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Abstract

Monte Carlo particle transport (MCPT) codes are incredibly powerful and ver-

satile tools to simulate particle behavior in a multitude of scenarios, such as

core/criticality studies, radiation protection, shielding, medicine and fusion re-

search to name just a small subset applications. However, MCPT codes can

be very computationally expensive to run when the model geometry contains

large attenuation depths and/or contains many components. This paper pro-

poses a simple modification to the Woodcock tracking method used by some

Monte Carlo particle transport codes. The Woodcock method utilises the re-

jection method for sampling virtual collisions as a method to remove collision

distance sampling at material boundaries. However, it suffers from poor compu-

tational efficiency when the sample acceptance rate is low. The proposed method

removes rejection sampling from the Woodcock method in favor of a statisti-

cal weighting scheme, which improves the computational efficiency of a Monte

Carlo particle tracking code. It is shown that the modified Woodcock method

is less computationally expensive than standard ray-tracing and rejection-based

Woodcock tracking methods and achieves a lower variance, given a specified

accuracy.

Keywords: Monte Carlo, Delta Tracking, Woodcock Tracking, Ray tracing.

1. Introduction

The Monte Carlo particle transport (MCPT) codes are used in many appli-

cations due to their ability to simulate particle behaviour without any major ap-
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proximations. The wide range of MCPT applicability extends to core/criticality

studies, radiation protection, shielding, medicine and fusion research. As a re-

sult, many institutions have developed their own MCPT codes, with Geant

(CERN) (Agostinelli et al., 2003), MCNP (LANL) (Goorley et al.), Monk

(AMEC) (Richards et al., 2014), OpenMC (MIT) (Romano and Forget, 2013),

Serpent (VTT) (Leppanen et al., 2014) and Tripoli (CEA) (Brun et al., 2014)

to name just a few.

One of the key issues encountered when using MCPT codes is the high

computational cost associated with achieving acceptable MC statistics, espe-

cially when the model geometry contains large attenuation depths and/or con-

tains many components. This problem is exacerbated when burn-up calcula-

tions and/or thermal-hydraulic simulations are being performed due to multiple

MCPT runs being required.

In order to improve the computational efficiency of the standard ray-tracing

MC particle tracking method the delta tracking routine (E. R. Woodcock, 1965),

a.k.a Woodcock tracking (named after the first author to publish this method),

was developed. Its key benefits include the reduction in the number of calls to

the “where am I?” routine, used to determine which cell/material a particle is

located after is has been transported to a new cell/material boundary. Thus,

eliminating the need to update the random number at boundaries and recal-

culating the collision distance several times per collision. Thus, the computa-

tional efficiency of MC modelling of geometries with many cells and boundaries

is significantly reduced (Lux and Koblinger, 1991). The Woodcock technique is

particularly efficient in fission reactors, such as Very High Temperature Reactor

(VHTR), where the fuel consists of many thousands of TRISO pebbles (Petti

et al., 2012), where standard ray tracing is computationally prohibitively ex-

pensive. A similar example exists in the field of fusion energy, where the helium

cooled pebble bed (HCPB) fusion blanket (Donne et al., 1998) design includes

billions of millimeter-sized lithium-ceramic and beryllium pebbles.

The nature of the Woodcock method makes it computationally inefficient

in some applications, such as shielding and regions of localised heavy absorbers
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(Leppanen, 2010). The Woodcock method involves a greater number of histo-

ries per collision than surface-to-surface tracking, however in these examples the

number of histories increases to such an extent that the code becomes computa-

tionally expensive. This paper describes a method to overcome these problems

via a subtle modification to the Woodcock algorithm. Alternative solutions to

this problem have been suggested, which include:

• Sub-stepping (J. F. Briesmeister, 2000) - This method involves breaking

the flight path into small constant sub-steps, making the assumption that

cross-section is constant.

• Direct sampling (Brown and Martin, 2003) - This method involves re-

jection sampling, followed by by a Newton iteration solver to solve for the

collision distance based on a simple, analytically defined cross-section as

a function of path distance and a calculated optical depth.

• Surface sampling (Arter et al., 2014) - The surface tracking method is

based on choosing an optical depth and direction through a set of surfaces,

then analytically solving the exact collision probability distribution along

the flight path.

The next section will outline the basic theory behind ray tracing tracking

methods used in Monte Carlo transport codes by describing the surface-to-

surface and delta (E. R. Woodcock, 1965) tracking methods. The following

section will then describe the modified tracking routine that could improve the

computational efficiency of MC codes that utilise the Woodcock method.

1.1. Surface-to-Surface Tracking

The attenuation of neutron radiation due to a medium, with total cross-

section, Σ, is given by:

φ(s) = exp (−Σs) (1)
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where φ is the flux intensity at a distance, s, from an irradiation source of

strength unity.

A probability density function(PDF), f (s), and cumulative density function

(CDF), F(s), need to be defined in order to perform Monte Carlo tracking. This

is achieved by normalizing Eqn. (1).

f (s) =
φ(s)

∞
0

∫
φ(s)ds

(2)

Thus, within a homogeneous medium with total cross-section, Σ, the prob-

ability that a particle encounters a collision at a particular distance, s, from an

arbitrary starting position is given by:

f (s) = Σ exp (−Σs) (3)

This PDF is converted to a CDF via integration over ’s’:

F =

∫ s

0

f (s′)ds′ = 1− exp (−Σs) (4)

Thus, the collision distance, s, can be sampled using the inverse of the CDF:

s = F−1 (ξ) =⇒ s = − 1

Σ
ln (ξ1) (5)

where ξ is a random number defined by ξ1 ∈ [0, 1].

If the collision distance, s, is less than the distance to the material boundary

(the boundary that defines cross-section change), D, then the particle position

is updated based on its initial position, X̄, and direction, Ω̄ .

X̄ ′ = X̄ + sΩ (6)

However, if the collision distance, s, is greater than the distance to the

material boundary, D, then the particle is moved to the boundary, the current

cell/material is determined and the residual probability is used to specify the

remaining collision distance.
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ξ′ = exp (Σ (s−D)) (7)

s = − 1

Σ
ln (ξ′) (8)

The process of applying Eqns. 7 and 8 continues until the transported

particle does not cross a material boundary and the particle position is updated

using Eqn. (6).

This is the most common method for transporting particles, however it is

computationally expensive when the mean free path (m.f.p = s̄) of the particle

is roughly equal to or greater than the typical scale length of the geometry,

which causes Eqns. (7) and (8) to be called many times per collision.

1.2. Delta Tracking

The computational expense associated with surface-to-surface tracking in

heterogeneous geometries can be significantly reduced by implementing the

Woodcock Tracking method (Leppanen, 2010). The concept behind Wood-

cock tracking is the removal of the recalculation of the collision distance at

boundaries, thus Eqns. (7) and (8) are no longer implemented in the tracking

algorithm. This is accomplished by introducing a virtual reaction, with an as-

sociated virtual cross-section, to all materials in a model domain in order to

equalize their cross-sections to the maximum cross-section (majorant) in the

domain. This reaction can be considered to be an elastic scattering reaction

with a scattering kernel that is described by a delta function. Hence, when a

particle crosses a material boundary, Eqns. (7) and (8) no longer need to be

utilised, as the materials either side of the boundary are considered to be the

same. In order to ensure fair game, the process of adding the virtual cross-

section is counteracted by the rejection technique used to determine whether or

not to accept the virtual collision. The collision distance is sampled using the

majorant cross-section:
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s = − 1

Σ̃
ln (ξ1) (9)

If a random number, ξ2, meets the criteria ξ2 <
Σ

Σ̃
, where ξ2 ∈ [0, 1], Σ̃ is

the majorant cross section and Σ = Σ(~x + s ~Ω) is the real cross-section at the

location where the virtual cross-section has occurred, then the virtual collision

is accepted. If not, the virtual collision is rejected, a new collision distance is

sampled and this process continues until a virtual collision is accepted.

It can be shown that the Woodcock method produces a PDF that is equal to

the surface-to-surface tracking PDF (Lux and Koblinger, 1991). However, the

gains achieved by using Woodcock can have a detrimental effect on the com-

putational efficiency when the majorant cross-section and/or the attenuation

depth of some materials are large. It must be noted that the method cannot be

used if path-length or surface tallies are required, due to the intention that the

method would neglect surface information.

1.3. Weighted Delta Tracking

The Woodcock method involves a rejection technique in order to achieve a

fair game. In addition to low computational efficiency in highly absorbing media,

rejection techniques will result in branch diversion within the code execution,

which will also cause slowdown. These problems can be eliminated via a move

from rejection techniques to a weighting formalism. Thus, instead of rejecting

a virtual particle with a probability, p, the particle and its daughters should be

given a weight, p. Hence, the procedure for weighted-Woodcock simply involves

sampling the collision distance with the majorant cross-section as described by

Eqn. 9 and weighting the daughter products of the reaction with weight, w,

given by w = 1− Σ

Σ̃
.

The simulation starts with sampling the emission point (X̄) at which the

weight of the particle is set to unity

w0 = 1
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Following the determination of the collision point X̄ ′ according to Eqn. (6),

the weight is multiplied by the ratio of the non-absorption and the majorant

cross sections at every collision. The final product of a particle that undergoes

ith interaction is given by Eqn. (10)

wi = wi−1

Σ̃− Σ
(
X̄ ′
)

Σ̃
(10)

Rejection is not simulated and thus all particles survive all collisions, but at

the scoring, the non-analog (fna) score is used

fna = wi−1

Σ
(
X̄ ′
)

Σ̃
(11)

Since the weight can be reduced to very low values, it was also used with a

weight cutoff and Russian Rouletting. After a collision if wi < wth, then the

particle is killed with probability (1− wi/ws). If the particle survives its weight

is set to ws. In the current studies the values of wi and ws were set to be 0.25

and 1.0 respectively.

2. Results

2.1. Test Case Description

In order to test the methods presented in sections 1.1-1.3, a simplified test

case was considered. The examined case included a point source confined by

an heterogeneous medium (i.e. properties vary with spatial location) positioned

inside a sphere, as shown in Fig. 1. The volume of the sphere was set to be

7000 cm3 and it was divided into 40 equal-volume spherical shells.
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Figure 1: Schematic 3D view of the test case

Each of the sub-sphere’s was assigned with its unique cross sections according

to the following relation:

Σa,i = 0.1 + 0.0025i

where Σa,i is the absorption macroscopic cross section (cm−1) in region i.

It must be pointed out that the value of Σa,30 was set to a fixed value of 3

cm−1 to reduce the value of Σ/Σ̃. This low quantity creates considerably more

rejections within the Delta tracking procedure and thus degrades the efficiency

of the method. In the current study, scattering was not considered (i.e. Σs,i = 0

for i ∈ [1, 40]). This allows to derive an analytical solution for the described

problem. The leakage probability (I (R) /I0) for this heterogeneous sphere with

radius R and a source emitting I0 particles per unit time is given by Eqn. (12).

The expression for the local absorption distribution (Pa,i) in each sub-sphere i

is given by Eqn. (13).

I (R)

I0
=

40∏
j=1

e−Σa,j∆Rj (12)
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Pa,i =

i∏
j=1

(
1− e−Σa,j∆Rj

)
(13)

2.2. Numerical Results

This section analyses the performance of the methods described in sections

1.1-1.3 on the system described in the previous section. In order to perform the

simulations a simplified Monte Carlo (MC) code was developed. The deriva-

tion of the analytical solution for the examined numerical test case (section 2.1)

allows to confirm the validity of any MC solution. Therefore, in this section,

the existing methods (i.e. Surface Tracking and Delta Tracking) and the pro-

posed method (Weighted Delta Tracking) are assessed in terms of accuracy and

efficiency.

In the first stage, an identical batch size (i.e. initial population of particles)

of 50, 000 was used in each of the MC transport solutions. This MC procedure

was repeated 30 (M) times to create independent variables that were used to

obtain the mean and the standard deviation (s) values by using Eqns. 14 and

15 respectively.

x̄ =
1

M

M=30∑
i=1

xi (14)

s =

(
1

M − 1

M=30∑
i=1

(xi − x̄)
2

)0.5

(15)

Figures 2 through 4 show the performance of the various methods. Fig. 2

presents the normalized absorption distribution and Fig. 3 depicts the absorp-

tion peak in the high absorption region (i.e. Σa,30 = 3cm−1). It can be seen that

the methods reconstruct the analytical solution, however the weighted method

succeeds particularly well as shown in Fig. 4. This figure shows the relative

difference in local absorption to the analytical solution. The mean absolute dif-

ference (Eqn. (16)) of each method (presented in Fig. 4) is shown in Table 1.

This table also presents the leakage probability which is in good agreement to

that obtained with the analytical solution.
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εave (%) =
1

40

40∑
i=1

∣∣∣∣1− Pa,i

Pa,i

∣∣∣∣ (16)

where, Pa,i is the analytical local absorption probability in region i calculated

according to Eqn. (13) and Pa,i is the MC value evaluated with Eqn.(14).
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Figure 2: Volumetric absorption distribution for the various methods
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Figure 3: Volumetric absorption peak (around 9.2cm) for the various methods
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Figure 4: Relative difference to the analytical solution (50, 000 histories)
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Table 1: Comparison of the various methods, batchsize = 50, 000

Method PL ±∆PL εave (%)

Analytic solution 13.919 −

Surface tracking 13.893± 0.145 0.81

Delta tracking 13.862± 0.118 0.71

Weighted Delta tracking 13.897± 0.105 0.13

The second part of the results focuses on comparing the different methods

in terms of computational efficiency. As was shown in Fig. 4 and Table 1, the

accuracy of the results varies with the method used. Therefore, the efficiency or

more specifically the calculation time should be compared for a given statistical

uncertainty. In order to achieve this, the batch size must be adjusted separately

for each of the methods. Hence, the first exercise was to investigate the effect of

batch size on the accuracy and statistical variation of the results as presented

in Fig. 5. This figure shows the mean absolute relative difference (εave (%)) for

each of the methods to the analytical solution as a function of batch size. The

error bars represent the average standard deviation (∆εave (%)). This value was

estimated by calculating the standard deviation (STD) from the 30 independent

MC simulations. The STD in each local region i was estimated by Eqn. (15)

and the final ∆εave (%) value represents the average of these STD values.
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Figure 5: εave (%) as a function of initial particle’s population

Fig. 5 shows that the weighted method outperforms the other methods.

According to this figure relatively similar uncertainty (and also accuracy) is

achieved when the batch size for the surface and delta tracking is 400× 103 and

20 × 103 for the branch-less method. Hence, the final results presented in Fig.

6, Tables 2 and 3 rely on these statistical inputs. Although different batch sizes

are employed, Fig. 6 shows that similar results are obtained.
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Figure 6: Relative difference to the analytical solution to obtain the same ∆εave (%)

Table 2 compares the accuracy of the examined methods against the ana-

lytical solution. It can be seen that all methods produce a leakage probability

(PL) that is in a good agreement (i.e. within statistical boundaries) to that

obtain with the analytical solution. Since the local absorption is known accord-

ing to Eqn. (13), the average relative difference εave (%) in each region i can

be estimated according to Eqn. (16). In addition, εmax (%) is the maximum

relative difference obtained by taking the maximum value of the expression in

the parenthesis of Eqn. (16).

Table 3 summarizes the efficiency of the different methods and are the high-

light of this paper. The last column presents the figure of merit (FOM) that

was calculated accordingly to Eqn. (17). FOM measures the efficiency of the

MC calculation (the higher the FOM the better the efficiency). This quantity is

often used as an indicator to estimate the time needed (t in Table 3) to achieve

a given statistical uncertainty (∆εave presented in Table 2).

FOM =
1

t∆εave
(17)
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Table 3 shows that for the examined case the Delta tracking is 3 times more

efficient than the surface tracking method (ratios of FOM’s in Table 3). Finally,

the proposed modification to switch the rejection technique in favour of a weight-

ing routine improves the efficiency even further (FOMbranch−less/FOMdelta ≈

30).

Table 2: Summary of performance accuracy

Method PL ±∆PL εave (%) εmax (%)

Analytic solution 13.919 − −

Surface tracking 13.927± 0.056 0.22 1.04

Delta tracking 13.902± 0.064 0.23 1.06

Weighted Delta tracking 13.922± 0.050 0.22 1.17

Table 3: Summary of performance efficiency

Method N0 ∆εave (%) t±∆t FOM

Surface tracking 400× 103 0.13 480.14± 4.25 0.016

Delta tracking 400× 103 0.13 161.49± 1.47 0.047

Branch-less tracking 20× 103 0.10 7.19± 0.03 1.373

3. Summary

Monte Carlo codes are routinely used in applications where the determinis-

tic methods poorly predict the reality or often used to set a reference solution.

Although, MC codes are utilised in various applications, such as radiation pro-

tection, shielding and others, nowadays there is a strong push to use them in

reactor analysis. This is mainly a result of the recent advances in computer

technology and parallel computing methods. In order to perform fuel cycle

calculations, MC codes are coupled with or include a point depletion solver to

account for the change in fuel inventory during the irradiation. More recently,

large efforts are made to include thermal-hydraulic modules in the standard

calculation routine. The iterative nature of the described feedbacks with the
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MC transport solution requires higher computational resources (more MC sim-

ulations).

The Woodcock Delta tracking routine was proposed as an alternative method

to the well established surface tracking that suffers from poor efficiency as the

complexity of the geometrical problem expands. However, this problem is much

less pronounced when the Woodcock Delta tracking routine is utilized. And yet,

this method relies on a rejection method that in some cases (e.g. presence of high

absorption medium) significantly degrades the efficiency of this method. This

is a direct result of multiple particle rejections and hence minor contribution to

the overall scoring process. The current work examined a plausible modification

to the existing Woodcock-Delta tracking routine to improve its efficiency. This

modification switches the Delta tracking routine from a rejection technique to

a statistical weighting scheme. The results shown in this paper confirms that

this transition improves the computational efficiency of a Monte Carlo particle

tracking code.

Future research will include a modification of the SERPENT code and ex-

amining a BWR assembly with Gd loadings.

Acknowledgements

This work was funded by the RCUK Energy Programme under grant EP/I501045

and the European Communities under the contract of Association between EU-

RATOM and CCFE. The views and opinions expressed herein do not neces-

sarily reflect those of the European Commission. To obtain further informa-

tion on the data and models underlying this paper please contact Publica-

tionsManager@ccfe.ac.uk. The second author would like to acknowledge the

UK Engineering and Physical Sciences Research Council (EPSRC) under grant

EP/K033611/1 for their funding.

16



References

Agostinelli, S., et al., 2003. Geant4 - a simulation toolkit. Nuclear Instruments

and Methods in Physics Research Section A: Accelerators, Spectrometers,

Detectors and Associated Equipment 506, 250 – 303.

Arter, W., Surrey, E., King, D., 2014. The SMARDDA Approach to Ray-

Tracing and Particle Tracking. IEEE Transactions on Plasma Science Sub-

mitted. http://arxiv.org/abs/1403.6750 .

Brown, F.B., Martin, W.R., 2003. Direct sampling of Monte Carlo flight path

in media with continously varying crossections. Nuclear Mathematical and

Computational Science, ANS Mathematics & Computation Topical meeting,

Gallinburg, TN, April 6-11, 2003 .

Brun, E., et al., 2014. TRIPOLI-4, CEA, EDF and AREVA reference Monte

Carlo code . Annals of Nuclear Energy .

Donne, M.D., Albrecht, H., Boccaccini, L., Fischer, U., Gordeev, S., Hutter,

E., Kleefeldt, K., Norajitra, P., Reimann, G., Ruatto, P., Schleisiek, K.,

Schnauder, H., 1998. European helium cooled pebble bed blanket: Design

of blanket: module to be tested in ITER. Fusion Engineering and Design

39-40, 825 – 833.

E. R. Woodcock, 1965. Techniques used in the GEM code for Monte Carlo

neutronics calculations in reactors and other systems of complex geometry.

Argonne National Laboratory .

Goorley, J.T., et al., . Initial MCNP6 Release Overview - MCNP6 version 1.0.

LA-UR-13-22934 (2013) .

J. F. Briesmeister, 2000. MCNP - A General Monte Carlo N-Particle Transport

Code - Version 4C. LA-13709-M, Los Alamos National Laboratory .

Leppanen, J., 2010. Performance of Woodcock delta-tracking in lattice physics

applications using the Serpent Monte Carlo reactor physics burnup calculation

code. Annals of Nuclear Energy 37, 715 – 722.

17



Leppanen, J., Pusa, M., Viitanen, T., Valtavirta, V., Kaltiaisenaho, T., 2014.

The Serpent Monte Carlo code: Status, development and applications in 2013.

Annals of Nuclear Energy .

Lux, I., Koblinger, L., 1991. Monte Carlo Particle Methods: Neutron and

Photon Calculations. CRC Press, Inc., Florida.

Petti, D., Demkowicz, P., Maki, J., Hobbins, R., 2012. 3.07 - TRISO-Coated

Particle Fuel Performance , 151 – 213.

Richards, S.D., et al., 2014. MONK and MCBEND: Current status and recent

developments. Annals of Nuclear Energy .

Romano, P.K., Forget, B., 2013. The OpenMC Monte Carlo particle transport

code. Annals of Nuclear Energy 51, 274 – 281.

18


	MasterPreprint.pdf
	CCFE-PR(17)41-cover

	52pre



