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CHAPTER I
INTRODUCTION

For solving numerous problems arising in atomic spectroscopy, astrophysics eﬁc., it
is necessar& to know the effective excitation cross sections for atoms by electrons. The
possibilities for their experimental determination are exceedingly limited. This applies
especially to transitions from excited states for which virtually no experimental data are
available. At the same time, in solving specific problems it is as a rule essential to
have data relating to a fairly large number of atomic transitions. 1In all such cases one
is therefore obliged to resort to theoretical cross section calculations. To perform these
calculations a éufficiently universal method must be available which is valid for transi-
tions of different types such as optically permitted and forbidden transitions, with and
without change of spin, to transitions between close and widely spaced levels. Amongst
the approximatg methods used in atomic collision theory, the only one which may be described
as sufficiently general is the simplest, namely, Born's method (including its modification
taking into account exchange).

Although in specific cases other methods give results much more accurate than Born's
method, they are necessarily no more accurate for the general case. As a result Born's is
the only method suitable for performing systematic calculations (on the quality of Born's
approximation, see section 9).

It should be noted that Born's approximation is certainly not sufficient to describe
many fine effects, such as the appearance of narrow resonance peaks in elastic and inelastic
scattering cross sections. Such effects are considered by special methods of atomic colli-
sion theory which are much more complex than Born's. However, for numerous applications
theseleffects, although of considerable fundamental interest, are not important. In appli-
cations,almost invariably, one is not interested in the actual cross sections ¢, but in
the integrated coefficient {pq> where the averaging (denoted by the angular brackets) is
carried out over a sufficiently wide range of energies. Usually Born's approximation gives
a value of <pq> which is sufficiently accurate for most purposes.

This bock gives a review of expressions and parameter tables from which the effective
excitation cross sections and coefficients <p@> in Born's approximation can be very simply
obtained. The book is intended as a compact reference, accessible to a wide circle of
physicists and engineers who are not specialists in the physics of atomic collisiocns. The
derivation and justification of the expressions are not, therefore, reproduced and the

number of literature references is kept to a minimum.



In the text symbols are used e.g. 3nj, genealogical coefficients (;%lf and

induced matrix elements (Z A?'nfﬁpq ’ﬂ?é ) . Some expressions for these are given in
Appendices I-III. More detailed information can be obtained e.g. in(1’2).
CHAPTER IT

BORN'S APPROXIMATION (GENERAL EXPRESSIONS)

In calculating the effective cross sections for the excitation of atoms by electrons
it is convenient to isolate the following cases:

(1) the atom is described in the scheme of LS coupling; transitions without change
of spin. In calculating the cross sections, exchange (paras. 1 and 2) can be neglected.

(2) the atom.is described in the LS coupling scheme; transitions with change of
spin. Transitions of this type (intercombinational) are realised only by exchange.

(5}- other types of coupling (?aragraph LY.

Let each of these cases now be discussed separately.

1. One Electron Béyond the Filled Shells

We consider here transitions of an optical electron situated in the centrally-
symmetrical field of the nucleus and the filled shells. This case includes: the hydrogen
atom, the atoms of the alkali elements, and atoms with basic configuration of the type

2,2
15 25 2p. Born's expression for the effective cross section for the transition n,é,> 0y 8y

has the form : LRSS p
Iy 4 .. re
676 ¢)- S ot AL londm le if.i/,t,gjwf-’(x._!)
(.6 (26+1) mrm | E° J
¢ }_r . s s (A1)

Here, and throughout below, the suffix 0,1 denotes the initiel and final states (quantum

numbers ny, 0y in the notation g are omitted for simplicity).

] 5 5 :
a s éL is the atomic unit of length; ko, k1 the wave vector of an electron
L] g_ .
> >

before and after the collision; E = ko- k1.
To carry out specific calculations it is convenient to represent eq.(1.1) as a sum

over the multipolar interactions:

o & 6, .
E £eq, (L2} P )
- A vy [, 2
/; A, & af [T
g \w‘ S DR (2:3) ver (1.3)
Lk,
x - O 3
G _ O/ s, - L
R (2= [20)P6 L -5, ] (1.4) e (1)
) )
h P "the radial functi £ the optical electron; 7 = T
where PO’ 4 are e radial functions o e optical electron; cg¢f'fljr ol

is a spherical Bessel function. The possible values of the multipolarity coefficient are:

3 l - K T v 5] e 1.5
Med Ryt M) w6 O s

’

= o



The torm I in the matrix element in (1.1) is related to the interaction between the outer
electron and the nucleus. This term must be taken into account unless strict orthogonality
of the approximate wave functions of the initial and final states used in the calculation,
is assured.

Yet when the wave functions are orthogonal this term makes no contribution to the
cross section.

2, LS Type'COupling Transitions Without Change of Spin (AS = 0)

In the general case the effective cross section for the transition between arbitrary

levels Yo » Y4 is put in the form
- - s -, L VN
636, , 0= Oo(%,0)0, (44) 2.1) ... (2.1)
P

where &D’ ¢, are the orbital quantum numbers of the optical electron entering together
with the other quantum numbers into the sets Yoo Yq- Suppose the atomic wave functions
y are made up of one-electron functions wa according to the general momentum composition

rules and (?ﬁ /V\ Y= 5; . Suppose. moreover, that the radial functions P for all

@ L™

states relating to the given level, are similar. The factor Cax_(ﬁ} x) then is only deter-
mined by the quantum numbers of the angular momenta. In different approximations the need
arises for effective cross sections for transitions between separate levels, between two
groups of closely adjacent levels and, finally, for transitions from a given level to a
gro.p of levels. Thus, one may be interested in the transitions between the separate fine
structure components SL.J, - SL1J1 of two terms, or in the transition between the terms

0°0

SLO'-> SL1 as a whole. 1In the general case the effective cross section for the group of
transitions A * B can be obtained by summing the cross sections of the separate transi-

tions - g(Aa; Bb) according to the following expressions
K _ ‘Aq - BE
§ir)6 (4, 88) 9{)6 (A%, B¢)

= (2.2_} ... (2.2)
JA)E(A8) < Z Ix)8lar;5¢)

I

where g(a) is the statistical weighting of the level a, g(A) that of the group of levels
a:§?(-!)= 4EA 4,4) when extending the above assumptions made with respect to the radial
functions, to all sfates belonging to the group of levels A (or correspondingly B) then
for all terms of the sum over a,b the radial integrals are similar, The expressions (2.2)
have corresponding analogous expressions for the factors Q% and all summation properties
of the cross sections and factors Qi are the same. Below we shall assume throughout that
such a situation exists. We are, of course, concerned with the level group A (and corres-

pondingly B) belonging to one electron configuration. The error relating to this

-3 -



assumption.is, as a rule, smaller the smaller the energy difference between the levels
over which the summation is effected.
When summing over the fine structure components of the terms the following important

circumstance should be noted:

Q. (307, 84)= Z 0, (st 86379

~y

is independent of JO' Therefore

[.ZST_{,;'(’ZJF 1)8, (5S4, )= ;ZJ_ (27¢1)@, (SLL, 547 )- % (2701)Q, ($LT; s_z,')

Since Z{®I+1)= @Sser)(2s+ 1) we have

Q. (5L0: 52, )= G (5473 54,) . wos (2.3)
The excitation cross sections of the term SL1, from the single level SLOJO and from all
levels belonging to_the term SL0 are, therefore, the same. Relations of a similar type
for the factors Q: and the cross sections also occur when summing over the terms.

We go on to consider different specific cases. We write down the expressions for
the factors Qx from (2.1). It is convenient to differentiate between the following four
cases:

I transitions not involving groups of eguivalent electrons

M=/

v .
II  trensitions between £ I i éi , configurations

IIT transitions between fo‘vfl‘ L ("’"Z""" configurations
v trahsitions between terms of one configuration

4 7 i
In case III the discussion will be limited to the occupied shells. 6 / 0=‘£f:£’d

(which is sufficient for the vast majority of applications) as the general expressions are

exceedingly cumbersome.

1 LoAs[S4]0 8L i n=[84] s4°

. YR @5 ... (2.5)
Q‘(nrﬁ@/.f!}.’%*f)ﬂ‘ ¢ ,:) ‘ :

The sum of the factors Qz from (2.5) over L, is independent of SL;. The summation

over S and L. does not, therefore, change Qx (compare with (2.3))

@y ([54)6:05%4)8) = |
- Q (134765134148 )= QB4 454,(34]4 )0

0

... (2.6)

* To simplify the notation we do not indicate the electron configuration of the atomic
core but give only the spin Sp and the orbital momentum Lp of the atomic core.



The cross section for the transition 50-’5 for an electron in a given field of an

]
atomic core is consequently the same as for an electron in the central field, i.e. it is
independent of the angular momenta of the atomic core Spr In other words, the effective

cross section of the entire multitude of transitions between two electron configurations

not containing electrons equivalent to an optical electron, equals 5;@(,'} from (1.3).

G . X=/YL f”[ 4,144,

& -
Q(1n)= C”/(zm,{zzfy ; a) Co@n L (2.7)

34, . :
where 6].‘, " is the genealogical coefficient. Summation over the momenta gives
e
Y- = 5 S/n E R
Q"L ;4 L4768 )~ ’V’/@*}é /t (2.8) ... (2.8)
e = - ) » -
QU E7L)- QS 076S)- QUSLALS) N L e
IIL A A AL A OV o Ty A YA 2N

, InSp G 12 (28, 80020t 1) Uyr i )26 0 1) /[Z
Q) freoffe (7 [* Ek (is::)()&(z.;:j{ Jz .10) .- (2.10)

Summing over the momenta gives

v ) M’f Aol el (.CJ" rlj(2 f/j[{f’ )
Qu (L7454, 87675408 = (‘('/G / (zs:/)(z e i(2ger)  -e- (2.11)

Ke! (_’.'jf,r/)(.';}fl)p?f;"i} (2.12) oo (2.12)

,V‘I J’H- - .
0 (F .r ‘ l &;.‘;]) jl‘,:() (_2(;1.,)

where Cf({,"/ is the statistical weighting of the configurations 51k equal to the number

of summations over k from 2(2¢ + 1)
s ¢ -( -U"//,-trl = g f/
Q€547 )= @ (£ 2L CTS)= (o) 3657 e (2.13)

J

v b, Y= £ =754

{1 s JiTYe¥Se, i (2.14) el (2.12)
G (c1) - BEL (st FCIES),

* As mentioned earlier, in this case we only consider transitions from a filled shell.



The factorfé (["’5(. ﬂ[/"//é"v-fzfl ) for the configurations pN and & ave bdbulsbed. 'The
corresponding expressions are given in Appendix IIT.
The factors Qy for transitions between the fine structure components J0 ,J1 ‘and

the transitions between the terms SLO ,SL1 are related by

» LIS )
09:(51-‘7.;61’"{)'{3‘;-'/}(3'4"/Z:}' Z .'k_} Qx (J<, J‘:'/' . s (2-15)
. (2.15)
Summing over J1, and also over JO’ gives
0’& (JZ.Z ’- JZ))U: QA’, (‘S'[. l- SZ‘,) . 2 (?'16) p W (2'16)

This relation has been quoted earlier, see eq.(2.3). The above expressions embrace
practically all possible cases which one is likely to encounter in specific calculations.

3. LS Type Coupling: Intercombinational Transitions (AS # 0)

Transitions with change of the atomic spin during collisions with electrons are possible
either because of exchange interaction, or because of a violation of LS coupling. We con-
sider here the case of pure LS coupling when the intercombinational transitions are wﬁolly
due to exchange. Consideration of exchange within the frame work of the familiar Born-
Oppenheimer method leads as a rule to unsatisfactory results. The errors incurred are con-
siderably larger than with Born's method for transitions without change of spin. The
Born-Oppenheimer method can be, however, so modified that this fault is removed. We intend
here to use a modification proposed by Ochkur. Calculations have shown that discrepancies
between the experimental results and Ochkur's method are of the same order as for Born's

method.
The intercombinational effective transition cross sections are conveniently expressed

through the values C’i ({:,0l &1) analogous to &‘z{( 60,8,1) from (1.3)*

636, ; buv Quitz)d it c) GO sons- {9}
‘ I,

! b g T fo* o 7%
Gl.0) = e Grolrtell a_,)/f"iﬂ?ﬁ,t’/] G2) . (3.2)

k-x

We quote expressions for this factor Qz in the most interesting cases from a practi-
cal point of view, which correspond to transitions of the type I, II and IV of the previous

section.

I. . L=[800054 5

[

i}

15,4745

1

* Note that the values 5;(60, 61) do not have the physical meaning of transition cross
sections between electron configurations as in the case 48 = 0, as the concept of the

intercombinational transitions requires specification of the spins.

-



qfr %)= 2_{1_,--_ (A1 )2 4/} / (3.3) ... (3.3)

Summing over L1 , Or over LO’ L1 we obtain

P AN

C‘,L(SH,J/ (J 5, 4-@-:-,) (38) .. (3:8)
1L o X=Ese ; r=LTU0540654
Qc’r.,r,..--‘-—n-',-"(;”!":' fztffﬁ; (26 //f---,,)(/”f / Gy -(5-5)
Summing over L, gives
O","(JA ,-5,),4,,11675-;’;/; zij’l/} B.6) ... (3.6)
- . =454, 1= 4%,

254/ - .5-4- 845 JlL %
@u (r,7) « 2 4/)@€+f)(;z4ﬁ)$z/vzza% i ) sy e 6D
’ r

where §, L, are terms of the configurations W=

The fact i .
e factors Q;(SOLOJO’S’i L,J,) in cases I, I are related to the factors QK(SOLO $8,L,)

from (3.3), (3.5), by the relation

Q(8L7; 547 ) = bhasepziegsey] 2T % B K Q054 52)0.8)
P ot

542 4 &

.. (3.8)

Summing over J,, or over B ,J1‘ leads as expected to Ox (Sefo " S, 40 Do

In the special case of singlet - triplet transitions ({aq'-z—u’,,‘j::/) and the triplet -

singlet transitions ( §,2f . S"_-.o ; I _{,) we have

. . . _z‘?;-r/ . . = '
Qulutst47)- F@.eis) o o
Q (107 :007) = @, (2., 02, f (3.10) ... (3.10)

L. j¢ Type Coupling

For a large number of levels of different atoms the approximation of LS coupling is
inadequate. In the general case of coupling of an intermediate type, each specific transi-

sion requires special consideration. Amongst the limiting cases the most important in



‘practice ié that of the j€ coupling to be discussed. In addition, expressioné will also
be given for transitions in which one level is described in the J¢ coupling scheme and the
other in the LS coupling scheme.

When LS'couﬁling is violated intercombinational transitions become possible not only
by exchange but also by the 'mixing' of states of different multiplet character. In the
limiting case of coupling of a different type including j& coupling, even without consider-
ing exchange no prohibitions with regard to spin quantum numbers arise. The situation then
is analogous to transitions without change of spin for LS coupling when consideration of
exchange only yields a correction of the same order of magnitude as the error in Born's
method. Therefore, just as in section 2, we propose to give here the corresponding expres-
sions for the cross sections without considering exchaﬁge.

Thus,

§<26 [ G-G (LY)s (4 4) D )

E. 3

where 6; {’(:,{'-;} is given by (1.3).
Fer transitions between configurations as a whole the cross-section is obviously

independent of the type of coupling and, Q% = 1. For transitions between terms

=[S e 10K, X=[845)44
‘ sy TERF T° o L
o0 Uc(ﬂiff}(ztjw)/,ﬁ p i} | | (4.2) Fu 2)

Q(15450,05430€)- A (34,56, $4,404)-1 @.3) o (4.3)

o

For transitions between fine structure components J-£24  JaK2# we have

AEREIN */)(zf*r// K%/O (£,6) &8 coe ()

Summation over J, elves

Q [‘7 K} = Q ( ) ; (.5) -+ (4:5)

For transitions from the term Yo described in the LS coupling scheme, to the term

y, described in the scheme of j& coupling we have

(= [S4518682, 1294144
- QeI )4 ¢ L4 r )L ee (4.6)
Q1,1 )@4x1) J@m;J[‘Z( )Jrz./.]X // (4.6)

Summation over k1 gives

T

i _ . , i+ - : (q_7j wws Kike T3
Q84X 5L 5476) 75 yiez=i)

-a-



Summing further over j we obtain

QU4 5.L,05474 )=+ (8) ... (4.8)

For transit_ons between the fine structure components we have

4, S = £ 7
Q557 A 7 )= plo)lTea)fesr ote)r Cier )1 [ & 2 7 fi/ oo (:9)
_ ' 5 43 A
CHAPTERIIII
APPROXIMATION BY ANALYTICAL EXPRESSIONS
54 Approximate Analytical Expressions for the Cross Sections

Born's effective excitation cross section for neutral atoms have a number of character- .
istic properties. Some of these can be obtained by investigating general expressions; others
follow from the results of specific numerical calculations.

At large K, values for optically permitted transitions {:"ﬁ'if) ad =0
/
wajvézn-ﬂ eve (541)
For optically forbidden transitions !iﬂ‘ 1{-"-‘--’

6o L cow (5e2)

rl.
For intercombinational transitions
- 4 eer (5.3)
é v e
L)
At small energies
6w e s KBeld

For the purpose of approximations it is useful to approximate the cross sections by some

analytical formulae, and the cross sections are conveniently expressed in threshold units;

—_— - =y

éﬂ - é" af ;"‘fa A
‘(-.' -J-E- JE /. (5.5) e (5-5)

where ':’C 5 é1 are the energy of the incident and of the scattered electron respectively,

E., E, the initial and final energy level of the atom; AE the excitation threshold.

0™

As a rule, for transitions between adjacent levels, when AE decreases, the maximum
; -2 I
value of the cross section increases roughly as AE ~. Moreover, for transitions between
levels with strongly varying effective principal gquantum numbers VARRZ the cross section

2
is approximately proportional to v1-3 ~ E.2.



Lastly, numerical calculations show that the main contribution to the sum over the 3¢
is made by the term with X = 'Xmin‘ The reason is that in the region of small | , the
‘most important for integrating over § in (1.3), the functionéi(?/?:« (}-"’)’edecreases rapialy
as 2¢ increases.

Taking this into account, we write the eXcitétion,cross section for the transition

0-1 in the following form

. 2/5 G)v A : l
2 "7) Potide 2/ (5.6) 6
el U . e L5
6 ° (15 -E, 2?’1‘/ ¢t / (8:8)
vhare Biw B Y Lo bho Bk it of |
e ‘ar:j.;::: = is e Rydberg unit of energy.

There are various ways of choosing the specific form of the function w(u). Here we
use an expression satisfying conditions (5.1) - (5.4) and containing two parameters.

Fcr the optically permitted transitions zf-. Lo, 45=0

/ f{ 4-/!- ,£1 (}b"-\"lgz (5.8)
Des= g(“ vl Clavs) TP o (G

For the optically forbidden transitions {/{:2‘1 /! ad=0

ru Y/ ' L s ss (5:9)
Ble)= Plucr)=c(i)” o5 B

When the cross section is known the paremeters C and ¢ can be determined by using
e.g. the method of least squares.

In section 7 a table is referred to of the parameters C - @ obtained by this method
from the results of approximate numerical cross section calculations®.

In the case of intercombinational transitions the.form of the cross section varies
from one transition to the next much more strongly than in the case AS = 0. It was not
possible therefore to construct a two-parameter expression for the ihtercombinational
transitions.

6. Averaging Over the Maxwellian Distribution

The probability of the excitation 0-1 in a plasma with electron concentration Ne
and electron temperature T equals Ne<ug>, where the brackets derote averaging over the

Maxwellian energy distribution of the electrons. Using (5.6) for ¢ we have

‘ § xﬂ"d ‘ -- 2 _-____.3 PR -
g, >~ 107 f:f:’) P_g, 7 E(7) Z::] (6.1) (6.1)

a.f ¥ (6.2)

' . oy ;i —fu
6“;;;_)._2’/)/3%/[:“/}?%/6 du v /Jr o (6.2)

¥ In compiling the table, the accuracy of the specific forms of egs. (5.7), (5.8) was
improved.

- 10 -



For de-excitation, i.e. the transition 1-0 the following simple relation applies

d A
iy = ZveDe e (E3)
1 ;

The function G{F) can be approximated by the following two-parameter expressions:

For optically permitted transitions /:' (_’r f)'.:S:u:’
G(r)= Gz A 5= A VECe1) 'm ) &(/44/—5-) (6.4) ... (6.4)

For optically forbidden transitions f,r:'f; f/'/ aS=c

G(r) = @Y/«,_A,}’)?A '%%:’—' . ves (6.5)

For intercombinational transitions

T 3
G)= 6(PAX)-A T 66y -ee (6:6)

Parameters A and}(: analogous to the parameters C and ¢ in the previous section,
they can be determined from the results from numerical calculations of <Uq> by the method
of least squares. The corresponding tables are referred to in section 7.

7. Cross Section Tables, Description

Egs.(5.5) - (5.9) and (6.1) - (6.6) give approximate expressions for the excitation
cross section ¢ and the rate of excitation <UGD1> and of de-excitation  (uo, O>
through the parameters C,qp and A ,)( respectively. These parameters were tabulated for
transitions of the type s-s, s-p, s-d, p-p* in an approximation analogous to the Bates-
Damgaard approximation for tables of oscillator streng’chs(1 ’5). The method of calculation
is discussed in greater detail in the following paragraph. Here it is only explained how to
use the tables.

The investigated transition is characterized by the effective principal quantum numbers

of the initial level v and the final level Ve For a neutral atom

/& % i wax G
% /fz":f _‘;.‘//:/7“ e

For transitions with &I > 430 i.e. transitions s=s, p-p, s-p and s»d the parameters C,p

0

and A,f are given as functions of Vg1 Vi~ Vg-

For transitions with .&I < 80 i.e. transitions p-s and d-s the parameters C, o

and A,){ are given as functions of Vs V= Vg.

* For the p-d transition only A,x are given.

- 11 =



As in‘the case of the Bates-Damgaard tables, the exchange of one of the arguments v
by the difference Ay is convenient for interpolation. The step in v and Av adopted
in the tables ensures the possibility of a linear interpolation everywhere except for a
relatively small number of places where the dependence of the parameters is discontinuous.

The tables give the order and mantissa of the numbers, e.g. -1 179; +1 179 means
respectively 0.1?9-10-1, 0.1?9-10+1

8. Cross Section Tables, Method of Calculation

According to (2.1), where it is also assumed that the main contribution to the sum

over ¥ is made by the term with 2 = ;%;in’ we have

6= Z@ (8,6 )~ @7““.”26'(45,) RCRY e (8.1)

Comparing (8.1) with (5.6) gives* foks
y

f £ t!.’:)?: I'?Z.
774, %s.2) cn (8.2)
/r :

¢ 'c')”*fw Zéxu}z&d(m”’l/{ )

a'l

The radial integral
R [POL L BT ey e 8

is caleulated in an approximation analogous to theABates—Damgaard approximation for oscilla-
tor strengths. Within the frame work of this approximation, we use semi-empirical coulomb
fadial wave functions. These represent an asymptotic solution of the Schrédinger equation
with coulomb potential and with an experimental energy_value, Such functions are given

by the power series

,
V- ~ A

Plr)- Z &+ e o .. (8.)

n
where v is the effective principal quantum number (see eq.(7.1)) and the coefficients by

are determined by the recurrent formula

N =

LS » -211_ ) E 1-/

Lo (-9 l-n) Y g CBS) ... (B.5)

After some simple transformations we get

Auec”

7? (t) f<ZCJ(" ” %) | ... (8.6)

- W+ /,, ,tm'm’.f.ﬁ—-éf -4 (s‘._-zj' sim BT

/

* Here and further below in this section atomic units are used for k ,q and r.

— 4o =



J;Cu'."};ﬁ/e"g':"[/,;(J?}'%;]a’é O ee L (8.8)

& . 7 0 f_z.;:’~' ... (8.9)
are
s 12N e b f"b-c; & IR CAR AL | K Batad B «er (8:10)
f?,,- ﬁ'(v’-c)[n /1 )] an.'- - 2.,

The superscripts (0) and (1) in (8.9) refer as usual to the initial and final states. The
definition of ) is that the function P(r) in (8.4) contains just as many terms as
the corresponding hydrogen-like function. The integral (8.8) can be expressed through a

hypergeometric function. For X # 0

i Meonen(d) s 2
I (%)= ;P(x*—)w l)“}.' ,; (xx . &= m' £;7§_;T (B, IT) ... (8.11)

For X=0 and 1 one can use the explicit expression through the elementary functions

) JUeSiTea Y
J(tsj- —C-—j——-smxt‘ £l Coocty (8.12) ... (8.12)

Kl S [jﬁu*-“‘-’”’-‘] (8.13) ... (8.13)

Just as in calculating the oscillator strengths the Bates-Damgaard approximation is best
Justified in those cases where the maxima of both functions PO’ P1 are situated outside
the atomic core. This condition can be formulated explicitly. It is necessary that the

following inequalities be fulfilled

N

>n ;n, >n H >€ 4
(¢ core’ 1 core ’ Y0 0

where' N, ore is the largest of the principal quantum numbers Af the core electrons,
without going in detail into the accuracy of the Bates-Damgaard approximation, as the error
made in calculating the cross sections with this approximation is of the same order as in
~calculating the oscillator strengths. Suffice it to say that in calculating the cross-
sections the accuracy requirements of the wave functions are less stringent than when cal-
culating the oscillator strengths. The characteristic error of the Born method at any
given accuracy of the wave functions makes it impossible to guarantee an accuracy of more
than a few times ten per cent,.

9. Some Remarks On Approximate Methods For Calculating Cross Sections

The above discussions were confined throughout within the frame work of Born's method.
In compiling the tables, an additional approximation was made, relating to the form of the

atomic wave functions used. The character of this approximation is considered at the end

o A



of this seétion. First, let us briefly discuss the accuracy of Born's method.

It corresponds to a solution of the problem of a collision between an electron and an
atom to a first order approximation in perturbation theory. It is certainly applicable
when the velocities of the electron are sufficiently large. The question of the errors at
electron energies comparable to the excitation threshold AE, is not yet completely resolved.

‘Two sufficiently obvious and explicit error sources in Born's method are: (1) the
violation of the normalization (non-conservation of the electron flux) (2) the effect of
the long range coulomb field in considering the excitation of the ions. We shall examine
the part played by these effects laterin this section. Yet in those cases in which they
are unimportant, Born's method, as indicated by the experimental data, gives results whicﬁ
are satisfactory for numerous applications.

The errors of the method even in the region of the cross section maximum (E ~ 24E)
do not fall beyond the limits of a factor g 2, and decrease rapidly as the energy increases.
It should be emphasized that this assertion is based mainly on experiments on excitation
from the ground state.

The effect of violating the normalization is this. In the exact formulation of the
scattering problem the partial cross sections must not exceed some theoretical limit follow-
ing from the requirement of the electron flux conservation. Born's approximation does not,
generally speaking, ensure that this condition is fulfilled. Therefore, inrsome cases, as
a rule in those corresponding to small AE, i.e. transitions between adjacent levels,
Born's cross sections may be strongly exaggerated, There are different methods for the
normalization of Born's cross sections which overcome this fauit, such as Seaton's method
based on the use of an R-matrix. However, all these methods require calculations based on
the partial wave concept, which present a much more complex problgm.‘ No normalization of
the cross sections was thcrgfore effected while compiling the tables. In the excitation
of ions in the region of energies E -the attraction of the electron by the long range
coulomb field plays an important part. This leads, in particular, to a finite cross sec-
tion at the excitation threshold. This effect is taken into account in the so-called Born-
Coulomb approximation where inétead of plane waves’wave functionsf'the continuous spectrum
of the electron in the coulomb field) are used. For the purpose of specific calculations
one then has also to résért to the partial wavé concept. Since the difference between
Born's and the Born-Coulomb cross sections is only significant in the region near the thres-
hold, in those cases in which AE g kT, the above tables can be used for calculating <Ud>

On the other hand, when AE > kT, this may lead to considerable errors.

w, B =



A table referred Lo in seotion 10 gives parameters with which the value of {ug> for
multiply charged ions in a number of interesting applications can be estimated.

10. Excitation of Ions

Let the effective excitation cross section of the ion be represented in the same form

as for a neutral atom (see (5.6))

/B, Qe R _ 7 ‘
g/ 2)E) Qe &y,
61 u, (. ( & ) . (:51. / Ly ==* (10.1)
the function ¢(u) can be approximated by the following analytical expression

¢){4_,'=-. g’bl’ar_, Cgl= 3(-—‘:—V _ (10.2) ... (10.2)

{ugy 1is given by eq.(6.1)
: L £\l _ Q-.. T
) e & L (e tr)

(7_)‘6- 2] ' -=
where L if & 20

'3*” Cees (1023

Glp) - A

The parameters C, o, A ,}( are rather weakly dependent on the ion charge Z. In practice,
this dependence operates only when the parameter é%l varies significantly from unity.

It would be possible therefore to limit the tables to the parameters C and @ for a number
of Z values. Even so, the compiling of such tables, though not presenting any fundamental
difficulties, requires a very large expenditure of machine time.

Some relatively small tables are given later showing the parameters C, o, A:ff for
transitions between hydrogen-like levels with n g 4; these tables are based on calculations
of the excitation cross sections of the 0 'ion (spectrum 0 VIIT); in the light of what was
said above these are valid for any given ion. Even for Z = 2 the error in the determina-
tion of C, 0p, A,)[ because the dependence on Z 1is neglected, does not exceed 25%.

Naturally, we are concerned here only with hydrogen-like levels when the effective
principal quantum numbers Vg » Yy take on values close to integers. For interpolations,
when the difference from hydrogen "likeness" is significant the tables are unsuitable.
However, when AE < kT, when calculating the value of <U@> reasonably satisfactory results

can be obtained by using eq.(6.4)-(6.6) and the tables given referred to in section 7.
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APPENDIX T

The expressions for the factor Qs contain 6j symbols

T4 4 &
& & 4y

12j-symbols and 15j-symbols. The two last are expressed through 6j-symbols in the following

manner:

""l '?l!' ‘.l :_ (1'( Xy ‘, A “‘ A £ oA ? : (-Inl)
1) , 2('“”)!": .1, }/ J J' ‘(’/?fay J £ / i e (I.1)_

Faga e
Ralah s
SR
A

9 7"_ I 1' ’ J‘._.

[ AN 4 : - : o
. A ¢ (r (,. ._Z@x+.)(’_,)4’l‘ by
. Kl Ay “"r "s A . ¥ (I_-E) . (I.E)
5 & }[e; A0 4 A'}{f,'x,x fo A A ]
x . c oz P o
CHLMS CICA Iy G fLK %4, h,;, &/
where :
R-Z (il re (83D
) (4)(mlsslng)
6j symbols are tabulated for a wide range of values of the argument e.g. see .

If at least one of the arguments of the 6j-symbol does not exceed two, the latter can
be calculated using the expressions given in(1) and the following symmetry relations: the
EJ symbol remains unchanged, however, if its columns are rearranged and also when rearrang-

ing the lower and the upper arguments in each of any two columns. For example:

b ) [0 b } b ;]

( & .f’} AN { ¢ : (r.4) ... (IT.4)
) ,ﬂ' 4y _ ({-ﬂ g{ JG/;
(b (44 4 e (1.5)

v ' 4'
"The 6j symbol JJ &"J] . is different from zero when the following triangle

conditions are satisfied

A(444); 88 46); A64E). 4704 4)

The triangle condition A(j1jéj3) means that the sum (difference) of any two of the argu-
ments 313235 must be larger (smaller) than, or equal to, the third.
The expressions for the 6j-symbols for which one of the arguments j, ¢ g 2 are

(1)

summarised in
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For a zero argument

e Wt ) : ’ . :

g N 7 . el /

{ P ,f” ¢t/ s —--.—5; Ly ve. (1.6)
24 ¢ ‘l(‘g‘f)(/'i'.{,*-’) 4

APPENDIX II

(1)

St
Our notation for the genealogical coefficients G;sz corresponds to that used in
] tr

In the notations of the Racah's originals where these coefficients were first introduced

and tabulated
S n-t p A
@H_ = (Z [‘?_-4]‘55}! ‘S‘{) yoy (EELA]

n+1 n+2

Between the genealogical coefficients for the configurations & , £ , Where
N = 2(2¢ + 1) the following relaticn holds:
~5-4 ‘ §Z Wi i
“r) Y A .
&) /(7/&125./}{2.{40 G:Jf‘f {x ) |
Lo~ : & n.2
§rg-t-4 p -é.*‘rff( 447 e voo (I1.2)
-¢1) (i) (2520)(2440) 6, f
se: n .n
The tables of the coefficients G;rz for the configurations p , d are contained
rr
in(1).
APPENDIX IIT
The matrix elements (41“51ﬂ/&(“%hf”512) given in eq.(2.14) have even X -values.
For o =0

‘ _ B ]
(f".SJ.//((’//Z"JZ,)« n(ji(f—f 5},4 (1) ... (IIT.1)

As we are interested in the case L, £ Ly, in (5.6) and (6.1) A in = 2

For the configurations _&N—n’ where N = 2(2& + 1), and &n, the following relation
is valid

(€S8 5 )=~ (S IYES2) @D o)

(1)

The factors (ﬁf“JZ,ﬁ&#?k{)' for the configurations p' and d° are contained in

= ¥F =
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<1:6> Inte’rcombinational transitions P.;. P,parameters
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&red Inte_rcombinationai transitions d * S, parameters.
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w¢> Intercombinational transitions d~-
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Effective ion excitation cross-sections (Z= 9.

parameters C, ¥ A4, X

lepexox : O e i A i X
ds=-2s I 267 I I07 I 506 0 840
3s I 2I3 I I03 I 407 0 860
g8 - I 206 I 108 I 401 0 870 -

<5 - 35 I 256 I I09 I 488 0870
4s I I6I I 105 I 3I8 0 890

Jds - 45 I 260 I 106 1.509 0 890
/s = 2p 2 487 Isor 2 200 - 0 260
3p 2 346 I 435 2160 - 0 300

i j P 2 289 I 416 2 148 0 3I0
= ap 2 177 I 875 1434 0 I70

4p 2 II9 I 799 I 317 0 180

38 - 4p 2 103 I 934 I 228 0 I50
1s -34 I1I73 I 3I0 I 123 0 370
7d T 202 I 287 T 47 0 364

25 - 3d I 740 I 160 I 950 0 640
94 I 3I5 I I33 I 495 0 760

s ~ 9 I 450 I I78 I 486 0 580
15 -~ ¢/ ~-I 3I3 I 188 -I 343 0 510
2s =~ 4f I 166 I 125 I 276 0 790
35 - 44 I 349 0 950 I 522 0 980
% - 35 115 -  I539 0 567 0 260
73 0 843 I 343 0 507 0 360
-y I 188 I 611 0 508 0 230
P - 3p I 826 III6 - 2Iss .0 780
7p - 1521 I It 1952 0 800

3p - gp I 902 I 121 2 I5T 0 760
p = 34 2 922 I 383 2 599 0 340
74 2 458 I 307 2 310 0 410

3~ 4 2 143 I 507 2 180 0 290
2 - 9Z I 684 I 262 I 583 0 450
2p - ¥ 2 149 I 141 2 213 0 720
3d - ¥5 0 274 I I24 0 436 0 790
3d ~ 4p I177 I 265 I 140 0 470
3 - 9d 2 I24 I 109 2 227 0 820

Ji - 9£ 3 I34 1308 2 883 0 430
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