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The dependence of confinement on input power for a tokamak plasma with regions
having a stiff temperature profile is explored. The resilience of the confinement of
the core energy to increasing power loss by core radiation from impurities in such
situations, as it is anticipated will be required in a demonstration fusion reactor
(DEMO) design, is examined.
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1. Introduction

With increasing power input the temperature profiles in a tokamak plasma may
well reach the threshold for the onset of ion or electron temperature gradient
instabilities, predicted to lead to the sudden onset of a high level of energy transport.
This essentially limits the gradient, a situation known as ‘stiff’ transport (Suttrop
et al. 1997; Dimits et al. 2000); i.e. the energy content only grows slowly, with
diminishing returns from further increases in the input power. Indeed, modelling of
energy confinement for the International Tokamak Experimental Reactor (ITER) being
constructed at Cadarache in France anticipates this will be the case (ITER Expert
Groups on Confinement and Confinement Modelling and Database 1999; Doyle et al.
2007) and limits temperature gradients to this threshold value, known as the critical
gradient. The plasma energy content is then simply calculated by assuming the
input power suffices to achieve this threshold temperature profile shape. Because this
criterion is in fact a condition on the logarithmic temperature gradient, the profile
depends critically on the edge temperature. The baseline operational mode planned for
ITER is the high confinement mode (H-mode) and this is given by the temperature
at the top of the edge transport barrier and is known as the ‘pedestal’ temperature.
However, as the input power increases towards the value needed for the fully stiff
situation, only limited parts of the temperature profile will achieve the threshold
value and the saturation of confinement with power is more gradual. A purpose of
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the present work is to explore this behaviour taking account of situations where
different parts of the profile first experience the onset of stiffness.

A remarkable experimental result reported by ASDEX Upgrade is that the energy
content of a discharge appears unchanged as the radiative losses increase (Ochoukov
et al. 2015). It has been proposed that this is a consequence of core transport being
stiff as the radiative power increases, which has been supported by some transport
modelling of burning plasma (Fable, Wenniger & Kemp 2017). This is of importance
for future fusion power plant designs (Kotschenreuther et al. 2007; Ward 2010; Lux
et al. 2015, 2016; Zohm et al. 2017; Zohm 2019a,b), where it appears necessary
to introduce impurities to deliberately radiate a fraction of the lost power to limit
damage from excessive heat fluxes on the surrounding structures. We also investigate
this further within the framework of our modelling above.

In general, determining the radial extent of the stiff profiles, using a transport code,
as the heating increases is a subtle calculation, the results depending on details of the
heating profile and the transport model. In this work we use a simple model for the
heating profile and consider several forms of the thermal diffusivity in the ‘non-stiff’
regions. In the stiff region we take the idealised limit of infinite thermal conductivity,
so that the temperature gradient is held at the critical value. This allows us to develop
analytic solutions, leading to an energy confinement scaling law that takes account of
stiff transport and impurity radiative losses and, furthermore, can be used to quantify
how much impurity radiation is permitted before the energy content starts to diminish.

As a first example, we assume that there is a net heating profile, P(r), that is
a constant, P, within a radius ry and zero beyond that (thus the total net power
is given by Py = 2w*PriR). The background thermal diffusivity, x, is taken to be
a constant in radius, xo. An edge boundary condition, T = T,, on the temperature
representing an edge pedestal value is invoked. The effect on the power dependence
of the energy confinement of including impurity radiative losses, Pgr,y iS accounted
for by considering the effect Pg,q has on reducing the input power for a given value
of the latter.

The effect of the onset of regions of stiff transport, characterised by a normalised
critical temperature gradient parameter, ¢ = ca/R (where the critical gradient is
given by dIn7/dr = —c/R), on the energy content of the plasma as a function of
a normalised net heating power parameter A = Pry/nxoT, is then calculated. Here,
n is the plasma density (taken to be constant in radius), R the major radius of the
tokamak and a the minor radius, which allows us to introduce a normalised minor
radius, p =r/a. This model is described in §2.

As mentioned above, the appearance of regions of stiff temperature profiles can
become quite complicated, even for the simple model described above. We shall
discover below that there are then two main cases to address: (i) ¢py > 1 (i.e. the
heating profile is not too peaked) and (ii) ¢py < 1 (i.e. a more peaked heating
profile), although this case actually splits into two sub-cases, (a) and (b), depending
on whether py > p, or py < p., respectively. Here, p, is a critical radius dependent
on ¢ that controls whether stiffness sets in first at the plasma edge (case (a)), or an
interior point (case (b)). These various situations are analysed in § 3. In §4 we extend
this model by assuming the thermal diffusivity is gyro-Bohm in nature, x oc T%/2. A
refinement, in which an additional, radially increasing factor is inserted into x in
order to be more realistic, is considered in appendix A.

This approach is reminiscent of earlier work exploring the impact on energy
confinement of the onset of ideal ballooning modes (Connor, Taylor & Turner 1984).

Using the results for the energy content as calculated for the various cases above,
we can obtain the energy confinement as a function of input power and infer the
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On energy confinement following the onset of ‘stiff’ transport 3

impact of radiative losses on the performance of the device. These results are
presented in § 5.

Finally, in §6 we summarise and discuss our results. Especially, we consider the
implications of our results for describing the variation of tokamak confinement with
heating power. Assessments of tokamak performance, particularly that of ITER, are
often based on simple power-like scaling laws for energy confinement as a function
of plasma and machine parameters, particularly input heating power, which do not
recognise the possible appearance of a different regime associated with the onset
of stiff behaviour. We propose a more complicated algebraic form for the energy
confinement that fits our numerical calculations.

2. A simple transport model

We describe the temperature profile by a simple transport equation

1d dr
—— | mxX—— :_PH+PRadE_Pa (21)
rdr dr

where Py is the input power density and Pg,q the radiative loss power density, so that
P is the net heating power density. We first consider n and x to be constant in 7,
while P is taken to be constant within a radius ry and zero outside

P=Py,, r<ry; P=0, r>ry. (2.2a,b)
Thus
dr 1 o
—_— = / Py dr, (2.3)
dr mxo Jo

becomes increasingly negative as one moves radially through the heating zone, though
that trend reverses beyond ry. Should the temperature profile reach a point where the
critical gradient condition
1dT ¢
Tdr R
with the number c in the range 4 to 6 (Dimits et al. 2000), is satisfied, the temperature
profile then becomes °‘stiff’ and (2.3) is replaced by (2.4). As we shall see below, this
equation may apply in two distinct radial regions.
To calculate the plasma energy content and confinement time, 7z, we define

, (2.4)

3 a 3 a a
W= n/ Trdr, tg=Wry/Pri==n / Trdr// P(r)rdr. (2.5a,b)
2 Jo 2 Jo 0

The total plasma energy and pedestal energy are given by

Wi =47°RW;  Wpeq =31°a’RnT,, (2.6a,b)
respectively.
We normalise T to T,, the edge temperature at r = a, introducing
T Pr? Pr,,
= p=r, A= —0 =gy (122 (2.7a—c)
T, a nxoT, Py
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so that (2.1) becomes

1d < dt> 2 28
——p— || =——. .
pdp \"dp 05

Condition (2.3) implies
1d
e (2.9a,b)
Tdp R

and W T,

W= 2 F(po. &) o= 255 F(po. 4.0). (2.10a,b)

Here, F(po, A, ¢) characterises the energy content as A varies, but can also be used
to yield the effects of varying the fraction of radiated power, y = Pr.q/Py, since the
effect of radiative losses appears through the definition for A in (2.7)

P 2
A=ly(1—y), dy= -0

. 2.11a,b
nXOTa ( . )

Thus, a change in the function F(py, A, ¢) as A reduces can be interpreted as
representing the effect of increasing radiative losses on tg. Interestingly, the
effective stiffness parameter, ¢, depends on aspect ratio, R/a, discriminating between
conventional aspect ratio devices and spherical tokamaks (STs).

3. Solutions for peaked heating profiles

To understand the significance of the various scenarios for the heating profile we
consider the condition on A for the onset of stiffness. Before the onset of stiffness,
the solution of the transport equation for the temperature profile is

Ap?
T=71 — Z—z 0<p<pg 3.1
and
A
rzl—ilnp, po<p<l. (3.2)

Matching results (3.1) and (3.2) at p = gy, we obtain

A A
r0=1+1—51np0. 3.3)

The onset condition for stiffness is given by (2.9). Substituting for t from (3.1) and
(3.2) and solving for A, we find

2" 2
A= > o , 0<p<p, 3.4
cp - 5 1
[,04‘ S TP <2 —lnp())}
and
2%
L po<p<l, (3.5)

“(I+éplnp)’
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FIGURE 1. Schematic diagrams showing the values of 1 when they reach a critical value
for the onset of a stiff temperature profile, as a function of plasma radius, p. (a) case (i);
(b) case (ii); sub-case a; and (c) case (ii) sub-case b. The dashed horizontal lines separate
the different zones of A used in calculating F, as defined in the text, leading to differing
numbers of intersections as A increases. The critical radius, p, is given later in (3.29).

where A. is the critical value of A for the onset of a stiff temperature profile at a
radius p. These match at p = p, of course. While solution (3.5) first increases inwards,
it has a maximum at p = 1/¢ < 1, so its lowest value may lie inside p = 1/¢ if
¢po < 1. In fact, this situation gives rise to two possibilities, as will be discussed later.
Both solutions (3.4) and (3.5) suggest infinite values of A. may be needed at some
radii, but since parts of the profile will already be stiff by the time these values are
approached, these are spurious: these two solutions only pertain to the first onset of
stiffness and are only used below to understand where this first happens. Following
the onset of stiffness, the right-hand sides of (3.4) and (3.5) are modified as described
below. As we will see, two main cases emerge: case (i) for ¢py > 1 and case (ii)
for ¢po < 1, with the second dividing into two sub-cases, (iia) and (iib), depending
on where po lies relative to another critical radius, p,, to be defined below. These
three scenarios are shown in figure 1(a—c), where the values of A. for the onset of
the critical gradients are plotted against p.

(1) Case cpy > 1
In this case stiffness moves steadily inwards from p =1 where the critical gradient
condition is first satisfied. This occurs when
=20 =2¢. (3.6)
Thereafter, the onset of the stiff profile
r=e" 3.7)
occurs at p = p;(¢, 1), where p; is given by

A=2¢p =P (3.8)
and steadily migrates inward as A increases, since the condition (3.8) implies
~ . dp (-
26(1 — o)) me T =1, (3.9)
so that dp,/dA <0 for case (i).
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First considering the situation py < p;, we match the solutions (3.2) and (3.7) at
p =p; and (3.1) and (3.2), which is now modified by the stiff region, at p = py to

obtain
T = 4 g {ln (,IZ:)) + ;] - jz; 0 < Po, (3.10)
r:ea('_"‘>+ﬁln <p1> ., Po<p<pr (3.11)
2 P
and
7=l pr<p<l. (3.12)

(In general, when we mention matching to the transport solution, equation (3.2), it
may be modified by the imposition of a new outer boundary condition due to the
intervention of a stiff region.)

Next, we consider the case p; < py when matching to (3.1) to (3.7) yields a modified
equation for p,

P1

A= =2¢ppet =, (3.13)
Po
together with
é(1—p1) A, 2
T=¢ +-—@@ —p), O<p<p (3.14)
45
and
=077 p<p<l. (3.15)
Equation (3.13) implies
n ~ dp; o1 /02
) 1 et = 2L 3.16
cor(l+cpr) e pe (3.16)

again ensuring dp,/d4 <0, so that p, continues to migrate inwards.

The expressions (3.1)—(3.3), (3.10)—(3.12), (3.14) and (3.15) for 7 can be used to
calculate the function F(A, ¢, pg) characterising the plasma energy. It takes different
forms, dependent on A. It is useful to define several integrals that arise in calculating
the various contributions to the plasma energy

ob
F(pu,pb)=2/ pTdp. (3.17)

Pa
Thus, we have F;(p,, p»), where

b

Pb
Fo(pa,pb)=2/ pdp; Fl(pa,pb)=2/ plnpdp;

o s ton (3.18)
Fz(pu,pb)=2/ —dp;  F3(pa pb)=2/ e pdp.
Pa 0 Pa
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On energy confinement following the onset of 'stiff’ transport
Specifically,
Fo(pas p5) = (05 — 02,
Fi(pos i) = (i (In gy — 1) = pi(In p, = 1)

Fy(pa, p) = %(pﬁ — P,
20

2 L A e
F3(0as pp) = 5 [(1+2p)e ™ — (1 +2pp)e ™).

For 1 <A =2¢,

A A A A
F= <1 +-—=In Po) Fy (0, po) — ZFZ(Oa Po) + Fo(po, 1) — EFl (0o, ),

4 2
so that

A\ )
F=(14+>) -2,
(1+3)-5

For AV < 1 < AP = 2¢pyet=0),

. A 1 A
F =404 2 n (20) 4 2| L0, po) — SFa(0, po)
2 o) 2 4

fam g 4 F, _Ar F5(p1, 1
+ <¢ +2 n(py) ¢ Fo(po, p1) 2 1(00, p1) + F3(p1, 1),

so that

N 1+¢ 2 2(1+¢ A 2
Fzzec(l—pl) |:( +c101)+p1:| _ ( +C)+Z |:p12_p0:| ,

& 2 & 2
where p; is given by
A=2¢pe=r0,

For A% < A,

d-p 4 AP A
F=le +ﬁ Fo(0, p1) — —F2(0, p1) + F3(p1, 1),
0o 4
leading to
: 1+¢ 2 2(1 +¢ Apt
0
where p; is now given by
/l& :26’,0062'(1_”‘).
Po

Equation (3.13) implies

~ . dp ,012
—2¢0pi(1+epp)— =51
copi( cp1) a1 ,03

again ensuring dp;/d4 <0, so that p; continues to migrate inwards.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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FIGURE 2. The variation of p, with ¢; it is compared with py =0.3 as an example.

(ii) Case cpg <1
In this case, for each value of A the onset of stiffness as given by (3.5), is satisfied
at two separate values of p, say p; and p, — provided py < p,, as (3.5) only applies
then. Since the critical value of A for the appearance of p; inside the plasma is 2c,
equation (3.5) implies that the corresponding value of p,, which we denote by p,, is
given by
p«(€) = (1 +Cp.In p,). (3.29)

Figure 2 shows p, as a function of ¢ which can be compared with py (0o = 0.3 is
shown for comparison, as an example).

Thus, if pg > p, stiffness first sets in at p = 1, while if py < p,, it begins at an
interior point. We thus define two sub-cases - (a): po > p, and (b): pg < ps.

Sub-case (a): py > p-

As before, stiffness onsets at p =1 when 1 =2¢ = A" and solution (3.7) for 7
holds for p > p;, where p; satisfies condition (3.8) for a given A > /lff). For smaller
values of p, T is given by (3.11). However, for 4 > A", solution (3.11) will satisfy

the condition for the onset of stiffness at a second point, p,, given by

26-[0265(1—/)1)
/l == ~ )
(1 +cpsIn(p2/p1))

provided p, > py, of course. (Equation (3.30) is the modified form of (3.5), mentioned
earlier.) Equation (3.8) for p; then implies a relationship between and p; and p,

02 =01 (1 +¢prln (?)) . (3.31)
1

The expression (3.30) has a maximum when p = p; = p, = 1/¢ and differentiation of
relation (3.31) shows that, because ¢p, < 1 and ¢p; > 1, p, moves outwards towards
p=1/¢, as p; moves inwards towards the same point. The condition p, = p, defines

(3.30)
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P1» a corresponding value for p;, from (3.31) and a critical value 2% for A from the
relationship (3.19)

A8 =2¢p,ef07P0, (3.32)

po=D7, <1 +époln (Z")) (3.33)
1

Thus as A increases there is a first onset of stiffness at p =1 when 1=2¢=4"; when
A> A9 there is a stiff region between py and p,, with the region p, < p < p; being
governed by the transport solution (3.11). The stiff region between p, and p, extends
into the region p < py as far as a radius ps;, which will be calculated below for each
relevant range of A.

This situation prevails until A reaches the value at the maximum of (3.30) at p =
p1 = py = 1/¢, namely

where

AW =2e*!, (3.34)
Finally, for 2> A%, the profile is stiff as far in as p = ps.
Consequently, for 41 <2¢=a", t is given by (3.1)—(3.2) again.
For AV <1 <A, we again have 7 given by (3.10)-(3.12).
For 2% <A1 <a¥,

t=e79; p<p<l, (3.35)

as in (3.7), but solution (3.11) now has a restricted range

. A
T =¢l-r) 4 > In <[;1> i< p<prp. (3.36)

Matching a stiff solution at ¢ =, to solution (3.36) we have

Y /1 Py
T =efl-Ptm=r) 4 5 In (pl> e PP py < p < py. (3.37)
P2

The radius p; is set by the onset of stiffness in the region p < py. Matching the stiff
solution (3.37) to the transport solution defined by (3.1)—(3.2) leads to an equation for
03

i . A .
A0 =2Cpo [e6(101+pzp3) +Z1n ('01) eC(pzp3):| (3.38)
Po 2 02

and an expression for t

. ﬂ. . /1 2 52
r = ec=pr+m—p3) +=1In (/)1> efr2=p3) + 7M’ p < ps. (3.39)
2 P2 4 Po

Finally, for A% < A, the profile is stiff as far in as p = p;, with p; now relabelling p,
in condition (3.13)

Pl .
203 e et (3.40)

Po

so that A
r=e 7P py<p<l1 (3.41)
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and 5 R
. A —
= ec(lfm) + = ('03 2'0*) , P < P3. (342)
4 Po
It remains to calculate the corresponding function F.
For 1 <AV =2¢ it is again given by expression (3.21);
For 2" <1 <A by the result (3.23);
For A% <A< A®, we have, using (3.35)—(3.37) and (3.39) for T,

. 2 2
F = F5(p, 1)+ (" + 3 InGe)Fo(p2, p1) = SFi(pa, p1)

R A ¢
+ |:eC(p2—p1) + 5 In <'01> ec(’oz_l):| F3(/03, /02)

1%)
A A : A3
+ |:ec(l—/01+02—03) + E In ('01) 60(02—93) + 1032:| FQ(O, ,03)
P2 4 P
A
— ZFZ(Oa 03), (3.43)

with A =22p,e“", py = 0i(1 + ¢py In(pa/p1)), and Aps/py = 2¢pg[e?—P1Hr27r) 4
(1/2) In(p; /p,)eP>=*3)], which reduces to

P 2
F = 2ei(—p1+p2=p3) [(1 +2p3) + ’03}

c? 2
2 2 A A ~
caopn |PT P (I4+cp)  (T+cp) 2(14+¢) A , 5
+23 o |:2—2 2‘2 — 6‘2 - 6‘2 +Z(p1 _p2)
Aps . 14+¢ 2 1+¢ 2
+ L; +Aln & 66(02—03) (—ticpﬁ + & _ (—ticpZ) _ & . (344)
805 02 ¢? 2 c? 2
Finally, for 2% < A, using (3.41) and (3.42) for t,
. A2 A
F=Fs(ps, 1)+ (GC(I_M) + 4232> Fy(0, p3) — ZFz(O» 03), (3.45)
0

with p; now given by Ap3/py = 2¢pee’! =", so that

(3.46)

c? 2 ¢

A 2 ~ 4
F=oeitoeo |00 Pyl 2040, Aoy
c 800

Sub-case (b): pg < px
In this case the onset of stiffness occurs at the internal point py and as A increases

beyond this critical value, a stiff region, p; < p < p3;, opens out around p, before

the onset of stiffness at p; = 1. Further increases in A lead to a similar evolution to

that in sub-case (a); the transport-controlled region between p, and p; shrinking and

eventually disappearing, with a stiff profile covering the entire region p; < p < 1.
According to (3.5) the onset of stiffness at p = py occurs when

PRPIC I 1.

©—_ (3.47)
(1 + cpo In po)
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On energy confinement following the onset of ‘stiff’ transport 11

As A increases beyond A%, the outer limit of stiffness, p,, is determined by matching
a stiff solution to the transport-controlled solution (3.2),

A
t:l—ilnp, p<p<l, (3.48)

yielding the equation
B 2¢p)
(1+¢pyInpy)’

The form of the stiff solution within p; < p < p,, is obtained by matching it to the
solution (3.48) at p = p,

(3.49)

A .
T = (1 —5 ln(p2)> e“@=  pr<p<p,. (3.50)

This can then be matched to solution (3.1) at p = p; to determine 7, and hence the
form of t, which then provides an equation for p; by imposing the stiffness condition.

We find ) )
R A A -
T = ef(P2=p3) <1 _ = ln(p2)> + ,('0372'0)’ 0 <3 (3.51)
2 4 p
and that p; is determined by
A s A
P 2¢poet PPy (1 - = ln(p2)> ) (3.52)
Po 2

When A=A" there is the onset of stiffness at p =1, so that, as in (3.35) and (3.36),

=077, p<p<l, (3.53)

where p; is given by (3.8), and

N A
T =l 4 > In (Z‘) D P <p<pr. (3.54)

This modifies (3.49) for g,(1), which becomes

zapzeﬁ(l—pl)

A= — . (3.55)
(I +cp2In(p2/p1))
The stiff solution (3.50) is also modified
N R P2 &p2—p)
T=|e —gln —= e , 03 <p <P, (3.56)
P1

as are the results (3.51) and (3.52)

')
7 =eflU-mtm—p) _ %ln ('02) ety 4 A —p) ), 0 <Pz (3.57)

P1 4 0%
and A A
AP3 =2¢py |:ef‘(1—01+/02—p3) —ZIn ('02> ei‘(pz—m)] . (3.58)
Po 2 P1
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12 J. W, Connor, R. J. Hastie and K. Richards

Finally, when A > A'Y), the stiff region stretches inwards as far as p;
=077 py<p<l, (3.59)

with p; now given by (3.40).

Again matching (3.59) to solution (3.1) determines 7, and hence t for the region
P <pPs3
A(p3 — p?)

7, . 3.60
e P <p3 (3.60)
It remains to calculate the corresponding functions F.

For 1 < A9, result (3.21) still holds.

For 19 <A1 < AY we use (3.48), (3.50) and (3.51) to obtain

r = et=p3) + =

A . A
F = Fy(p2, 1) — EFl (02, 1) 4707 (1 -3 111(,02)> F3(ps, p2)
Sor—pn) A LAn A
+ |e 71— = 1n(py) = | Fo(0, p3) — *Fz(() 03), (3.61)
2 4 I
0

with 1=2¢p,/(1 +¢p, In py) and Aps/py = 2¢00e°?> (1 — (1/2) In(p,)), so that

A Ap3 . 1+c¢ 2 1+4¢
F = <1+4) (1_p§)+iz+2 |:eC(pzp3) <(-|:C,O3)+,023> _(_':C'OZ):|
Po

c? c?

A A 2
— Aln(py) [eé(pzps) <(12;"m 4 '03> _ <(1_‘:C'02) + '022>] . (3.62)

2 c?

For AV < 1 < A® we have, taking account of results (3.53), (3.54), (3.56) and
(3.57),

. 2 A
F = Fi(p;, 1)+ [ec("") +5 ln(pl)] Fo(oz, p1) = SF1(p2 p1)

R A ¢
+ |:ec(191) -3 In <22>:| efc(liQZ)F3(Q37 02)
1

: A : A3
+ [ec(1p1+pzﬂ3) —ZIn <'02> eC(PZ*p-*) + '032] Fo((), ,03)
2 Q1 4 IOO

A
LR, ), (3.63)

with A= 2¢p,e?1™"0, 1 =2¢p,/(1 + &py In(p2/p1)) and Aps/py = 2Epple”! 71771 —
(1/2) In(p,/p1)eP>=*3)], which reduces to

2(1 +2') /1103 c(l—p1+ ) (1 +8,03) 1032

F— o +82+ (pl_p2)+26 e T‘f‘?
ooy | (A4+E01) | pf (L4+Ep)  p3
ett-on |LTEPD  pr HEL) P
e 2 2 2 2

A 1+¢ 2 1+¢ 2
—Aln (/02> |:ec(pz—,03) ((_{:;’03) + /O3> — ((_{:;’02) + 102>:| . (3'64)
P1 C 2 C 2
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On energy confinement following the onset of ‘stiff’ transport 13
Finally, for 2 < A, using results (3.59) and (3.60), we obtain

Ap A
F=F;(p3, 1)+ [ f=p) 4 = 1 } Fy(0, p3) — FZ(Oa 03), (3.65)

po

with Ap3/po = 2¢pee’ =", which yields

(3.66)

A 2 4
Fzzeé(lfm) |:(1 +¢p3) + ’O3:| 21+ C) + /lﬁ

2 2| T2 T

4. A gyro-Bohm model

A more realistic model for the basic diffusivity is gyro-Bohm, which has a
temperature dependence x ~ T°/2. With this form the transport equation (2.1) can still
be readily integrated, but for the function u = t°/2, rather than 7 itself. The structure
of the results for u are identical to those for t if we make the replacements

A= A1=51/2; ¢—c=5¢/2. (4.1a,b)

Here A is now defined with xy — x. = x(r = a). u satisfies the same stiffness
condition as t when expressed in terms of ¢. However, the integrals involved in the
normalised plasma energy function F must be expressed in terms of T = u?°, which
is a complication. The fact that ¢ is significantly greater than ¢ means that physically
sensible values for ¢ correspond to ¢py > 1, i.e. generally we need only consider the
results for case (i).

The expressions for u can be used to construct the normalised plasma energy
content, F, for this gyro-Bohm model:

1
F(A,¢, py) =2 / o™ (p, ¢, po) dp. (4.2)
0
We define f’,,

Pa
Fy(uo, pa> b) = 2/ 0o — bp*)*>dp
0

5
= %[u”5 (o — bo2)'"1, 4.3)
Pb
Fy(pas pp, u1, d) = 2/ o(u; —dlIn p)**dp 4.4)
Pa

a\*"’ 7 2u 72
_ (2) g2 /d [r (5 7—1 ) F(S, ;’1 lnpb>] (4.5)

Pb R
Ba(pas o) = 2 / 1 dp
pﬂ

and

2 . .
= S +2p)e = — (14 2p)e )], (4.6)
C
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For 1<, =2z

. pl . pl
F=F, <1+—1nQo,Po, 2>+F2 <,00,1, ), 4.7)
4p; 2

20,03 1+j Zl 7/5 | zl 7/5
= ———=In —|1—=In
4 ) Qo ) Qo
+ AN NIr (2 (T.4 (4.8)
— ex , =) — —, =—2In ; .
4 P73 5°2 5°2 Qo

71
i
2

A —1_ 1 01 1 Z
Fy(e= 4+~ (In|=— =), 00— |, 4.9
(e (@) ) mag) e
leading to

7/5 775
2010(% c(1— Q1 1 = A 01
F = 2 c(l=p1) 1 = _ _ [ ef0-o0 4 T
7 e + n o + > e + 7 n
-\ 2/5
A 2 7 2 7 2
w(5) Aee(@) [ Ga)-r Gaeon(@)]
4 451 5 co 5 coi
" 1+¢ 2(14+¢
+2ec(1—p1)( —tfgl) X A—zi- C)‘ 4.10)
c c

I
SRR

so that

F =

=) = =
for 1) <1<

7 7. c(1—p1) Z
F = F(p1, )+ F> | po,p1,€ +Ean1,

~

\S)

Here, we recall ¢ =2¢/5 is to be used in the last term and where p; is given by

(4.11)
For 1> 1. we have
F=ﬁ(,0 1)_|_}A7 eE(lfpl)_{_M P l 4.12)
3 1, 1 4[05’ 1 4[03 ) .
with the result
2 5 o\ /5
Fo= 2000 | (eaon L APLY T comma-
7 402
R 1+¢ 2(14¢
f it (LT E0D 21D (4.13)
¢ ¢

where p; is now given by

128 = 2z ppett=r, (4.14)
Po
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On energy confinement following the onset of ‘stiff’ transport 15

1.0 —— Case (ii)(b): 0o < L, po < p2c 6=1.375 pp=0.33
Case (ii)(a): ¢po <1, po > p2c ¢=1.375 po=0.66
0.81 / —— Case (i): Gpo > 1 ¢=1.375 pp=1.00
—— Case (ii)(a): ¢po < 1, po > p2c ¢=2.750 pp=0.33
LLB 0.6 1 —— Case (i): ¢po>1 ¢=2.750 pp =0.66
= —— Case (i): ¢po>1 ¢=2.750 pp =1.00
Case (i): ¢po>1 ¢=4.125 py=0.33
0.4 —— Case (i): épp > 1 6=4.125 po = 0.66
Case (i): ¢po > 1 ¢=4.125 py = 1.00

0.2 1

0 2 1 6 8 10
A/2¢

FIGURE 3. The variation of the function F (/Al, €, po), normalised to the asymptotic value,
F,, characterising the plasma energy content, for the constant x case, as a function of
A/2¢, representing the power dependence. py = 0.33, 0.66 and 1.0, ranging from more
centrally localised heating to being constant in radius. ¢ =1.375, 2.75 and 4.125 covering
the range of critical gradients and aspect ratios from conventional tokamaks to spherical
tokamaks.

In the above, I'(a, b) = fboo e 't*dt is the incomplete gamma function (Abramowitz &
Stegun 1972).

This simple gyro-Bohm model suffers from having a thermal diffusivity that
decreases radially outwards, whereas experiment suggests otherwise. To remedy this,
we have modified the above analysis by including an additional, radially increasing,
factor so that x ~ (1 +ap?)t*/?, with @ ~0(1), a constant. This analysis is described
in appendix A.

5. Confinement results

For both models it is useful to plot the various functions F(4,¢, py) (or F(A,¢, po)),
normalised to the ‘fully stiff’ limit F,.(¢) (or F4(c)), attained as A — oo, against
A=2/2" (or A=12/A.), i.e. A normalised to the relevant critical value, A" = 2¢, or
1V =2z

The quantity F, follows from taking the limit p; (or ps, as appropriate) — 0. This
leads to

2 20149

o —

= = (5.1)
which is a rapidly increasing function of ¢. The results for the functions F are shown
in figure 3 for the constant ¥ model and in figure 4 for the gyro-Bohm one, covering
a range of relevant values of ¢ and p,. For these we choose py=0.33, 0.66 and 1.0,
ranging from a more centrally localised heating profile to one that is constant in radius.
Since we expect ¢ =4-6 and the inverse aspect ratio, a/R, to typically range from 0.3
for conventional tokamaks to 0.6 for STs, we select ¢ =1.375, 2.75 and 4.125 as being
representative. This corresponds to ¢ = 3.438, 6.875 and 10.313. For the constant yx
model this involves all three cases: (i), (iia) and (iib), while for the gyro-Bohm model
only case (i) is needed for such plausible values of ¢ and p, (although central heating
by ECRH might involve the other two cases).

It is interesting to consider the special case of centrally localised heating, such
as central electron cyclotron heating (ECRH), and investigate the limit of py — O.
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1.0 7 —— (=3.438po = 0.33

6=3.438 po=0.66

0.8 1 —— ¢=3.438 p =1.00

—— ¢=6.875po = 0.33

& 0.6 1 —— 6=6.875p)=0.66

= —— ¢=6.875po =1.00
6=10.312 po = 0.33
0.4 —— 6=10.312 po = 0.66
6=10.312 po = 1.00

0.2
0 5 10 15 20 25 30
ine

FIGURE 4. As for figure 3, but for the gyro-Bohm model and in terms of A, with the
corresponding values ¢ =3.438, 6.875 and 10.313.

L — Case (i): 6po > 1 £=1.375 po = 1.00
Case (i): ¢po>1 ¢=1.375 pp=0.90

0.9 —— Case (i): ¢pp>1 ¢=1.375 pp=0.80
—— Case (ii)(a): épo <1, po > pac ¢=1.375 po=0.70

0.8 —— Case (ii)(a): ¢oo <1, po > p2¢ ¢=1.375 po=0.60
—— Case (ii)(b): ¢po < 1, po < P2c ¢=1.375 po=0.50

Case (ii)(b): ¢po < 1, po < Pac ¢=1.375 po=0.40

0.71 —— Case (ii)(b): épo <1, o < pac é=1.375 po = 0.30
Case (ii)(b): oo < 1, po < P2c ¢=1.375 po=0.20

0.6 1 —— Case (ii)(b): ¢po <1, po < P2c ¢=1.375pp=0.10

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 —— Case (ii)(b): €po <1, po < p2c ¢=1.375 pp=0.01
Al2¢

F/F,

FIGURE 5. The convergence of F (A, ¢, po) to an asymptotic form for a sequence of values
of p, approaching zero (pg=1.0 — 0.01) for the constant y model with ¢ =1.375.

Figure 5 shows the results for a sequence p, = 0.01 to 1.0 for the constant y case
and ¢ =1.375.

The impact of the modified gyro-Bohm model described in appendix A on the
function F is presented in figure 6 for py = 0.45 and ¢ = 6.875, with the x profile
parameter taking the values o = 1 and 2; the simple gyro-Bohm (o« = 0) and the
constant x (with the same value of ¢) models are shown for comparison; this also
allows a direct comparison of the two basic models.

It is also illuminating to plot how p;, p, and p; (where appropriate) migrate as A
increases, as shown in figures 7(a) to 7(c) for some typical situations from cases (i),
(iia) and (iib), respectively. These results indicate how the onset of stiffness develops
as the net heating power increases and the stored plasma energy eventually saturates.

To investigate the effect of radiative losses, we have calculated y, the fractional
reduction in A, before F falls to 90 % of its value, as a function of Ay, corresponding
to the additional heating power, Py, as defined in (2.11). From (2.11) this value of y
can be interpreted as the fraction of impurity radiative power, Praqg, to Py (at constant
Py), that is allowed before the plasma energy is significantly reduced. This is plotted
as a function of the normalised heating power, Ay, in figure 8 for the gyro-Bohm
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1.0 F----—= -
0.9 A
0.8
58 0.7 1
0.6 1 .
—— €=6.875pp=0.45 a=0.0
0.5 A ¢=6.875p9=0.45 a=1
0.4 —— €=6.875p9p=0.45 a=2
. —— ¢=2.750 pg=0.45 constant y
03 B T T T T T T
0 20 40 60 80 100

AI2¢€ (A/26)

FIGURE 6. The effect of the x profile parameter, o, of the improved gyro-Bohm model
on the plasma energy content F' for pp=0.45 and ¢=6.875 with o« =1, and 2. The simple
gyro-Bohm case (¢ =0) and the constant x case (for the same value of c) are shown for
comparison.

model and representative values of ¢ and py (¢ =3.438, 6.875 and 10.132 with py =
0.33 and 0.66).

These results indicate how the onset of stiffness develops as the net heating power
increases and rate at which the stored plasma energy eventually saturates. Given the
results for F, one could also infer how a normalised energy confinement time, Tg rag =
F((Ag(1 — y)))/Au, (or just F((Ag(1 — y)))) varies with Ay, indicating the variation
with net heating power, P, and with y, showing the impact of impurity radiative losses.
In the absence of radiative losses, so that y =0, this provides the basic normalised
confinement time of course. However, here, we only illustrate these effects for F itself,
as shown in figure 9 for the gyro-Bohm transport model. The parameters chosen are
¢=06.875 and y =0, 0.25, 0.5, 0.75 and 0.9. Figure 9(a) is the case p, = 0.33 and
figure 9(b) is py = 0.66.

6. Discussion and conclusions

We have explored the effect of the onset of stiff temperature profiles on the plasma
energy and energy confinement time as the net heating power, i.e. the difference
between the applied heating power and the radiated power, increases and deduced
how impurity radiation energy losses affect these results.

Two models for transport in any diffusive regions of the radial profile are
considered: constant xy and gyro-Bohm, though a modified gyro-Bohm model which
incorporates an additional radial profile factor is discussed in appendix A; density
is taken to be constant in radius, r. The net heating profile is ‘box-like’: constant
for r < ry and zero beyond (gg =ry/a =0.33, 0.66, 1.0 are taken as representative of
more or less localised heating, respectively; for the case of central ECRH, it may be
narrower of course, and is investigated separately). An edge pedestal temperature is
taken.

The condition for the onset of stiffness in the temperature profile is given by
dInT/dr = —c/R, where typically ¢ ~ 4-6. For the constant x case this leads to
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0 1 2 3 4 5
A/2¢
Al AZAZ
®) ]
1.0 -— 0
0.8 o
. —_— M
0.6 P2
a Y — pP3
0.4
0.2 1
0 1 2 3 4 5
Al2¢
A2 A; A2
(¢) 1.0+ -— o
0.8 1
o 0.6
0.4 1
0.2 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Af2¢

FIGURE 7. The evolution of p1,2,3(;1), the radii where the transitions to ‘stiff’ transport
occur, as functions of the parameter A, representing the net heating power for the case
of a constant thermal diffusivity. (a) py=0.6, ¢ =2.75 represents case (i); (b) po = 0.25,
¢=2.75 represents case (iia); (¢) po=0.3, ¢ =1.75 represents case (iib).
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oo —— 6=3.438p9=0.33
' ¢=3.438 py = 0.66
0.8 1 —— G=6.875p9=0.33
o —— 6=6.875py = 0.66
‘ —— 6=10312p9=0.33
= 0.6+ —— ¢=10.312 po = 0.66
0.5 1
0.4 /
0.3 1
5 10 15 20 25 30
Anl2¢

FIGURE 8. Allowed fraction of impurity radiative power, y = Pg,q/Py before plasma
energy content F(1, ¢, po) falls to 90 % of its value as a function of Ay, which corresponds
to the heating power Py, in the case of the gyro-Bohm model: py =0.33 and py = 0.66,
with ¢ =3.438, 6.875 and 10.312.

a more useful normalised parameter, ¢ = ca/R; for the gyro-Bohm case this is replaced
by ¢ =5ca/2R. We can expect ¢ to range from approximately 4/3 to 4 as a/R ranges
from 2/3 for an ST to 1/3 for a more conventional tokamak; correspondingly ¢ ranges
from approximately 10/3 to 10 for the gyro-Bohm model. For a given theoretically
predicted value of ¢, the normalised ¢ is larger for STs. Thus, the normalised critical
gradient is greater and, provided the pedestal temperature values are similar, we see
STs are more resilient to the onset of stiff profiles than conventional aspect ratio
devices of the same minor radius.

We have considered how the plasma energy content varies as the heating power
increases. We have defined a quantity F, the normalised plasma energy, which is
Wi = 67°R [, nTrdr relative to the pedestal energy, Wpeq = 3n°nT,Ra*. The net
heating power is parametrised by a quantity A= Pri/nxoT, (or 1="5nPr}/2nx,T, for
the gyro-Bohm case). To interpret this more physically, we can re-write A in terms of
macroscopic quantities

. éP Tot TCond

A=
2 Wpeq

; (6.1)

where Pr, is the total net heating power (i.e. subtracting the total core radiation loss
power) and Tcona =a’/xo (or a*/x, for the gyro-Bohm model, where A is replaced by
A) is a confinement time corresponding to the thermal conduction mechanism.

We have explored how the function F responds to A or A, as appropriate. In fact,
to unify the results on a single plot, it is useful to consider "= F/F,,, where F,, =
2e¢/¢2 — 2(1 + ¢)/¢2, the value of F as 1 — oo, as a function of 1 = £/28; here,
the onset of stiffness at thg plasma edge corresponds to A=1. Note 1 =21, at given

values of P and ¢, where A, is the corresponding quantity for the gyro-Bohm model,
so the same scale can be used to compare the dependence on net heating power. The
functions F' are parametrised by p, and ¢ (or ¢, as is appropriate to the gyro-Bohm
model). Furthermore, they take different forms for poc > 1 (case (i)) or po¢ < 1 (case
(i1)). In fact, case (ii) sub-divides according as to whether py > p,(¢) (sub-case (a))
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Anf26

FIGURE 9. The effect of the impurity radiation fraction, y = Pr,g/Py, on the normalised
energy content, F(4,C, py), with Ay, representing the heating power, Py, and 1= Ay(1 —y)
representing the net heating allowing for impurity radiation, for the gyro-Bohm model with
¢=06.875 and y =0,0.2,0.7 and 0.9 for: (a) po=0.33 and (b) py=0.66.

or py < p.(¢) (sub-case (b)), as explained in figure 1; p.(¢) as a function of ¢ is
shown in figure 2. These cases correspond to different regions experiencing the onset
of stiffness. In case (i) this begins at the plasma edge, in case (iia), a second, interior,
region subsequently emerges about p,, whereas in case (iib) it appears there first.

Results for F(¢, py, 1) are presented in figure 3 for the constant y model
and in figure 4 for the gyro-Bohm one (with appropriate re-definitions), for a
physically reasonable range of the parameters. For the constant x model this involves
encountering all three cases, whereas for the gyro-Bohm model, only case (i) generally
occurs. The result of allowing py < 1, relevant to central ECRH, is shown in figure 5
for the constant x model. Figure 6 shows the impact of the profile parameter «
of the improved gyro-Bohm model, described in appendix A, on the plasma energy
content (note that this plot is for F/F.; F itself is proportional to a further factor
(1 + «)). Increasing o (i.e. broadening the x profile) makes the onset of stiffness
progressively somewhat smoother than the simple gyro-Bohm case; the constant y
case (for the equivalent value of c) is sharper than the simple gyro-Bohm.

For the constant y model, we show in figure 7(a—c) how the regions of stiffness
(defined by up to three transition radii, p;, p, and p3) evolve in relation to p, for
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representative values of ¢ and py. Here, p; represents the onset of a stiff region at the
edge, while p, and p; define the limits of an interior stiff region. As the input power
increases, i.e. A increases, p; (or ps if appropriate) approaches zero asymptotically, so
that F — F, corresponding to a completely stiff profile. At low values of A, before
stiffness sets in, F' takes the value unity, corresponding to the pedestal energy value,
plus a linear dependence on A for the constant y model, before saturation eventually
sets in, whereas for the gyro-Bohm model, it has a more complex dependence: linear
in A at first, increasing as A%*° at larger A, before saturation starts to occur. The
stiffness onset, which occurs when A=2¢ (or 1=2¢) is also more gradual for the gyro-
Bohm model. However, the variation of F with A1 at the onset of stiffness becomes
sharper as the heating becomes more localised. This is emphasised by allowing py —
0; figure 5 shows how the onset of stiffness becomes sharper and sharper, approaching
an asymptotic limit.
One can also define a normalised energy confinement time, Tz. Since

W A
5 = —LF(A, ¢, 00). (6.2)
PH,Tot

where Py 1, is the total heating power rather than the net total power, equation (6.1)
implies t5(dy) = 3tcodF' (A, ¢, 00)/2dy, where Ay represents just the applied
heating power. (We use the symbol Py, rather than Pr,, to emphasise we are
comparing situations with and without radiative energy losses.) Thus, we define
T5(Ay) = F(A, ¢, 09)/Aq. If no impurity radiation is present, so that 1 = Ay, g
represents the normal confinement time. It is in fact clearer to show just F (A4, ¢, 0o);
examples for the more realistic gyro-Bohm transport model are illustrated in figure 9,
where the y = 0 case (Y = Araa/An) shows the power dependence of the plasma
energy content predicted by the modelling. For the energy confinement time itself,
this case reflects the effects of diffusive transport at intermediate values of Ay leading
to a /153/ > power dependence, as anticipated for gyro-Bohm transport, with a sharper
inverse power dependence as stiffness sets in, eventually varying like 1/Ay.

The pedestal energy may also have some power dependence, but we only make
some brief comments on that here. The pedestal energy appears to increase with
higher values of Bp,, the poloidal beta (Chapman ef al. 2015; Connor, Ham & Hastie
2016); indeed a scaling Tpeg X /3%12 was found (Kirk er al. 2009; Maggi et al. 2017).
This would imply W o< F2, but the situation may well be more complex.

The results for F(A, ¢, 0g) can also be used to infer the effect of Pr,y on the
plasma energy and confinement. For a given level of heating power, Py, introducing
the impurity radiative losses can be expected to diminish the plasma energy. The
amount can be quantified by seeing the effect on F(4, ¢, 0y) by reducing A from Ay
(defined in terms of just Py) to Ax(l — Pr.g/Py) at constant Ay. To be precise, we
consider what reduction in A from Ay to A, say, reduces F(4, ¢, go) by 90% as a
function of A= Ay. The quantity §4= Ay — A, then represents Ar,g = 3PradTcond/2Wped,
which determines the acceptable radiative power. Thus, this value of y = Ag.4/Ay at
fixed Ay is equivalent to the ratio of the acceptable level of radiative power relative
to the heating, as a function of the latter. Figure 8 shows the variation of y (at fixed
Ay) with Ay for the more realistic gyro-Bohm x model. Clearly the results are rather
insensitive to the width of the heating profile, but the radiative losses have a much
greater effect on the plasma energy content at the larger values of ¢. Figure 9 shows
the equivalent impact of various levels of y on the normalised plasma energy content,
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F, as a function of Ay, showing how it moderates at the larger values of the heating
power.

It is useful to fit these numerical results with a simpler analytic form that describes
the effect of heating power on confinement. We construct a form for F that correctly
recovers the linear form of the analytic, small A expansion of (4.7), merges into the

—2/5 .
i form, characteristic of gyro-Bohm transport, at somewhat larger values, before
starting to saturate after the onset of critical gradients at A =2c. Eventually, it reaches
the large A, asymptotic limit in (5.1). A reasonably good fit is

| .
{10[1 —2{1 — p2} In p2] + b(Fo — 1)/13/2}

Fu=1+ , A1=1/2c, (6.3)

1+ a3/ + b3

where a and b are fitting parameters, dependent on ¢ and Q.

Figure 10 shows a comparison of the fit (6.3) with the form of (4.8), (4.10) and
(4.13) for the parameters of figure 4 for optimised values of a and b. For given values
of ¢, a and b depend on gy as shown in figure 11, where the mean square errors
characterising the ‘goodness of fit’ are also shown. Thus, the fit (6.3) for the plasma
energy content includes a dependence on the heating profile. The dependence on the
critical gradient parameter, ¢, is complicated, but for a given stiff transport mode this
value is well defined.

Since A= Ayx(1 — y), equation (6.3) also shows how impurity radiative losses affect
confinement. The resulting confinement time scaling follows from g g, = F(Ag(1 —
¥))/Au. This expression could be helpful in demonstration fusion reactor (DEMO)
studies (Lux et al. 2015, 2016).

So far, we have emphasised the effect of input power on the scaling of F and 7,
but the dependence on other machine parameters, such as appear in a typical ITER
confinement scaling (Doyle et al. 2007) or ST scaling (Buxton et al. 2019), namely
magnetic field, B, plasma current, I, R, n, R/a, etc., would follow from introducing
such dependencies into the thermal diffusivity at the pedestal top, x,. For the gyro-
Bohm model one would expect

3% (na\* /a
e (PAN e E Y 6.4
X B2a<T3>f<Rq ) ©4)

where na/T? represents a possible collisionality dependence, p is some power and f
is a function of geometry, such as inverse aspect ratio, a/R, and the safety factor, ¢
(Connor 1988). Thus, for given values of Wpy and T,, geometry and g,

32a37p
AX ———, (6.5)

n1+p

which can be introduced into (6.3), leading to an additional fitting parameter, p,
but covering a range of B, a and n. The results of such extensions could then be
compared with global confinement databases (Doyle et al. 2007), optimising the
choice of the parameters a and b, or relating them to the experimental values of
the heating profiles and critical gradients. However, the issue of the pedestal energy
remains to be resolved.

To briefly summarise, our principal findings are:
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FIGURE 10. Comparisons of the fit function (6.3) for F(1/2¢, ¢, py) with the numerical
results for the gyro-Bohm mode for py = 0.33, 0.66 and 1.0, with ¢ = 3.438, 6.875 and
10.313. The values of py are common in each column and increase from left to right and
the values of ¢ are common in each row and increase from top to bottom.

(i) The radial regions that first experience the onset of stiff transport are dependent
on the heating profile and transport model and STs are more resilient to this onset
occurring.

(i) The heating power dependence of the plasma energy content that takes account
of the gradual onset of stiff transport (from which one can readily deduce the
energy confinement) has been calculated.

(iii)) An algebraic expression for this power dependence has been developed and it
reflects the nature of the heating profile.

(iv) The extent to which impurity radiation losses impact on the energy confinement
and modify the scaling law in the presence of stiff transport has been quantified.
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FIGURE 11. The variation of the coefficients a and b used in the fitting function (6.2)
with py for ¢ = 3.438, 6.875 and 10.313. The left-hand column is for (@), the middle
column for (b) and the right-hand column shows the mean square error in the fits. The
values of ¢ are common in each row and increase from top to bottom.

This modelling could be improved while still retaining a similar calculation,
though at the cost of more algebraic complexity, by (i) allowing an additional
radial dependence in the thermal diffusivity, as in the example in appendix A, and
(ii) allowing the impurity radiative loss to occur in a region of different width to that
of the heating power, though still assuming both are box-like. Indeed, in the transport
code simulations of Fable et al. (2017), it was found that the effect of impurity
radiation on confinement was most reduced if the heating, due in that case to fusion
reactions peaked on axis, was separated from an outer radiating zone. Realistic radial
profiles for these quantities could be addressed using the type of modelling presented
here, using numerical solutions provided by a transport code. However, the present
calculation indicates, by allowing us to study in detail the properties of the analytic
solutions, the care needed to monitor where the onset of critical gradients, arises,
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which we have seen can occur in distinct radial regions of the plasma as the heating
profile changes.

Acknowledgements

One of us, JJW.C., acknowledges valuable and stimulating discussions with Drs P.
Buxton, A. Costley and S. McNamara of Tokamak Energy, who brought this problem
to my attention.

Appendix A. Improved gyro-Bohm transport model

It is more realistic to supplement the simple gyro-Bohm scaling x ~ 32 with an
additional, radially increasing factor. We take

_ (1+a0®) 5,
(1+a)

with o an O(1) constant. This change implies that, for most reasonable parameters the

onset of stiffness starts from the plasma edge and migrates steadily inwards, as in case

(i) studied previously. Thus, this is the situation for « =2 and py > 1/4 for example.
The analysis proceeds as before, with the transport equation becoming

Xas (Al

1d d (1
a4 (p(l +O[Q2)T3/zf) — _(7*'2“), (A2)
pdp dp Po
so that we can again solve for u=12/(1 + a).
Before stiffness sets in, the solution is
u=uy— — In(l+ag’, p<po (A3)
0
and
pl ¢!
u=1 -t (CdEON (A4)
4 (14 ap?)
Matching (A1) and (A2) at p, yields
l 1 1 1 2
u=1—(ln<p0( +°‘)>+21n(( +°‘Q)>>, p<po  (AS)
4 (14 apg) apg (14 apg)
As A increases, stiffness sets in at p =1, when
1=2"=2¢(1 + o), (A6)
when u is given by
u=e"""; p<p<l, (A7)
with p; determined by
A=2ep (1 +ap))e ™. (A8)

Downloaded from https://www.cambridge.org/core. UKAEA, on 06 Mar 2020 at 10:29:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377820000136


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377820000136
https://www.cambridge.org/core

26 J. W, Connor, R. J. Hastie and K. Richards
Then, for py < p < py,

. i (1 z
u= - _ M (A9)
4 \pi(1+ag?)

and, for p < py,

~ 1 2(1 2 1 1 2
u=ecd—r _ 7~ (m <,002(+otp12) +—1n <(+0le)>) ] (A 10)
4 pi(1+app) apg (1 +apg

The above results relate to the case py < p;, but for p; < py which occurs when

A=1" =2epy(1 + apd)e”=—, (A11)
we have
u=e"""; p<p<l (A12)
and
u:e““"')—zkjp2 1n<812i2) ;P <pr, (A13)
0 1
where p; is now determined by
2% = 22py(1 + ap?)efi=o. (A 14)

Po

These expressions can be used to construct the normalised energy content, F, for this
improved gyro-Bohm model

1
F(,a,¢, ,00)=2(1+05)2/5/ pu*(4, p, , po)dp, (A15)
0

which involves integrals of the type

— 1
F o Uy 775
1 </0] Uy, @ 4(1,03)

1 2/5.2/5  pltap? 1 2/5
_ o / ’(1— lny> dy
1

o dapiug
=\ 2/5 5
1 f(d4+a)d 40[)00”0
+—|———] exp|——
o 4ap; A
7 dapduo 5 7 dapdug
I' |-, —— —In(1 =T |- —= , Al6
X [ (5 yi n(l +ap;) 53 (A 16)
— i
Fa \ pjs or, w1, @, 1
L (1+a)/(1+ap}) d 1 /5
—(1 +a)7/5u§/5/ 7y2 (1 - lny) . (A17)
p+ay/(+app) (1o —ay) 4uy

Downloaded from https://www.cambridge.org/core. UKAEA, on 06 Mar 2020 at 10:29:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377820000136


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377820000136
https://www.cambridge.org/core

On energy confinement following the onset of ‘stiff’ transport 27

which needs numerical integration and, again as before,

2 NN e
Fs(oj, ) = (1 + eppett ™ — (14 ¢pp)e' =], (A 18)

where we emphasise ¢, rather than ¢, re-appears.

Thus, we obtain for 1< 1.

— Pl 2(1 1 i
F = Fl (po, 1—- |:hl (10()(-"_02[)) - ln(l +a,03):| , O, 2)
4 (1 4+ apg) 37800 4apy

1 pl
+ F, <,00,1,1—41n(1—|—a),oz, 4) . (A19)

-1 = =@
For 1" <1<21”

Py (1 +ozpf)>

1 Pl
- 711‘1((1 +ap2))> , O, >
pi(l +apj) 5 ’ 4ap}

In (
a0y 0
_ 1 1 2 1
+F, (po, pr. e — Jn (”‘j"“) @, ) +Fs(p1. ). (A20)
4 0i 4
Finally, for 1 < A0,
T c(1—p1) 4 2 1
F=F,|p.e + —— In((1 +ap)), @, — | + F3(p1, 1). (A21)
4apg 4apg

However, given that F, needs to be evaluated numerically, it is more straightforward
to evaluate F directly from (A 15) using the appropriate expressions for u(p).
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