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ABSTRACT

A necessary stability condition is obtained for an arbitrary system without
magnetic surface, and a sufficient condition for a system with isotropic pressure
and without parallel current. These two conditions tend toward the necessary and
sufficient condition for very small and very large B respectively. From this,
the critical p is evaluated in a magnetic well, showing the importance of the

transverse depth.

Translation prepared by
CULHAM LABORATORY TRANSLATIONS OFFICE

U.K.A.E.A, Research Group,
Culham Laboratory,

Nr. Abingdon,

Berks,

January, 1965 (C/18 MEA)



CONTENTS

NECESSARY STABILITY CONDITION FOR AN ARBITRARY SYSTEM
WITHOUT MAGNETIC SURFACES

SUFFICIENT STABILITY CONDITION FOR A SYSTEM WITH ISOTROPIC
PRESSURE AND WITHOUT PARALLEL CURRENT

EVALUATION OF THE CRITICAL B 1IN MAGNETIC WELLS

REFERENCES



According to established usage, p is the ratio of the plasma energy to the magnetic
energy; in general, £ will be defined as § = Max B(r), where [-}(F) is the ratio of

the energy densities at the point r ,

Necessary Stability Condition for an Arbitrary

System without Magnetic Surfaces.

In a stability theory to the first order in £ only strict interchange perturbations
Eéﬁ = VAN (EANE) = OJ are of importance. In the general case the consideration of these
special perturbations, which are permitted in a topology without magnetic surfaces, will

lead to a necessary stability condition, The expression for the Kruskal-Oberman func-

tional{” then is: |:we use <O z‘/‘ (dg/uli) X/[ (da/u")]
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In magnetic coordinates (g%, ¢) such that B = v¢*\Vp?, one has:

with
g:B ' aj<22+p.L> 3B
o | ) L il Ho 3iB 9;B
a’lJ—/B{aiJ_B alp”Bﬁ.,__._. +2p T B
o0 PL= Py
(£ 02)
APy =P, B BZ
;;+pj_—p“
0 [‘/BE-»p)
0iB 9 3iB iz
* MdEdv"@Fel:sza lﬁﬁﬁg__<VB']BT+uﬁ Bz\ o >
' Eg+pJ._p|ﬁ

= 1 =



The necessary stability condition is that, for each magnetic line of force 5. the

tensor qu(E) should be positive definite, namely:

~0?. .20
@,y to cz.22>0 and a,, @, Ao &

If we are not interested in having P, and P, in the above expression, the expression
for the necessary condition can be transformed (integration by parts in g : F = Fe) 3

one thus obtains a very simple expression which depends on the distribution function itself:

E
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Further, the expressions for the gradients of the particle number density N(3) on

a flux tube, and of the invariant J(3, ¢, v) are:
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This result, obtained for an arbitrary p, is formally identical to that obtained in

2
the small B theory("). Here, however, the relationship between (agde/de) and (95B/B)
(which comes into aéJ), that is, the relationship between the curvature of the magnetic

field lines and the gradient of B is influenced by the presence of the plasma,

In the limit of small £ it is shown(s) that the strict interchange perturbations
(6%5 = 0) lead to a necessary and sufficient stability condition. This theory is valid
for @ « 1. As p increases, the perturbations which minimize the functional azw[g, E]
may depart progressively from strict interchanges. Thus, the expression obtained by con—

sidering only these displacements yields a necessary stability condition which departs

progressively from the necessary and sufficient condition as @ increases.,

When the magnetic configuration is such that J (g5 v, 5) decreases towards the
exterior of the system, distributions with Fs/u,J < 0 make it possible simultaneously to
satisfy the necessary stability condition and the confinement condition [N(E) decreasing
outwards]. One observes further that as [(BZ/2p )+ péj increases toward the exterior of
the system, J(g, v, ) decreases in this direction, whatever the ratio v/e (by con-

sidering only the case where p, - p, < B2/u, i.e. excluding systems which are unstable

-2



to AlLfvén waves).

Sufficient Stability Condition for a System with

Isotropic Pressure and without Parallel Current

By decorposing the displacement vector Z into a component g, normal to the plane (7,B)
and a component Et lying in this plane, and after several integrations by parts, the

Kruskal—Oberman functional can be written in the following form: (putting u=v-p/|v- E|)
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For a system without parallel current (J” - 0) and with an isotropic distribution

(F, = 0) one has:
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Moreover, if the distribution is a decreasing function of e(FE S}o) a sufficient stability

condition is that at each point:

B2
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This result is analogous to that obtained by Hain, Lust and Schlﬁter(4). The functional

used is different and, in particular, we have not assumed that the most unstable perturba-

tions are incompressible.

Evaluation of the Critical P in Magnetic Wells.

The necessary stability condition yielded by considering interchanges is valid for any
system, and tends toward the necessary and sufficient condition as p becomes small. It

can be satisfied for a large group of distributions when Jleg, vy %) decreases outwards,

The sufficient stability condition based on the direction of curvature of the field



lines is valid for a system with an initially isotropic pressure, and tends toward the

necessary and sufficient condition as g becomes very large. Indecd, whilst it is known,

on the one hand, that for £ = (complete separation between gas and magnetic fTield by

an interface) the necessary and sufficient condition reduces to the sign of the curva-
(5)

ture i on the other hand, when tending toward this limiting case, the restrictions: J”

zero and E isotropic, tend to be always satislied.

The above conditions show that the sign of the curvaturce plays a dominant part in the
necessary and sufficient condition over the entire range of 8. By considering only systems
with moderate anisotropy, the critical f can be evaluated for a magnetic well, by requir—
ing that the radius of curvature of the magnepic field lines deformed by the presence of
the plasma, be directed towards the outside, that is, that the "total perpendicular pres—
sure" [(B%/2u,) + p, ! should have no maximum within the plasma. One thus arrives at the
following estimate: )
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é¢ indicates a transverse variation between the edge and the centre of the plasma. A

lower bound for f@. will be obtained by evaluating it for the initial vacuum field.

REFERENCES
1. KRUSKAL, M. and OBERMAN, C., Physics of Fluids, vol.1, 1958, p.275,

2. ANDREOLETTI, J., Compte Rendu Hébdomaire des Séances de 1'Academie des Sciences,
Paris, vol.256, 1963, p.1469 and vol.257, 1963, p.1033.

3. ANDREOLETTI, J., Compte Rendu Hébdomaire des Séances de 1'Academie des Sciences,
Paris, vol.256, 1963, p.1251,

4, HAIN, K., LGST, R., SCHLGTER, A., Zeitschrift fur Naturforschung, vol,12a, 1957,
p.833,

5. BERNSTEIN, I., FRIEMAN, E., KRUSKAL , M., KULSRUD, R. Proccedings of the Royal Socicty,
vol.A244, 1958, p.17.






Available from
HER MAJESTY'S STATIONERY OFFICE
York House, Kingsway, London W.C. 2
423 Oxford Street, London W, 1
13a Castle Street, Edinburgh 2
109 St. Mary Street, Cardiff
39 King Street, Manchester 2
50 Fairfax Street, Bristol 1
35 Smallbrook, Ringway, Birmingham 5
80 Chichester Street, Belfast
or through any bookseller,

Printed in England

5.0. Code No. 91-3-17-38



