an infinite number of
terms it is difficult to be certain of the number of terms which must
be taken into account in order to achieve the required accuracy,
However only diagonal and neighbouring terms exist and in view of the
simplicity and speed of calculating such a determinant by computer,
we have considered a 50 x 50 determinant (notation D (50)), Tak ing
into account only D (10) does in fact lead to exactly the same values

of A as a function of P in 9 decimal places,

Having calculated A as a function of p, we substitute these
valaes in (3) and now calculate E as a function of p, or since

p? = a% R?E, E as a function of R We follow the method given by

Jaffe®, putting

in which

and taking
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Then from (3) the following recurrence relation is found
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We now consider this again as a coefficient matrix, the determinant



of which must be zero., We have again taken D (50) into account al -
though D (10) produces the same values of R. In either determinant,
both that related to (2) and that related to (3), A and R Tespec-
tively were adjusted until D (50) changed its sign when A and R

changed by less than 10_9¢

Some 950 pairs of values for E and R were calculateds E

was then calculated for values of R from 0.05 to 39.95 in steps of
0,05 by interpolation, To do so 8 neighbouring values of R for
which E had been calculated were taken into account using 4 on each
sides Through these 8 points a 7th power polynominal was fitted,
and this was then used to calculate E for the specified value of

Re To check the accuracy interpolations using 6,10 and 12 points
were also made for all the values of R. The differences between the
values obtained using 6, 8,10 or 12 points were in no case larger

than 10d? The results for R up to 20 are presented in the table,

For small values of R the system can be considered as a per=

+ ; ;
turbed He ione Bethe® has calculated that in this case the energy
varies like =2 + % R2, We have calculated the energy for some 500

values of R < 0,05, Figure 1a shows the accuracy of this approxima-

tione

For larger R the H; ion consists essentially of a hydrogen
atom in the ground-state (energy 0.5) and a separated proton, Since
the field produced by the proton is F = %2, the energy due to the
Stark shift of the ground state of the atom is = Z%;. The energy of

the two protons 1is + %, so that the electron energy for large R

will approach

Figure 1b shows the accuracy of this approximatione



In the table given by Cohen et al®, the energy varies more like

- 0,5 - % - for large R. This may be due to the method of

2
ﬁg
approximati on used in their calculations,

The author is grateful to Dr. J,.R. Hiskes and to Dr, A.C. Riviere

for their suggestions and valuable discussions,
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The results of the calculation are compared with results obtained from
two approximations, (a) for small and (b) for large values of R, It can
be seen that in both cases the approximations become exact



Table I.

The electronic energy E for the hydrogen molecular ion as a function of the
internuclear separation R. Atomic units are used.

1.25
1.30
1.35
1.40
la&5
1.50
1.55
1.60
1.65
1.70
1.75
1.80
1.85
1.90
1.95
2,00
2.05
2.10
2.15
2.20
2425
2.30
2435
2440
2445
2.50
2455
2.60
2.65
2.70
2475
2.80
2.85
2.90
2.95
3.00
3.05
3.10
3.15
3.20
3.25
3.30
3.35
3.40
3.45
3.50
3455
3.60
3.65
3.70
3.75
3.80
3.85
3,90
3.95
4,00
44,05
4410
4215
4420
he25
%430
4435
4440
4445
4.50
4455
4460
4.65
4470
475
4.80
4.85
4,90
4495
5.00

-1.9939765
-1.9782421
-1.9557214
-1.,9286202
=1,8985E70
-1.8667029
-1.B8335027
-1.,8007:529
-1.7676828
=1.7349879
=1.7028754
=1.6714846
-1.6409064
-1.6111962
-1,5823827
-1.5544B801
-1.5274822
-1.5013815
~1.4761568
-1.4517863
-1.42826641
-1,4055027
-1.3835326
-1l.3623078
-1.3417565
-1.3219714
=1,30280406
~1.2842692
=1.2662293
-1.2489899
-1.2321968
-1.2159372
=1,2001891
=1.1B849316
-1.,1701446
-1.1558092
-1.1419072
-1.1284216
=-1,1153358
-1.1026342
=-1.,0903021
-1,07B83254
-1.0666%07
0553851
-1.0443965
-1.03371325
=1.0233249
-1.0132203
-1.0033897
-0,9938225
-0.9B845127
-0.9754486
-0,9666229
=0,9580277
—0.9496554
-0,9414989
-0.9335¢511
-0.9258056
~0.9182560
-0.,9108%62
=0.9037204
-0,8967221
-0,8898988
-0.8832426
-0.87674%94
-0,8704145
=0,8642324
-0.8582017
-0.8523152
-0.8465698
-0,8409617
-0.8354871
-0.B301423
-0,8249228
-0,81968284
-0.B148526
-0,8099924
-0,8052476
-0,8006124
-0.7960849
-0,7916623
-0,787341%9
-0,7831211
-0,7789974
=0,77496084
-0.7710317
-0.76T1849
=-0,7634259
-0,7597524
-0,7561623
-0.7526525
-0.74%2241
-0.7458721
-0.7425955
-0.7393926
~0.7362615
=0,7332004
=-0,7302076
-0.7272814
-D.7244203

9.75
9.80
9.85
9.90
9495
10.00

-0.7216226
-0.7188866
-0,7162110
-0,.T7135943
-0.,7110348
-0.70B85314
-0.7060825
-0.7036868
=0.7013429
-0.6990497
-0.6968058
-0.6%946100
-0,6924610
-0,6903578
-0.68B2991
-0.6862839
=0.6843110
-0.6823793
-D.6804879
-0,6786357
-0.6768217
-0.6750449
-0.6733044
-0.6715993
~0.6699286
-0.6682914
-0.6666B70
-0.6651144
-0.6635729
-0.6620616
=0.6605798
-0.6591268
-0,6577016
-0,6563038
-0.6549325
-0.6535871
-0.6522669
-0.6509712
-0.6496995
-0.6484511
-0.6472255
-0.6460220
-0,6448400
~0.6436791
-0.,6425387
-0.6416182
-D.6402173
-0.6392353
-0.6381718
-0.6372263
-0.6360984
-0.6350877
-0.63640937
-0.6331160
-0.6321542
-0,6312079
-0.6302767
-0.6293603
-0.6284583
-0.6275704
-0.6266962
-0.6258353
-0.6249876
—0.,6241526
-0.6233300
-0.6225197
-0.6217212
=0.6209343
-0.6201587
-0.6193942
-0.6186406
~0+6178975
-0.6172648
-0.61664422
-0.6157294
-0.6150264
-0.6143327
-0.6136484
-0.6129730
-0.6123066
-0.6116487
-0.6109994
-0.6103584
-0,609T7254
-0.6091005
-0.6086833
-0.,6078738
-0.6072717
-0.6066769
-0.6060894
-0.6055088
-0,6049352
-0.6043683
-0.6038080
-0.6032543
~-0.6027069
-0.6021658
-0.6016308
-0.6011018
-0.6005787

10.05
10.10
10,15
10.20
10.25
10.30
10.35
10.40
10.45
10.50
10455
10.60
10.65
10,70
10.75
10.80
10.85
10,90
10.95
11.00
11.05
11.10
11.15
11.20
11.25
11.30
11.35
11.40
11,45
11.50
11.55%
11.60
11465
11.70
11.75
11.80
11.85
11.90
11.95
12.00
12.05
12.10
12.15
12.20
12.25
12.30
12.35
12440
12445
12.50
12.55
12460
12.65
12.70
12.75
12.80
12.B5
12.90
12495
13.00
13.05
13.10
13.15
13.20
13.25
13.30
13.35
13.40
13,45
13.50
13.55
13,60
13.65
13.70
13.75
13.80
13,85
13,90
13.95
14,00
14,05
14,10
14415
14,20
14425
14,30
14435
14440
14445
16.50
14455
14460
14465
14.70
14475
14.80
14.85
14.90
14.95
15.00

-0.6000615
-0.5995499
-0.5990439
-0.5985434
-0.5980483
-0.5975584
-0,5970738
-0.5965943
~0.5961198
-0.5956503
-0+5951855
=0.5947256
-0.5942703
=0.5938197
-0.5933735
-0.5929319
=0.5924946
=0.5920616
-0.5916329
-0.5912083
-0.5907879
-0.5903715
-0.5899590
-0.5895505
~0.5891459
-0.5887450
-0.5883479
-0.5879545
-0.5875647
-0.5871784
=0.5867957
-0,5864165
-0.5860407
-0.5856682
-0.5852991
~0.5849332
-0.5845706
-0.5842112
-0.5838549
-0.5835016
-0.5831515
-0.5828043
~0.5824601
-0.5821189
-0.581780%
-0.5814449
-0.5811122
-0.5807823
-0.5804551
~0.5801306
-0.5798087
-0.5794895
-0.5791729
-0.5788588
-0.5785473
=-0.5782383
=0.5779317
=0.5776276
~-0.5773259
-0+5770266
-0.5767296
-0.5764349
-0.5761425
-0.5758524
-0.5755646
-0.5752789
-0.5749954
-0a5747141
=0.5744349
-0.5T41578
=-0.5738628
-0.5736098
-0.5733389
-0.5730700
-0.5728031
-0.5725381
-0.5722751
~0.5720140
~045717548
=0.5714975
-0.5712421
-0,5709884
=0.5707366
=0.5704B66
-0.5702384
-0.5699919
L0.569747T2
-0,5695042
-0.5692628
-0.5690232
-0.5687852
-0.56B5489
-0.5683142
-0.5680812
=0.56T78497
-0.5676198
-0.5673916
-0.5671646
-0.5669394
-0.5667156

15.05
15.10
15.15
15.20
15.25
15.30
15.35
15.40
15.45
15.50
15455
15.60
15.65
15.70
15.75
15.80
15.85
15.90
15.95
16.00
16.05
16.10
16415
16.20
16.25
16.30
16.35
16440
16445
16450
16455
16.60
16.65
16.70
16.75
16.80
16.85
16450
16495
17.00
17.05
17.10
1715
17.20
17.25
17.30
17435
17.40
17445
17.50
1755
17.60
17,55
17.70
17.75
17.80
17.85
17.90
1795
18.00
18405
18.10
18415
18.20
18.25
18,30
18.35
1B.40
1Be45
18.50
18455
18.60
18.65
18.70
18.75
18.80
18.85
18.90
18.95
19.00
19.05
19.10
19.15
19.20
19.25
19.30
19.35
19440
19445
19.50
19.55
19.60
19:65
19.70
19.75
19.80
19.85
19.90
19.95
20.00

-0.5664934
-045662726
-0.5660533

-0.5658354
-045656190

=045654041

-0.5651905

~0.56497083

~0.5647675

-0.5645581

-0.5643501

-0.5641433
-0.5639379

-0.5637339

-0.5635311

-0.5633296
—045631294
-0.5629305
-0.5627328
-0.5625364

-0.5623412

-0.56216472

-0,5619564
-0.5617628
-0.5615724
-0.5613832
-0+5611951

-045610082

-0.5608225
-045606378
~045604543
-0.5602719
-0.5600906
-0.5599104
-0.5597313
-0.5595532

-045593762
-0.5592002
-0.5590253
-0.5588515
~045586786
-0.5585068
-0.5583359
-045581661

-0.5579973
-0.557829%
-0.5576625
-0.5574966
-0.5573316
-0.5571676
-0.5570045
-0.5568423
~0.5566811
=045565207
-045563613
-0.5562028
-045560452
-0.5558884
-0.5557325
-0.5555775
-0.5554234
~0.5552701
-0.5551176
-0.5549660
-0.5548153
~045546653
-0.5545162
-045543679
-0.5542204
-045560737
-045539277
-0.5537826
-0.5536382
-0.5534947
-0.5533519
-0.5532098
-0.5530685
~045529280
-0.5527882
-0.5526492
-0.5525108
-0.5523732
-0.5522363
-0.5521002
-0.5519647
-0+5518300
~045516959
-0.5515625
-0.5514299
~0.5512979
-0.5511665
-0.5510359
-0.5509059
-0.5507766
-0.5506479
-045505199
-0.5503925
-045502658
-0.5501397
-0+5500143

For computer users, there is a Fortran deck of the table

available on loan from the Culham Laboratory










