Plasma Physics and Controlled Fusion

PAPER

The role of thermal conduction in tearing mode
theory

To cite this article: 3 W Connor et al 2015 Plasma Phys. Control. Fusion 57 065001

View the article online for updates and enhancements.

Related content

- Advanced Tokamak Stability Theory:
Resistive MHD instabilities
L Zheng

- The role of pressure flattening in

calculating tearing mode stability
C J Ham, J W Connor, S C Cowley et al.

- Tearing stability in toroidal plasmas with

shaped cross section
C JHam, Y Q Liu, JW Connor et al.

Recent citations

- Effect of anisotropic thermal transport on
the resistive plasma response to resonant

magnetic perturbation field
Xue Bai et al

- Screening of external magnetic
perturbation fields due to sheared plasma
flow
L. Lietal

This content was downloaded from IP address 194.81.223.66 on 22/11/2017 at 08:43


https://doi.org/10.1088/0741-3335/57/6/065001
http://iopscience.iop.org/book/978-1-6270-5423-2/chapter/bk978-1-6270-5423-2ch3
http://iopscience.iop.org/book/978-1-6270-5423-2/chapter/bk978-1-6270-5423-2ch3
http://iopscience.iop.org/article/10.1088/0741-3335/55/12/125015
http://iopscience.iop.org/article/10.1088/0741-3335/55/12/125015
http://iopscience.iop.org/article/10.1088/0741-3335/54/10/105014
http://iopscience.iop.org/article/10.1088/0741-3335/54/10/105014
http://dx.doi.org/10.1063/1.5003664
http://dx.doi.org/10.1063/1.5003664
http://dx.doi.org/10.1063/1.5003664
http://iopscience.iop.org/0029-5515/56/9/092008
http://iopscience.iop.org/0029-5515/56/9/092008
http://iopscience.iop.org/0029-5515/56/9/092008

1OP Publishing

Plasma Physics and Controlled Fusion

Plasma Phys. Control. Fusion 57 (2015) 065001 (12pp)

doi:10.1088/0741-3335/57/6/065001

The role of thermal conduction in tearing

mode theory

J W Connor!">3, C J Ham!, R J Hastie!* and Y Q Liu!

! CCFE, Culham Science Centre, Abingdon, Oxon, 0X14 3DB, UK

2 Department of Physics, Imperial College of Science, Technology and Medicine, London SW7 2BZ, UK
3 Rudolf Peierls Centre for Theoretical Physics, 1 Keble Road, Oxford, OX1 3NP, UK

E-mail: jack.connor @ccfe.ac.uk

Received 27 October 2014, revised 23 January 2015
Accepted for publication 23 February 2015
Published 27 March 2015

Abstract

®

CrossMark

The role of anisotropic thermal diffusivity in tearing mode stability is analysed in general
toroidal geometry following similar techniques to Glasser et al (1975 Phys. Fluids 18 875),
although a stronger ordering of the plasma compressibility is required. Resistive layer
equations are obtained for a resistive magnetohydrodynamic (MHD) model with anisotropic
transport of pressure. A dispersion relation linking the growth rate to the tearing mode stability
parameter, A’, characterising the external ideal MHD region, is derived. By using a resistive
MHD code modified to include such thermal transport to calculate tearing mode growth rates,
this dispersion relation is employed to determine A’ in situations with finite plasma pressure that
are stabilised by favourable average curvature when using a simple resistive MHD code. We
also demonstrate that the same code can be used to obtain the basis-functions (Ham ef al 2012
Plasma Phys. Control. Fusion 54 105014) needed for an alternative approach to calculating A’.

Keywords: MARS-F code, tearing modes, toroidal geometry, MHD codes

(Some figures may appear in colour only in the online journal)

1. Introduction

The stability of tearing modes in resistive magnetohydrody-
namics (MHD) is very sensitive to the presence of a pressure
gradient at the resonant surface [1]. Thus, in toroidal geometry
with favourable average curvature (i.e. when the resistive inter-
change stability parameter, Dy, is negative, as can occur in a
tokamak) there is a strong stabilising effect at high Lundquist
number, S. This is commonly known as the ‘Glasser effect’ [2]
and leads to a critical value, A’ ,;;, of the tearing mode stability
parameter, A’, characterising the external ideal MHD region,
for instability. This stabilisation is due to the pressure pertur-
bation associated with sound wave propagation. One might
therefore expect thermal transport effects in the vicinity of
the resonant surface to play an important role in determining
the pressure perturbation. Indeed their role has been investi-

gated by Lutjens ef al [3, 4]. They found that a length-scale,
wp =22 (;(L/)(”)” *(Rry/ns)\2, distinct from the resistive layer

0741-3335/15/065001+12$33.00

width, Lg, was introduced. Here y, and X are, respectively, the
thermal diffusivities perpendicular and parallel to the magnetic
field, the shear parameter, s = r(dg/dr)/q, with g the safety
factor, n is the toroidal mode number of the tearing mode, r;
the resonant minor radius and R the tokamak major radius. In
the situation 7y >> wp >> Ly Lutjens et al found Glasser sta-
bilisation was essentially replaced by an off-set to the tearing
mode stability parameter, A’: A'— A'— /2 72 Dg/wp. The sta-
bilisation described by this off-set is much less than that from
the Glasser effect at high S. This suggests that resistive MHD
codes, such as MARS-F [5], investigating tearing mode sta-
bility should incorporate thermal transport with realistic values
for y, and X3S has been implemented in the XTOR code [6].

While there is certainly an interest in exploring such a
model, though it is somewhat simplistic in its physical reality,
as a plausible description of resistive modes in plasma, it can
also be introduced into resistive MHD codes to extract a value
for A’ in toroidal geometry [7, 8]. This is the main thrust of

© 2015 EURATOM  Printed in the UK
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the present work. Calculation of A’, which characterises the
external ideal MHD region and is independent of the physics of
the internal resistive region, is important because the physics
of the resonant layer model for hot tokamaks will require a
kinetic theory description rather than simple resistive MHD.
Thus one needs to combine such a resonant layer description
with matching to the value of A, which can be obtained using
the resistive MHD model. One approach is to use a known
analytic dispersion relation relating the growth rate of the
tearing mode obtained from the resistive MHD code to 4" in
order to determine the latter. Of course this method is limited
if Glasser stabilisation renders the mode stable [7]. Another
approach [8] is to construct basis functions from a resistive
MHD code. However, the physics inherent in the Glasser
effect shields the resonant surface, preventing construction of
a large solution in the sense of Newcomb [9], and negating
this approach. A third method is to artificially flatten the equi-
librium pressure gradient at the resonant surface with a local-
ised axisymmetric perturbation to it, and develop an analytic
relationship between the values of A’, with and without this
perturbation, the former value now no longer susceptible to
the Glasser stabilisation [10]. Since the shielding is related to
the effect of the plasma response in the presence of an equi-
librium pressure gradient, this last approach suggests a role
for thermal transport in modifying this in the vicinity of the
resonant surface.

To make full use of a toroidal resistive MHD code with
thermal transport included, it is necessary to establish the
precise relationship between the growth rate and A" in com-
pletely general geometry, as in [2]. The treatments in [3, 4]
and [6] use a somewhat simplified physical model and geom-
etry. In this paper we extend them to general toroidal geom-
etry, using the approach in [2], modified to include thermal
conduction. In the limit that thermal conduction dominates
the equation of state, the new characteristic scale, wp, in addi-
tion to the basic resistive layer width, Lg, enters the theory.
Nevertheless it continues to be possible to follow a modi-
fied version of the methodology of [2]. An analytic result can
be obtained in two geometrical situations. One relies on the
favourable average curvature, Dg = E+ F + H? being small,
but all other relevant geometrical quantities (i.e. E, F, H as
defined in [1]) being arbitrary. The other, simpler case, is
to assume H = 0, which resembles the result in [7]. If one
wished to relax the condition on Dg when H # 0, a numerical
treatment, analogous to that in [11], would be necessary. The
replacement of Glasser stabilisation by the off-set in A" also
has the consequence that the shielding of the resonant surface
that prevents the application of the basis function approach
also disappears.

In section 2 we develop the general equations describing
the resonant layer including resistivity and anisotropic
thermal transport, generalising the approach of Greene and
Johnson [12]. The calculations behind the results in sections 2
are quite lengthy, but closely follow those laid out in [12].
Rather than repeat these calculations at length we merely
describe the essential points and emphasize the differences
arising from the inclusion of thermal transport coefficients.

Some details are presented in Appendix A. In section 3 we
generate the analytic dispersion equation including finite
values of H, following the methodology in [2], emphasizing
the differences arising from the inclusion of thermal trans-
port. The simpler special case with H = 0 is presented in
Appendix B. The implications for applying the basis func-
tion approach for determining A’ are discussed in section 4,
while the application of these various ideas in a fully toroidal
resistive MHD code like MARS-F [5] appears in section 5.
Finally we draw conclusions in section 6.

2. The resonant layer equations

We adopt non-orthogonal Hamada co-ordinates, V, 6 and{,
where V is the volume within a flux surface and 6 and { are
angle-like variables increasing by unity after one turn about
the torus the short way and the long way round, respectively;
the Jacobean is unity. The equilibrium magnetic field is
written as

B=VVX(y'VO-y' V) (1)

where w(V)and (V) are the toroidal and poloidal fluxes,
prime denoting a derivative with respect to V and the scalar
pressure is P(V). Similarly the current can be expressed as

J=VVXAVO-TV) )

The plasma model adopted consists of the single fluid
momentum equation, Ohm’s law and an equation of state
including anisotropic thermal conduction.

Z—IZ+V.Vp+ypV.V+B.V[%(B.Vp)]+;{l Vip =80 (3)

where p is the pressure, v is the plasma velocity, y is the ratio
of specific heats and S(V) is a source. The source plays a role
in determining the equilibrium pressure, P(V), through the
equilibrium equation V3 P = S, but plays no part in the equa-
tion for the perturbed pressure, dp. These equations are lin-
earized, with perturbations described in terms of the plasma
displacement, €, the perturbed magnetic field, b and Jp. The
linearized equations are:

pq=(V xb)xB+Jxb—Vdp )

b+ Vx(Vxb)=VX(EXxB) Q)
q

qp+yPVEF+EVP)-V.(y, Vip)

6
—B.V[%(B.V5p+b.VP)]=O ©

where p is the plasma density, # the resistivity and the time
variation of all variables has been written as exp (g?).

We represent the displacement and perturbed magnetic
field in the form
BxVYV B

vV + +r— 7
|V V|2 H BZ BZ ( )

§=¢
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VvV
IV VP

BxVV B

» Ty ®)
The equations are expanded in a narrow layer in the vicinity of a
resonant surface,V = Vywherei/2z = y'/yy’ = n/mand the shear
parameteris A = yw'y" — y'y" = 1//’21’/271 .A new co-ordinate is
introduced: u = y,0 — y, ¢, where the subscript O corresponds
to the value at the resonant surface, so that B. V u = Ax/¢ with
x=V-V, and ¢ =y'/m = y'/n. We make an ansatz for the
variation with u: i. e. ~ exp (i @ u), a >> 1, but this condition
on a can be relaxed in an axisymmetric torus where the pertur-
bations vary as exp (2z i n uly’). An ordering scheme based on
a small resistivity is introduced:

n~xL~&, 1~€5 q~£2, x~ €, %~e‘3,
©)
% ~ 8_1,% ~1
and the dependent variables are expanded as
E=e¥PD4 ., u=pO+.. v=09+.,
b=ebD+. .., v=vO4 . t=e2P+. .. (10)

However we differ from [12] in the ordering of V .E. The
induction equation (5) requires the ordering V . (B%,) ~ &* and
in the absence of thermal conduction in the equation of state
this was not inconsistent with the ordering V . = £*(V .£)®
used in [12]. Now, however, there is an O(1) contribution to
V £, producing a modification to the 0(¢?) equation of state
that competes with parallel thermal conduction. Physically
it allows a competition between sound waves and parallel
thermal conduction in determining pressure balance over a
connection length.

These expansions are introduced into equations (4)—(6),
recalling also that V.b =0, and the hierarchy of equa-
tions solved order by order, as in Appendix B of [12],
averaging over the angle {, corresponding to a flux-surface-
average, to annihilate unwanted information. In Appendix A
we draw attention to the modifications to [12] that arise from
the introduction of thermal transport and the revised ordering
of V .£. Eventually one arrives at a set of equations for certain
flux-surface- averaged quantities:

Y=(.VV)liaAX,, E=(EVV), T=((b.B)/P (11)
namely:
Yxx — HTx = Q(¥ - XE) (12)
0%y — OX2E+ (E+ F)T+ QX¥P+ H¥% =0 (13)
O(1 + 7, Moo/ M, )M
A T 7 0MaiMg) ™
-X(1+70)XT-¥)
= Q’[(G+KF)T - (G — KE)E + KHY¥x] (14)

where

s

B*/|V VP B .
o (B] V”[ww—ww“ >], GZJBf

A2 (B?) B

B2/|V V] B/ IV VP
F=< |2 ") <0'232/|VV|2)—<02 | |2>
A (B*/|\V V)
2/ 1
Hr <?>]
Go (B L _(BIIVVE)| (aB2IIVVE)  (oB)
My P’ N (BIVVE (B [
A? B?
= 2 2< ) 2\ (15)
MP'* (B*/|V V)
and
My=M@ =0), My =My — ), where
M= (B*/|VV])
2
BZ
(IV V|2/Bz)++,2 <5232>—@ ,
(I+xQ)P (B%)
~__ PQ Lo~ (BYIVVEXIVVE)
)(” =y ”},—P, while XL=XL nproo
and X = M, 0= i, with
Xo Qo
) 22 1/6
Xy =| " M(B) | and
a’A(B* 1|V V)
2.2 2 1/3
na"A°(B”)
Q = - 5 5 9 16
0 (pM<32/|v VP (16)

The angle brackets are defined by (A) = (1/2x) 55 doA. It is

also convenient to define the Mercier (ideal MHD) stability
index, Dy [13], and ‘average curvature’, Dg:

Di=E+F+H-1/4

Dr=E+F+H (17

We emphasize that the appearance of the ratio My /Mj in
equation (14) is a convenient way of representing the exact
variation of M with %, , not an approximate interpolation for-
mula. In general the eigenvalue Q appears in a non-standard
way in the normalisations Xy and Qy, so an iterative solution
would be required: one guesses M, solves for M(Q) and varies
O until satisfies its definition in equation (16). However, in
the two limits of interest,}ﬁQ -0 and}ﬁQ > 00, M
becomes independent of Q and the need for this procedure
vanishes, although one should check in the latter case whether
7% is sufficiently large. In the limit %, % — O we recover
the equations of [2]. It is interesting to note that the toroidal
enhancement of inertia, represented by the quantity M, i. e.
M when %, = 0, disappears whenk >> 1.
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In the transport dominated limit: %, % >> 1, equa-
tion (14) reduces to the simpler form:

2 Txx = 3 X(XT = ¥), (18)
or, introducing a new scale-length, y = (3/7,)'*X,
NG
Tyy —y°T = —(7”] ¥y (19)
XL

We shall consider this situation in the additional limit
%% <<1 so that the scale-length associated with equa-
tion (17) is much longer than that appearing in equations (12)
and (13). Although y >> y, in physical reality, since

B _ ik oA

o =X STy

ya 2BV V)

the smallness of X/V; makes this a reasonable assumption.

(20)

3. The dispersion relation for H finite

The dispersion relation for the tearing mode results from
matching the solution of the inner resistive region equations to
the external ideal MHD solutions. It involves the tearing mode
stability parameter A’ that represents the jump in the ratio
of small and large solutions [9] across the resonant surface.
These solutions behave as

Y~XP, E=T=¥/X; p=12+(=D)'"> (1)

As in [2] we introduce the ordering: Q ~ 8*3, X ~ 8!/,
implying ¥ ~ 1, £~ T~ &%, together with the condition
on the equilibrium, Dg ~ 6, while E ~ F ~ H ~ 1. In leading
order equations (12) and (13) are

YR —HTY =0 (22)
(E+F)TQ+HPQ =0 (23)

so that in the present ordering they are no longer independent.
To obtain an independent equation we differentiate equa-

tion (13) and use equation (12) to eliminate ‘I’,((O,?, resulting in
an equation for £ :

(0= — X250), — HXEO + (X¥O)x + HY© + (D/Q)TY
=0 (24)

First we must discuss the nature of the solutions of equa-
tions (12), (18) and (24) at large X for matching to the ideal
region. One is given by

YoxH E~T~¥/X~XIL (25)

however, it is necessary to make = an order larger in d to iden-
tify the other solution:

Y~ XM T~ ¥IX, E~H(-2)X 10, (26)

This solution for = fails to match to the ideal solutions (21),
(since p=H or 1 — H whenDg ~ §), but consideration of
an intermediate region enables a smooth matching. Thus,

in solving the resonant layer equations we need to identify
the components corresponding to the asymptotic forms (25)
and (26).

We return to the solution of the resonant layer equations;
the lowest order terms in equations (12) and (18) yield

PO —HTY =0 (27)
TR -2XTO+72xP0 =0, (28)

which reduce to
=y YO+ HyyrO =0, (29)

precisely the same equation for ¥@ as obtained in [2], but
with the variable y = (3/7,)"/*X replacing z = X/Q""*. Thus

v =iz, A= (0F/2)"

We can therefore follow the same solution procedure to obtain

(30)

¥ O(z) = ¥iz) + Ya(2) (€29)
with
Yi(z) = A lexpu m i) / dk exp(ikz)
G
(/23 VK, (s exp(=27 D)I2%);
Y(z) = A lexp(—2v 7 i) fdk exp(ikz)
G
(/A3 VK, (s expm i)IA?), (32)
where C; is a contour in the k-plane from

oo exp(3in /4) to oo exp(ix /4), entirely in the upper half
plane, while C, has the same limits but passes below the
origin, s = k2/2 andv = (1 + H)/4. The solutions (32) follow
from forming the Fourier transform in a variable x = k/4 with
respect to y and then re-expressing it in terms of z. The asymp-
totic form of ¥© is

¥ O(2) ~ ¥o(2) ~ 2¥a[ T W)/T (4)](A2)*~'[1 + 0((A2)™)] (33)

To obtain the other power-like behaviour at large z (i.e. large
X), we must consider equation (24) which becomes

(EQ - 220) — Hz2©
+ O VP O), + HPO + (Dr/HQY*) Y] = 0. (34)

For the appropriate odd-solution for Z© we require the inho-
mogeneous solution of equation (34). This is achieved by
introducing the Fourier transform and solving the resulting
second order equation in k by the method of variation of
parameters. However we can readily identify part of the solu-
tion at large z from the dominant terms in equation (34):

0 ~ O )0, (35)

However this fails to generate the solution (26). The part of
the solution for Z© that does produce the necessary powers
in z is given by
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EO0 = /dk exp (ikz) s*
G

0
X3 K, (s) f dit7VK,, (texp (2ni) ) R (texp (2xi) )

exp(—2ni)

— exp (—4nvi) K, (sexp (2xi) )/ dit™"K,(t) R(t) ¢ (36)
0

where

R(@) =

—K 1=
[2+/2 204 cos(un)a®~D1| 22 A2

(12 -v) t D, t
A K”(?H—Héﬂ]’{”(?ﬂ

This follows from equation (68) of [2] after one allows for the
different scale-length that controls ¥?; the remaining terms in
that equation merely contribute to solution (35).

To obtain the asymptotic form for £© we first evaluate the

definiteintegrals whichbothtake the form / dit VK, (t)R(¢) .
0

expQurmi) ™12 l 1 ( t )

(37)

We express K’, (t) interms of K, () and K, (z) and use the
result 7.14.2 (36) of [14]:

2421 = p) / A K, (anK,(r) = a”~*"'p
0

X oF (1 +v+pu—p)2,

(+v—p=—p)2:1—p:1—pla’)

X I'A+v+pu—p)2)Ir(1+v—pu—p)2)

P =v+pu=p)DI (1 —v—p—p)2) (38)

where ,F; is the hyper-geometric function [15], setting
t=2u,a=1and = 2% with appropriate choices of y and
v. In taking the limit 4 << 1, when the final argument of the
hyper-geometric function becomes 1 — Bla* = 2*, one uses
the transformation formula 15.3.6 of [15] which generates two
terms, corresponding to different powers of A. Alternatively
one can expand the term in K,(u?), retaining the two lowest
powers in fu?, and then using the result 7.7.4 (27) of [14], thus
again generating two powers of A.) This differs from the situ-
ation in [2] when A = 1, the argument 1 —p%/a*=0and only
one term is generated.

For large z we can use the small argument expansion
of K,(s) and the resulting integral over k can be recog-
nised as the Hankel representation of a Gamma function
[16]. Consequently the asymptotic form for £© can be
written as

E(O) - 'IU(O)(Z)/ZQIM + CyZ_H_Z, (39)

where
7 cosQRnv)(1/4 — v)['(—v)I"(1/4)
25w+l I'v+ ) (-4v)

Dg | I'3/4A—-uv)[(3/4) ,,
XU — A
HQ3?| Ir(1/4 — ) (1/4)

G, =-

I'(1/4—uv)r(/9Hr(—v)

We note the appearance of two distinct powers of
4= (077 )""*. To obtain the complete solution for ¥(z) we

require ¥U(2). In first order, equations (12) and (14) yield

I'(3/4 = 2L)I'(3/4 — v)I(v) /12—@]} (40)

¥in — HTY) = 0¥ - X=©) (41)
AT =HXXTY =¥ D) (42)
Solving these for large X we obtain, in terms of z,
T(l) Q7/4 C 1-H
) ~———Cz" 4
@ H(l —2H) “3)
The external ideal MHD solution has the form
Yr=ALrIYIT + B |V 44)
Y = (V—V/Vy = (XoQ"*1Vy)z
and if we write the inner resonant layer solution as
¥ = A Y1 + (B + Bysgn(¥)) |Y|'H (45)

where A; and By are obtained from equations (33) and (43) and
By is an arbitrary coefficient arising from an even solution, £,
to the homogeneous equation (34). The matching condition is

A =Ag=A, B.=B-B, Br=B+B (46
Defining
A" = Bgr/Ag + BL/AL 47)
and
A(Q) = 2B/A; (48)
we finally obtain the dispesion relation
4= AQ) (49)
with
A(Q) = z Q(5+2H)/4 (%)I_ZH(ﬁ)HM cos(nH 14)
4 (1 -2\ X, Zi sin((z(1 + H)/2)

T3 — HY4H(1 + H)
T((1+ HYAC(S + HYAHCA + H/4)

~\1/2
X {1 +H+ &(ﬂJ r@MArR2-H4

o\xn r(/ara—-Hi4)

D )/(ﬂ (1-H)/4
R
Q(5+H)/4 ()?L)

(1 = 2HYS(2 — HHT((5 + H)/4)}

T(/4(1 = HISH((3 - H)4) (50)
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10° :
- 0 - fluid
—@—transport

Figure 1. The growth rate y normalised to the Alfven time 74 as
a function of Lundquist number, S, as calculated by MARS-F for
the resistive MHD model (dashed line with squares) and thermal
conduction model (solid line with circles), showing how the
resistive case is stabilised at large S. The resistive MHD model
assumes a uniform profile for the plasma resistivity. The thermal
conduction model assumes y/y; = 102 in this scan. The tearing
mode becomes stable at S = 10° for this plasma due to the Glasser
effect.

In the limit H = 0 this reduces to

~A\1/2
Q) = 2 Vo g OB 2T A1) Da
X0 r(1/4) r'(1/H\ x, 0
3 5\
_Yr A p, (51)
Xo 2 \ XL

This expression can be compared with that of the resistive
MHD model [2]

4 Q3/2 (52)

_ > Vs s
A(Q)—ZﬂX 0

T (3/4) | Dr
o r(1/4) '

Although equations (27), (28) and (34) reduce to those in [2]
when 4 =1, we cannot set A = 1 in equation (40) since the
integrals in equation (36) were evaluated assuming 4 << 1;
consequently we cannot recover the result (52) by setting
A = 1at this stage.

In equation (49) the quantity A" is calculated from the mar-
ginal ideal MHD equations that satisfy appropriate boundary
conditions at the magnetic axis and plasma surface. However
the equations including thermal conduction differ from the
standard MHD equations, leading to a different linearized
equation for the perturbed pressure, dp. It might therefore be
conjectured that the value of A" has also been altered by the
role of strong parallel thermal conduction. We now show that
this is not the case by examining solutions of an equation of
state dominated by parallel thermal conduction rather than
compressibility:

B.V[%(B.V5p+b.VP)] =0 (53)

10 ‘ ‘ ‘
8, 4
6, i
<
4, i
—o— H>0
2 - & -H=0 ]
o L L L
10° 10° 10" 10°

x"/x n

Figure 2. A’ as a function of y/y, inferred from MARS-F for the
thermal transport model calculated using the general dispersion
relation for H > 0 (solid line with squares) and the one for H =0
(dashed lines with circles): the small value of H for the particular
equilibrium makes them lie very close to each other. The Lundquist
number is S = 10 in this scan.

where P(V) is the equilibrium scalar pressure. In the pres-
ence of magnetic shear, i.e. for irrational magnetic surfaces,
equation (53) can be integrated to yield (B.Vp +b.V P) =0,
where we have invoked the solubility condition on this mag-
netic differential equation [17]. Since b =V X (E X B), this
can be written B.V (p + P'$) = 0. Integrating once again,
p = —P'¢, where we set the constant of integration to zero as
the perturbations depend on 8 and {. This is the same result
as standard ideal MHD so that it leads to the same value for
A’. This argument assumes that ;(”ch >> g, where L, is the
connection length and ¢ the growth rate, and depends on our
transport model which acts on pressure rather than, more real-
istically, on temperature. However, since our main interest is
to use the model as a device to calculate A’, these consider-
ations are not an issue for this purpose.

4. Calculations of A’ from the dispersion relation
using the MARS-F Code

We have calculated A’ for a toroidal equilibrium which is
stable due to the Glasser effect in the resistive MHD model
for S > 10°, by replacing the equation of state in the MARS-F
code with the one including transport processes. In the limit
that transport dominates one can take the growth rate calcu-
lated from the code and exploit the analytic dispersion rela-
tion (50) to determine A’. The finite § equilibrium chosen
has R/la =10, g, =144, g, =2.94,  =0.019%. It has the
properties Dg = =3.5x 1073, H=79x10"* and a single
resonant surface at ¢ = m/n =2. Figure 1 compares the
growth rate as y/y, is increased when only transport effects
are retained in the equation of state, with the result without
them, showing how transport overcomes Glasser stabilisation
at high values of the Lundquist number, S. In figure 2 we use
the dispersion relation (50) to deduce A" from the growth rate
as a function of y/y, for a high Lundquist number, § = 10%in
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Figure 3. A’ as a function of S as inferred from the thermal
transport model for y/y, = 102 (solid line with circles) and using

the dispersion relation of the resistive MHD model from [2] (dashed
line with squares); the two methods recover the same value for A’ at
large values of S.

the transport only case, showing the effect of H. The results
are insensitive to y/y, and the outcomes from the two disper-
sion relations (50) and (51) almost lie on top of each other
since H=7.9 x 107 << 1. Figure 3 shows the convergence
of A" with S for y/y, = 102%; its value asymptotes to a constant
for § > 10°. The result obtained using the resistive MHD dis-
persion relation of [2] is also shown since complete Glasser
stabilisation only operates for S > 10°.

5. Basis-functions

In an earlier publication [8] a method for calculating A’ in
a torus using a set of basis-functions to be obtained from a
toroidal resistive MHD code was described. In the simplest
case of one resonant surface this involved constructing, as a
stationary solution of the resistive MHD code, a small solu-
tion with its set of accompanying harmonics emerging from
its resonant surface, the resonant harmonic having unit slope
and the other harmonics zero slope. Each harmonic of this
solution has finite amplitude at the wall. We associate with
this solution a second basis-function, the ‘response’ solu-
tion, which is calculated by imposing zero amplitude on all
harmonics at the magnetic axis and the values of the original
small solution at the wall; the harmonics are allowed to recon-
nect (i.e. they are continuous) across their resonant surfaces.
Subtracting these two solutions yields a solution satisfying the
appropriate boundary conditions, from which one can calcu-
late A’ as the ratio of the jump in the small solution across the
resonant surface to the amplitude of the large solution there.
The method readily generalises to multiple resonant surfaces.

Unfortunately the approach is only satisfactory when there
is zero pressure gradient at the resonant surface because oth-
erwise, within a resistive MHD model, the stationary response
function is shielded from the resonant surface and one cannot
identify an amplitude for the large solution there. Including
thermal transport effects in the toroidal resistive MHD code

can be expected to resolve this problem as the response solu-
tion can penetrate to the resonant surface, essentially for the
same reason that Glasser stabilisation has been removed.

To see this we consider the stationary limit, Q — 0, of
equations (12)—(14):

Dp¥xx —HTx =0 (54)
(E+F)T+H% =0 (55)
QU +7)Tx = X*(1+ZQ)XT=¥)=0  (56)
When 7, )?” << 1, equation (56) reduces to
T=wiX (57)
whereas, if | , )’(\” >> 1,
2T — X [XT-¥)=0 (58)

If Dg # 0 it follows from equations (54), (55) and (57) that
Dr(¥ /X — ¥/X?) = 0, implying ¥ « |X|, i.e. ¥(0) = 0. Thus
the resonant surface is shielded from a stationary external per-
turbation of ¥'. However if transport dominates we only learn
from equations (54), (55) and (58), that Fxx(0) = 0, allowing a
finite value of ¥(0), i.e. penetration is allowed.

Furthermore equations (12)—(14) reduce to those of ideal
MHD away from the resonant surface. Thus for small values
of the perpendicular thermal diffusivity, it only plays a role
near the resonant surface. On the other hand parallel transport
is important, dominating equation (14). The result is XT = ¥,
but this is what is obtained in the ideal MHD model, since the
equation of state (14) then leads to X7 = =, while the induc-
tion equation (12) implies = = ¥. Consequently a resistive
MHD code (e.g. [6]) including thermal transport can be used
to construct appropriate basis functions for calculating A’.

The MARS-F code has been used to construct the appro-
priate toroidal basis-functions and deduce A’. Figure 4 presents
the basis-functions for several poloidal harmonics for the resis-
tive MHD model and figure 5 those for the transport dominated
model, showing how the m = 2, n = 1 resonant harmonic is
screened in the former case, whereas it can penetrate to the
resonant surface in the latter. Figure 6 and 7 show the resulting
convergence of A’, calculated by the basis function method,
with y/x; and S, respectively, for the same equilibrium as used
for figure 1. These figures also include the results from fig-
ures 2 and 3 obtained using the dispersion relation method for
the resistive MHD and transport models for comparison.

6. Discussion and conclusions

In this paper we have obtained a set of resistive layer equa-
tions in general geometry when anisotropic transport of pres-
sure is included, generalising the approach of Glasser et al.
An important point is that there is now an 0(1) effect on the
plasma compressibility, compared to the 0(&?) one in the
resistive MHD model, suppressing the toroidal enhancement
of inertia when X dominates.

There are two ways in which these equations can be
exploited. Firstly, they can be considered as a description of
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Figure 4. Perturbed radial magnetic field response function
(labelled by poloidal harmonic mode number) as functions of a
‘radial’ flux surface co-ordinate, s, calculated by MARS-F for
the resistive MHD model, showing the screening of the m =2
component at the resonant surface. The Lundquist number is S =
10 in this example.
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Figure 5. Perturbed radial magnetic field response function
(labelled by poloidal harmonic mode number) as functions of the
‘radial’ flux surface co-ordinate, s, calculated by MARS-F for the
thermal transport model, showing the absence of screening of the
m =2 component at the resonant surface. The Lundquist number is
S =10 in this example.

real plasma. However there are limits to their validity for such
applications. In reality thermal transport acts only on plasma
temperature and not density, so assuming constant density
and applying this transport model to plasma pressure is over-
simplistic. The density response should involve the propaga-
tion of sound waves: indeed this is the mechanism underlying
the Glasser stabilisation; furthermore the increased role for
compressibility mentioned above will become more impor-
tant. Thus our transport model, which totally eliminates the
Glasser stabilisation of simple resistive MHD, is too extreme
and the truth lies somewhere in between. Other limitations
on the transport model are: (i) that hotter tokamaks lie in a
regime where collisional transport is better described by a

6 ,
<
a4 ,
—&— transport,TM
2+ ‘=4 - transport,basis 1
- = = - fluid, TM
2& 10° 10° 10°
Hlx,

Figure 6. Comparison of values of A" as a function of y/y,
calculated using: (i) the resistive MHD dispersion relation of [2]
(dashed line), (ii) the thermal transport model (line with circles) and
(iii) the basis-function method (dash-dot line with diamonds). The
Lundquist number is § = 10° in this example.
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Figure 7. Comparison of values of A" as a function of S: calculated
using (i) the resistive MHD dispersion relation of [2] (dashed line
with squares), (ii) the thermal transport model (line with circles)
and (iii) the basis-function method (dash-dot line with diamonds);
the resistive MHD model is unstable for this range of S.

long mean-free path, neoclassical MHD model [6]; (ii) that
one can expect turbulent perpendicular transport due to fluc-
tuations with radial extents exceeding the narrow resistive
layer widths to be present; and (iii) diamagnetic effects have
been neglected in our equations. Thus our model contains a
heuristic element.

The second application, and the main thrust of this work, is
to use the model equations in a modified resistive MHD code
merely as an artificial device to extract information on the
tearing mode parameter A’. For this purpose the equations no
longer need to be physically realistic, rather they only need
to modify the resistive layer response in a way that removes
the Glasser effect, so that the above concerns are not an issue.

With this background in mind, in the limit %/7, >> 1 we
have derived a dispersion relation for the tearing mode growth



Plasma Phys. Control. Fusion 57 (2015) 065001

J W Connor et al

rate in terms of the stability parameter A’, given in equa-
tions (49) and (50). Compared to the structure in the absence
of thermal conduction, equation (52) as obtained in [2], there
are now three terms inside the curly bracket rather than just
two. The second term, proportional to ( %/7,)"/* has a desta-
bilising effect when there is favourable average curvature,
Dg < 05 in this case, the third term, proportional to ( %/Z, 4
and thus larger than the second, has the nature of a stabilising
off-set to the tearing mode stability parameter A’. Of course
the opposite conclusions arise when Dg > 0, as in a Reversed
Field Pinch.

The first two terms have the appearance of a modification
of the two terms in [2] which describe the influence of the
interchange mode, but now has the feature that these transport
processes undercut the Glasser stabilisation that is present in
toroidal plasma with favourable average curvature and a finite
pressure gradient at the resonant surface. This has the positive
aspect that it means one can use this dispersion relation to
determine a toroidal A" from tearing mode growth rates pro-
duced in a toroidal resistive MHD code incorporating trans-
port of pressure, without the problem that Glasser stabilisation
prevents their growth. However there remains the stabilising
off-set from the third term. This leads to the tearing mode sta-
bility criterion (taking H = 0, for simplicity)

32 1/4
A <Ay = ﬂ_(ﬂ] Vi
2\

a’A?

1/4
- —Dz) (59
<BZ><|VV|2>) =P %)

In a large aspect ratio tokamak we note that, using results in
[18], but recalling that the toroidal enhancement of inertia is

suppressed when % >> 1,

)?” s 1/3 n? 213 %
=== lrm| = (60)
XL R B XL
and
32 1/4 12
T A ns
A'cm=—(—”) (—) (=Dg) 61)
2\ Rrg

If one considers the effective value of A’, i.e. after subtracting
the stabilising off-set A’..;, to be small, the dispersion rela-
tion admits an unstable interchange-like mode, but driven by
Dg < 0;however the growth rate is very weak: g o« (y/x,)""*/x
where 73 is a resistive diffusion time.

Another feature of the new dispersion relation is that both
these second and third terms have the property that they do
not produce a diverging contribution to A" as Q — 0, unlike
the case in [2]. (This is true provided H > 0, but normally this
is so: [18] shows this for a large aspect ratio tokamak.) This
means that stationary, external, magnetic perturbations can
penetrate to their resonant surfaces— i.e. they are not shielded
by the presence of a finite pressure gradient and favourable
average curvature. (However, one should note that shielding
due to plasma rotation may be present.) Not only would this
have implications for the application of resonant magnetic
perturbations for ELM control and for the effects of error

fields, but it also means the procedure for constructing basis-
functions for determining A’ is viable, since the large solu-
tion exists at the resonant surface, without needing to resort to
devices like equilibrium pressure flattening.

The dispersion relation has been obtained for the case of
small average curvature, |Dg|<<1, though H can be finite. In
Appendix B a similar result is obtained for finite Dg, but small
values of the equilibrium quantity H. If neither of these situ-
ations prevails one would need to produce a numerical solu-
tion of the basic equations, in the spirit of [11], but including
transport of pressure. In the extreme limit (;’(]_/)’(\”)“ 4 >> Xo,
the dispersion relation reduces to that in the absence of pres-
sure gradients (apart from the effect of H in the pre-factor in
equation (50).

The analysis presented above is based on (3j/7,) << 1,
corresponding to the pressure flattening width exceeding the
resistive layer width, Lg. One can readily extend the analysis
to arbitrary values of this parameter using the expression (38)
for arbitrary 4. As shown in Appendix B for the case H = 0
(which can be extended to general H straightforwardly), the
dispersion relation takes the form

reMl, 1 I(M Dy
r(1/4) 25127312 [(3/4) Q3

AQ) = ZH%QS“‘ ] 62)

resembling that shown in equation (52), with the consequence
that a Glasser-like stabilisation is restored if (§/r,) >> 1,
when the pressure flattening width is less than the resistive
layer width. It is interesting to compare the values for the crit-
ical A" arising from equations (59) and (62). On appropriately
adapting the result in [2], equation (62) leads to

A’ rip = 0.17(Vi/Xo) IDgP"® (63)

This can be lower than the prediction of equation (58) if y/x,
is sufficiently large, resulting in larger growth rates in this
situation, provided the Glasser-like stabilisation is overcome.
Furthermore it is also lower than the result [2]:

A'erir = 1.54(Vy/Xo) IRl (64)

so that the growth rate will also be larger than in the absence
of transport. This difference results from the somewhat dif-
ferent equations of state in the two cases. In the (3 /7, ) >> 1
case pressure remains constant on a perturbed magnetic field
line, rather than satisfying a simple compressible equation of
state.

The analysis above was entirely concerned with linear
theory. However it is well known that related thermal conduc-
tion effects play a key role in non-linear neo-classical island
growth [19], defining a critical island width for growth given by

wplry = Zﬁo(l/;(”)”“(R/nsrs)”z. (65)

The use of the dispersion relation (50) to determine A" from
the growth rate calculated by the MARS-F code, adapted to
include a transport model, was demonstrated in figures 2 and
3 for a specific toroidal equilibrium.

In section 5 we used the basis-function method to deter-
mine A’. We first showed that the transport model enables
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penetration of the response function at a resonant surface
even in the presence of a finite pressure gradient and favour-
able average curvature, unlike the usual resistive MHD equa-
tions. This leads to a finite value for the ‘large’ solution at the
resonant surface and hence allows the calculation of A”. The
method was demonstrated in figures 4 and 5 for the same equi-
librium used for the dispersion relation method. The results
for A" were the same as shown in figures 6 and 7. We stress
the fact that the basis-function method does not rely on the
tearing mode being linearly unstable, in contrast to the dis-
persion relation method, provided the resonant surface is not
screened from the response function.

In summary then, we have investigated the effect of ani-
sotropic thermal transport on the stability of tearing modes,
obtaining a dispersion relation relating the growth rate to A’
in general toroidal geometry. In the limit that transport effects
dominate the equation of state the stabilisation due to the
Glasser effect is greatly reduced. This enables one to deter-
mine A’ by using a resistive MHD code, such as MARS-F,
adapted to include thermal transport, to calculate the growth
rate in a wide range of situations which would be stable due
to the Glasser effect. In addition the same version of MARS-F
can be used to calculate suitable basis-functions for calcu-
lating A’, since the transport effects allow penetration of the
required response function at the resonant surface and evalu-
ation of the large solution there. The application of these two
methods has been demonstrated for a toroidal equilibrium
with favourable average curvature, obtaining close agreement
between the two methods. Thus these methods provide an
alternative method, or device, for determining A’ in toroidal
geometry, complementing other approaches [7, 8]. Of course,
the dispersion relation (50) also describes the effect of physi-
cally relevant values of anisotropic thermal diffusivities on
tearing mode stability.
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Appendix A: Aspects of the derivation of the tearing
mode equations

In this appendix we indicate the modifications arising from
the addition of thermal conduction in the equation of state to
the procedure carefully displayed in Appendix B of [12] that
we used to obtain the resonant layer equations (12)—(14). We
closely follow the notation of [12] and frequently refer to the
equation numbers of that appendix.

The key difference is to recognise that V .£ must be allowed
to have a contribution in 0(1) for consistency with the thermal
conduction model. The requirement from the induction equa-
tion that V . (B%,) ~ % implies

(VE=B. VLYY B)+BxVV.V(1/B) u?+ (v &2,
where BXV V.V (1/B>)=-B.Vo/P’ (A.1)

Consequently equations (B.4), (B.8) and (B.9) of [12], which
result in the form (B.21) for v(?), are inappropriate. Rather /(¥
is determined through the equation of state (6) and the parallel
component of the momentum equation (4). In leading order of
equation (6), we learn @ p/d¢ = 0, while in 0 (¢?)

aC BZ P’
(C))
b0 (2
o¢ \ B

o1 asp®
(A2)

a\B: o
Imposing the periodicity condition in { provides an expression
for 0 6p™/a¢. Finally, in 0(e*) we obtain, after annihilating
5p'® by averaging over ¢,

qry’

Ax 05p®?
(,aB2 ou

q[6p® + P EP +yP((V &)

a’p® A% o (1 asp®

= (VY=o 4 [ 522
dx ¢° ou\ B~ Ou

1 osp¥

Ax 0 [ b Ax 9
Axo b\, Ax9 /1 A3
+Z"¢0u<32>+x”¢6u<32 of > (A

Inserting the result (A.3) for d 5p'¥/d¢ provides an expression
for {(V .£)?), involving ), to substitute in equation (B.11)
of [12]. To determine v¥ we note that the paralle] momentum
equation, equation (B.11) of [12], provides a second expres-
sion for d 5p™/0¢; it is by equating these that we obtain a form
for @, differing from equation (B.21) of [12] and exhibiting
a competition between sound waves and parallel thermal con-
duction as a result of our new ordering.

With these modified expressions for 0 5p™®/d and v© the
procedure to obtain equations (12)—(14) follows that of [12].

Appendix B: Dispersion relation for H ~ 0 and
arbitrary Dy

We consider the case H ~ 6 when the constant ¥ approxima-
tion holds. In this treatment we are no longer restricted to
small values for Dg. Thus we have

PR =0 (B.1)
so that
O = ¥+ X, (B.2)
and
P = 0P O - X=©) + HTy (B.3)

‘We can then calculate A:

10
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W(O)[ (l)]

( / AX(PO - xEO) 4 grOPFs | (B.4)

y/(O)

The term in 7© evaluated at +co vanishes, so H plays no role.
Using equation (13), this can be written

+o0
Vs X
=-——05 [ S(QEQR+DT?)  (B5)
X¥© J x

We first follow the approach in [5]. Thus, in terms of the vari-
able y, T satisfies equation (19). This inhomogeneous equa-
tion can be solved in terms of the parabolic cylinder functions
[20] and a solution odd in y, vanishing at y = +o0, has the

form:
~\l1/4
XL

at small y. The equation for £© becomes

)/{\ 1/2
(7”] Di |79z (B.7)
XL

r3/4)
—1G4)

(0) ——
() \/—r(1/4) (B.6)

r(3/4)
r(1/4)

= -
EQ-7E0=- Q5/4[Q VT

Thus we can write

We first express equation (B.4) in terms of the variable z

A= %QS"‘ / dz (1—QV4z= ) (B.13)
0

(s

and introduce the Fourier transform = (k)= / dz e*®5 (7) so

that equation (B.13) becomes -
dA(O)
A= Q5/4 5 (k) +iQ"*—— (B.14)
dk 0
. =) .
The equation for = " is
20 00 2zi d6(k)  Dg ~
Sw k== T o 5 T'(k)  (B.15)
However the equation for T(k) is
A0) ~ 2rmid d6(k)
T —K*T O= 0" (B.16)

where k = Ak. Equation (B.16) implies the boundary condi-
tion T(0) = miA/Q"* so that the solution of equation (B.16)
vanishing at large « is

A(O)

(o TG

Q1/4 K (S) (B17)

PRNT)
_ 3/ X WhereKm (s)is amodified Bessel function of the second kind and
=0) — 2 )
- Q5/4 [Q +vE I‘(1/4)(;?l Dr|#F @) (B.8) s = x*/2. Likewise equation (B.15) yields = =¢ )(O) =i/ Q"
and a solution
and
ANIV4 =0 _| 24r@r4) ,, 1/4 /
= =|———1t""Kju(t K4 (t dt L ()R (¢
TOG) = _( A ] Fy) B9 o 14 (1) + 1Ky (1) s (OR (@)
XL 0
where 14 o
+ 40 [ ki R() | sen () (B.18)
F(O)w —x2F(x) = — (B.10)
Using the results [5] where 14 (¢) is a modified Bessel function of the first kind and
[, o, TGH) dy 7 DRl 3I4) . (1
f?Fzz(Z)—— D FQy)=—, (B.11) Rt)=i G 1/4(%) (B.19)
we finally have We can now calculate d= '/ dk at k = 0:
~\12 —(0)
I'(3/4 Dr I'(3/4 =
A(Q) = 2z Q5’4 /) P @ Dr L34 d = 5k - 2ni
XO r1/4) W Q /4 dk 0 Q”4
=2 v, \( A 4 r@3/4) _ Dp T (3/4)
- T4 A Dr (B12) /4 1/4 1+ 32 Zr 1/4 +i 21/4 7/42 ( 20)
2 (% )\ 2, (1140 "o T (T4 0

This result is a mild generalisation of that in [5] and recovers
equation (51).

An alternative approach involving Fourier transforms
allows an exact solution to the problem and provides some
light on the more complicated mathematics for the case with
H # 0 considered in section 3, which also uses Fourier trans-
form techniques, but there on third order differential equa-
tions, rather than the present second order ones.

1

Substituting this result into equation (B.14), we recover equa-
tions (51) and (B.12). In deriving equation (51), the extraction
of the large z behaviour of £ involved the region k <<1;we
note that equation (B.20) also involves the same region of k.

One can readily extend the analysis to arbitrary values of 4.
The terms proportional to Dg in A’ arise from the last integral
in equation (B.18) which can be evaluated for all values of 4.
They are proportional to the function G(1) :
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G() =2 [ diia(OKiiat12),

(B.21)
0
where
a2 4
G = TF(1/4)F(3/4) 234, 172, 1, 1=2%); A<
G = %F(1/4)F(3/4)2F1(3/4, 1/2,1; 1 — /1‘4); A>1,
(B.22)

which is continuous at A = 1. The function G(4) increases
monotonically with 4 and asymptotes to the constant value
G(A) = I'(5/4)/m I'(3/4). This means that in the limit 4 >> 1,

(3/4)
r(1/4)

1 I'(1/4) Dg
- 25127312 1(3/4) Q3

AQ) = ZH%QS"‘ ] (B.23)
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