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Abstract

CrossMark

A set of flux tube gyrokinetic equations that includes the effect of the spatial variation

of the density, temperature and rotation gradients on the turbulence is derived. This new

set of equations uses periodic boundary conditions. In the limit /,/L < 1, where /; is the
characteristic perpendicular length of turbulent structures and L is the characteristic size of
the device, this new set of flux tube gyrokinetic equations is shown to be equivalent to the
traditional global §f gyrokinetic equations to an order higher in /,/L than the usual flux tube

formulations.
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1. Introduction

Tokamak and stellarator turbulence has characteristic lengths
of the order of the ion gyroradius p; in the direction perpen-
dicular to the magnetic field, and characteristic time scales of
order L/vy, where L is the characteristic length of the device?,
and vy is the ion thermal speed [1]. Gyrokinetics [2, 3] is the
appropriate model for this type of turbulence because it per-
mits averaging out the gyromotion, fast compared to the tur-
bulence characteristic time, while keeping finite gyroradius
effects.

Because the perpendicular characteristic length of the
turbulent eddies /, is of the order of the ion gyroradius, the
typical perpendicular correlation length of the turbulence is
smaller than the size of the device by a factor p« = p;/L < 1.
It is then natural to assume that the turbulence characteristics
depend only on the local values of density, temperature, elec-
tric field and magnetic field, and on their gradients. The flux
tube formulation [4] uses magnetic field aligned coordinates
and periodic boundary conditions in the directions perpendic-
ular to the magnetic field to give equations for the turbulence
that only depend on the local background quantities. The

3 In this article, we do not assume that the inverse aspect ratio or the ratio
B,/B, where B, is the poloidal magnetic field and B is the total magnetic
field, are small. As a result, the characteristic length of the device along and
across the magnetic field are considered of the same order.

0741-3335/15/054003+11$33.00

justification for the periodic boundary conditions is statistical
periodicity, i.e. beyond a perpendicular correlation length, the
turbulence is statistically the same and uncorrelated, and as a
result, we can simulate the turbulence in a box with periodic
boundary conditions as long as the box is several correlation
lengths across. This formulation has been implemented suc-
cessfully in a number of codes [5—-9]. The fact that the results
of these codes converge when resolution scans are performed
suggests that the flux tube formulation is self-consistent, that
is, it is the rigorous limit of the gyrokinetic equations for
[ J_/L ~ P —> 0.

The flux tube gyrokinetic formulation fails when the per-
pendicular size of the turbulent eddies /; is comparable to the
size of the device, [, ~ L. The surmise that flux tube codes
may not be applicable to small machines in which L is small
led to the development of global Jf codes [10-13] and full f
codes [14—17] that do not assume statistical periodicity in the
radial direction. The results obtained with these global codes
tend to the solutions obtained with flux tube simulations when
the size of the turbulent eddies is much smaller than the simu-
lation domain [13, 18], confirming that the flux tube formula-
tion is the correct limit for [,/L ~ p« — 0.

In the derivation of the gyrokinetic equations, the eddy
characteristic length is ordered as [, ~ p; to include finite
gyroradius effects in the equations. For this reason, it has
been argued that devices with relatively large p+ can only be

© 2015 IOP Publishing Ltd  Printed in the UK
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modeled with global gyrokinetic codes, but this statement is
not completely correct. Global codes can treat turbulence with
[y ~ L, but they are not particularly well suited for treating
most of the finite p« effects. Flux tube gyrokinetic formula-
tions are based on two independendent expansions: one in the
ratio p= = vu/(L();) = pi/L < 1 between the frequency of the
turbulence vy/L and the ion gyrofrequency (2;, and one in
the ratio /;/L < 1 between the eddy perpendicular length and
the size of the machine. Due to the expansion in px, it is possible
to average over the fast gyromotion time scale. The expansion
in p« is common to both global and flux tube codes, and finite
p= effects can only be treated properly by keeping higher order
terms in the gyrokinetic equation [19], or by resorting to a
full Vlasov formulation. The expansion in /,/L < 1 is relaxed
in global simulations. Thus, global codes are appropriate for
Iy ~ L> p;. The size of [} is connected to the size of the turbu-
lent energy flux Q™ which is in turn controlled by the energy
injected into the machine. To illustrate the relation between [}
and Q™, we use the regime of lon Temperature Gradient (ITG)
turbulence far from marginal stability studied in [20]. In this
regime, the turbulent energy flux is

R 2
0"~ "—(ﬁ) nowT, (1)
Lz\ Ly,
the perpendicular eddy length is
qR
L~ L—Tiﬂi 2)

and the size of the turbulent perturbation of the electrostatic
potential ¢ is

ed® 4R pi
T, LyLy

3)

Here n, is the electron density, 7; is the ion temperature,
Lz =|VInT| !is the characteristic length of the ion tempera-
ture, and gR is the tokamak connection length. Equations (1)—
(3) were obtained for turbulence in which the density and
temperature fluctuations are not in phase. From equations (1)—

(3), we find

1/3

Lo_e® (aR) (2" )" @
L]; T; Pi nevil; ‘

Global gyrokinetic codes are then useful if Q% is sufficiently
large that [, /Ly ~ 1 whereas at the same time, p+ is still
sufficiently small to justify averaging out the gyromotion.
Importantly, in the limit [, / Ly; ~ 1, the turbulent fluctuations
of the potential are of the order of the thermal energy of the
plasma, and some terms that are neglected in Jf formulations
become important. We do not attempt to model this extreme
limit in this article, and for this reason, we do not consider the
case ep®/T; ~ 1 any further.

Global gyrokinetic codes have proven useful for certain
problems, but they have several disadvantages compared to
flux tube formulations. They are computationally expensive,
and unlike most flux tube codes, they do not use efficient spec-
tral methods which are particularly useful for gyroaveraging.

The time scale separation between the transport time scale
and the turbulent time scale is not infinite as in flux tube
formulations, and as a result, ad hoc sources and sinks of
particles, momentum and energy must be included to man-
tain density, rotation and temperature gradients. Perhaps the
greatest challenge facing global simulations is choosing suit-
able boundary conditions at the two flux surfaces that bound
the simulation domain. The boundary conditions imposed in
global of codes are typically chosen to be ‘benign’ from a
numerical perspective; i.e. not chosen according to physical
considerations such as regularity at the magnetic axis, or
the open field lines beyond the last closed flux surface. The
influence of these boundary conditions on the results of the
simulations for /; ~ L is unclear. Boundary conditions are
important in this limit, but if this is the case, the boundary
conditions should be based on physical arguments.

Given these limitations, we propose a different approach to
capture effects included in global Jf codes but not in flux tube
formulations. Our approach exploits the advantages of the
flux tube formulation, and relaxes the assumption /,/L — 0 by
keeping more terms in the expansion in /;/L < 1.

The new method presented in this article is ideal for
intrinsic rotation calculations. Intrinsic rotation is the rota-
tion observed in tokamaks without any external momentum
input [21-37]. It is the result of the turbulent redistribution
of toroidal angular momentum within the tokamak plasma.
To lowest order in p=, momentum redistribution is not pos-
sible in up—down symmetric tokamaks due to a symmetry of
the gyrokinetic equations [38—40]. Intrinsic rotation can only
be driven by mechanisms that break this symmetry, such as
up—down asymmetry of the magnetic flux surfaces [41-43],
or higher order terms in p=« [44, 45]. Some of the higher order
terms that have been considered in previous work are: RF
heating and current drive [46, 47], the radial variation of the
gradients of density and temperature [48—51], the neoclas-
sical flows of particles and heat parallel to the flux surface
[52-57], finite orbit width effects [52, 53], and the poloidal
variation of the turbulence characteristics [58] (see [59] for
a rigorous treatment of all these effects for conventional
tokamaks). The new method for global f gyrokinetics that
we propose here can be used to study the effect of the radial
and poloidal variation of the turbulence characteristics on
rotation.

We present gyrokinetics briefly in section 2. We then pro-
pose the new method to do global f gyrokinetics in section 3,
and we prove that it is equivalent to the method implemented
in current global f simulations for /;/L < 1 in section 4. We
finish with some remarks and conclusions in section 5.

2. Gyrokinetics

Gyrokinetics [2, 3] averages out the gyromotion time scale
while keeping finite gyroradius effects. To be able to average
out the gyromotion, several terms must be small in p+ < 1.
In particular, for electrostatic turbulence in a plasma with
flow below the ion thermal speed, the electric field must sat-
isfy [60, 61]
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B
Vu < Vi i (5)
c

=-V¢<

where B is the magnitude of the magnetic field, and c is the
speed of light. When this bound is satisfied by the electric
field, the modifications to the lowest order circular gyro orbit
are small in p+, and the calculation of the particle orbit can be
done order by order in p+ to the desired accuracy. The methods
to perform the expansion are varied [19, 61-70]. Once the
particle motion is known, it is straightforward to split it into
secular drifts and periodic oscillations, and it is possible to
average over the periodic oscillations because they happen
in the fast gyromotion time scale. For a recent review on the
topic of gyrokinetics, see [71].

Because we want to keep finite gyroradius corrections, we
allow wavelengths perpendicular to the magnetic field of the
order of p;, that is, pi/l; ~ 1. According to the bound (5), the
components of ¢ that have such short wavelengths are of order
epl/T, < p+. The turbulence wavelength parallel to the mag-
netic field is much larger than the perpendicular wavelength,
/1. ~ p7' > 1. The reason for this difference between the
parallel and the perpendicular scale lengths is the disparate
size of the parallel and perpendicular velocities of the secular
particle motion. In the parallel direction, the particle moves
with its full parallel velocity, whereas in the perpendicular
direction the particle velocity almost averages to zero, giving
perpendicular drifts slower than the thermal speed by a factor
of p, < 1.

To describe the particle motion, new phase space coordi-
nates are defined order by order in p+ [61]. We use the guiding
center position R, the parallel velocity vy, the magnetic
moment u and the gyrophase ¢. These variables are defined
such that the particle’s position and velocity are

r~R+pR,u, ) (6)

and

.1, ) X B(R) 7)

to lowest order in p,. Here

mgC

PR, 1, )= 2 (R)
is the gyroradius, b B/Bi 1s the un1t vector in the direction
of the magnetic field B, and e1 and ez are two umt vecto/r\ that
form an orthonormal set with b and satisfy e1 X ez =b. Of
these coordinates, only the gyrophase ¢ changes in the fast
gyromotion time scale. The other coordinates are defined such
that they do not vary in the gyromotion time scale. As a result,
we can average out the gyromotion by just averaging over ¢.
The distribution function will not depend on the gyrophase to
lowest order because of this averaging procedure. Expressions
(6) and (7) are only valid to lowest order in p«. For a complete
and consistent treatment of the gyrokinetic transformation to
the correct order, see [19], where the transformation is calcu-
lated to second order in p:.

Before writing the gyrokinetic system of equations,
we make an additional assumption, namely the turbulent

fluctuations are small compared to the background. This
approximation is valid in the core of tokamaks and stellarators
[1]. In addition, in the core, the collision frequency is much
larger than the inverse of the transport time scale, making
the background distribution function a Maxwellian to lowest
order. Then, the distribution function for species s is

f;'(R9 V|, K, t) =st (Rv Y|I» ﬂ) +fslb (R’ Vi, 4, t) 5 (9)

where

3/2
nmy
st(R’ Vil» W= nS(W(R))(TV/(R)))
(v + 2uB(R)) ]

8 eXp(_ 2Ty (R))

is a stationary Maxwellian and f;b (R, vy, i, 1) is the turbulent
piece of the distribution function. The density ny(y) and the
temperature 7,(y) are flux functions, that is, they only depend
on our radial coordinate y, the poloidal magnetic flux divided
by 2z. Correspondingly, the electrostatic potential is

p@, )= W) )+, 1), (11)

where the background potentical ¢™ () is a flux function
because of quasineutrality, and ¢' (r, 1) is the turbulent piece
of the potential. Both ¢ and fy, are slowly varying in space.
In particular, fijs can be Taylor expanded around r to give

312
un
s = s (w(r ))(m) eXP(

Using expressions (9) and (11), we obtain the lowest order
Fokker—Planck equation for £,

(10)

myg
2T(l//(l‘))) (2

tb

+(V||B+VM5 - % Vr ¢1WXB - % Vr <¢tb> Xf)) - VR /’lstb

hlb

—ub- Vg B i 1 ong

ng oy

kaqﬁlw .\ my(vi +2uB) _3) 197 r
T, oy 2T, 2T, oy '™

(V (¢"™)xb)- Vg l//[

_ Ze Kg®)
T, ot

Tvs = 0 (13)

where we have neglected collisions for simplicity, and we have
written the equation in terms of the non-adiabatic response

t
o = g0+ 240 >st, (14)
and the lowest order quasineutrality equation for ¢,
7, [BhPa = p, s ), v 1) dvy du do
z Zs2nse¢lb -0
B T, 15)

N

Here
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Vi o A
VMs = bex+ beRB (16)

A 'S

is the curvature and magnetic drift, k = f)-VRf) is the cur-
vature of the magnetic field line, and (...) is the gyrophase
average holding R, v, u and ¢ fixed. In particular, the gyroav-
eraged potential is

2

[#°R+p R0, do.
0

1
(™) R, p, 1) = P (17)
T

Equations (13) and (15) are only correct to lowest order in p-,
but they are the most commonly used equations in global of
codes. The higher order terms that we keep in the next sec-
tions are the ones needed to capture the physics included in
global of codes. For other higher order effects, see [19, 59].

3. New approach to global éf gyrokinetics

Because we need to distinguish between the directions per-
pendicular and parallel to the magnetic field due to the dis-
parate length scales, we use the set of flux coordinates {,
a, 0 } to describe the spatial dependence of 4! and ¢®. As
explained above, y is the poloidal magnetic flux divided by
27, and determines the flux surface. The angle a is the Clebsch
variable corresponding to v,

B=VaxVy, (18)

and identifies a magnetic field line within the flux surface. The
two coordinates y and a describe the direction perpendicular
to the magnetic field and satisfy B-Vy = 0 = B-Va. We need
one coordinate to determine the position along the magnetic
field line. We choose the poloidal angle 6.

With periodic boundary conditions, it is possible to write
the perpendicular spatial dependence of the potential and the
distribution function as an eikonal, that is,

PO )= D POy ko y (1), (), O(r). 1)

ky-ka (19)
x exp (i, (r) + ik,a(r))
and
h® (R, vy, i, 1)
= D b (ky ke w(R),a(R), O (R), vy 1)
Ky ka
x exp (iky,w (R) +ik,a (R) ). (20)
The wavenumbers k,, and k, are ordered such that
k®)=k,Vy+k,Va (21)

is of order pl-‘l, that is, the eikonal ks + k, a gives the fast
spatial dependence of the turbulent fluctuations. In addition to
the eikonal, in the Fourier coefficients ¢ and A in (19) and
(20), we have kept a slow dependence on the position. The
characteristic length of this dependence is of the order of the
size of the machine,

Vin gb‘b ~VrInhd ~ % (22)
where
V= Vy/i+Vaa +V6i (23)
oy oo a0

and the equivalent formula is used for Vg. This slow spatial
dependence represents two different phenomena: the long
parallel wavelengths of the turbulence, and the slow depen-
dence of the turbulence characteristics on the spatial location.
The long parallel wavelengths of the turbulence are included
in flux tube codes, but the effect of the slow variation of the
turbulence characteristics across the machine is not included.
Note that in tokamaks, 0¢®/da=0=0h’/0a due to
axisymmetry.
Using the forms in (19) and (20), we obtain

(#°) = Y (P (Ay) +A(P™) exp (ikyy (R) + ikqa (R))
kyka

and 24)

2z

[ =00 1) dp = 20 3 (B G+ AR

0 kyka
X exp (iky,y (r) + ik, (r) ), (25)

where J,, is the nth order Bessel function of the first kind,

_ mck (R) | 2u
As (R’ﬂ) - Zse B (R) ’ (26)
Iy () = Ay (0 0) = ";L()I;l @7

and k, is the magnitude of k; in (21). The corrections A
and A(¢') are small in p+, and we have neglected terms that
are of order p? or higher. The corrections Ak and A(¢$™) are
given by

A(g®) = 2]1/(1? ) ;”BZ(I —bb): Vg k ¢
G B G g 4 2 ‘;;’f R 4
and (28)
Ab = zjf ) ;’;f; (T - bb): Ve kyh®
_ Gy B lkl,usz KL Ve kh® + 251(4s) iﬂlj K, -Vg b,
' C (29)

where T is the unit matrix, our convention for double contrac-
> >
tionisba: M=a-M-band

8Jy(x) —4x (){(3) (x) =L (x)) (30)

is defined such that G — 1 for x — 0.

With the results in (24) and (25), and the decomposition in
(19) and (20), equations (13) and (15) become

Gx)=
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oy
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ky 1,k 1
¢tb
T; JO(A )st
1on, | Zeop™ (mOp+2uB)  3)1 01,
+ikoe | — + +
ngoy T, oy 27; 2T, oy

X JO(As)st étb =- (_é VR ¢lw X B + VMS) : VR h;b

AP 1 o™
Zey (9°) ik | LOns | Ze 9¢
T ot ngoy Ty oy
my(vZ +2 B)
I i H 3 1 dT M5A<¢tb>
2T, T, oy
(Lo, Zeop™ (mOi+2uB) 31101,
ngoy T oy 2T; 2)T; oy

x%(vR wx B) - VR($®Io(A) i,

+ D [ethyka” — ka'ky, NAD™)) (2 )"
ky 1.ka

—(d)‘b)/fo(A Yk X b) - VR(f 2"

‘E(f By xB) - VR((°) oA ”))]

(3D
and

Z2nge p®
2 Y7, f B By (2,) dvydu— Y Zinsed”
K K s

(32)
=23 7 / B A dv du.
S

It is important to remember that all the coefficients in these
equations depend on yw and a even though that depen-
dence is not used in flux tube formulations. A prime on a
function such as L,[)‘b or A, indicates that it depends on k',
and k', e.g. (¢ ' = ¢®k, ko' .y R, aR),0(R),1).
Two primes indicate that it depends on k,’” and k,”, e.g.

(¢ " = ¢® (k" ko” ,w(R),a(R),0(R),1), where

ky" =ky—ky', (33)
and

ko" =ka—kq'. (34)

In (31) and (32), the terms that are small because they cor-
respond to the slow derivatives are on the right side of the
equations. In flux tube simulations, these terms are neglected,
leaving the simpler equations

on 0 2
Wb - Vie 0% — ub - Vig B |t
o (” ARFTREG av”]

0
+1i (—kac—d)o +k - VMs)hslb
oy

e Dy (kyka” = ka'ky V(A () (b )"

ky 1,k 1
tb 1w
€ i 22 ¢ ik 1 on, | Ze o
Ts ngoy I, oy
my(vi+2uB) 31 9T,
+| —— == s, b~ Q
( ZR ) Tgalll 0( ‘)stib
(35)
and

Z2ne 't
22 Z, f BhYJy(4,) dvydu — ). T‘—p ~0. (36)

N

If the terms on the right side of equations (31) and (32) are
implemented into a flux tube code, they give the next order cor-
rections in the expansion in /,/L < 1, and some of the terms in
the expansion in p+, but not all of them. To calculate the right
side of equations (31) and (32), we need the slow derivatives
oh /oy, ohl / oa, agtb/ oy and 0£5tb / oa. The slow deriv-

atives 0h," /06 and d¢™/ 90 are already determined by the
lowest order equations (35) and (36). To determine ok by ay,
0h®/ da, d¢™ / oy and 0¢™ / da, one can run several flux tube
simulations to obtain A% (k,, ke, w(R),a (R),0(R), vy, 4, 1)
and ¢® (ky, ke, (r),a(r),6(r),t) at different spatial loca-
tions, and then differentiate numerically. Another possibility is
to integrate in time 0/1* / dy, 0h\" / da, ™ / Ay and A ™ / oax
using the derivatives of the lowest order equations (35) and
(36). The time evolution equations for 0A®/dy, 0hP/ oa,
a¢tb / oy and 04)“’ / 0a are long and for that reason are given
in appendix A, in equations (A.1)—(A.4).

We have used the lowest order equations (35) and (36)
to derive equations for 0A® /oy, 0hP/da, d¢® /oy and
0¢® / da because these gradients are not needed to higher
order. They only appear in the higher order terms of (31) and
(32). If we take the spatial derivatives of (31) and (32) instead
of the derivatives of the lowest order equations (35) and (36),
oh /oy, 0k /da, 0™/ dy and 0¢™® / da can be known to
an order higher in /,/L < 1 and as a result, 2% and ¢® can
be determined to O(IE/LZ). In this case, the equatio_ns for

0h®/ oy, 0h® ! 0a, 0™ / dy and 0™ / dar include terms with

second spatial derivatives of !® and ¢ with respect to yrand
a that must be determined. To calculate these second deriva-
tives we can use the second derivatives of the lowest order
equations (35) and (36), truncating the system of equa-
tions at this order, or use again the second spatial derivatives
of equations (31) and (32) that in turn include the third deriv-
atives with respect to y and a. The more spatial derivatives
we keep of L and ¢®, the more accurate the calculation is
inl)/L < 1. B
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To summarize, to keep first order terms in [,/L < 1, we
must solve equations (31), (32) and (A.1)-(A.4) simultane-
ously. In the next section, we show that this is equivalent to
solving (13) and (15) with a global df code for /,/L < 1.

4. Equivalence between the two methods to do
global 6f gyrokinetics

Instead of solving the equations given in section 3, one can
solve equations (13) and (15) with a global Jf code. We
already pointed out in the introduction that global &f codes
give the same solution as flux tube simulations in the limit
[,/L < 1[13, 18]. In this section we show that the flux tube
formulation in section 3 gives the same result as a global &f
code to an order higher in /;/L < 1 than the usual flux tube
formulation in equations (35) and (36).

The solutions to the lowest order flux tube equations (35)
and (36) in a flux tube located at y = y and a = ag are solu-
tions to the global §f equations (13) and (15) to lowest order in
[1/L in a region of size /; around y =y and a = ay. To show
that the flux tube formulation in section 3 gives the solution to
higher order in /,/L, we construct solutions 2 and ¢™ to the
global §f equations (13) and (15) from the functions A", ¢,
0h®/ oy, 0h 1 da, 0™ / dy and 0™ / dar obtained using the
flux tube equations (31), (32) and (A.1)—(A.4). These solu-
tions are

Atb
hP(R, vy, p, 1) =hy (R, vy, p, 1) + (w(R) —y) HS, (R, vy, p, 1)

+(a(R) —ag) HE(R, vy, u, 1) (37)
and
PO = (1) + () = y) B, (1,)

+ (a (r) — ag) P, (r, 1) . (38)

Atb Atb
The functions i, and ¢ are constructed from the Fourier
coefficients that are the solution to the higher order flux tube
equations (31) and (32) in the flux tube around y = yp and
a = ay,

Atb
A R )= D hO(ky, ke OR), vy 1, 1)
ky.kq

x exp (ik,w(R) + ik, a(R) (39
and
Atb
¢ (r,t)= Z g&‘b (ky, kq, O(r) , 1) exp (ikyy (1) + ikqa (1)) .
kyokg
(40)

The functions HY,, &, H®, and &P are constructed from the
Fourier coefficients that are the solution to the flux tube equa-
tions (A.1)-(A.4) in the same flux tube,

oh®

H;})W(Rv V”, ﬂ’ t) = Z
Ky ke

x exp (ik,y (R) +ika(R)),

(kl/H ka’ H(R)’ V”, /’t’ t)

(41)

0 d’tb

SR, 1) = Y, ——(ky ks O(F), 1)

Kyoka

X exp (ikyw(r) + ik,a(r)), 42)

oh®

HER,vpps )= Y, (ki OCR), v s 1)

kyka

X exp(iky i (R) + ik,a(R)

(43)

and

o0, =

kyska

a¢tb
a_—a(k‘”’ kq, 0(r), 1)

X exp (ik,y (r) + ik a(r)). (44)

The functions HY,, ®, HY, and & correspond to the slow
spatial derivatives used in section 3. We have not used the
usual derivative notation, i.e. dh® / oy, 9¢p®/9y, oh® / da and
0¢"®/0a, because in global §f formulations there is no clear dis-
tinction between fast and slow spatial derivatives. In fact, the
separation between fast and slow spatial dependence is some-
what arbitrary. This freedom is apparent in our formulation
because the functions HY,, ®°, HY, and &L are only defined
by the time evolution equations they satisfy (the Fourier trans-
forms of equations (A.1)—-(A.4)). The infinite choices for the
initial condition for H}f’,,,, (D,},b, HY, and &L are a reflection
of the fact that the separation between fast and slow spatial
dependences is arbitrary. Conversely, the time evolution equa-
tions for HY,, @, H®, and @ are unique.

The details of the proof that the functions in (37) and (38) are
solutions to the global df equations (13) and (15) accurate to first
order in /,/L in a region of size [, around w =y and a = ag are
given in appendix B. The proof consists of substituting the func-
tions 2 and ¢ in (37) and (38) into the global 5f equations (13)
and (15). Using the time evolution equations for H,, ®°, HS,
and @Y (the Fourier transforms of equations (A.1)—(A.4)), it is
possible to show that equations (13) and (15) are satisfied to first
order in /;/L in a region of size [, around y = yp and a = . It
is crucial for the proof that the geometrical coefficients in the
global df equations (13) and (15) can be Taylor expanded around
w =y and a = ay. Therefore, equations (31), (32) and (A.1)-
(A.4) are equivalent to the gyrokinetic equations in a global f
simulation as long as the coefficients in the equation are suf-

ficiently regular that they can be Taylor expanded in y and a.

5. Conclusions

We have derived a system of equations, formed by equa-
tions (31), (32) and (A.1)—-(A.4), that gives the next order
correction in /;/L < 1 to the flux tube gyrokinetic equations.
Equations (31), (32) and (A.1)-(A.4) do not have to be solved
in an extended radial domain. Consequently, we do not need
to impose boundary conditions other than periodicity. We have
shown that the system of equations (31), (32) and (A.1)—-(A.4)
is equivalent to the gyrokinetic equations solved in global of
simulations in the limit /,/L < 1.

The method proposed in this article is only valid for [, /L < 1,
and it was developed to calculate the intrinsic rotation due to
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the slow spatial variation of the turbulence characteristics [59].
Our method cannot treat extreme cases with turbulent eddies
of the order of the size of the machine because in this limit the
boundary conditions at the magnetic axis and at the last closed
flux surface affect the entire tokamak. Our method can be used
to find the corrections due to the finite size of turbulent eddies.
One possible exciting use of the system of equations (31), (32)
and (A.1)-(A.4) is to compare it with results from current global
of codes to determine the extent to which boundary conditions
affect the turbulence and break the assumptions under which
we could prove that equations (31), (32) and (A.1)-(A.4) are
equivalent to a global §f gyrokinetic simulation.

Acknowledgments

This work has been carried out within the framework of the
EUROfusion Consortium and has received funding from the
European Union’s Horizon 2020 research and innovation pro-
gramme under grant agreement number 633053. The views and
opinions expressed herein do not necessarily reflect those of
the European Commision. This research was supported in part
by the RCUK Energy Programme (grant number EP/1501045).

Appendix A. Equations for 04/ oy, 0L/ da,
d¢® / oy and 0 ¢ / da

Differentiating (35) and (36) with respect to y, we find

tb tb
i Ohs + V||i\) - Vr 91 /lb VR Bi Ohs
ot \ oy 00 ()V” oy

Iw

+i (—kac%
oy

¢tb
—ko"ky ") Jo (As )[( o ) (B "

ohP
+k - VMs) —

htb ¢tb
tb
+(¢)( W)] T, s)st [0111)
+ ik,c ( L 9ns + Qﬂ
ngoy Ty oy
my(vi +2uB) 3 1 0T, N
+(”27T —]?a]fo(/\ )st;; =
tb tb
—vu—<b Vo) L i(b Ve B) 28
II
a 1w
—% (—ikacg;w + ik, - VMs) llslb
—c D (k) K=k k) —(JO(A ) (¢ (b))
ky'ka'
0 1 ong
_5[ TSJO(A)fMS +1k,,c( )
Ze o™ ( ms (P +2uB) 3 1 o7, o
Y +( 2T, T oy |0 |2

(A1)

and

Z2n.e 0 ¢tb

2;;22 /B o

=—271'ZZ /'—(BJ()(/l))]’l‘bd\/”dﬂ-i-zi @ ¢tb.
- s al,l/ s) ) Ls - al// T, P

(A2)

JO(/1 ) dvy du— Z

These equations can be integrated in time to find 0k / oy
and 0¢™ / dy. The equations for 0h\"/da and 0§/ da are
obtained in a similar way,

tb "
g + VHb'VRei—ﬂb-VRBi 9hs>
Jt\ oa 00 vy ) oa
Iw tb
i ke 2 1k vy |92
oy oJa
¢tb
e 2 (ke = kalky M| | = ]/<htb)"
ky 1 ko
tb 0 tb
+@] ¢ | Al I L
oo ng al//
Ze o™ [ ms(Vf+2uB) 3 1 T, ap®
L€ 4 + I 3N LT |, )fMS _
T, oy 2T; 2) T, oy
_V||i(f)-VR9)6£l +”—(b RB) = _i(ikl'VMs)hxtb
Ja 90 v oa

—c Y (kyka —

ka'ky ”)a_(JO(Ax NP (B
(o4

ky 1.ka ?
0 Ze 1 on,
—— —==J(A + ik, g
Ze op™ [ ms(vE+2uB)  3)1 9T,
anChl ==\ A tb
+ T, al// +( 2T, 2 T, a 0( )fM% ¢
(A.3)
and
oh Z2n.e 0P
2 Z, —3 s) dvdu — P =
2 Ja ) A= 2=
s § (A.4)

d
=20 Y7 [ = (Bh () ) ity dy.

In tokamaks, 0h"/da =0 =0¢"/0da, and these last two
equations are not needed.

Appendix B. Proof that the functions defined in
(37) and (38) are solutions to the global 6f equa-
tions (13) and (15)

In this appendix we show that the functions A® and ¢® in
(37) and (38) are solutions to (13) and (15) in a region of
size [; around the magnetic field line w = yp and a = ay. To
describe the spatial dependence of the different coefficients in
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equations (13) and (15), we Taylor expand these coefficients
around y = yp and a = ay. For example, for B(y, a, 0),

BEBO+5B(), (B])

where By = B(yy, ap, 0) is the function B evaluated on the mag-
netic field line y = yp and a = ap, and the operator § is

0 0
5—(w—wo)£+(a—ao)£. (B.2)

Note that we have only Taylor expanded the dependence of B
in the directions perpendicular to the magnetic field because
the dependence of B along the magnetic field is needed to

and

27, [Boh @ = poy vy 1) dvydpedg - Z(Z T”e) P
= — Z Zg /530 hslb (r— Pos V|s Hs 1) dV” d/t d(p
+Y 7, / By 6p- Ve h® ( — poy vy 1. 7) dvy du dgp

2.
+) 5(—2‘ ”Xe) .
K T;' 0

All the terms of order /,/L and p+ are on the right side of the
equations. We have neglected terms that are higher order.

(B.6)

dh‘b o 0
+[ vy Vg 9)0— —u(b - Vg B)o— hs® + (Vv VR )g— +| —¢
ot oy

a¢lw
oy

d
+vms- VRa| — h;b
0 0

. P, ok ™), ohd N 1 on, N Ze o™ N my(v} +2uB) _ 3107 r Ca((p‘b)O
oy oa da  dy noy T, Oy 27, 2T, oy '™ , oa
o . tb R NP b tb
(224, ) L0 =([5(VR¢1be)—vMs]-vR9) ohs +(5(VRexb)-va) (9" oA _ 97 ohs
™), o B o 00 \B ol 00 o oy 00
R H P tb NP tb
+(£(VR9Xb) . VR a) <¢ >O ahs _ <¢ >O ahs
B ol 90  da da 00
0 o™ [ ms(vi+2uB) 0 o
| Lon  Zeop™ i 3) 107 (VRexb) VRl//st) o)
ng oy T, oy 2T; T oy |B a0
oht o oht o Ze d
+e| = 8 ®) H = —(6py-V $®
o2 22 o ¢%(nmbg% ),
, e o™ [ m(viP+2 B)
|1 1 ony + Zse 0¢p + T K 3 1 9T, st 0 (6p0-V¢‘b)O
ngoy T, oy 27; T, oy da
tb __ J a¢lw d tb
V||5(b Vr 9)0——/15([) VRB)()— h 6(Vms - VR W)O—+5 —C +vVms VRa | — |i§
av| oy Oy 00
op™  ( ms(vi+2uB) 9 op® g
_s|| L9 Ze 0™ | i TeHB) 31 9T fcl e (¢ >o+5 Ze e ) (B.5)
ng oy T, Oy 2T; 2 )T, oy ‘0 oa L"), ot

solve the lowest order equations (35) and (36). By writing
equations (13) and (15) using the coordinates {y, a, 6 },
Taylor expanding all the coefficients as shown in (B.1), and
employing

(@) = () + (5py- V

™) (B.3)

where the average (...)q of a function of space g (r, 1) is

2z
1
(8o = Py { g R+ py, 1) do, (B.4)

we find

In deriving equations (B.5) and (B.6), we have distinguished
between the fast derivatives d/dy and d/da and the slow deriv-
ative 0/060. Because most terms that contain 9/00 are small,
we have not Taylor expanded the coefficients in terms that
contain a derivative with respect to 6. The only exception

to this rule is the parallel streaming term va)-VR 6 (0d/009)

because it is a lowest order term. Finally, in the small terms
we have used the lowest order version of (B.3), (¢™®) ~ (¢'),.

If we neglect the right side of equations (B.5) and (B.6), we
obtain equations with coefficients that are independent of y and
a, and we can then Fourier analyze them. The resulting equa-
tions are the same as the lowest order flux tube equations (35)
and (36), proving that global f simulations give the same results
as flux tube simulations for /;/L < 1. We want to show that the



Plasma Phys. Control. Fusion 57 (2015) 054003 F | Parra and M Barnes

solution in (37) and (38) is valid to an order higher in /,/L. We  of Hf[,bw R, vy, 4, 1), qsyl,b (r,1), H®, (R, Vi, 4, 1) and @L(r, 1) in
substitute equations (37) and (38) into equations (B.5) and (B.6).  equations (41)—(44), and equations (A.1)~(A.4) to obtain that
The resulting equation can be simplified by using the definitions th R, vy, 1, 1), q§lb (r,0), H®, (R, V|, 4, 1) and DL (r, 1) satisfy

OH, 9 ™ 9
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0 (04

Vi oy W
a<¢yl/b>o oh'b a(¢x}fb>0 oh® a(d’[b)o aHst,bw a(ﬁbtb)o aHs[Pv/
—c s s ¢ -
dy  oa da Oy oy da da oy

Al Lo, zeop my(vi +2uB) 31 oT, P C6<4>$’)0 [ ze D),
n,oy T, oy 27, 2T, oy Mso oa [ NP

0h§b dhlb a¢lw
= — —_— v — [ _ R | -
"o (b kO30 90 Mﬁw(b VR B ) (01/1 oy +6u/( ‘ %

O|| Lon  Zeopt (mOp+2uB) 3107, P U
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, o

(B.8)
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and
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Z2ne and
D7, [BoH (x = po v 1) dvydpdg = Y| 22| @t
K K I 0

s

Py Atb
:‘ZZX/%hx‘b(r—po,Vu,u,t) dvy du dgp (6po-V ¢*)y = (w(R) ~ l//o)< aw 7 >
0 (B.13)
po Atb
+Zz fBo VR h® (r = po, v, s 1) dvydu dg. +(@(R) - ao)< S Vo >
0
(B.10)
Substituting (37) and (38) into (B.5) and (B.6), using equa-
tions (B.7)-(B.10), and employing we find
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+(a(R) — Lol
(a(R) = ao) (P2’)y To obtain these equatiors  we have used that the coefficients
+((p- VR DY), + ((p- VR @)y BY), (B.12)  of the Fourier series for iy , ¢ , HY,, &, HY, and &Y, given

10
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in (39)—(44), do not depend on y or a because they are evalu-
ated at the fixed values y =y and a = ay.

Equations (B.14) and (B.15) vanish because they are the
Fourier transforms of equations (31) and (32). To show that
equations (B.14) and (B.15) are the Fourier transforms of
equations (31) and (32), we use equations (39) and (40) to find

2J1(As) iuB

S S| T bb | Vekug®

@ = Y| o0+

kyoka

ik yu?B? . .
%kr Vi ki i{;tb) exp (ikyy (R) + ik (R) ),

’ (B.16)

-G )

and
2
A~tb
/ A0 = po. vy s 1) dep
0

=2ﬂ'z
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2J 1 (AY) iﬂB

R AN
ALYV (I—bb)

(le‘bfo(/ls) +

: 2BZ
Wik -G D Vi klzng)

X exp(ik, (1) + iky(r)). (B.17)

Note the difference between these results and equations (24)
and (25).
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