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Abstract
Drift-reduced plasma fluid models are commonly used in plasma physics for analytic studies
and simulations, so the validity of such models must be verified for the regions of parameter
space in which tokamak plasmas exist. By deriving and comparing the linear dispersion
relations for the drift-wave instability for both a drift-reduced model and a full-velocity
model, the importance of the physics lost with the drift-reduction is examined. This analysis
is generalised for typical tokamak parameter spaces and is then applied directly to JET data.
It is found that drift-reduced models are generally more applicable to the edge plasma (<10%
error), while the core plasma shows more significant disagreement (>30% error) particularly
at mid-radius. The effect of drift-wave mode number and wavelength also play a key role in

determining the accuracy of drift-reduced models.
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1. Introduction

Fluid models are often used to describe plasma behaviour in
a magnetic field, especially utilising the closure developed by
Braginskii [1] that is valid for highly collisional plasmas such
as linear devices and in the tokamak edge where collisional
damping is the dominate damping mechanism. It is often
asserted that only kinetics and gyrokinetics can truly describe
plasma dynamics in collisionless regimes, such as the core
of tokamaks [2]. This is because collisional damping plays a
strong role in the formation of turbulence, but in its absence
in collisionless plasmas, finite Larmor radius and kinetic
effects such as Landau damping dominate instead. These are
analytically present only in gyrokinetic [3] and sometimes
approximated in gyro-Landau fluid models [4, 5]; however,
core turbulent transport has been qualitatively and quantita-
tively reproduced using a pure fluid description as well [6].
Due to the complicated and expensive nature of gyrokinetic
models, it is preferable, when appropriate, to utilise fluid
models instead. The aim of this work is not to test the regimes
in which fluid models are applicable, but to instead review the
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validity of drift-reduced fluid models in the regimes where the
fluid approximation is reasonable.

There has been a large effort to derive fluid models that
provide both corrections and simplifications to the original
Braginskii system [7, 8]. One such simplification, the so-called
drift-reduction, was derived by Mikhailovskii and Tsypin [7]
and is a slow ordering that assumes w < wci and p;, = 0. The
drift-reduction is a method of simplifying the momentum
equation by taking its curl, resulting in an equation for the
evolution of vorticity, W = V x v. For this new system to be
closed, an assumption is made that the perpendicular veloci-
ties are dominated by the E x B drift, which relates the par-
allel vorticity to the potential: W = Vi(b (cgs Gaussian units
are used for the duration of the paper).

The drift-reduction requires that perpendicular force bal-
ance be satisfied at all times, so perpendicular acceleration
terms are neglected and fast waves, such as the fast magne-
tosonic wave, are removed from the system. The effect of the
pressure gradient on the velocity evolution is not carried into
the vorticity equation as it disappears with the curl. This is
especially significant because the largest pressure gradients

© 2015 EURATOM  Printed in the UK
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will be perpendicular to the magnetic field, and it is the per-
pendicular velocity equations that are replaced by an equa-
tion for the vorticity. This approximate treatment of the
pressure dynamics leads to many of the differences between
the full-velocity and drift-reduced systems.

By using linearisation techniques, the behaviours of these
models are compared in order to determine in which cases
the drift-reduction is acceptable. This is feasible because
tokamaks operate in a well-defined yet broad parameter space
that can be explicitly explored. Both the reduced and full
systems are simplified to the incompressible limit (such that
V -¥ = 0) to look at the most basic case that still produces
drift-waves, which are the most universal drive mechanism
for tokamak plasma turbulence since they require only a pres-
sure or density gradient and finite resistivity to exist [9, 10].
Any differences for this simplified case are thus fundamental
and will carry on into more complex scenarios. Though tur-
bulence is a thoroughly non-linear phenomenon, the linear
growth rate of the drive instability indicates stability and
determines the non-linear saturation timescale and quasi-
linear flux making linear analysis of these instabilities both
relevant and essential.

2. Full velocity versus drift-reduced models

A full-velocity model is one that evolves all three components
of equation (1), the ion momentum equation [11],
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where m is the mass of the ions, n is the ion density, v is the
ion velocity, W is the ion vorticity, J is the current density, B
is the magnetic field, p is the total pressure, , is the velocity
diffusivity, and c is the speed of light. By taking the curl of
equation (1), an equation for vorticity is obtained. It is conve-
nient to take the parallel component of the vorticity equation,
as shown in equation (2), because it includes the behaviour of
the perpendicular velocities:
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where X and £ are the perpendicular directions and ¥ is parallel
to the magnetic field line. This geometry will be explained in
more detail in the next section. The normalised drift reduced
equations, as derived by Hazeltine et al [12], can then be
written in the incompressible limit as follows:
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where p is the pressure, ¢ is the electric potential, A is the
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dard advection brackets, Jj = V3iAj, Wj = V3¢, and 7 is the
parallel resistivity. The equation for v does not couple to
these in the incompressible limit so is omitted, but it is impor-
tant to note that the parallel velocity will evolve to maintain
Vv =0.

Using the same normalisations, the full-velocity model in
the incompressible limit is given by

parallel vector potential, [f, g] = are the stan-
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withV-J=0,7 =V x B, and B=V x A. To evolve the
vector potential, the generalised Ohm’s law given by Lifshitz
[13] is used with temperature gradients neglected due to the
isothermal assumptions. The equation for A, is excluded above
because it simply evolves to maintain force balance without
coupling to the remaining equations. For both systems par-
allel derivatives are taken along the perturbed field by defining
Vif = 0, f— [A).f] Itis important when exploring the effects
of the drift-reduction to ensure the two systems (full-velocity
and drift-reduced) are identical in all other aspects. To do
this, the full-velocity system was drift-reduced and in the
linear limit reproduces exactly the dispersion relation of the
Hazeltine model, which will be shown in the next section in
equation (5). In this way, the effects of the gyro-viscous can-
cellation which is used in both models are not observed in our
comparison.

3. Linearisation

For all linearisations, we define a quasi-3D, orthogonal coor-
dinate system (x—y—z) such that the equilibrium magnetic field
By is in the y-direction, the equilibrium current density Jj is
in the negative z-direction, and the background pressure gra-
dient is in the x-direction; however, perturbations are only in y
and z with no extent in x consistent with a local approach, as
detailed in figure 1.

The background pressure gradient is present to drive the
drift-wave instability, and the background current density
and magnetic field are provided to satisfy force balance. All
perturbations are of the form f = e!®¥+k2=90 where ) is the
complex frequency defined as {2 = w + iy. Both systems were
converted to cgs units prior to linearisation so that physical
parameters, such as Alvén speed, could be more easily substi-
tuted into the resulting dispersion relations.
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Figure 1. The geometry for the linearisation is quasi-3D with
equilibrium pressure gradient, current density, and magnetic field
that satisfy force balance. Perturbations are in y and z such that the
total perturbation is at an angle to the magnetic field, By.

3.1. Drift-reduced dispersion relation

The drift-reduced system in equation (3), once linearised,
results in the following dispersion relation:
2,2 2
viakows
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4wy
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where wy is the drift-wave frequency, w; is the ion cyclotron

frequency, wy; is the ion plasma frequency, and v is the Alfvén
speed. These are defined as
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Parallel Alfvén waves as well as resistive drift-waves can
be seen in the terms of the dispersion relation. In the case of
zero resistivity the waves are stable and simply propagate.
For 77> 0 the most unstable growth rate and corresponding
frequency can be extracted using typical values for magnetic
field, pressure gradient, and background density within a
tokamak (B = 10*G, |Vp|= 10°® Ba cm™!, ng = 102 cm 3,
T=50eV, k,=0.03cm™ ', and k, = 10cm™").

These values are also chosen to satisfy wy < wc; such that the
ion cyclotron frequency is the highest frequency in the system
(note that the pressure gradient here is typical for the pedestal
and will be lower in other areas of the tokamak, reinforcing this
ordering). The resulting frequency and growth rate are plotted in
figure 2 as a function of conductivity, o = 1/7 (ie. the inverse of
resistivity) with typical values of 10'3 s~! in the pedestal.

3.2. Full-velocity dispersion relation

When the full-velocity system is linearised, the resulting dis-
persion relation (equation (6)) contains the extra, fast-physics
that was lost in the drift-reduction.
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Figure 2. Growth rate (dashed) and frequency (solid) of the drift-
wave instability as a function of conductivity for the drift-reduced
system. Frequency, growth rate, and conductivity are all normalised
to the ion cyclotron frequency.
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The perpendicular resistivity has been approximated to be
double the parallel resistivity, as given in Wesson [14]. Notice
this expression has a higher order in €2 compared with equa-
tion (5) due to the additional equation for the perpendicular
velocities, which results in an extra mode in the growth rate
and frequency. The two dispersion relations, equations (5) and
(6), are identical when Q* term, the last three terms in €3, and
the parallel wave number in the second term of the 2 are
neglected, indicating that these terms contain the physics lost
in the drift-reduction. This includes various propagating par-
allel and perpendicular resistive modes and the ion cyclotron
wave.

For the same values of magnetic field, background density,
and pressure gradient the growth rate and frequency of this
expression are quite similar to that of the drift-reduced model,
so it was necessary to look at the solutions over a large param-
eter space in conductivity and electron beta, defined by

8mnT,
B>

B, = Paas _

Pmag

In figures 3 and 4 the magnetic field is set to constant
B = 10* G and the density is adjusted to vary beta. This is
useful to do because the terms in equation (6) are not func-
tions of only —they depend on various combinations of
density and magnetic field. In essence, the parameter space is
3D, however this is not easily visualised so magnetic field has
been held constant for illustrative purposes. An important dif-
ference between the qualitative behaviour of the two models is
demonstrated by the monotonicity of the full velocity growth
rate as a function of conductivity for [, < 1072, while the
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Figure 3. Full velocity and drift-reduced growth rates and frequencies as a function of conductivity and 3, at By = 1 T. Growth rates and

frequencies are normalised to the drift-wave frequency, wy.

drift-reduced growth rate is always peaked (i.e. stabilised at
high conductivity). This is due to the fast magnetosonic wave
resonating with and destabilising the drift-waves, even at low
resistivity. The cut-off where the low frequency assumption
breaks down is at 3, = 0.079 for these parameters, at which
wy ~ we; and below which the drift-reduced is expected be
inaccurate.

4. Tokamak relevance

The parameter space in which tokamaks operate is specific
to the region within the tokamak (core versus edge) and the
particular tokamak in question. For a large tokamak of size
similar to JET, the Joint European Torus at the Culham Science
Centre, the core operates around G, = 0.03 and 0 = 101 s~
while in the edge 3, = 0.005 and o = 102 s~ .

Figure 5 depicts the percent difference in growth rates
between the full-velocity and drift-reduced systems as given by

A%:M. (7

Yev

It is clear that at low conductivity the drift-reduction breaks
down for all values of 3,. This is due to the terms exclusively
in equation (6) that are functions of 7 and 1> becoming very
large at low conductivity, o = L.

Atlow (,, which corresponds to low density, we see a fairly
universal disagreement between the models. Since wy ocn™!
and vy o< n~"/2 these plasma parameters become larger at low
density. The plasma frequency wp; o< n'’2, so it becomes small
at low density, while the ion cyclotron frequency is not a func-
tion of density. All of the additional terms in equation (6)
vanish at low density except for the second term of the 3

2

vﬁk;

w‘?i
high conductivity this term dominates, but as conductivity is
lowered, the 7]2 term takes over, thus the small area of agree-
ment even at low (,.

The indication is that drift-reduced models are able to
accurately reproduce edge behaviour, where errors can be as
low as 0%. There are regions even in the edge, however, where
a drift-reduced model may not be appropriate and errors can
reach as high as 100%. In the core, there is a fairly consistent
error of around 100% from the full-velocity solution. Such

term, which is proportional to n~!. At low density and
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analysis, however, is based on parameters chosen for the
example case shown in figure 5, such as a constant pressure
gradient Vp = 10° Ba cm™! and temperature T, = 50 eV.
The parameter space is multi-dimensional, so to reduce the
number of free parameters as much as possible, experimental
data are examined.

4.1. Analysis with JET data

Using the high resolution Thomson scattering (HRTS) system
on JET, density and temperature radial profiles have been
acquired for shot 87 045. The time trace of the density and
temperature in the core are shown in the top plot of figure 6,
which indicates two regimes of interest: L-mode and H-mode
(black and green, respectively, vertical dotted lines). Some
parameters are then calculated from these profiles, such as the
parallel resistivity (assumed Spitzer [11])

_2{27mm, e*ln A

Y
S

(®)
with the Coulomb logarithm approximated as In A ~ 14.9 —
0.5 In n, 4+ InT; [14]. The only assumed values are the par-
allel and perpendicular wave numbers k, = 0.03cm™! and
k, = 10.0cm~!, which have been chosen based on experi-
mental and theoretical evidence [16]. The dependence of the
results on this choice is examined in section 4.2. By solving
the dispersion relations for each system the percentage error
between the two models is compared in the bottom right plot
of figure 6.

A slightly different behaviour is seen for the actual JET
data compared to the more general results, mostly due to the
pressure gradient having a profile instead of being held con-
stant. In the deep core, the pressure gradient approaches zero
as the pressure reaches a maximum, reducing the drift-wave
drive to nearly zero and stabilising both models. This causes
accuracy to be recovered in the core, where previously it was
seen to be very inaccurate, however the inaccuracies persist
in the outer core peaking at ry~ 0.58 cm. The edge remains
accurate, especially approaching the scrape-off-layer where
the plasma is highly collisional. The HRTS radial resolution is
not high enough to describe the pedestal in detail, but even at
the top of the pedestal (ry = 0.9) the error is seen to be approx-
imately 10%.

The L-mode analysis shows much lower disagreement
between the drift-reduced and full-velocity systems than the
H-mode, remaining under 5% across the entire plasma profile.
This corresponds to the drift-wave frequency remaining an order
of magnitude lower than the cyclotron frequency, a condition of
the drift-reduction (w < wej), and is due to the lower pressure
gradient in the L-mode. In the H-mode, the drift-wave frequency
reaches about half the cyclotron frequency at peak error, pro-
viding a stabilising effect to the drift-waves that does not exist in
the full-velocity system. Note that the peak disagreement occurs
at the same radial location as the peak growth rate.

The error in the frequencies exhibits the same qualitative
behaviour as the growth rate error, but with nearly five times
the accuracy. The maximum error in the frequency is 7% in
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Figure 4. Full velocity and drift-reduced growth rates as a function
of conductivity for two values of electron beta, 3, = 0.01 (top) and
B, = 0.1 (bottom).

H-mode compared to 34% for the growth rate. This good
agreement is due to the relatively small value of the additional
real terms in the full dispersion relation, equation (6).

4.2. Mode number dependence

Even when constrained by the JET data, the accuracy of the
drift-reduction is quite sensitive to the ratio of the parallel and
perpendicular wavelengths of the drift-instability. It is useful
to normalise the parallel wave number to the major radius,
Ro =296 cm on JET. Holding the perpendicular wave number
constant at k, = 10cm ™! [16] and scanning the parallel wave
number across a reasonable domain kR € [2.5, 25], the trend
for the error is seen to be roughly exponentially decreasing
with kyRo, as shown in figure 7. Even within this somewhat
small range of parallel wave numbers, there is a significant
difference in maximum growth rates ranging from an unac-
ceptable 800% error down to 3% error for the H-mode
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Figure 5. The percent difference from equation (7) as a function of
conductivity and electron beta. Usual operational regimes for the
core and edge in JET are marked.

plasma. The normalised parallel wavenumber can be defined
as kyRy = n/2mq where n is the toroidal mode number of the
drift-wave and ¢ is the safety factor. This indicates that high
mode number drift-waves (and perhaps other instabilities as
well) are represented accurately by the drift-reduced model
while those with low mode number must be described with a
full-velocity model.

5. Conclusion

Drift-reduced models provide simplified dispersion rela-
tions for more succinct analytics, and the exclusion of fast
waves allows for larger time steps leading to faster simula-
tions, so these models are an important subset of the full fluid
description. The validity of these models has been tested for a
quasi-3D slab resulting in drift-wave linear growth rates and
frequencies that only agree with the full-velocity fluid descrip-
tion in specific regions of parameter space. Though the worst
agreement lies outside of the operational regime of tokamaks,
there is still poor agreement for the core plasma for reasonable
plasma parameters, so one must use a full-velocity fluid model
or instead employ a gyrokinetic description when modelling
the core. Interestingly, the derivation of gyrokinetic models
often employs the drift-reduction as well [17], so they may
potentially suffer from similar inaccuracies at mid radius—a
subject that requires further study.

When discussing the validity of drift-reduced models, it
is necessary to consider the non-linear behaviour in addition
to the linear. In the basic slab geometry investigated here,
the linear differences are directly related to the non-linear
saturated turbulent transport and growth times. The relation-
ship between drift-wave linear and non-linear behaviour and
mode structure in a more realistic sheared magnetic field
is discussed in detail by Scott [18], and it is concluded that
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Figure 6. HRTS data from JET (pulse number 87 045) is used to
calculate how well the drift-reduced model describes the linear
drift-wave growth rate. A time trace (top) of the core density and
temperature is shown with vertical lines marking the L-mode
(black) and H-mode (green) that are investigated individually.
Density profiles show increase in confinement (ie. core density)
and development of the pedestal (middle). The error between drift-
reduced and full-velocity models is shown (bottom) to be a function
of the radial position within the plasma, where the far edge and
deep core are shown to be most accurate. Toroidal flux values from
EFIT [15] are used to estimate the normalised minor radius.

the non-adiabaticity of drift-waves is affected and usually
enhanced by the non-linearities. This then drives the drift-
waves further unstable, at which point the growth from the
linear phase is irrelevant to the behaviour of the turbulence.
That is not to say the linear growth rates do not play a role
in the initial development of the turbulence. For example, in
figure 3 it is apparent that for conductivities greater than 10"
s~! and electron beta, (3, € [1072, 10~3], which corresponds
to the tokamak core operating regime, the full velocity fluid
model dictates that drift-waves are highly unstable whereas
the drift-reduced model places them near marginal stability.



Plasma Phys. Control. Fusion 57 (2015) 125016

J Leddy et al

160

— kR, =5.0

MO0 — g R =100
— k,R,=15.0
120H y 0 T
2 —  k,Ry=20.0
£ 100 ky Ry =25.0 /s
S
o
o 80 el
£
S
5 60 Dl
N
QO o
200 e T
10*
10% |
e 102 n
&
x
©
£
10t
10°
-1 | : : :
107, 5 10 15 20 25
k,t/RU

Figure 7. The percentage error in growth rate between the drift-
reduced and full-velocity models is shown (for H-mode) to depend
on the ratio of parallel to perpendicular wave number for the drift-
wave instability (top). The maximum percentage error in growth
rate is nearly an exponentially decaying function of parallel wave
number (bottom).

It is not unreasonable, then, to assert that the linear and non-
linear behaviours are highly correlated in this region, since
in the drift-reduced case the modes can be easily stabilised
preventing altogether the development of turbulence. Once the
non-linear turbulence is established, however, it can be self-
sustaining even if the linear modes are then stabilised [18, 19].

It is important when choosing a fluid model to use for
tokamak plasma simulations to identify the parameter space in
which the simulation will be operating as to identify whether a
drift-reduced model is appropriate or if a more accurate, full-
velocity model should be used instead.
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