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ABSTRACT

The effect of finite ion and electron temperatures on the ion
cyclotron resonance instability is investigated for the Burt/Harris
model of a confined plasma cylinder. This is a cylinder of plasma
in which the ions move in concentric Larmor orbits with their

centres on the axis of the cylinder,

By discussing changes in particle orbits produced by a self-
consistent potential perturbation, a dispersion relation is derived,
which has been studied analytically and numerically. Results are
presented graphically for cold electron, cold ions, and equal ion/

electron temperatures, showing stability criteria and growth rates.
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INTRODUCTION

1. Burt and Harris(1) have investigated unstable cyclotron oscillations in
a simple model in which the plasma occupies a cylindrical shell with axis
parallel to the magnetic field. The ions were assumed to move initially in
concentric Larmor orbits with their centres on the axis of the cylinder.
The electrons were assumed to be cold. The criterion for instability was

found to be

17
m, 3
zwci<wpe [1 +(M) ] pre wms o o At

where ¢ is an integer, wpi = ion cyclotron frequency, wpe = electron plasma
frequency and m and M are the electron and ion masses respectively. This
criterion is essentially the same as that found for the infinite, homo-
geneous plasma when T, the temperature parallel to the field is zero(Z)

(i.e. there is no thermal spread in velocities parallel to the field).

2., The effect of non-zero Ty on the instability criterion has been investi-

gated by Drummond, Rosenbluth and Johnson(s), by Timofeev(4) and by Kammash

(5)

and Heckrotte . These were all numerical calculations carried out with

the aid of a digital computer. The plasma was assumed to be infinite and

homogeneous.

3. In this note we investigate temperature effects in the Burt-Harris
model. This is a sufficiently simple problem that it can be treated
without the aid of a computer. Furthermore, it seems likely that for some
thermonuclear machines the Burt-Harris model is closer to reality than the
infinite homogeneous plasma. We have in mind machines such as DCX-1 in

which the radius of the ions orbit is about the same as the radius of the

machine.,
DERIVATION OF THE DISPERSION RELATION
4. The equation of motion for an ion is
A LI P (2)
3t ¥ v == ~ 574 ; o A
where



Equation (2) is linearized by writing:-

- — —r =, =,
¥ = ¥V, €, & Vlee + v =V + v, eeea(3)
where: -
eB
VL =l T S (Mc) r, een.(4)

— -
and v/ and E are considered to be small quantities whose space and time

dependence is given by a factor:-
ik z - i£9 + iwt
e .

-
5. When linearized equation (2) may be solved for viwith the result:-

., e e i
i Er(w—ﬂwci + kzvz) + N “cifo

ci
. E ‘ . , was s (8]
w2 - (0 -fw ., + kV )3
c ol § zZ Z
e R -
M wciEr t iy Ee(w.-ewci o kzvz)
vé = , e. .. (6)
w2 - (w-¢w , + k V)2
c ci zZ z
e
M Ez
vi = . e (7)
Z ilw - ¢ ., +k V)
ci z Z
The equation of continuity is:-
on . 3 | vn = 7.5 (8)
Tt n=-n V. e
Equation (8) is linearized by writing:-
n=N4+n’. eea.(9)
then:-
-
.o - NV . v!
n i(m—‘&w ] +kV) . .---(10)
ci z z
We let:-
-
E-—"v¢ ¥ o--c(11)
and find from equations (5), (6), (7), (10) and (11):-
1 3 a9 42 2
2 — =—(r ==} - =2 ¢ k® ¢
4Te n' = 4ﬂﬂe {E 2% o - + 5 1s eene(12)
w? -(w-2w .+ k V) (w-w .+ k V )2
c ci z 2z ci zZ z

A similar expression is found for the electron contribution to the charge
density, but since YL = 0 for electrons the term gwci which occurs in the

denominator of equation (12) is absent.

-2 -



b The equation:-

vggﬁ = -2 4:7‘:311, --o-(13)
becomes: -
10 ay 42 2
r or b rr i T2 = kz ¢
10 (. 089y _ £2 2
47Ne? {Z - ae) 2 8 _ s F
ions M (w=-€w .+ k V )2%- 2 (W-2w .+ k V)2
ci z z e ci z z
1 0 o¢ £% 2
47 2 T35 (r =) - =2 (:b k ¢
- B Ne® (T dr E E - - b eo.a(14)
elec ™ 5 a
(w + k V)% -w (W + k V_)2
z z ce z z
In equation (14) the summations are over electron and ion groups. Each

group has its own N and V_+- Equation (14) may be written:-

19 99 ¢2 e
= T (r ar) - R ¢ - ki (T:W} ¢ =0, v wsili15)
where: - 2
. . 47 Ne
4T Ne 1
& “i%ns M ( P k = +e%ec ____JE“———;, sae e [ 16)
w - fw .+ zVz) (w + kzvz)
v B 47Ne? 1
ions M (0w - 6w .+ k V )2- w2,
éi z z ci
.3 A4nNe® 1 (17)
elec & (w+ kV )% - o
z z ce

The solutions of equation (15) are Bessel functions:-

J,(k 1)
£ L
p(r) {NZ(ELIJ , e ...(18)
and
3 2 J J
TR R R e e

The boundary conditions will determine a set of allowed values of kL' In
fact, we are not particularly interested in what these values are.

Equation (15) becomes:-

Y- s & 20
{ K9 - K2 (1+w)3 $ =0, pp—
from which:-
ki ki
1 ='..._G...-_W, ....(21)
k2 k2
where: -
2 _ 2 2 ¥
k2 = kL + k2 oo wili B2 )



7 We now let fi(V)d\ be the fraction of ions with ¥_ in-dV and similarly
for [e(V). The summations in equations (16) and (17) become integrations

and equation (21) becomes:-

k® ' f.(v)dv f (V)dv
1 = =2 jw?, / : b 0 feBc s |
k2 PY (@ - fw .+ k V)2 P (w + k V)2
ci z z
... (23)
ki " £f.(v)ayv f (v)dv
+ = jw?, - + w? = .
k2 P (w-2w .+ k V)2- w?, PY (w+k V)2 - w?
ci z ci z ce
Equation (23) is the dispersion relation which we shall study.
ANALYSI(S OF TiIE DISPFERSION HELATION
8. First we consider the case of ''cold" ions and electrons. That is:-
fi(V) = fe(V) = O(v). ee..(24)
Then
2 m
1oL M L1
w? k2 (w-6w )2 w?
pe ci
v s o (| 28)
k2 .
+ —== § M + LI
K2 (w=-dw )2 -w?, w?-w?
ci ci ce

The real roots of equation (25) may be found by plotting the right hand

i : 1

side against w and seeing where the curve cuts a horizontal line at —/.
w

; : e
This is done in Fig.1. P

CLM-R32 Fig.1



9k For sufficiently small wpe (small density) all roots are real. As wpe
increases Lhe horizontal line drops below the loop near (€ - 1) w_ . and two
intersections disappear indicating that two roots have become complex
(hence, an instability). As wpe increases still further the intersections
reappear (hence, stability again). As wpe increases still further the hori-

zontal line drops below the loop near gwci and two intersections disappear

indicating an instability. The approximate condition for this to occur is

k2
¢ 2 £1 i oo v 5 (286)
2 2
02k (bw_;
or
_ k
Lo . < == w . ¢ wiwa (2T)
ci k Tpe

This instability remains for all higher values of wpe'

10. The inStability near (£-1) w_, occurs for only a very small range of
W oo and is probably not very important. In what follows we will assume
that ki << ki so that the terms which give rise to it drop out of the dis-

persion relation which now becomes:-

f.(v)av f (v)av
1 § === . v 5 (28)
(w=-2w .+ k V)2 (w + k V)2
cl z z

m
2 M
pe

£

This is just the "two-stream" dispersion relation with 6mci replacing the
kVO term which usually occurs when ions stream through the electrons with-

the velocity V' The Landau prescription must be followed in doing the

integrals.

11. We now assume Maxwel lian distributions for the ions and electrons.
2 a2
v /ai

1
— & ’
jﬁai

U &2 4

£, (v)

£f (V) = e : v eea (30)
e

The thermal wvelocities, o, and o, are related to the ion and electron

temperatures by:- V/QTPT'
B e (31)
D..i— M’
kTi
m

v » wnled )



Equations (29) and (30) may be used in equation (28) to obtain the disper-

sion relation:-

L

|-

=2 (2 - 2 ) + 5 2/ (6707 %2), ve..(33)
52 e :
P
where: -
w
Z = g s ee..(34)
zZ 1
_EEE
ZP :kCL. 4 ---.(35)
z i
gwci
Z. = T o «e.. (36)
z i
Te
8 =T-.- " ....(37)
i
o =ﬁ, @ v | 88)
2 u 2 2
Z' (u) = -2 + 4ue U J‘ ot g = 10vmue™Y . ee..(39)
-
The function Z’ has been tabulated by Fried and Conte. For our present
purposes we need to know the properties of Z'(u) for real values of u. In
Fig.2 we sketch the real and imaginary parts of Z’.
k N1, 2/
-2
CLM-R32 Fig.2
For large u
2
' - - i ~% e...(40
Z' (u) G—:—g-uz i 2VR ue (40)



If equation (33) is

or, letting z = x +

For a given 0 and ©
plane. The curve y
and y must change si

unstable regions of

solved for z we must find:-

7 = gz g2 60), e
c’’p
iy,
x: = x{zc.zp,é,e), — )
¥ = y(zc.zp,é.ﬁ). e.e. (43)

we can draw curves of constant x and y in the z_- ZP
= 0 is particularly important since along it z is real
gn as the curve is crossed. It divides the stable and

the z - z_ plane.
c P

12. We will find the y = 0 curves with © as a parameter and & =m/M= 1/1836.

THE BOUNDARY BETWEEN STABLE AND UNSTABLE REGIONS

13, For real z we may write:-
1 1 i 1
5.7 " Re Z'(z - z) + 5 Re 2'(0%07%3), v s (44)
zg ’
4 1 4
0 =Im2Z'(z - 2z ) +7 Im 2 (8267 25), o wone (A5

We first consider some limiting cases.

(a) T =i B @ s T = finite.
i i e
Then: -
Z,2 ,zc - oo,
6—1'00.
35-%
But 6“0 “z = finite = T
z e .
w
Equation (45) becomes:- Im(k = ¥ o= 0, eee.(46)
hence:- w = 0. aise v VAT
Equation (44) becomes:- 517 = ;E - é. ee.s(48)
2 z
B
652z
Z, ve..(49)
2 5,2
1+e z
m
=W
B = e BE., ....(50)
c1l w2 )
k2 2
zZ e



The right hand side of equation (50) is just the frequency of an ion sound

wave. It approaches:- kT

for long wave lengths. The system is unstable when @wci exceeds the ion

sound' frequency.

(b) T, =0, =0 , T, = finite,

0 - 0.
Equati on (45) becomes:- Im 2‘(z - zc) = i@ w5 %5 L5
hence: - z =z . eeea(52)

Equation (44) becomes:-

L B N ee..(53)

eee.(54)

z
- - 1 o M
¢ V1 o+ ZOz; zp%cm V26 2m

The system is stable if z is less than the value given by equation (54).

14. Next we consider the case of equal temperatures, © = 1. Equation (45)

becomes: -

tof-

Im Z2' (z - zc) = - Im Z'(6%z), e...(55)
which has the solution:-
i
z2 -z = - 62z, « 3 spliG)
or
z
Z = L= 1l . -...(5?)
1 + 62
Then equation (44) becomes:-
1 6izc
= 2 Re Z(—57). ... (58)
6z2 1 + 62

This curve is drawn in Figs. 3 and 4. Since the right hand side becomes

negative for arguments less than 0.92, this sets a lower limit omn zZ For

large arguments:-

, ceen(59)

1
z =V2 z_ (1 +82%) » V2 z_. ce..(60)
P P



It is seen that asymptotically the boundary curve approaches a straight

line with slope approximately equal to V2.

15. We can find the asymptotic behaviour for other values of 6. Assume
that as zc,zp - o, then z, =z -2z_ * o. Then the solution of equation (44)

is approximately:-

06 6 %z = - (z - zc), cisalBd)
or
z
z = ——S wuvs (62)
1 + 620 2
Equation (45) becomes:- :
1
; 4 52072,
= (1 + ) Re Z' (————51, s o { 63)
&z? : 1 + 82072
4. A iz
= (% +8) (4 + 62072 eee.(64)
&z2
c
4 1
zc=zp\/1 +0 (1 + 6%0872), + (65
For © = 1, equation (65) agrees wi th equation (60). For 6 = 0, or 8 =

the slope becomes infinite.

16. For © other than 0, 1 or o, equations (44) and (45) must be solved

numerically. This is easily done in the following way. Let:-

u_ = 6% z , ....(66)
P P
u =62 2 n ee..(67)
C o
u =z - z_. ....(68)
c

Equations (44) and (45) become:-

PR
Im Z2' (6%07%z) = - 6 Im 2/ (u), ve..(69)
: 1 4
1-2 = Re z' (u) + & Re 2' (6787 24), ... (70)
u
P

The procedure is as follows:-
(1) Choose a value of u.
(2) Using the tables of Fried and Conte solve equation (69) for z.
(3) Find z, from equation (68).
(4) cCalculate u (hence zp) irom equation.(TO).
This gives one point on the curve. The above procedure works best for

© < 1. For 6 > 1 it is better to choose z first and calculate u from



equation (69). The remaining steps are the same as before. The results

are given in Figs. (3) and (4).

GROWTH RAIES

17. The same procedure can be followed in drawing curves for constant y

with y # 0. We write:-

1 1

2y, 8207 %y). e (71)

=

A—
0 = Im Z'(x - zc,y) + % Im Z' (62%6

For a given value of y we choose x - 5 and calculate x. We then use this

value of x in:-

-

L1 i L
= Re Z'(x - z_,y) + 3 Re 2/ (6%072x, 670 y),

to calculate z_. This gives us one point on the y = const. curve in the

el

zp -z, plane,
418. This has been done for the case & = 6 = 0.01 (admittedly unrealistic)
for the purpose of seeing how the real and imaginary parts of z varied as
one passed through the unstable region. In Fig.5 we have plotted x and y
vs. z_ for 2z = 7 = const. It is seen that x follows the line x = Zp into

the unstable region (y > 0) and then levels off .at x = z .
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