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Abstract. The interaction between multiple filamentary plasma eruptions is

investigated by modelling the non-linear ideal MHD ballooning mode envelope equation

with a mixed Eulerian and Lagrangian characterisation of the boundary conditions.

The study of multiple plasma filaments is performed in a specific slab equilibrium

susceptible to Rayleigh-Taylor instabilities. If the unstable system is initiated with

three equal sized filaments, they erupt at the same rate, independently of each other,

even in the non-linear regime. However, if one is initiated very slightly larger than the

other two it causes a down-draft as it erupts upwards, which suppresses the smaller

filaments. This suggests that those filaments which first enter the non-linear regime

will dominate the plasma eruption dynamics.

PACS numbers: 52.35.Py, 52.55.Fa, 52.65.Kj, 95.30.Qd, 96.60.q

1. Introduction

Explosive events occur in a wide variety of magnetically confined plasmas and are

typically associated with filamentary structures. Edge-localised modes (ELMs) [1],

[2], [3] and solar flares [4], are just two examples of such explosive instabilities for

laboratory and natural plasmas, respectively. Both systems initially evolve slowly

until a certain threshold condition is reached, at which point their behaviour becomes

rapid. This process is a feature of the non-linear ideal Magnetohydrodynamics (MHD)

equations, which have been reduced using ballooning mode assumptions that exploit

the filamentary nature of these eruptions ([5], [6], [7], [8], [9]). We will argue that our

main results are quite generic, independent of geometry and drive mechanism (within

ideal MHD). We therefore demonstrate the essential physics with the relatively simple

slab Rayleigh-Taylor-model, employed in [6]. We extend that calculation to derive the

system with Eulerian boundary conditions, as employed in [10]. Previous investigations
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of this non-linear ballooning model studied the evolution of single, isolated filaments

in time and space. In a real plasma system it is more likely that several filaments will

erupt, and interact - ELMs are a classic example [11]. This motivates our study to

determine how the interaction of filaments affects their evolution, extending the studies

of [12].

2. Theoretical Model

We derive the non-linear equation for perturbations to a slab Rayleigh-Taylor model

equilibrium using mixed Eulerian and Lagrangian boundary conditions. We adopt a

simple one dimensional magnetised plasma slab which is defined by a magnetic field

B0 = B0(x) ẑ, the pressure p0 = p0(x), the density ρ0 = ρ0(x) and the gravitational

acceleration g = −g x̂ where the subscript “0” indicates equilibrium quantities. We

apply a standard Cartesian coordinates system, where x measures the vertical height

above a reference plane, and the y-z plane defines flux surfaces.

Our starting point is the ideal MHD momentum equation with an additional kinematic,

scalar viscosity term that is included to provide simple viscous dissipation [13]:

ρ

(
∂v

∂t
+ v ·∇v

)
= −∇

(
p+

B2

2

)
+B ·∇B

− ρgx̂+ νρ∇2v.

where v is the velocity of a displaced fluid element and ν is the viscosity. We shall

consider small perturbations to an equilibrium parameterised by ρ(x0) = ρ

cosh2
[
x0−xρ
Lρ

] ,

B2
0(x0) = B

2

1 −
B

2
2

cosh2
[
x0−xB
Lρ

] and p0(x0) = p0 −
B2

0

2
− gρ0Lρ tanh

[
x0−xρ
Lρ

]
which satisfies

the above momentum equation. We choose to perform the calculation in Lagrangian

variables. In this approach all perturbed quantities can be expressed in terms of the

displacement ξ of a fluid element. The position vector of this fluid element, r(t),

is related to its initial position vector, r0, through r(t) = r0 + ξ(r0, t), so that the

components of the Jacobian matrix Jij are Jij = δij +
∂ξj
∂x0i

where x0i are the components

of r0. The Jacobian J is the determinant of the Jacobian matrix Jij. We choose line-tied

boundary conditions at the walls where z = 0 and z = L so that ξx = 0 and J = 1 there,

corresponding to unperturbed density and pressure. Periodic boundary conditions are

adopted in the y-direction. We assume that the thermal conduction along the field

lines is fast so they are isothermal. This implies that the ratio of specific heats, γ, is

equal to one. The system is Rayleigh-Taylor unstable to perturbations if the density

gradient exceeds a critical value. We identify a parameter Γ(x0), which represents the

difference between the density gradient drive and the stabilising effects of the field line

bending. We introduce a dummy large parameter n and develop an expansion close to

marginal stability, such that Γ is order n−1/2 in the (localised) region of the perturbation.

Thus ∂
∂t
∼ O

(
n−1/2

)
. Assuming we are early in the non-linear phase, the spatial

derivatives as well as the order of the Lagrangian displacement is set by the geometry
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of the linear ballooning mode [9]: ky ∼ ∂
∂y0
∼ O(n), ∂

∂x0
∼ O

(
n+1/2

)
and ∂

∂z0
∼ O(1).

Expanding the components of ξ = ξxx̂+ξyŷ+ξzẑ and the Jacobian J in powers of n−1/2

we anticipate: ξx =
∑∞

i=2 n
−i/2ξ

(i/2)
x , ξy =

∑∞
i=3 n

−i/2ξ
(i/2)
y , ξz =

∑∞
i=2 n

−i/2ξ
(i/2)
z and

J = 1 +
∑∞

i=1 n
−i/2J (i/2). The viscosity is treated as small ν ∼ O(n−5/2) so that it only

enters in our envelope equation for ξx. With these results the ideal MHD momentum

equation is:

ρ0

J
(∇0r) · ∂

2ξ

∂t2
= −∇0

[
p0

J
+
|(B0 ·∇0r)|2

2J2

]
+ ν∇2

0

∂ξ

∂t

+ (∇0r) ·
[

1

J
(B0 ·∇0)

(
1

J
(B0 ·∇0r)

)
+
ρ0

J
g

]
.

The full calculation involves expanding in n−1/2 and follows that developed in [6, 5].

Normalising lengths to Lρ, time to
√

Lρ
g

and magnetic field to
√

2gρ0Lρ we find:

C0
∂2ξ

∂t2
= Γ2

0(x0)ξ + C2
∂2u

∂x2
0

+ C3ξ
∂2ξ2

∂x2
0

+ C4

(
ξ2 − ξ2

)
+ ν

∂2

∂y2
0

∂ξ

∂t
. (1)

Here we have introduced the “envelope function” ξ(x0, y0, t), defined such that

ξx(x0, y0, z0) = ξ(x0, y0, t) sin
(
πz
L

)
describes the vertical displacement along the field

line. ξ̄2 is the y0 average of the squared displacement, ξ2 and ∂2u
∂y20

= ξ. An important

term that we shall return to later is the one involving C4. The ξ̄2 piece ensures ξ̄ = 0,

which is required because of the leading order result that the plasma is incompressible.

The local linear growth rate Γ0 is given by [10]:

Γ2
0(x0) = −B

2
0π

2

ρ0L2
+
ρ0g

2

p0

+
g

ρ0

dρ0

dx0

.

where the first term is stabilising due to field line bending, the second term is the Parker

instability drive and the third term is the Rayleigh-Taylor instability drive. In a toroidal

plasma, these two drives would be replaced by the curvature drive of ballooning modes.

The expressions for the remaining coefficients for our slab geometry can be found in

[10]. It is worth noting that (with the exception of inertia) the structure of Eq. (1) is

independent of geometry, which only influences the values of the coefficients.

We now consider a specific equilibrium with a large pressure to ensure that the Rayleigh-

Taylor drive dominates over the Parker drive: xρ
Lρ

= 2, xB
Lρ

= 0.8, B
2
1

2gρ0

Lρ
L2 = 0.07834,

B
2
2

2gρ0

Lρ
L2 = 0.04701 and ν = 10−10. With these parameters and the definitions of the

coefficients provided in [10] we obtain: C0 = 0.248, C2 = −0.352, C3 = 0.044,

C4 = 0.216. We expand Γ2(x0) about the position where it is a maximum, xmax, i.e.

Γ2(x0) ≈ Γ2
0(xmax) −

∣∣∣d2Γ2
0

dx20

∣∣∣ ( (x0−xmax)
2

)
≡ C1

[
1− (x0−xmax)2

∆2

]
where C1 = 1.9 × 10−4,

xmax = 1.1118 and ∆ = 0.017 characterises the region over which Γ2 > 0 (local
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Figure 1: The two dominant drive terms of the energy Eq. (2) are shown. When the

quadratic non-linear drive term (C4; blue, �-symbols) intersects with the linear drive

term (C0; black, ∗-symbols) we assume that the non-linear dynamics start to dominate

the evolution of the filaments

instability). A linear stability analysis provides the following eigenmode structure:

ξ(x0, y0, t = 0) = h cos(ny0)e−σx
2

where σ = n
2∆

√
C1

|C2| and a linear growth rate

γ = −n2ν
2C0

+

√
C1

C0
−
√
C1|C2|
C0n∆

+ n4ν2

4C2
0

; h is an arbitrary constant.

To explore the non-linear evolution predicted by Eq. (1) we initialise the system at

t = 0 with the linear eigenmode and evolve in time. We wish to explore how filaments

of different heights evolve in time. We therefore initialise the system with a superposition

of two linear eigenmodes, with n = n1 and n = n2:

ξinit = h1 cos(n1y0) e(−σ1x20+γ1t) + h2 cos(n2y0) e(−σ2x20+γ2t).

If we select n2 = 3n1, this provides a perturbation which repeats every three oscillations

in the y0-direction. Thus, our simulation domain in this direction needs to contain only

three oscillations, or filaments. If we take h1 = 0, all three filaments will initially have

the same amplitude (i.e. h2). By introducing a small amount of h1, we can enhance the

initial amplitude of the central filament compared to the two side filaments. We select

n1 = 2600 and n2 = 7800 which have linear growth rates γ1 = 0.0033 and γ2 = 0.0136.

This ensures that the linear evolution reinforces the three filaments, so any deviation

from this must be a non-linear effect.

We initiate our perturbation with h2 = 50h1 which ensures the filaments are initially

very close in amplitude, but the central one penetrates slightly further than the two side
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Figure 2: The normalised height at x0 = xmax of the main filament Hmf (black, ♦-

symbol) and the normalised height of the side filament Hsf (red, 4-symbol) vs time

where the heights are shifted by the minimum value of ξ at each time.

Figure 3: The flux surfaces in the x-y plane at z = L/2 (half way between the plates)

at a time t = 370, which is deep in the non-linear regime, just as the perturbed flux

surfaces are about to overtake each other. The two side filaments are much smaller than

the main central filament.
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Figure 4: Evolution of a side filament vs x0 in the non-linear regime at y0 ≈ ±0.0008.

The height is mainly reduced at the centre.

filaments.

3. The Evolution of Multiple Filaments

As the perturbation evolves, the energy is dissipated by the viscosity according to

2
dE

dt
=

d

dt

∫
dV

[
C0

(
∂ξ

∂t

)2

− Γ2ξ2 + C2

(
∂u

∂x0

)2

(2)

+
1

2
C3

(
∂ξ2

∂x0

)2

− 2

3
C4ξ

3

]
= −ν

∫
dV

(
∂2ξ

∂t∂y0

)2

where
∫
dV =

∫
dx0 dy0Lz is a volume integral. The dominant terms are those involving

C0 and C4 which arise from the inertia and the quadratic non-linearity of Eq. (1),

respectively. Figure 1 shows their evolution. We estimate that the non-linear regime

starts when the energy of the quadratic non-linear drive term overtakes the energy of the

linear drive term, which is taking place at around t = 260. After this time, the behaviour

of a filament approaches a finite time singularity ξ ∼ (t0 − t)−α, where α is positive

[6, 7]. We can fit this asymptotic form to the amplitude of the main central filament to

determine ξmf ∼ (t0− t)−2.81. This is somewhat faster than our earlier simulations with

a single, isolated filament where we found ξ ∼ (t0 − t)−2.52 [10] (equivalent to talking

h1 = 0). Thus, simply enhancing one filament relative to the others by even a small

amount has a significant impact on its subsequent non-linear evolution. To explore this

further, we plot in Fig. 2 the height of the main filament above the “ground level”.

We see that the main filament accelerates continuously throughout the simulation. To
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Figure 5: The ratio of the normalised height of the side filament to the main filament

(pH =
Hsf
Hmf

) vs time (green, +-Symbol) and the interaction-coefficient for the main

filament vs time (pi = ∆ξ
ξn1+n2

)(black, ∗-Symbol).

understand what we mean by the “ground level”, we note that in the non-linear regime,

ξ is negative and roughly constant over much of the region away from the three filaments

along x0 = xmax [6]. This effectively reduces the “ground level” compared to the initial

equilibrium. Thus we define Hmf (t) = ξ(x0 = xmax, y = 0.0, t) − min(ξ(xmax, y, t)).

We now consider the height of the side filaments (Hsf is defined in the same way)

which, recall, were initiated with a height just 1.5% less than that of the main, central

filament. While the side filaments grow with the main filament in the linear phase (at

the linear growth rate) their growth rate reduces as they enter the non-linear regime

(at t ≈ 260), and ultimately they are completely suppressed (beyond t ≈ 370), see

Fig. 2. Fig. 3 shows a contour plot of the flux surfaces at a later time (i.e. t = 370).

We see that the side filaments each form a double peak away from the most unstable

x0 = xmax and are much smaller than the main one. Fig. 4 shows how this double

peak structure develops through the non-linear regime - the motion of the fluid element

reverses direction at the position of maximum drive x0 = xmax leaving two peaks either

side. The evolution of the ratio of the heights of the side and main filaments is shown

in Fig. 5. During the linear phase this ratio is close to 1, as expected, but by the time

overtaking occurs at t ≈ 370 the side filaments have negligible amplitude. To compare

the solution of the combined modes with the sum of the two individual mode solution

we define ∆ξ = ξn1+n2 − (ξn1 + ξn2). Here ξn1+n2 is the displacement developed from

the interaction of the two modes and ξn1 and ξn2 are the solutions from two separate

non-linear simulations for each n = n1 and n = n2. The plasma is in a linear regime
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at the beginning of the simulation as we start from close to marginal stability with a

weak linear growth rate. We introduce the interaction coefficient pi = ∆ξ
ξn1+n2

for the

main filament, which characterises the fraction of the main filament height which is due

to the coupling to the side filaments. In the linear phase pi is expected to be zero, as

shown in Fig. 5. However, deep in the non-linear regime, at t = 370, the height of the

main filament is mostly (over 80 %) due to the interaction with the side filaments.

To understand this behaviour, let us return to Eq. (1). There are two key terms:

the quasi-linear nonlinearity term C3ξ
∂2ξ2

∂x20
and the non-linear growth drive term

C4

(
ξ2 − ξ2

)
. Apart from the weak effect of viscosity, these are the only terms that

couple in the y-direction, through the averaging of ξ2. This is therefore the dominant

effect driving the interaction between the filaments. Later in time ξ2 is mainly dominated

by the contribution from the main filament peak as it is the largest contribution and

there is little contribution from the side filaments. Therefore, for values of y0 in the

vicinity of the main filament peak, where ξ2 > ξ2, this provides a drive. Elsewhere,

ξ2 < ξ2 so the term is negative which explains the reduced “ground level” mentioned

above. It also serves to damp the side filaments. The quasi-linear nonlinearity (C3)

is stabilising for both signs of ξ when x = xmax where the second derivative of ξ2 is

negative. It does however drive the disturbed region to broaden in x0 since the second

derivative of ξ2 is positive and therefore destabilising at the edges of the disturbed

region.

To understand the physics, we return to our earlier statement that the ξ2 averaging

is a consequence of the incompressibility of the plasma. As the main filament pushes

up into the background plasma above it, it must displace that plasma. This causes a

down-draft of plasma (represented by ξ2) that pushes back to either side of the main

filament. This downwards flow of plasma suppresses the two side-filaments, particularly

around x0 = xmax, where the main filament is situated.

4. Conclusion

In summary, we have shown how the interaction between plasma filaments of slightly

different amplitudes influences their evolution by solving the non-linear ballooning mode

envelope equation with an Eulerian boundary condition. We have quantified this

effect for a three filament system by introducing the quantity pi which characterises

the difference between the two-mode simulation and the two independent single mode

simulations. We demonstrated that the larger filament gains amplitude from the

interaction with the smaller filaments, which are suppressed. The larger filaments grow

faster by devouring the smaller ones. It is expected therefore, that the filaments which

first enter the non-linear regime will dominate the physics of plasma eruptions. This

is in agreement with Ref. [12], where it is shown that if one starts with random small

fluctuations, the filament with the biggest amplitude at the transition from linear to

non-linear grows fastest, and suppresses the other filaments. The qualitative behaviour
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of the main filament is similar to the single mode calculation, but it does grow faster as

the finite time singularity is approached.

Although our results are derived from a simple slab plasma model, it has the same

features as more complex magnetic geometries, including tokamaks [5, 8]. We therefore

believe the phenomenon of large filaments feeding off the smaller ones is a generic feature

of ideal MHD. However, we note that the theory is only valid in the early non-linear

stages of the evolution, and it requires that the dominant filaments will have time to

have formed before the model becomes invalid. It is therefore important to test these

ideas in full, large scale simulations, close to marginal stability.
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