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The Role of Hall Currents and Plasma Vortices in the

Planar Current Sheet in a Coaxial Plasma Accelerator

By

W. H. BOSTICK* )
Stevens Institute of Technology, Hoboken, N.J.

ABSTRACT

The fact that the current sheet in a coaxial plasma accelerator(1'2'3)
is planar when the center conductor is negative and bullet-shaped when
the center conductor is positive can be explained at least partially
by a combination of Hall currents and plasma vortices(4), both of which
should be expected to occur in such an accelerator. This explanation
asserts that the peculiar asymmetrical behaviour of this accelerator is
a consequence of the fundamental property of ordinary-matter plasma;
that electrons aré light and positive ions are heavy. The sign of the
asymmetry would be changed if anti-matter plasma were employed. It is

doubtful whether a planar current sheet could be achieved with a posi-

tronium plasma.
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1. The excellent experimental work and analysis by Burkhardt and Lovberg(l)
have rendered a good beginning for the understanding of the operation of the
coaxial plasma accelerator. This present paper describes the roles which the
Hall effect and plasma vortices(4) will be expected to play. These roles

make the understanding of the experimentél facts more complete. The Hall
effects and plasma vortices also help explain the results of Keck et a1(2'3)
who find (as do Burkhardt and Lovberg) that the current sheet is planar when
the center conductor is the cathode but who find, in addition, that the current
sheet is non-planar (bullet-shaped) when the center conductor is the anode.

(1) of Bg, Ex, and Er in

2. Some of the measurements by Burkhardt and Lovberg
the plasma are displayed schematically in Fig. 1(c,d and e). Because the
plasma in the current sheet and in the region following the current sheet
(where radial currents also are flowing) is under acceleration by ﬁr x Bg
forces, where J,. is carried primarily by electrons, the lagging positive ions
set up the axial electric field Ey. The curious dip in the measured E,, in
the region B not explained by Burkhardt and Lovberg, may be explained by a
mass circulation pattern, ve, shown in Fig.l(b). The electric field Ex may be
expected to drive Hall currents in the regions A and C in Fig.l(a) as shown.
The braking of the velocity shear immediately behind the current sheet is

expected to produce the Hall current pattern shown in the region B, Fig.l(a).

3. A quantitative model which describes the build up of this mass circulation
pattern (vortices) and the Hall currents will now be set forth. This model
assumes a current sheet of thickness & which is to act like a shock. The
author recognises that the radial current flows behind this current sheet as
‘well as in it, and that the quantities of Bg, E,, E, and mass velocity actual-
ly vary continuously in and behind the shock, but for simplicity in exposition
it is necessary, at this stage of the art, to assume a current sheet of thick-
ness O as a shock. The following flow equations, for any value of r,a<r<b,
can be written down in the frame of reference of the current sheet at that
particular r. The "unshocked'" plasma enters the shock from the right with a
velocity %,, and density n,, as shown in Figs.l(b) and 2, and leaves with
values of velocity and density which are denoted by a subscript 2.

-+ - —

Mass flow: n,mjXx, =n,mjx, + n mjT, (1)
2
-2 BQ e 2
Momentum £l ow: nymix; - gz =nemixz + (n,kT, - n kT ) (2)
W) dB d B
= 5§£ e - o} a;(nkT)::nzmirzxz (3)
. (n mix? . : 2
Energy flow: x1[ 5 + n,kT1]+ x1n1kT1 - x,n, kT, = =

. % o
. . n_mjx? nzmir2 Bgp (4)
XE[ 2"2_2 + nszz + 2_""2' E 2“‘0] 7




4. The measurements of Bur hardt and Lovberg indicate that at r = a (i.e.

: mjx
near the surface of the inner conductor eﬁ?Exdx =~ eExb = -%rl and that here
x, is small. Thus, for r ¥ a in equation (2), the nemiig term can be
neglected, and 5
. B i x,n, OE
nmixf=52-=n x efExdt « =1 X _ 25 eE_ 0 {5
Ha 171 3‘:‘- 1 x
Thus B2 1
eEx = 3. - 5" (6)

The pressure n kT, - n kT, is neglected in equation (2).

5. The field E;, is expected to be set up by the acceleration of the positive

ions, such that Ey = miX =m;jX,. This can be seen quited clearly by differen-

tiating equation (5) by x,. Thus

2
.' .. B
d -2, _dt_d . 2nymix %, _ d Za
E;T(n1mix1)==E§T Frlnymix3) = Py T dx 2o
2 2 1
~ BZ 2e B2 . .
= .-H-oé or miXy = = 2n15
Then by equation (6) eEy = my¥%, = my¥k

6. I1f the value of Bz(= Bg) at r=a at the left-hand border of the current
sheet is B, = Bg sin wt, the value at r=r is B, =% B, sin wt, in the absence

of any axial electrical currents in the plasma.

25552
2 Bgsin-wt

a . » ~ .
Thus E-_,c(:r_il:)=r—2 Ing In, b and if x, = o at r=a, x3>0
for r> a for a planar current sheet. Indeed equation(2) tells us that for
r=b
.2 a2 Bgsin2mt .2
n,mjx; - == —— = nomjx; (7)

1752 T 2pg

This equation combined with equation (2) for r =a gives

5 u
Bosin2wt a?
: %2 = = 8)
n.m;x=(b) = (1 -5=), (
LA B 2k 5 b2
and
nomixz(b) _ | _ a” (9)
“1“‘15‘1 b?
7. Now equation (1) shows obviously that at r = a there will have to be some

radial velocity unless n_, is permitted to become infinite, which is unlikely.,

2
Figs.1l(b) and 2(a) attempt to show both the velocities x,, r, and their resul-
tants at various values of a<r<b in the frame of reference of the planar

current sheet whose velocity X = - x, and whose x, =0 at r=a. At r=>b there

can be no fz and all of the mass flow in the shocked plasma must be in the X,



direction. Thus at r=b from equation (1)

n1mii? = n2mii2(b) (10)

Equation (10) combined with equation (9) gives

iz(b) A _a2 _nm
ot S Ll

at r = b. At values of r < b equation (1) demands values of nz(r) >n,(b)

unless a flow velocity r

o, is permitted. The buildup of n at r<b within the

current sheet gives rise to a pressure term -8 grad nkT =-g§(nkT). This

pressure term and the radial gradient in magnetic field %%, tend to produce
the flow in the r, direction as indicated in equation (3). W] is the plasma
thermal energy perpendicular to the magnetic field. It is to be expected that
the flow in the r, direction, especially for values of r near a will relieve
the very high values of n, which would otherwise occur there, and that even-

tually in the region some distance behind the current sheet the radial varia-
a2 BgsinEwt
r2 2L

tion in n, will adjust itself so that n kT, + = constant.

8. The shear in velocity x, as a function of r is shown diagrammatically in

2
Fig.1(b) and also in Fig.2 where the diagram is enlarged and where the values
of x, are shown for the reference frame of the current sheet which moves at a

velocity -k1{Fig.2{a}, and for a reference frame which moves with a velocity

in the x direction corresponding to the shocked material at r ¥ a-gb(Fig.Z(b)L
In the shocked plasma to the left of the current sheet, the shear in the
velocity in conjunction with the Bg (in the direction shown in Figs. 1 and 2)
will produce Hall currents in this plasma in the + and - x directions as shown
in region B, Fig.l(a). These Hall currents crossed with Bg produce the
necessary forces in the + and - r directions to close the flow of plasma into
an eddy or several eddies as suggested in Fig.l(b). A very significant point

is the fact that only when the center conductor of the coaxial accelerator is

nezative can Bg be in the correct direction to close this shear in the veloci-
ties into an eddy in region B. If Bg is of the opposite sign, as it will be
when the center conductor is positive, then the shear in the velocities x,
will throw the plasma toward the electrodes. The setting up of this eddy
pattern when the center conductor is negative is suggested as a crucial
ingredient in the production and maintenance of the planar current sheet
reported by Burkhardt and Lovberg and Keck et al. when the center conductor is

negative.

9. The transient growth of the shear in the velocities X, can be obtained
from 1 : a2
. 3  Bgsinwt(1l- g37)
: . . B2sin®wt 5. 1P @ bz
x,(b) - %, (a) ®x,(b) = | 22— (1-2)| = —
n mj . 4l b2 (n1mi . 2Ug)



10. We now examine the energy flow as set forth in equation (4). For simpli-
city it will be assumed that both n;kT; and npkT, can be neglected. If x,
actually approaches zero as r—+a it would be necessary for n, to approach
infinity to satisfy equation (4). Obviously x, must be finite, though small
at r=a and hence the "snow plow" which is certainly permeable for values of

r>a also must leak somewhat for r= a.

11. Furthermore, in order to balance the energy on the left side of

. Y .p2 2
equation (4), there must be finite energy terms such as Ezﬂgﬂliz and ¥2B8p
pAVES

[ ¥

on the right side of the equation. For example for a ratio of % = 3,

nz(b) _ (1 - E‘E -1 _ i
n, b2 -8 °

~

12. We assme that n,(r) T n,(b) for a<r<b. To obtain iz(r) we combine
equation (10) written for %x,(r) instead of x,(b) and equation (9) also written
BZ _Bgsinzut 2

Ho 2Uo 2 o0

L] L] 2 L ]
for xz(r). Thus x,(r) =(1 - Eﬂ)x1. Also since
r2

.5 BSsinzwt
nmjx; - Zig

nu

0 from equation (2), the energy equation (4) can be written

2 2
3 |1 _a? a2 4 . 3 a2,8 - a2, | namjrs BQE
n mjx [2-;5(1-;5] =-§n1mix (I-F) +x1(1-:5) [2_+Z|-Lo (12)
For example for the value % = T%? equation (12) becomes
3 .3 ; i nzmifz Bg
n,m;%; (0.254) = nymjxy (0.227) + x{1-23) | A2 +EEE (13)
: T o
brenalation. snengy rotational and magnetic
energy

Thus in the frame of reference of the current sheet, at the value of r=1.5a

for a coaxial gun whose 2 - 3, the fraction of the incoming kinetic energy

b + 3
nmix, . 0.227

which remains as kinetic energy of translation, i.e. as ——— is gT337 °or

90%. The fraction which is converted to rotational kinetic energy and

magne tic field is 10%.

13. The velocity x(1.5a) in the laboratory frame of reference is

; . : . 1 _ .
x(1.5a) =%, -x,(l.5a) = xt[l- (1- TT.S)E)] = 0.445x
Then %n m-iz .
21 0.445 _
: 5 = g 555! = Ue64
In mj X,

is the ratio in the laboratory frame and the current sheet frame of the
kinetic energy of translation of the material immediately behind the shock

at r=1.5a and where % = 3. Thus the ratio of rotational and magne tic energy



in equation (13) to kinetic energy of translation in the laboratory system

is 17% by this form of estimate.

14. A very rough estimate of the ratio of the rotational kinetic energy in
the eddy to the translational kinetic energy of the eddy in the laboratory
system can be made in another way as follows: the kinetic energy of transla-
tion of the eddy, of volume V, in the region immediately behind the current

sheet is

=

n m;x°V 23 V(k -x_(1.5a))°=4% V'2 l-(l-"'l— °
oM =2n2m1 x1 x_2 «.Ja —3n2mi x1 (1.5)2

= dn_miVx, (0.445)?2

15. The value of ig has been taken as that for r=1.5a and, as before, % =%.

The kinetic energy of rotation can be estimated roughly as that for 3 of the

same mass rotating with the full peripheral rotational velocity. Thus thg2
kinetic energy of rotation is roughly 3 - %n2miV[EZ%El]2= 1.4 nzmiizv[-%gJ .
The ratio of kinetic energy of rotation to kinetic energy of translation in
the laboratory system of the eddy immediately behind the shock is, according

2

to this rough estimate, %(%4%%%) = 23%. The plasma in this eddy will be

) E.xB

eventually accelerated up to the full average translational speed of e 5 g
Bg

by the time it has passed into the region D in Fig.l(a).

16. Thus the "increase of entropy'" in this shock instead of going primarily
into n,kT, goes (at least in part) into the production of kinetic energy of

rotation in the eddy and into a perturbation Bg, Bﬁp'

17. Now the axial electric field, Ey, can produce the Hall current circula-
tion pattern within the current sheet itself shown in Fig.l(a) with the
resultant build up of Bgp, the perturbation Bg. The rate of build up of these
particular Hall currents in the region A can be roughly computed in the
following way. The effective EMF in the circulation pattern of Hall currents
is approximately E,0 where E, will be taken as the value for r T a. Induc-
tances L, and L, for the two current loops can be assigned, with the assump-
tion that the Hall currents producing Bgp flow primarily on the periphery of
the loops shown in Fig.2(b). It is probable that the return circuit for the
Hall currents is mainly through the metal electrode walls as shown in Fig.

2(b).  The lumped inductances L, and L, may be expected to be roughly
L= & (B2 8le

4 "ZRa’
S L ni.2(b-2)0Uo 1 (b-a)duo
2=? ¥Z2(a+b) ~ % Tx(a+b) (15)

2



Bgsinzwt

EEHQ-EETS’ the emf which

Since Ex in the region of r=a is approximately
drives current in these loops is

2 ., 2
0 ¥ 5251n wt (16)
4e|.l.on1

The effective resistance of the metal and plasma-to-metal contact will be

given by Rm1 and the effective plasma resistance by Ry for loop number 1.
1

The equation then for the build up of the current i, in loop number 1, for

1
example, is
2_. 2 ;
Bgsin“wt L,di,
= + i
el o, T (Rm1 + RP1)11 (17)

During the early portion of the period when sin Wt ¥ wt and the current is
limited primarily by L, and not by (Rm1 + Rp1]
di, ~ Baw?t? (18)
dt =~ 4L elon,

and 0. 8
2,,2,3
B2w?t ) Bjw~t

"= T2lelon, Y27 2L eligm,

It can be seen that i1 and i, and hence Bep grow rapidly with t in the begin-
ning. This energy stored in Bep is passed on to the shocked plasma and hence
forms a portion of the energy transported away from the current sheet, as

indicated in equation (4).

18. It is noteworthy that when the center conductor of the coax is negative,

the perturbation magnetic fields, Bep, produced by i, and i,, are in such a

aB.sinwt
oM™ with &+
r Ir

direction as to partially compensate the variation of B, =

If the center conductor is positive the values of Bep accentuate the variation
of B, with % . However, the jH:xBe forces along the rear border of the
current sheet in region A in Figs.1l(b) and 2(b) are such as to accentuate the
development of the shear in the iz when the center conductor is negative; and
the algebraic sum of the J in the region A, Figs.l(a) and 2(b), and the
radial currents driven by the applied voltage produces a current pattern which

tends to be the opposite of the bullet shape.

19. This asymmetry in the behaviour of the coaxial accelerator has an inter-
esting parallelism with non-conservation of parity in weak interactions(7).
The character of the asymmetry should change sign if anti-matter plasma is
substituted for the ordinary-matter plasma, because the sign of the asymmetry
with ordinary matter depends upon the fact that positive ions are heavy and
electrons are light. The same type of asymmetry in the production of plasmas

whi¢h show lefthandedness has been observed(a).



20. Further analytical and experimental work on the processes which transpire
in the current sheet itself is necessary before this current sheet can be
really understood. Indeed the measurements of Keck et a1(2,3) jndicate that

the current sheet is broad, covering about 5 cm in argon.
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