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It is shown that Ion Temperature Gradient turbulence close to the threshold exhibits a long time
behaviour, with smaller heat fluxes at later times. This reduction is connected with the slow growth
of long wave length zonal flows, and consequently, the numerical dissipation on these flows must
be sufficiently small. Close to the nonlinear threshold for turbulence generation, a relatively small
dissipation can maintain a turbulent state with a sizeable heat flux, through the damping of the
zonal flow. Lowering the dissipation causes the turbulence, for temperature gradients close to the
threshold, to be subdued. The heat flux then does not go smoothly to zero when the threshold is
approached from above. Rather, a finite minimum heat flux is obtained below which no fully
developed turbulent state exists. The threshold value of the temperature gradient length at which
this finite heat flux is obtained is up to 30% larger compared with the threshold value obtained by
extrapolating the heat flux to zero, and the cyclone base case is found to be nonlinearly stable.
Transport is subdued when a fully developed staircase structure in the E x B shearing rate forms.
Just above the threshold, an incomplete staircase develops, and transport is mediated by avalanche

structures which propagate through the marginally stable regions. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4961231]

I. INTRODUCTION

Energy confinement in fusion plasmas is determined by
turbulent transport, with the Ion Temperature Gradient (ITG)
mode expected to dominate under reactor conditions. ITG
turbulence arises through a small scale (ion Larmor radius)
instability, which is dominantly driven by the ion tempera-
ture gradient, and has a threshold in the gradient length
(R/Lrtyin), above which the mode is unstable. The non-linear
threshold (R/Lrim), above which a stationary turbulent state
develops, however, is larger (‘“up-shifted”) compared with
the linear threshold, a phenomenon known as the Dimits
shift.! ITG turbulence, through nonlinear interactions, gener-
ates zonal flows which through shear stabilization regulate
the turbulence.>™* For gradient lengths R /Lriin < R/Lr
< R/Lzim, the shear flow quenches the turbulence.

In the original work,! the non-linear threshold R /Lrdim
is obtained by extrapolating the heat flux of several simula-
tions with gradient lengths R/Ly > R/Lygim, to obtain the
gradient length at which the heat flux goes to zero. Recently,
the non-linear threshold for turbulence generation has been
revisited.” For gradient-driven simulations, it was shown
that the heat flux does not go smoothly to zero when the
threshold is approached from above. Rather, the heat flux
has a finite value at a non-linear threshold R/Lr. > R/Lygim,
below which no stationary turbulent state is obtained. In this
paper, the gradient-driven case is investigated in more
detail.
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Il. NUMERICAL SET-UP

The plasma parameters for the study in this paper are
those of the cyclone base case: safety factor ¢ = 1.4, magnetic
shear § = 0.78, inverse aspect ratio € = 0.19, density gradient
R/L, = 2.2, and electron to ion temperature ratio T, /T; = 1.
No plasma rotation or mean flow shear has been considered in
any of the simulations. The temperature gradient is scanned to
determine the threshold. In order to compare the results with
the original work, the electro-static limit with the adiabatic
electron response is investigated, and collisions are neglected.
Various resolutions have been used in the numerical simula-
tions and are given in Table I. The maximum of the velocity
grid is three times the thermal velocity for both the parallel
and the perpendicular velocities in all cases.

The simulations are performed with the flux tube version
of the non-linear gyro-kinetic code GKW.® The temperature
gradient is prescribed, and periodic boundary conditions are
used in the plane perpendicular to the magnetic field. Different
from Ref. 5, in which the radial direction is treated with finite
differences, the simulations in this paper use a spectral repre-
sentation in both the radial and the bi-normal directions.
Details of the model equations and implementation are given
in Ref. 6. Since numerical dissipation turns out to be important,
some details of the implementation are given below.

In the turbulent state, the entropy production due to the
heat flux down the temperature gradient is balanced by dissipa-
tion.” Furthermore, in Eulerian codes like GKW, grid scale

Published by AIP Publishing.
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TABLE 1. The resolutions used in this paper: Number of toroidal modes N,,, number of radial modes N,, number of grid points along the magnetic field N,
number of parallel velocity grid points Ny, number of magnetic moment grid points N, dissipation coefficient used in convection along the magnetic field D,
the velocity in the dissipation scheme vy, dissipation coefficient used in the trapping term D, , damping coefficient of radial modes D,, damping coefficient of

toroidal modes Dy, order of the scheme used for the zonal mode, maximum poloidal wave vector &, p

"¢ and maximum radial wave vector k. p"*".

Case N,, N, Ny N"u N, D Vg DV‘ D, Dy Order ky " ko p"
Standard resolution (S) 21 83 16 64 9 1 &I 0.2 0.1 0.1 4 1.4 2.1
Standard resolution with 6th order (S6) 21 83 16 64 9 1 vy 0.2 0.1 0.1 6 1.4 2.1
Double resolution (D) 21 83 32 128 18 1 V3o, 0.2 0.1 0.1 4 1.4 2.1
Double resolution high dissipation (DD) 21 83 32 128 18 8 V3um 1.6 0.1 0.1 4 1.4 2.1
Low dissipation high perpendicular resolution (LH) 41 167 32 64 9 1 V3uy 003 0.1 0.1 4 2.0 4.0
Low dissipation standard resolution (LS) 21 83 32 192 9 1 & 1 0.1 0.1 4 14 2.1
Benchmark (G6) 21 83 24 64 24 1 vy 0.2 0.1 0.1 6 1.4 2.1

dissipation plays an essential role in obtaining numerical stabil-
ity. Therefore, dissipation must be applied to obtain a stationary
turbulent state. However, if the applied dissipation is not linked
with a physical process, like collisions, the predicted turbulent
fluxes should not be affected by its arbitrary magnitude. Indeed,
it has been shown that the fluxes are insensitive to the magnitude
of the applied dissipation® for simulations well above the nonlin-
ear threshold, provided the dissipation is sufficiently small. The
precise form of the dissipation on the scale of the grid then does
not affect macroscopic quantities like the heat flux. Dissipation
and resolution requirements in numerical simulations are
strongly interlinked, and are an active area of research.® ™!

The spectral version of GKW has two convective
derivatives,

of

af+v”b~Vf—%b~VB
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modelling the motion along the magnetic field (second term)
and the particle trapping in the magnetic well (third term). In
the equation above, f is the perturbed distribution, v) is the
parallel velocity, b is the unit vector in the direction of the
magnetic field, B is the magnetic field strength, and u is the
magnetic moment. These convective derivatives require dis-
sipation in order to obtain numerical stability. Both are
treated using a five point stencil, with the motion along the
magnetic field represented using

fica = 8fic1 + 8fiy1 — fir2
12As
Jica = 4fi + 6fi — M1 + fir2
12As ’

l)Hb -Vf — F,‘v”'

+DF,v,

@)

where i denotes the grid point considered, s is the parallel
coordinate in straight field line Hamada coordinates, and As
is the distance between the grid points. The parallel coordi-
nate is normalized such that one poloidal turn corresponds to
an interval s=[—0.5 0.5], and consequently, As = 1 /Ny,
where N; is the number of grid points along the magnetic
field. The quantity F = B°/B, where B* =B Vs is the
contra-variant component of the magnetic field which can,
for circular geometry, be approximated by F ~ 1/27ngR. At
the end points of the field line, the scheme given above is
modified. However, the focus in this paper is on the zonal
mode for which the s-domain is described by periodic
boundary conditions. Consequently, for the zonal mode, the

same differential scheme can be applied at every grid point,
and there is no loss of accuracy at the boundaries.

The first term in Eq. (2) is the approximation of the con-
vective derivative and is fourth order accurate in space,
while the second term, proportional to D, represents the
numerical dissipation, which satisfies

fia =4 +6fi —4fip1 +fi2

Doaki 12As
 D(As)’vF &f )
_T@—i_O(AS ) (3)

When the velocity v, is set equal to the absolute value of par-
allel velocity vy = |vj|, the scheme is equivalent to a third
order upwind scheme if D = 1. However, v, can also be taken
to be a constant v; = \/gv,h, where vy, = /2T /m; is the ther-
mal velocity. In the latter case, the dissipation has no velocity
dependence. For D ~ 1, a value usually required for stability,
the second term is of equal magnitude compared with the first
term, for perturbations with wavelengths of the order of the
grid size. The latter perturbations are then effectively damped.
Increasing the number of grid points by a factor two does not
change the damping at the (finer) grid scale, but reduces the
damping at fixed wavelengths by a factor eight.

For unstable modes, the dissipation has little influence as
long as the damping of the mode through the dissipation is
much smaller than its growth rate. This condition can easily
be satisfied for the modes that generate the turbulent fluxes,
but not for the zonal mode, since it has zero growth rate.
Indeed, when investigating the effect of collisions, it was
found in Ref. 12 that the ion heat flux depends on the collision
frequency, even if the instabilities are collisionless, through
the collisional damping of the zonal mode. The largest influ-
ence of the dissipation is, therefore, expected to occur through
the damping of the zonal mode. In the inhomogeneous mag-
netic field, the E x B velocity, associated with the zonal
mode, is not divergence free. A Pfirsch Schliiter type depen-
dence on the perturbed distribution then arises, which has a
spatial dependence f = Acos(27s). Using the equations
above, the dissipation then yields a typical damping rate
yg) (N,) = —D(v/3/12¢)(21/N;)*, where yc(f), and all other
time-scales in this paper are normalized with v, /R. For
D=1, this corresponds to y§4>(16) =—-62x1073, and
y§4>(32) = —7.8x 107* These damping rates are much
smaller than the ITG growth rate of the cyclone base case y =
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0.188 (5§ —a geometry, with R/Ly =6.9, kyp = 0.4, and
y &~ nq/r with n the toroidal mode number and r the minor

radius of the surface). They are, however, not necessarily
small compared with the collisional damping rate of the zonal
mode under experimentally relevant conditions. The latter
damping rate is  yc ~ —Rv;/(2.7evy) = —1 x 1073
RnoT, 213 where v;; is the ion-ion collision frequency, 19 is the
particle density in 10'® m—3, T is the temperature in keV, and
in the last step, a deuterium plasma with € = 0.19 has been
assumed. In many current experiments, and certainly in a reac-
tor, the collisional damping rate can be considerably smaller
than the dissipation at a resolution N; ~ 16. The DIII-D dis-
charge # 81499, from which the original cyclone base case
parameters were obtained, for instance, has a collisional damp-
ing rate y» = 1.9 x 1073 (withnyg =4.5,T,=2,and R=1.7).

The same numerical scheme is used for both the parallel
motion along the magnetic field and the trapping term. In
order to estimate the damping of the zonal flow due to the
dissipation added in the trapping term, a scale length in
velocity space equal to the size of the trapped domain
(V2€vy,) is assumed. Indeed, using this estimate for the colli-
sion induced diffusion in velocity space yields a collisional
damping rate y- = —Ruv;; /2¢€vy, in close agreement with the
results of Ref. 13. Using this typical scale, the damping rate
can be estimated to be y,(N, ) = LH/(361{6)(vﬂ“a"‘/NLH )’
For vf’”“" = 3vm, Dy, =1, this y1e1ds 7,(32) = =1 x 1073
and y,(64) = —1.3 x 10~ i

The fourth order scheme was chosen in the original
implementation of GKW® because of its high accuracy and
low dissipation. The results presented in this paper will,
however, show that the dissipation is not for all cases suffi-
ciently small. Therefore, additionally a sixth order scheme
has been implemented for the derivatives along the magnetic
field of the zonal mode (all other modes as well as the veloc-
ity space derivative are unchanged)

_ ~fi-3+ 92— 45fi 1 +45fi1 = Yfir2 +fir3
=i
60As
i3 = i 151 =20/ 4+ 1511 — Ofiva +fisa
o 60As ‘

“)

In this case, the dissipation given by the last term on the right
hand side is approximately

vdF(As) 0%f
N a6 T O(As?), 5)

yielding a damping rate y((f)(NS) = —\/3D/60¢(21/N,)’, or
79(16) = =1.9 x 10 for D=1.
Additional to the dissipation in the convective terms, a

damping of high wave vector modes can be applied

o k,
E =-D (k;mx) f o (kmm) f’ (6)

where &, (k,) is the radial (bi-normal) wave vector and k7"*
(k’"‘”‘) is the maximum value of the radial (bi-normal) wave
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FIG. 1. Heat conduction coefficient y in units p®v,, /R as a function of the
normalized gradient length R /Ly, for both the § — o and the circular geome-
try. Crosses represent the results of runs with the GYRO code and are dis-
cussed in Section V.

vector kept in the simulations. Note that all dissipations are
applied only in terms that involve the distribution function.
Dissipation of the field terms in general leads to a numerical
instability.'*

lll. MODERATE RESOLUTION AND TIME INTERVAL
SIMULATIONS

Fig. 1 shows the heat conduction coefficients in gyro-
Bohm units p*v;,/R, where p = m;v;/eB is the ion Larmor
radius, vy, = /2T /m; is the thermal velocity, T is the back-
ground temperature, e is the unit charge, and R is the major
radius. Note that the thermal velocity and Larmor radius are
V2 larger than the often used sound speed ¢, = /T, /m; and
its corresponding Larmor radius p, = m;c/eB. The results
are obtained for a standard resolution (case S of Table I) and
a total simulation time interval of 2400 R /v,,. Two different
geometry models have been used: the § — o geometry and a
circular geometry in which all orders of the inverse aspect
ratio (€) are kept.'> The dashed lines in the graph represent
the Dimits fit, adjusted for the different normalization used
in this paper,

6
=12(1- 7
X < R/ Lr) ; (7
valid for the § — o geometry, and a similar fit
4.7
=825(1——— 8
1 ( 77 LT) : ®)

for the circular geometry. The latter is obtained by fitting the
data in the graph. The choice of geometry can have a signifi-
cant impact on the growth rates of the ITG'> and the nonlin-
ear heat fluxes,'® and it follows from the results of Fig. 1 that
the non-linear threshold in the gradient length is smaller for
the circular geometry compared with the § — a geometry.
The error bars in the graph, and in all other figures in this
paper, represent the statistical error only and have been
obtained by dividing the stationary phase into three time
windows and by taking the standard deviation of the mean
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values obtained for each of these windows. The heat conduc-
tion in these simulations goes, more or less, smoothly to zero
when the threshold is approached from above. Although the
error bars get larger close to the threshold of the § — «
model, the results agree within the error bars with the Dimits
fit (), and the value well above the threshold at R/L; =
6.9 of y =1.61 is in excellent agreement (y;;, = 1.56). A
benchmark for larger values of the gradient length can be
found in Ref. 17.

Below the non-linear threshold (R /L4, = 6) of the § —
o geometry, a small but finite heat flux is obtained. This
region of parameter space is investigated in more detail
below. Fig. 2 shows the time traces of three simulations with
R/Lr = 5.8: a simulation from which the data in Fig. 1 are
taken (case S in Table I), a simulation in which the velocity
space resolution as well as N, has been doubled (case D in
Table I), and a simulation in which both the resolution and
the dissipation coefficients have been increased (case DD in
Table I). In the latter case, the dissipation connected with the
convective terms is the same as the original (case S) simula-
tion. Taking the average over the time interval [180-2400],
the simulations yield: y¢=0.19, yp =0.034, and
1pp = 0.089. Although the resolution of the numerical solu-
tion plays a role, the results above show that the finite heat
flux below R/Ly = 6 also depends strongly on the applied
dissipation, with higher dissipation leading to higher heat
fluxes. This, of course, means the results are non-physical
since the dissipation should not affect the macroscopic quan-
tities like the heat flux. Some insight into the reason of the
finite heat flux below R/Ly = 6 can be obtained from the

Vi /R]
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D
1200 .
1000 .
3 soor .
o
& 600f DD 7
400 .
200
o . . . .
0 500 1000 1500 2000

t [R/vm]
FIG. 2. Top: time traces of the heat conduction coefficient for the § — o
geometry with R/Ly =5.8 and different resolution/dissipation labelled
according to Table I. Bottom: the squared potential of the k,=0 mode
summed over all radial modes, as a function of normalized time.
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time trace of Zk\,|¢0.,k,r|2’ where ¢(0, k,) is the potential per-
turbation of the k, =0 (zonal) mode, and the sum is taken
over all radial modes. This time trace is shown in the bottom
graph of Fig. 2. Initially, the turbulence spins up a zonal flow
which, when the turbulence is reduced through E x B shear-
ing, starts to decay. A decay rate can be estimated from the
latter phase to be y = —5.5 x 1072 for the high dissipation
case (DD), and y = —8.2 x 10~* for the low dissipation case
(D). These decay rates are in good agreement with the esti-
mates based on the dissipation given above
(yy) = —6.2x 107 and y£14) = —7.8 x 107%, respectively).
The decay of the zonal mode is, therefore, attributed to the
dissipation in the convection term. As the zonal mode ampli-
tude decays and falls below a certain value, temporal limited
phases of higher turbulent activity reappear, which in turn
drive the zonal mode, leading to an increase in its amplitude.
This behaviour is similar to the behaviour observed when
collisions are included.'> When averaged over a long time
interval, a finite heat flux is obtained which, however, is
linked with the dissipative damping and is, therefore, consid-
ered non-physical. On investigating the simulations shown in
Fig. 1, it is, furthermore, found that for R/Ly < 6.3 the heat
flux exhibits temporal limited quiet phases with a heat con-
duction coefficient ¥ < 0.1 p?v,;/R. These simulations can
therefore be considered below the non-linear threshold.

IV. HIGH RESOLUTION/LOW DISSIPATION

The investigation presented in Section III shows that at,
or close to the non-linear threshold, the dissipation plays a
role, which raises the question of what threshold is obtained
at very low dissipation.

Fig. 3 shows the heat conduction coefficient obtained
with the circular geometry for two sets of simulations.
Denoted with circles are simulations obtained with a higher
spatial resolution, both along the magnetic field and in the
plane perpendicular to the magnetic field (case LH of Table I).
Denoted with crosses is a case with a higher resolution in both
the direction along the magnetic field and in the parallel veloc-
ity direction (case LS of Table I). The dashed lines represent
the fits given by Eq. (8). The turbulence is simulated over a
time interval 2400 (4800) R /vy, for the LH (LS) case, and the

1 [P vy /R
&
\
\

R/Lr

FIG. 3. Heat conduction coefficient in gyro-Bohm units (pzv,,7 /R) as a func-
tion of the gradient length R/Ly for the circular geometry and low dissipa-
tion/high resolution. The circles represent the case LH, the crosses represent
the case LS, and the diamonds connected with the solid line represent the
case S6 of Table I. The dashed line represents the fit of Eq. (8).
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heat flux is averaged over a time interval [600-2400] ([1200
4800]). In both cases, the higher resolution leads to a smaller
dissipation when compared with the moderate resolution case
of Fig. 1, which leads to a remarkable result: A non-linear
threshold for the temperature gradient in the circular geometry
case R/Lr.=6.2 is found, 30% larger than the value
(R/Lr4im = 4.7) obtained with a higher dissipation/lower res-
olution. Furthermore, the heat conduction coefficient does not
go smoothly to zero, but rather has a finite value y ~ 1.5 at
the non-linear threshold.’

Also, in this case, a finite heat flux, with rather large
error bars, is obtained below the non-linear threshold
R/Ly. = 6.2. Although the averaged heat flux for R/Ly =
6.1 is not negligible, quiet phases with a very low heat flux
are again observed in this case. The temporal limited time
interval of the subdued state is interpreted to result from the
dissipative damping of the zonal mode. Therefore, the
obtained heat fluxes below R/Lr = 6.2 are considered non-
physical.

If the interpretation adopted in this paper is correct, the
results at higher resolution shown in Fig. 3 should also be
obtained for the moderate resolution cases shown in Fig. 1, if
the dissipation of the zonal mode is reduced at the same reso-
lution. This has been verified by replacing the fourth order
scheme for the convection along the field line with the sixth
order scheme given in Eq. (4). The latter scheme is applied to
the zonal mode (k, =0) only, while all other modes (k, # 0)
are modelled using the fourth order scheme. Fig. 3 also shows
(diamonds connected with a solid line) the results of the simu-
lations using this scheme (case S6 of Table I). Simulations
have been run for 4800 normalized time units and for all cases
in which no subdued transport is observed; the heat flux is
averaged over a time interval [600—4800]. For the cases with
subdued transport, the time average is taken from the first
time point at which a subdued state is observed, and the mini-
mum time interval over which the heat flux is averaged is 720
normalized time units. Also, for the 6th order scheme at mod-
erate resolution, a threshold value R/Ly. = 6.2 is obtained in
agreement with the results of the LH and LS cases.
Furthermore, the obtained values of y for R/Ly > 6.2 are in
good agreement with the LH and LS cases, and around 15%
smaller than the case S of Fig. 1 due to the stronger zonal
flow. For the 6th order scheme, [7(®)(16)| < |y*)(32)], and an
almost zero heat flux is obtained for R/Ly < 6.2. Finally, it is
found that close to the threshold, rather long simulations are
necessary to obtain the subdued turbulence state.

As mentioned above, the closer R/Ly is to the non-
linear threshold, the longer it takes for the turbulence to be
subdued. It cannot be completely excluded that a higher
threshold is obtained if the simulation time interval is
extended. It has, however, been verified that a quenching
does not occur in all cases, by extending the time interval for
the case with R/Ly = 6.9 (S6) to 15700 R /vy,. This exces-
sive long run shows no sign of turbulence quenching.

V. BENCHMARK

A word of caution on the results of Section IV is in
order. The results rely on rather long simulations with very

Phys. Plasmas 23, 082517 (2016)

little numerical dissipation at wave lengths much larger than
the grid size. A small numerical error in the transfer of
energy could lead to a slow build up of the zonal mode that
can, nevertheless, reach high amplitudes due to the small dis-
sipation. Indeed, it is possible that none of the numerous
benchmarks performed with the code is sensitive to such a
small error. The simulations using different dissipation set-
tings in combination with the physical picture of the influ-
ence of the dissipation on the zonal flow give confidence to
the results presented in the paper. However, they cannot
completely rule out the possibility of a small numerical error
in the zonal flow drive. Therefore, a benchmark with the
GYRO code'* has been undertaken.

GYRO is particularly suited for this benchmark since its
numerical implementation is quite different when compared
with GKW. GYRO uses an orbit-grid to represent the per-
turbed distribution, and blending functions for the solution
of the field equations. The representation of the velocity
space, using pitch angle and energy, is quite different com-
pared with GKW, which uses the parallel velocity and mag-
netic moment. Furthermore, no velocity space dissipation is
applied in GYRO. Since GYRO uses a third order upwind
scheme for the orbit integration (similar to the fourth order
scheme described above), the numerical dissipation at fixed
wavelengths can again be reduced through the increase of
the number of orbit grid points. Simulations have been per-
formed for the § — a geometry and the cyclone base case
parameters given above. Two resolutions for the orbit inte-
gration N;=06 (case GL) and N;=20 (case GH) have been
used. The number of blending functions was chosen equal to
the number of orbit grid points in both cases. The GL case
uses 4 passing pitch angle as well as 4 trapped pitch angle
grid points, while the GH case uses 10 passing as well as 10
trapped grid points. All other parameters are the same in
both cases: 128 radial grid points with L, = 100p (note that
all quantities are given in GKW units), 24 toroidal modes
with £"*p = 1.48, and 8 energy grid points. The resolution
and box size in the plane perpendicular to the field are simi-
lar to that used in the simulations with GKW, but no special
effort has been made to try and match these quantities
exactly.

The simulation results of the GL case are included in
Fig. 1 (crosses). At this moderate resolution and limited time
interval (1900 R /vy,), there is good agreement with the mod-
erate resolution results obtained with GKW. Fig. 4 shows the
comparison of the high resolution GYRO case (GH) with the
results of GKW. The latter have been obtained with a higher
velocity space and parallel coordinate resolution (case G6 in
Table I) when compared with the results of Fig. 3 in order to
match the resolution in the GYRO case. The benchmark is
performed for the § — o geometry, but the GKW results for
circular geometry are also shown. The GKW results have
been obtained for a simulation interval 11400 R/v,,, with
the R/Ly = 7.4 case extended to 30000 R/v;, while the
smallest time interval of the GYRO runs was [0 1900] (for
small R/Lr where transport is quickly subdued) and the
R/Ly =17.5 case has been simulated over a time interval
10400 R/v,,. The agreement between GKW and GYRO for
the § — o« geometry is good, giving further confidence in the
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FIG. 4. Heat conduction coefficient in gyro-Bohm unites (p?vy, /R) as a
function of the gradient length R/Ly for the § — o and circular geometry
(resolution case G6). For the § — o geometry, the results of GYRO (case
GH) are also shown.

correctness of the results. There is a small difference in the
threshold with R /Ly, = 7.4 for GKW, while R/Ly. = 7.5 in
the GYRO case. This might be related to the fact that GYRO
has no velocity space dissipation, but if the threshold is set
by a critical heat flux, it might also be due to the somewhat
smaller heat fluxes obtained in the GYRO runs.

Also, in the § — o geometry, a finite heat flux at a thresh-
old R/Ly = 7.4 is obtained, a value larger than that of the
cyclone base case R/Ly = 6.9. The results of these simula-
tions, therefore, lead to the somewhat shocking conclusion
that the cyclone base case, which uses the § — o geometry, is
non-linearly stable. The critical minimum heat conduction
coefficient y ~ 1.5 is similar for both geometries. It suggests
that a stationary turbulent state in a gradient driven simula-
tion can only develop when the heat flux, heat conductivity,
or turbulent intensity exceeds a critical value.

VI. ZONAL FLOW EVOLUTION

The results of Secs. IV and V show that low dissipation
as well as a sufficiently long time interval is necessary to
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obtain the correct heat flux in collisionless ITG turbulence.
Furthermore, the zonal E x B shear plays an essential role in
obtaining the finite heat flux threshold. The reason behind the
long time scales involved, however, remains to be clarified.

Fig. 5 shows the time traces of the heat conduction coef-
ficient, obtained in the § — o geometry with resolution G6 of
Table I, for R/Ly =7.0,7.2,7.3, and 7.5, as a function of
the normalized time. Several observations can be made.
First, as mentioned above, the time point at which turbulence
is subdued increases when R /Ly is closer to the threshold.
Second, also for gradient lengths above the threshold, the
heat flux shows an evolution on long time scales, with the
averaged heat flux smaller at later times. Fig. 5 also shows
the potential (normalized with e/(p,T,) with p, = p/R)
times the wave vector squared (k.p)|$(0, k)|, for the kyp =
0.069 zonal mode as a function of time. This quantity is a
measure of the shearing rate (wj;) obtained at the radial
position where the potential of the long wave length zonal
mode reaches its maximum value. The k,p = 0.069 mode is
the longest wavelength zonal mode in the computational
domain and dominates in amplitude, by an order of magni-
tude, at late times in the evolution. Even before turbulence is
subdued, a clear correlation between the amplitude of this
mode and the magnitude of the heat transport is observed,
and turbulence is subdued only when a specific amplitude of
this mode is reached.

The long wavelength zonal flow generation is likely
related to the modulation instability.'®'? Indeed, the growth
rate of the modulation instability scales with the wave vector
of the zonal mode and, therefore, is relatively small for these
long wavelength modes. It is noted, however, that the ampli-
tude of the zonal mode as a function of time does not reflect
an exponential growth and can be, especially at higher gradi-
ent lengths, a non-monotonic function of time. Estimating the
typical time-scale of growth using 7 = 2(#(0.3) — #(0.13)),
where #(f}) is the first time point for which the amplitude of
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FIG. 5. Top: time traces of the heat conduction coefficient for R /Ly = 7.0, R/Lt = 7.2, R /Ly = 7.3, and R/Ly = 7.5 calculated with the resolution case G6 of
Table I. Bottom: Time traces of wpiy = (kxp)2|¢\ of the k,p = 0.069 mode, for three values of R/Lz.
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FIG. 6. Spectra |p(ky)[* =", |(ks,
ky)|2 and ‘¢(k.\‘)‘222k\, “b(kmk}'”z of
the simulation with R/Ly =7.2 (case G6
of Table I) as a function of k,p and k.p,
respectively. Circles represent the aver-
age over the time interval [500, 2000],
whereas crosses represent the average of
the time interval [7000, 11000].
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the mode reaches f3, one obtains time intervals t = 344, 1800,
and 1000 for R/Ly = 7.0,7.2, and 7.3, whereas the estimated
growth rate of the modulation instability is v, ~ 0.01.
Furthermore, when increasing R/Lr, the time-scale on which
the long wave length zonal flow develops appears to be lon-
ger, a result that is not easily explained on the basis of the
modulation instability alone. Although it is likely that the
zonal mode grows through a modulation instability, it is also
clear that additional physics is involved, perhaps not surpris-
ingly in a fully developed turbulent state. The long time scales
involved do, however, explain the sensitivity to dissipation as
well as the long time intervals required for the simulations.
Since the zonal mode involved in the quenching is the
longest wavelength in the box, one could argue that increas-
ing the box size could change the results. The simulations
with the large computational domain (case LH of Table 1),
however, yield similar results for the threshold and heat
fluxes. In the latter case, the zonal mode responsible for the
quenching has a wavelength equal to only half the box size.
After turbulence is subdued, the zonal flow slowly
decays in agreement with the damping through dissipation.
For R/Ly = 7.0 and 7.2, however, it is observed that it satu-
rates at a finite value, which for R/Lr = 7.0 is maintained
over a time interval of 7000 normalized time units. In this,
and all other cases, the heat flux and turbulent transport are
not completely quenched. Turbulence is subdued, with the
heat flux two orders of magnitude lower, rather than
completely quenched. Fig. 6 compares the spectra for
R/Ly =17.2 averaged over the time interval [500, 2000]
(fully developed turbulence) and [7000, 11000] (subdued
turbulence). It can be seen that also in the latter case, the
spectrum has a shape similar to that of the fully developed
turbulence, albeit strongly reduced in magnitude. It appears
that in the subdued state the low level turbulence can still
drive the zonal flow against the dissipative damping. Only
closer to the threshold, the evolution of the heat flux is simi-
lar to the observations in Ref. 12, which investigates the heat
flux below the nonlinear threshold connected with the

collisional damping of the zonal flow. In the latter case, the
zonal flow decays up to a point where a substantial heat flux
reappears.

Another striking observation can be made in Fig. 5. The
amplitude of the long wave length zonal flow appears to be
limited to a particular value, and turbulence is not immedi-
ately subdued when this value is reached. For R/Lr = 7.3,
for instance, the long wave length zonal flow has a nearly
constant maximum value for a time interval of 4000 normal-
ized time units. During this time, turbulence is reduced com-
pared to the time intervals in which the long wave length
zonal mode has a much smaller amplitude, but it is not sub-
dued. The limitation of the long wave length zonal flow
amplitude is observed in all simulations, and the maximum
value is relatively independent of the temperature gradient as
shown in Fig. 7, which gives the maximum value of
(kep)*|o| obtained in a time trace as a function of R/Ly. The
limitation of the zonal flow amplitude is possibly related to a
threshold behaviour for the Kelvin Helmholtz instability,20
although this could not be verified within the scope of this
paper. A maximum amplitude of the long wavelength zonal
flow corresponds to a maximum shearing rate, and one may
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FIG. 7. Maximum values of (k,p)?|¢| obtained in the time trace of the simu-

lations as a function of the temperature gradient R/Lr. Circles represent the
circular geometry, while crosses represent the § — o geometry.
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FIG. 8. The shearing rate wg,p = 0>¢/0x>/(2B) as a function of the radial coordinate (x) normalized with the Larmor radius for different time intervals of
R/Ly =7.2 case with § — a geometry. The thick line indicates the shearing rate averaged over the time interval given in the title of the figure, while the dashed
line indicates the shearing rate at a time-point in the centre of the interval. The dashed-dotted line indicates the growth rate *7 of the most unstable mode.

argue that it explains a threshold behaviour since at sufficient
high temperature gradients the growth rate of the ITG will
exceed the shearing rate y > wyyz, and turbulence can no
longer be subdued through E x B shearing. However, the
physics picture appears to be more complicated. First, it is
noted that the mechanism above does not explain the finite
heat flux at the threshold. The effect of the shearing rate is
usually modelled as generating an offset for the growth rate,
i.e., one expects the heat conduction coefficient to scale as
7 < (7 — |wgys|). This model can, therefore, explain an up-
shift in the nonlinear threshold, but not a finite heat flux at
the threshold. Second, the condition y = wisy is also satis-
fied for gradient lengths above the threshold as will be shown
below.

Fig. 8 shows the shearing rate wg, , for the simulation
with R/Ly = 7.2 as a function of the radial coordinate for
different time intervals. The thick line gives wy,, averaged
over the time interval [500 2000] which represents the initial
state, the time interval [4500 6000] which represents a
reduced turbulence state, and [7000 10 000] in which the tur-
bulence is subdued. The dashed line in the plots indicates the
(instantaneous) shearing rate at the middle of the chosen
time interval, and the dashed-dotted line indicates the growth
rate () of the most unstable mode (k,p = 0.4). These three
time intervals represent the three states of turbulence that are
observed in the various simulations. In the initial state ([S00
2000]), the averaged shearing rate is relatively small and
shows no clear structure. In this case, the turbulence is not
reduced with respect to the high dissipation results. For the
reduced turbulence state ([4500 6000]), the long wave length
zonal flow has reached its maximum amplitude, and trans-
port is reduced but not subdued. The E x B shearing rate can
be observed to reach values equal to or larger than the
growth rate over a large part of the radial domain.
Furthermore, a radial structure can be observed to exist, with
the shearing rate roughly equal to £y over a large part of the
radial domain, with one relatively steep transition
e = —) — +7, and a less steep transition wg,p = +y —
—7 (note that the radial boundary conditions are periodic).
This structure has been observed previously in global
GYSELA simulations and is referred to as staircase.”* Note
that the fluctuations in the E x B shearing are larger than the
averaged E x B shearing rate, as indicated by the dashed

line. Finally, the interval [7000 10000] represents the state
in which the transport is subdued. In this case, the shearing
rate at nearly all radial positions is equal to *7y, with very
steep transitions from positive to negative and vice versa.
We will, therefore, refer to this state as a “fully developed
staircase.” In all investigated states of subdued transport, a
fully developed staircase is observed. Indeed, only for a fully
developed staircase the shearing rate is equal to the growth
rate over (almost) the entire radial domain, and the E x B
shearing can suppress the turbulence at all radial locations.
For the fully developed staircase, the fluctuations in the
shearing rate are small compared with the time averaged
shearing rate as shown by the dashed line. Note, furthermore,
that the radial structure formed in the potential/shearing rate
is reflected in the shape of the spectrum Zkv|¢>(k,‘.,ky)|2
shown in Fig. 6. Finally, although not shown here, it has
been verified that the zonal flows in the GYRO simulations
discussed in Section V show good agreement with the GKW
results. Also, in these simulations, staircases develop with
shearing rates equal to the growth rate of the modes.

The reduced turbulence state with staircase formation is
also observed above the threshold as shown in Fig. 9.
Different from the R/Ly = 7.2 case, where the reduced tur-
bulence state is only a quasi-stationary state, the staircase is
observed to exist for a time interval > 5000 normalized time
units in the R/Ly = 7.4 case and is assumed to be a station-
ary state here. Also for R/Lr = 7.4, the time averaged shear-
ing rate is equal to the growth rate over a large part of the
radial domain. The time averaged heat conduction coeffi-
cient, however, shows little radial structure, as indeed it
must, since a stationary state demands a uniform radial heat
flux. The reason for the finite heat flux in the radial domain
with y = |wg,p| is the occurrence of avalanches as shown in
Fig. 9, which shows the heat conduction coefficient as a
function of the time and the radial coordinate. Avalanches
have been observed in turbulent simulations under various
circumstances,zl_25 and the behaviour here is similar to the
one previously reported in connection with staircases.”
Avalanches start in the region |wg,p| < y and propagate out-
ward/inward across the staircase. They allow for a finite heat
flux in the regions where y = |wgp|, despite the marginal
stability of the turbulence in these regions. This conclusion
is supported by the observed perturbations in the temperature
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FIG. 9. Top: Shearing rate wg,p at t =9600 (dashed line) as well as time
averaged (interval [8400 10800]) shearing rate (solid thick line) and per-
turbed temperature gradient length 6(R/Ly) (dashed-dotted line) as a func-
tion of the radial coordinate (x) for R/Ly = 7.4 and § — o geometry. The
dashed dotted line indicates the growth rate (*7y) of the ITG. Middle:
Contour plot of the heat conduction coefficient as a function of time and
radial coordinate. Bottom: Contour plot of the radial temperature gradient
due to the turbulent temperature fluctuations as a function of time and radial
coordinate.

gradient also shown in Fig. 9. These perturbations are corre-
lated with the observed perturbations in the heat conduction
and have a magnitude sufficient to generate local growth
rates well above the averaged shearing rate. The time aver-
aged perturbed temperature gradient, shown in the top frame
of Fig. 9, shows little structure. There is, however, a small
decrease (J(R/Lr) =~ —0.2) in the region where the ava-
lanches are generated, and a larger 0(R/Ly) = —0.7 decrease
at the second zero crossing of the shearing rate. Finally, it is
noted that the direction of propagation of the avalanches is
correlated with the sign of the shearing rate wg,p, in agree-
ment with the results of Ref. 23. Ref. 23 presents a physical
picture of the propagation direction that may apply to the
simulations presented in this paper although this has not
been verified.

From the observations described above, the following
physical picture of the finite heat flux threshold emerges.
Turbulence is subdued only when the staircase structure fully
develops. This occurs below the threshold in the temperature
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gradient. Above the threshold, the staircase does not develop
fully and a finite heat flux occurs which is supported by ava-
lanches propagating through the regions of marginal stability
(y = wgyp). Of course, it remains to explain under what cir-
cumstances the staircase can develop fully and, in particular,
what the influence of the temperature gradient on its devel-
opment is. These questions are beyond the scope of this

paper.

Vil. CONCLUSION

In this paper, the ion temperature gradient driven turbu-
lence close to the non-linear threshold has been investigated
in detail. It is shown that a long time-scale evolution in the
heat flux occurs, provided the dissipation is sufficiently small.
A finite dissipative damping of the zonal mode can maintain a
finite heat flux, in disagreement with the collisionless ITG tur-
bulence model. At sufficiently small dissipation, it is found
that the threshold for turbulence generation is considerably
larger (30%) compared with the threshold predicted by extrap-
olating the heat flux to zero. Furthermore, the heat flux does
not go smoothly to zero when approached from above, but
rather has a finite value at the threshold below which no sta-
tionary fully developed turbulent state exists.’

The long time scale in the evolution of the heat flux,
with smaller heat fluxes at later times, is shown to be con-
nected with a slowly growing long wave length zonal flow.
The amplitude of the long wave length electro-static poten-
tial is found to be limited to a specific value which shows no
strong dependence on the temperature gradient length or the
turbulence intensity. At the maximum amplitude, turbulence
reduction is observed for gradient lengths close to the thresh-
old, but turbulence is not subdued in all cases or occurs only
after a considerable time interval. The time averaged poten-
tial shows a staircase structure, with the E x B shearing rate
comparable to the growth rate over a large range of the radial
domain. The latter condition suggests that the ITG mode is
marginally stable in these regions. However, a finite heat
flux is generated over the entire radial domain through the
occurrence of avalanches which emerge from the region with
|wpg| <y and propagate through the regions with
|wgg| = 7. Turbulence is subdued only if the staircase is
fully developed with |wg;p| =7 over (almost) the entire
radial domain. Above the nonlinear threshold in the tempera-
ture gradient R /Ly, the staircase can no longer fully develop
and a finite heat flux is generated through the occurrence of
avalanches.

A reduced model, using adiabatic electrons and neglect-
ing collisions, has been used for the studies in this paper.
Although, in the view of the authors, it is important to under-
stand this basic case, collisions can be expected to damp the
zonal flow and alter the picture at sufficiently high collision
frequencies. For many current experiments, and certainly for
a reactor, the collisional damping, however, is smaller than
the damping generated by the numerical dissipation at mod-
erate resolution. Although collisions will likely allow for a
finite heat flux below the collisionless threshold, it can be
expected that a steep increase in the heat flux is observed
close to the collisionless threshold in a sufficiently hot
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plasma, while above the threshold collisions have little
effect. Besides the neglect of the collisions, the use of adia-
batic electrons presents a simplification when compared with
an experimentally relevant case. Zonal flows are weaker in
the case of kinetic electrons. They, however, still regulate
the transport, and it can be expected that the physics model
discussed in this paper also applies to the case of kinetic
electrons, although the effects are perhaps less pronounced.
Since both collisions and kinetic effects will lower the
threshold, they must be kept when determining the tempera-
ture gradient threshold under experimental relevant condi-
tions. The thresholds obtained in this paper, therefore,
cannot be directly compared with the experiment.

The results presented in this paper show that the deter-
mination of the nonlinear threshold requires a careful
approach. In the collisionless case, the finite heat flux at the
nonlinear threshold in the gradient driven case does not
allow to determine the gradient length for which the aver-
aged heat flux goes to zero, and a flux driven approach must
be used to obtain this gradient length.” Although it is unclear
how collisions or kinetic electrons change this picture pre-
cisely, the results do show that a proper determination of the
heat flux requires the dissipative damping to be small com-
pared with the collisional damping, and that in the case of
small collisionality, relatively long simulations may be
required.
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