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Hubbard-like Hamiltonians are widely used to describe on-site Coulomb interactions in magnetic
and strongly-correlated solids, but there is much confusion in the literature about the form these
Hamiltonians should take for shells of p and d orbitals. This paper derives the most general s, p and
d orbital Hubbard-like Hamiltonians consistent with the relevant symmetries, and presents them
in ways convenient for practical calculations. We use the full configuration interaction method to
study p and d orbital dimers and compare results obtained using the correct Hamiltonian and the
collinear and vector Stoner Hamiltonians. The Stoner Hamiltonians can fail to describe properly
the nature of the ground state, the time evolution of excited states, and the electronic heat capacity.

I. INTRODUCTION

The starting point for any electronic structure calculation
is the Hamiltonian that describes the dynamics of the
electrons. Correlated electron problems are often formu-
lated using Hamiltonians that involve only a small num-
ber of localized atomic-like orbitals and use an effective
Coulomb interaction between electrons that is assumed
to be short ranged, and thus confined to within atomic
sites. However, there is widespread variation in the liter-
ature over the form chosen for these Hamiltonians, and
they often do not retain the correct symmetry proper-
ties. Here we derive the most general Hamiltonians of
this type that are rotationally invariant and describe elec-
trons populating s, p and d orbitals.

Despite often missing terms, multi-orbital Hamiltonians
with on-site Coulomb interactions have been used suc-
cessfully to describe strong correlation effects in systems
with narrow bands near the Fermi energy. Applications
include studies of metal-insulator transitions'®, colossal
magnetoresistant manganites®, and d band superconduc-
tors such as copper oxides*? and iron pnictides*3. The
Hubbard Hamiltonian has also been used to simulate
graphene®l where both theory and experiment have
found magnetic ordering in nanoscale structurest37,
However, the lack of consistency in the forms used for
the Hamiltonians is problematic. Indeed, according to

Dagottd®, “the discussions in the current literature re-
garding this issue are somewhat confusing”.

The Hubbard Hamiltonian™™ is both the simplest and
best known Hamiltonian of the form we are consider-
ing, and is valid for electrons in s orbitals. Hubbard was
not the first to arrive at this form; two years earlier, in
1961, Anderson wrote down a very similar Hamiltonian®
for electrons in s orbitals with on-site Coulomb interac-
tions. Furthermore, in the appendix of the same paper,
the Hamiltonian was extended to two orbitals, introduc-
ing the on-site exchange interaction, J. Unfortunately,
this extra term is not rotationally invariant in spin space.
In 1966, Roth®¥ also considered two orbitals and two pa-
rameters, producing a Hamiltonian that is rotationally
invariant in spin space. In 1969 Caroli et al” corrected
Anderson’s Hamiltonian for two orbitals, again making it
rotationally invariant in spin space. However, the Hamil-
tonians of Roth and Caroli et al. do not satisfy rota-
tional invariance in orbital space. This was corrected by
Dworin and Narath in 1970, who produced a Hamilto-
nian that is rotationally invariant in both spin and orbital
space. They generalized the multi-orbital Hamiltonian to
include all 5 d orbitals, although they only included two
parameters: the on-site Hartree integral, U, and the on-
site exchange integral, J.

The next contribution to the multi-orbital Hamiltonian
was by Lyon-Caen and Cyrot??, who in 1975 considered
a two-orbital Hamiltonian for the e, d orbitals. They



introduced Uy — U = 2J, where Uy = Vya,a0 is the self-
interaction term, U = V8,43 is the on-site Hartree in-
tegral, and J = V,3 g is the on-site exchange integral,
important for linking these parameters. Here V is the
Coulomb interaction between electrons, and « and g are
indices for atomic orbitals. Lyon-Caen and Cyrot also
included the pair excitation, Jé§1,¢6}1,¢6127¢612m where

¢t and ¢ are fermionic creation and annihilation opera-
tors. The new term moves a pair of electrons from a
completely occupied orbital, 2, on site I, to a completely
unoccupied orbital, 1, on site I. Such double excitations
are common in the literaturet 122420,

In 1978, Castellani et al® wrote down the three-orbital
Hamiltonian for the ¢5, d orbitals*” in a very clear and
concise way: its form is exactly what we find here for p
orbital symmetry. They too make note of the equation
Uy — U = 2J and include the double excitation terms.
The next major contribution was by Ole$ and Stollhoff3L,
who introduced a d orbital Hamiltonian with three inde-
pendent parameters. The third parameter, AJ, repre-
sents the difference between the o, and the e, d orbital
exchange interactions; they estimated AJ to be 0.15.J.
In our discussion of d orbitals we adopt their notation.
Unfortunately, their Hamiltonian is not rotationally in-
variant in orbital space.

In 1989, Nolting et al?® referenced the Hamiltonian pro-
posed by Oles and Stollhoff but discarded the double ex-
citation terms and ignored the AJ term. Their Hamil-
tonian will be called the vector Stoner Hamiltonian in
this paper. Since then, most papers have used a Hamil-
tonian similar to that of Nolting et al., with only two
parameters; see for example references [7), 8, and 27. The
vector Stoner Hamiltonian is often simplified by replac-
ing the rotationally invariant moment-squared operator,
m? = -1, by m?2, yielding the collinear Stoner Hamil-
tonian.

The multi-orbital Hamiltonians derived here consist
of one-particle hopping (inter-site) integrals and two-
electron on-site Coulomb interactions.  The on-site
Coulomb interactions for s, p and d orbital symmetries
are presented in a clear tensor notation, as well as in
terms of physically meaningful, rotationally invariant (in
both orbital and spin space), operators that include all
of the terms from the previous papers as well as addi-
tional terms of the same order of magnitude that have
not been previously considered. The d orbital Hamil-
tonian presented in section corrects the d orbital
Hamiltonian proposed by Oles and Stollhoff*! by restor-
ing full rotational invariance in orbital space. For an
s orbital Hamiltonian, the on-site Coulomb interactions
may be described using one independent parameter. Two
independent parameters are required for p orbital sym-
metry, and three for d orbital symmetry. Furthermore,
the method presented can be extended to f and g orbital
symmetry and generalized to atoms with valence orbitals
of multiple different angular momenta.

The use of a restricted basis set and the neglect of the
two-electron inter-site Coulomb interactions means that

screening effects are missing. Thus, even though the pa-
rameters that define the s, p and d Hamiltonians appear
as bare on-site Coulomb integrals, screened Coulomb in-
tegrals should be used when modelling real systems; this
significantly reduces the values of the parameters.
Although it is possible to find the on-site Coulomb inte-
grals using tables of Slater-Condon parameters®=® or the
closed forms for the integrals of products of three spheri-
cal harmonics found by Gaunt'* and Racah®®, the point
of this paper is to remove that layer of obscurity and
present model Hamiltonians written in a succinct form
with clear physical meaning. The Slater-Condon param-
eters and Gaunt integrals were not used in the deriva-
tions of the on-site Coulomb interaction Hamiltonians
presented here; however, they did provide an indepen-
dent check to confirm that the tensorial forms derived
here are correct.

We note that Rudzikas®® has derived rotationally invari-
ant Hamiltonians for p and d orbital atoms. However, his
derivation is different from ours and his d orbital Hamil-
tonian is partially expressed in terms of tensors; the form
we present in this paper is written in terms of physically
meaningful operators.

The p and d symmetry Hamiltonians are described in
Section [[I] (see Appendix [B|for full derivations) and com-
pared with the vector Stoner Hamiltonian. In Section
[[TT] we show the ground state results for both our Hamil-
tonian and the vector Stoner Hamiltonian for p and d
orbital dimers. We find that, although the results are of-
ten similar, there are important qualitative and quanti-
tative differences. In Section [[V] we show the differences
that emerge when evolving a starting state for a p or-
bital dimer under our Hamiltonian and the vector Stoner
Hamiltonian. We also calculate a thermodynamic prop-
erty, the electronic heat capacity of a p orbital dimer,
and obtain significantly different results when using our
Hamiltonian and the vector Stoner Hamiltonian. The
eigenstates of all Hamiltonians are found using the full
configuration interaction (FCI) method as implemented
in the HANDE code?.

II. THEORY
A. General form of the Hamiltonian

We start with the general many-body Hamiltonian of
electrons in a solid, expressed in second-quantized form
using a basis of localized one-electron orbitals and ig-
noring terms that do not include electronic degrees of
freedom1Y:
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Here c} and ¢;, , are creation and annihilation op-
erators, mspectlvely7 for an electron in orbital « on site
I with spin 0. Upper case Roman letters such as I, J,
K and L refer to atomic sites, the lower case Greek let-
ters «, B, x and -y represent localized orbitals, and ¢ and
¢ indicate spin (either up or down). The one-electron
contributions to the Hamiltonian are encapsulated in the
t1a.7p term that includes the electronic kinetic energy and
electron-nuclear interaction. The electron-electron inter-
action terms are represented by the Coulomb matrix el-
ements V[anyKXLfy.

We now make two approximations: we only retain
electron-electron Coulomb interactions on-site and we re-
strict the basis to a minimal set of localized angular mo-
mentum orbitals. Thus we have just one s orbital per site
for the s-symmetry Hamiltonian, three p orbitals per site
for the p-symmetry Hamiltonian, and five d orbitals per
site for the d-symmetry Hamiltonian. The Hamiltonian
can then be written as follows:

Ha~Y Y tasstlastis,
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where V! why = Viarp iy, 1o improve readability, from
this point onwards we drop the site index, I, from the
Coulomb integrals and creation and annihilation opera-
tors as we shall always be referring to on-site Coulomb
interactions.

The on-site Coulomb interaction, Vg -, is a rotation-
ally invariant tensor if the atomic-like orbitals are angu-
lar momentum eigenstates. To demonstrate this we note
that applying the rotation operator R to an atomic-like
orbital ¢, of angular momentum ¢ gives

f{|¢a> :Z‘¢ﬂ>d€a(R)a (3)
B
where d, (R) is the (204 1) x (2(+ 1) matrix that corre-

sponds to the rotation R in the irreducible representation
of angular momentum /. By making the change of vari-
able x = Rr and x’ = Rr’, it is straightforward to show

that
Voo = [ arar’ o ()00 () (16,0 (')
v —r/|
- (d,é/a(R))* (ngB(R))* Varpr 'v’dx X(R)d{y"Y(R)a
(4)

which demonstrates that V.3, is indeed a rotationally
invariant tensor.

B. The one band Hubbard model: s orbital
symmetry

The Hubbard Hamiltonian is applicable only to one band
models where the one orbital per atom has s symmetry.

This gives a simple form for the on-site Coulomb inter-
action tensor, Uy = Vya,aa; as there is only one type of
orbital, there is only one matrix element. We can use
this result to simplify the Coulomb interaction part of
Eq. and express it in terms of the number operator
or the magnetic moment vector operator, defined as fol-
lows:

f = ZéLyCéa’C, (5)
aC
=Y el ot (6)
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where o are the Pauli spin matrices and the sum over «
has only one term as there is only one spatial orbital for
the s case. Hence
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or, equivalently,
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where we have use the normal ordering operator, ::, to

remove self interactions. The action of this operator is to
rearrange the creation and annihilation operators such
that all the creation operators are on the left, without
adding the anticommutator terms that would be required
to leave the product of operators unaltered; if the rear-
rangement requires an odd number of flips, the normal
ordering also introduces a sign change. For example

ch2 = E 1 C
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If the normal ordering operator is not used in Egs. @
and then additional one electron terms have to be
subtracted to remove the self interaction.

The mean-field form of this Hamiltonian has been in-

cluded in Appendix

C. The multi-orbital model Hamiltonian: p orbital
symmetry

Consider the case where the local orbitals, o, 3, x and
appearing in Eq. are real cubic harmonic p orbitals
with angular dependence z/r, y/r, and z/r. In this case
the rotation matrices, d’, (R), are simply 3 x 3 Carte-
sian rotation matrices. This makes V3, a rotationally
invariant fourth-rank Cartesian tensor, the general form

of which is*®

Vapxy = Ubax0py + J0ay0px + J'6aplyy, (10)



where U = Vig,08, J = Vap,pa and J = Vaa,ps, With
a # (. By examination of the integral in Eq. , we
note that the Coulomb tensor has an additional symme-
try when the orbitals are real (as are the cubic harmonic p
orbitals), namely Vog vy = Vyg,ay and Vag .y = Vay,ys,
and hence J must be equal to J’. Thus we find

Vagxy = U‘Saxéﬂv +J ((Sav‘sﬁx + 5aﬂ5m) : (11)

This recovers the well known equation Uy = U + 2J,
where Uy = Voéwm‘m?’7 and shows that the most gen-
eral cubic p orbital interaction Hamiltonian is defined by
exactly two independent parameters™®. In Appendix
we give a full derivation of Eq. using representation
theory.

In passing we observe that symmetric fourth-rank
isotropic tensors can be found in other areas of physics,
such as the stiffness tensor in isotropic elasticity theory<l

Cikim = NikOtm + 11(0510km + 6imOr1), (12)

where A is the Lamé coefficient and p is the shear mod-
ulus.

Transforming Eq. into a basis of complex spherical
harmonic p orbitals with angular dependence of the form
Yom (0, ¢) is straightforward. We write Vi mim =
> Ir 1* ,,Blmlxlmw,yVaﬁ,X,y, where [,,,, is defined by

aBfxy ‘ma’m

sph Z lmozpou (13)

and has the following values

1 a9
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The result of applying this transformation is

me//’mwnu/ :U(S'rnm’(sm”m'” + J(57nm///5mum/

+ (=1)™™ I8y 6y (15)

where m, m’/, m” and m'’ are spherical harmonics indices
going from —1 to +1, U = ‘/10,107 and J = ‘/10701.

Using Eq. as a convenient starting point, it is
straightforward to rewrite the on-site Coulomb Hamil-
tonian in terms of rotationally invariant operators:32

1
Z toat a0 a
2 Z Zvaﬂ,xvcaﬂcﬁ,fcmfcx,a

aBxy o€
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where the vector angular momentum operator for p or-
bitals on site I is defined to be

L= Z.Z(elﬁoﬂEZBQ’EBﬁQ)éL,UéB,o7 (17)

afo

and €, is the three-dimensional Levi-Civita symbol.
An equivalent expression is

9 ZZ aB,x aUcﬁC vC X0
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where the final term corresponds to on-site electron
hopping3%

1
:—§J:rir12

fap = Y el Cs - (19)

Eq. embodies Hund’s rules for an atom. By mak-
ing the substitution m = 23, we see that the spin is
maximized first (prefactor —2J) and then the angular
momentum is maximized (prefactor —%J ).

The mean-field form of the above p orbital Hamiltonian
is given in Appendix[A2]

D. The multi-orbital model Hamiltonian: d orbital
symmetry

The on-site Coulomb interaction for cubic harmonic d
orbitals can be expressed as

1
Vagxy = 9 (U(;ax(sﬂ'y
5
+ <J - 2AJ> (3ar 0y + Gasdoy)

—48AJ Z §aab§5bdfxdt€ym> ; (20)

abdt

where £ is a five-component vector of traceless symmetric
3 x 3 transformation matrices defined as follows

1
2 00
[E1a) = 0 -5 0|,
0 0 %
0041
[52(117]: (1)00 )
100
000
[&Sab]: 0(1)% )
010
030
1
[£4ab]: 500 )
000
3 00
1
[€sat) = 0 —5 O (21)
0 0



We use the convention that index numbers (1,2, 3,4,5)
correspond to the d orbitals (322 —r2, zx, yz, vy, 2% —y?).
See Appendix for a derivation of Eq. using rep-
resentation theory. We have chosen U to be the Hartree
term between the to, orbitals, J to be the average of the
exchange integral between the e, and ¢y, orbitals, and
AJ to be the difference between the exchange integrals
for e, and toy. That is, U = Vi), zo)wz), J =
3 (Viem we). 02 o) + Vg2 o) (02 —02) (02 —92) (32242 )
and AJ = W3z2—rz)(mz—yz),(mQ—yQ)(322—r2) —
Viea)(yz),(yz)(zx)- ~ This choice of parameters is the
same as was used by Ole$ and Stollhoff3l; however,
Eq. corrects their form by restoring rotational
invariance in orbital space.

Rewriting Eq. in terms of rotationally invariant op-
erators gives

‘A/tot:;|:<U—;J+5AJ>STALZZ—;(J—GAJ):Ii‘P:
2 A

—6A C(Rag) AT Q% 22

0D Y (o) 58T 0% )

aff

where Q2 is the on-site quadrupole operator squared.
The quadrupole operator for a single electron is defined
as

1

§(ﬁui,,+iyﬁu)—15 i (23

Qul/ = 3 nv
The quadrupole operator for a system of many electrons
is obtained by summing the operators for each electron.
Since each term in the sum acts on the coordinates of
one electron only, the operators L, and L, appearing in
that term measure the angular momentum of one elec-
tron only, not the whole system. More detail on the ()2
operator is included in Appendix @ Eq. is similar
in form to that found in Rudzikas®, the difference being
that our Hamiltonian is expressed in terms of physically
meaningful operators.

The mean-field form of this Hamiltonian is given in Ap-

pendix

E. Comparison with the Stoner Hamiltonian

The Stoner Hamiltonian for p and d orbital atoms, as
generally defined in the literature, has the following form

for the on-site Coulomb interaction:2~
N 1 1 .9 .9
Vstoner = 5 U - §J . ——J m,:, (24)

where J, which is usually denoted as I in this context,
is called the Stoner parameter. This form clearly breaks
rotational symmetry in spin space, which can be restored

by substituting : 1?2 : with : m? :

Y, _1 1 .A2._1 2.
va2 Stoner—2 (U 2J) nt 4Jm T (25)

In this paper we will compare our Hamiltonians, Eqgs. (18]
and , with Eq. , which we shall call the vector
or m* Stoner Hamiltonian. By starting with the vector
Stoner Hamiltonian and working backwards, it is possible
to find the corresponding tensorial form of the Coulomb
interaction:

~ 2
Varg,xitoner = Udaxdpy + JOardpx- (26)
This is very similar to the tensorial form for the p-case
Coulomb interaction, Eq. (LI), except that it is missing
a term, J0,30,y. The lack of this term means that the
vector Stoner Hamiltonian does not respect the symme-
try between pairs ay and (7 evident from the form of
: : : f? ner f? ner
the integral in Eq. , 1.e.7.V>;’[},a§Yt° er £ $7X§t° T As
we shall see later, this omission changes the computed
results.

ITII. GROUNDSTATE RESULTS
A. Simulation setup

Here we investigate the eigenstates of dimers using both
our Hamiltonians, Eqs. (18) and , and the vector
Stoner Hamiltonian, Eq. (25). We employ a restricted
basis with a single set of s, p and d orbitals for the s, p
and d Hamiltonians respectively. We perform FCI cal-
culations using the HANDE2? computer program to find
exact eigenstates of the model Hamiltonians. The Lanc-
zos algorithm was used to calculate the lowest 40 wave-
functions for our Hamiltonian, more than sufficient to
find the correct groundstate wavefunction, while the full
spectrum was calculated for the vector Stoner Hamilto-
nian.

The single particle contribution to the Hamiltonian for
all models (the hopping matrix) is defined for a dimer
aligned along the z-axis: in this case it is only non-zero
between orbitals of the same type, whether on the same
site or on different sites. The sigma hopping integral,
|ts|, was set to 1 to define the energy scale. The other
hopping matrix elements follow the canonical relations
suggested by Andersenl, and we use the values of Paxton
and Finnis®?: ppo : ppmr = 2 : —1 for p orbitals, and
ddo : ddm : ddd = —6 : 4 : —1 for d orbitals.

The directionally averaged magnetic correlation between
the two sites has been calculated for the groundstate. If
positive it shows that the atoms are ferromagnetically
correlated (spins parallel on both sites) and if it is neg-
ative it shows that the atoms are antiferromagnetically
correlated (spins antiparallel between sites). The correla-
tion between components of spin projected onto a direc-
tion described by angles 6 and ¢, in spherical coordinates,
is defined as follows

Coo = G by ), 1)

where the :: is the normal ordering operator, used to



remove self-interaction, and

Y 0p At 4

Moy = D TeerClaelrae (28)
agg!

Ug? = 0g¢r o8l + o sinf cos ¢ + Ué’g, sin 0 sin ¢.

The magnetic correlation averaged over solid angle is

P
Oavg = §< m;.mo > (29)

B. Groundstate: p orbital dimer

The groundstates of our Hamiltonian and the vector
Stoner Hamiltonian have been found to be rather similar
for 2, 6 and 10 electrons split over the p orbital dimer,
but qualitatively different for 4 and 8 electrons. The mag-
netic correlation between the two atoms for 4 electrons is
shown in Fig. [l The symmetries of the wavefunctions??
are indicated on the graph by the notation 2SJrlAi[/g: the

+ is only used for L, = 0 (i.e. 3 states) and corresponds
to the sign change after a reflection in a plane parallel
to the axis of the dimer; the u/g term refers to ungerade
(odd) and gerade (even) and corresponds to a reflection
through the midpoint of the dimer; A is the symbol cor-
responding to the total value for L, (e.g. L, = 1 is II,
L,=2isA, L, =3is®, L, =4isT); and S is
the total spin. The differences between the groundstates
of our Hamiltonian and the vector Stoner Hamiltonian
shown in Fig. [1] are as follows: the groundstate wave-
function of the vector Stoner Hamiltonian has a region
with 32; symmetry extending far up the J axis, which
is not present for our Hamiltonian; the region with 1Ag
symmetry is doubly degenerate for our Hamiltonian, as
total L, = +2, whereas for the Stoner Hamiltonian it is
triply degenerate, as it is also degenerate with the state
of symmetry 12; (this state appears at a higher energy
for our Hamiltonian).

C. Groundstate: d orbital dimer

The groundstates of our Hamiltonian and vector Stoner
Hamiltonian have been found to be rather similar for 2,
4, 6, 14, and 18 electrons split over the d orbital dimer
when AJ is small. The simulations for 10 electrons were
not carried out as they are too computationally expen-
sive. Qualitative differences were found for 8 and 12 elec-
trons; for an example see Fig. |2 which shows the mag-
netic correlation between two atoms in the ground state
of the d-shell dimer with 6 electrons per atom. From
Fig. 2| we see that the results for our Hamiltonian with
small AJ = 0.005|¢| (top graph) are markedly different
from those for the vector Stoner Hamiltonian (bottom
graph). Our Hamiltonian has an extra state, with sym-
metry 72;, and places the states of symmetry 11"g and

123‘ with different energies in different regions, whereas

5
1.0
4 0.5
0.0 «wI=
3l 5Hu o~
= -05 B
§ .
oL
1
5
1.0
4 0.5

0.0 «wI~=
~

3 ..
= -05 B
= B,
2 ~1.0.5
o
-15
1
2.0
25

4 6 10
U/ltl

FIG. 1: The magnetic correlation between two p-shell
atoms, each with 2 electrons, for a large range of
parameters U/|t| and J/|t|, where ¢ is the sigma bond
hopping. The different regions of the graph are labeled
by the symmetry of the groundstate. The top graph is
generated from our Hamiltonian and the bottom from
the vector Stoner Hamiltonian. The bottom graph has a
region with symmetry 32; extending a long way up the
J axis, which is not present in the groundstate of our
Hamiltonian. The bottom graph also includes a region
with two degenerate states with symmetries ' A, and
12;; this degeneracy is broken when our Hamiltonian is
used.

the vector Stoner Hamiltonian makes them degenerate.
More differences start to appear once AJ is increased
to 0.105|¢t| (middle graph): the region with symmetry
12;‘ is expanded, new regions of symmetry 3<I>g and 52;
appear, and the region with symmetry 329_ disappears.
This shows that the inclusion of the quadrupole term in
Eq. can make a qualitative difference to the ground-
state.
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FIG. 2: The magnetic correlation between two d-shell
atoms, each with 6 electrons, for a large range of
parameters U/|t| and J/|t|, where ¢ is the sigma bond
hopping. The different regions of the graph are labeled
by the symmetry of the groundstate. The top graph is
generated using our d-shell Hamiltonian with a small
value of AJ = 0.005|t|; the middle graph is generated
using our Hamiltonian with a larger value of
AJ = 0.105|¢[; and the bottom graph is generated using
the vector Stoner Hamiltonian.

IV. EXCITED STATE RESULTS

Differences between our Hamiltonian and the vector
Stoner Hamiltonian are also observed for excited states.
Here we present three examples, one demonstrating ex-
plicitly the effect of the pair hopping, one showing more
general differences in the excited states through a cal-
culation of the electronic heat capacity as a function of
temperature, and one showing a difference in the spin
dynamics of a collinear and a non-collinear Hamiltonian.
The full spectrum of eigenstates was calculated for all of
these examples.

A. Pair hopping

The pair hopping term, J3>_ 5. . 62706370/65,0/6570 =
I s (ap)” :, is found in both our p and d or-
bital Hamiltonians, but is absent from the vector Stoner
Hamiltonian. To demonstrate the effect of the pair hop-
ping term we initialize the wavefunction in a state with
two electrons in the = orbital on site 1 of a p-atom dimer.
Figure [3| shows the evolution of the wavefunction in time
using our Hamiltonian and the vector Stoner Hamilto-
nian, with U = 5.0|¢t| and J = 0.7|t|. For our Hamilto-
nian the pair of electrons in orbital x on atom 1 hops to
the y and z orbitals on atom 1 (mediated by the pair hop-
ping term) as well as between the two atoms (mediated
by the single electron hopping term). The result is that
there is a finite probability of finding the pair of electrons
in any of the x, y and z orbitals on either atom. However,
for the vector Stoner Hamiltonian, the two electrons in
the x orbital on site 1 are unable to hop into the y and
z orbitals on atom 1; they are only able to hop to the x
orbital on atom 2. This means tha there is no possibility
of observing the pair of electrons in the y or z orbitals
on either atom.

B. Heat capacity

The heat capacity is calculated from

oy 1
keNa  Na(kpT)

5 (BX(T)) = (E(T))*),  (30)

where

(B"(T)) = Zg;fj:i’;) 3 (31)

T is the temperature, kp is Boltzmann’s constant, ¢; is a
many-electron energy eigenvalue, and N, is the number
of atoms. The result for both Hamiltonians as a function
of temperature for four electrons split over two p-shell
atoms with U = 5.0Jt| and J = 0.7|¢| is shown in Fig-
ure ] The qualitative difference between the results for
our Hamiltonian (the solid line) and the vector Stoner
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FIG. 3: The time evolution under our Hamiltonian
(top) and the vector Stoner Hamiltonian (bottom) of a
starting state with two electrons in 1z, the x orbital on

atom 1, of a p-atom dimer with U = 5.0t| and
J = 0.7|t|. We see that the two electrons in 1z are able
to hop into 1y and 1z when the wavefunction is evolved
using our Hamiltonian but not when it is evolved using
the vector Stoner Hamiltonian.

Hamiltonian (dashed line) is due to the difference in dis-
tribution of their excitation energies. The unphysical re-
duction of the heat capacity to zero as the temperature
tends to infinity is a consequence of the use of a restricted
basis set.

C. Spin dynamics

Here we show how the collinear Stoner Hamiltonian can
give rise to unphysical spin dynamics. We consider an
S, = 41 triplet with both electrons on one of the two
p orbital atoms, |¥) = |T4). Written as linear com-
binations of two-electron Slater determinants, the three

—— p orbital Hamiltonian

- = Stoner Hamiltonian

107! 10° 10! 102

FIG. 4: The electronic heat capacity per atom of a
dimer with four electrons split over two p-shell atoms
with U = 5.0Jt| and J = 0.7|¢|. The solid line is
generated by solving our Hamiltonian exactly and the
dashed line by solving the vector Stoner Hamiltonian
exactly.

states in the triplet are

) :% (—f1z t 1y 1) + 221 25 1)),
I7_1) =% (e L1y 1) + |22 L2y 1)),
To) = - = (12 4 1y 1) + 12 1y 1))

+ =222y 1)+ 2212y ). (32)

1
V2
These states are simultaneously eigenstates of the
collinear Stoner Hamiltonian, the vector Stoner Hamil-
tonian, and our p-case Hamiltonian. They are degener-
ate, with eigenvalue U — J, for both our p-case Hamil-
tonian and for the vector Stoner Hamiltonian. For the
collinear Stoner Hamiltonian the states |T%1) and |T_4)
have eigenvalue U — J whereas state |Tp) has eigenvalue
U. This means that the degeneracy of this triplet is bro-
ken in the collinear Stoner Hamiltonian. We now rotate
|¥) in spin space so that the spins are aligned with the
r-axis, i.e. S, = +1,

) = (33)

DO | =

(T1) + |T0) + %mﬁ.

|Wrot) is still an eigenstate, with eigenvalue U —J, of both
the vector Stoner Hamiltonian and our Hamiltonian, but
it is no longer an eigenstate of the collinear Stoner Hamil-



tonian. The wavefunction |¥™*) evolves in time as

[WHH(0)),

iHT

B (r)) = e

(34)

%

iJT
aw=nr [ 1 e h
e T (2 (71} +17-1) + 2To>>,

= collinear Stoner Hamiltonian

B (; (IT41) +|T21)) + ;5|T0>)’

€

m? Stoner and our Hamiltonian

where 7 is time. If we take the expectation value of the
magnetic moment on each site using the collinear Stoner
Hamiltonian, we find

(T (71701 | BT (7)) = (7 (7) [z | O (7)) = cos (h

(WO 7)1y [0 (7)) = (OO (7) gy [ 97" (7)) =

0
(WO (7) i[9 (7)) = (W7 (7) gz [ 97" (7)) = 0.
(35)

In contrast, using the vector Stoner Hamiltonian or our
p-shell Hamiltonian, the expectation value of the mag-
netic moment is independent of time, equal to (1,0,0)
in vector format. This demonstrates that calculations
of spin dynamics using the collinear Stoner Hamiltonian
can give rise to unphysical oscillations of the magnetic
moments.

V. CONCLUSION

We have established the correct form of the multi-orbital
model Hamiltonian with on-site Coulomb interactions for
atoms with valence shells of s, p and d orbitals. The
methodology used may be extended to atoms with f and
g shells, and to atoms with valence orbitals of several
different angular momenta. The results presented show
that there are important differences between our p- and
d-shell Hamiltonians and the vector Stoner Hamiltonian.
The vector Stoner Hamiltonian misses both the pair hop-
ping term, which is present in our p and d orbital Hamil-
tonians, and the quadrupole term, which is present in our
d orbital Hamiltonian. The groundstates of our Hamilto-
nian and the vector Stoner Hamiltonian are qualitatively
similar in most cases, which explains the widespread suc-
cess of the vector Stoner Hamiltonian as a model for
many magnetic materials. However, the differences are
rather more pronounced for the excited states. This is
evidenced by the hopping of pairs of electrons between
orbitals on the same site, which is allowed by our Hamil-
tonian but not by the vector Stoner Hamiltonian, and
in differences in the electronic heat capacity as a func-
tion of temperature. We also find clear evidence that
the collinear Stoner Hamiltonian is inappropriate for use
in describing spin dynamics as it breaks rotational sym-
metry in spin space. We would expect similar problems
when using collinear time dependent DFT simulations to
model spin dynamics.
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Appendix A: Mean-field Hamiltonians

1. The one band Hubbard model: s orbital
symmetry

Application of the mean-field approximationl? to the on-
site Coulomb interaction part of the Hubbard Hamilto-
nian with s orbital symmetry, Eq. , yields the follow-
ing,

Varr =Uo <<ﬁ>ﬁ - Z(élédé}ég) (A1)
for which the total energy is

oulom ]' A AT 2~ AT A
Eggiont =~y | () = S(eheqele,) | (A2)

a(

where the double counting correction has been included.
Equivalently, applying the mean field approximation to
Eq. yields the following,

Vi :éUo <2<ﬁ>ﬁ — (mh).r — Z<a§a<>éZéo>, (A3)
(8

for which the total energy is

m 1 S Y ¢l e cle
EGg1ome = Uo | 200)? — (in)? = Y(ehec)ele,) |
¢
(A1)

where again the double counting correction has been in-
cluded.



2. The multi-orbital model Hamiltonian: p orbital
symmetry

Application of the mean-field approximationt? to the
model Hamiltonian with p orbital symmetry, Eq. ,
yields the following,

2

+ZJ( gt e + (flap) T aﬁ)

Varr = (U - J) (R)i — g<m>.m

- ( eholac)hilao + T (Ehotsc)? TC%U)’

afo(
(A5)
for which the total energy is
1 J J
ECoulomb __ Y SN2 Y a2
o =3 (0= 3) - S
J /o R .
+353 ({0 (50) + {i20)?)
- Z ( ao’cﬁg < ;géao’>
afo(
J "T ~ AT A
+§<Caa054><cagcﬁg> ) (A6)

where the double counting correction has been included.

3. The multi-orbital model Hamiltonian: d-orbital
symmetry

Application of the mean-field approximationi? to the
model Hamiltonian with d-orbital symmetry, Eq. ,
yields the following,

Vatp = (U - %J+ 2AJ> (A)n —

+(J—6A)> (maﬂmﬁa + <ﬁaﬁ>ﬁaﬁ>

af
2 ~ ~
+ gAJZ<QMV>QVM
nv
_ T J T
Z aacﬁg Cﬁ(%a + J{¢ aacﬂ(> C,@cf
afo(

+ 48AJ Z Z gastgﬂtufxuvgfyvs <éjxoé'y§>é;3§éxav
afyxo( stuv
(A7)
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for which the total energy is

1
Coulomb __
EMF 5

: (U ST+ 2AJ) ()2
+ Z J_TW <<ﬁaﬁ><ﬁ,8a> + <ﬁa5>2)

aB
T AJZ Q)

P> ( botach o)

afo(
J oA
+ 2<CLUCB<><CLCCﬂU>)

+24AJ Z Z fastfﬁtugxuvf'y'us
aByxo( stuv

X <é-‘(—laé'yc><éégéxa>? (AS)

where the double counting correction has been included.

Appendix B: Representation theory
1. p orbital symmetry

As a precursor to our treatment of the d case in Appendix
we use representation theory to derive Eq. for
cubic harmonic p orbitals. First we define the follow-
ing irreducible objects: “0” is a scalar, “1” is a three-
dimensional vector, “2” is a 3 x 3 symmetric traceless
second-rank tensor, “3” is a third-rank tensor consisting
of three “2”s, and “4” is a fourth-rank tensor consisting of
three “3”s. The Coulomb interaction V,g s transforms
as a tensor product of four “1”7s, 1® 1 ® 1 ® 1, but we
know also that it must be isotropic and that from the
above irreducible objects only the “0” is isotropic.
Objects such as 1 ® 1, represented as A;;, may be ex-
panded just as in the addition of angular momentum:
11=080162, (B1)
where “0” is a scalar, s = Z A;ijéiz, “17 is a vector,
ij Ajre€ijr, and “27 is a traceless symmetric ten-
sor, M;j = 5(Aij + Aji) — £6;;(3 4 AriOrt). The reader
may be more familiar with combinations of angular mo-
mentum. In the language of angular momentum, the
transformation properties of a tensor product of two ob-
jects of angular momentum with [ = 1 are described by
a 9 x 9 matrix, which is block diagonalisable into a 1 x 1
matrix (which describes the transformations of an [ = 0
object), a 3 x 3 matrix (which describes the transforma-
tions of an [ = 1 object), and a 5 x 5 matrix (which
describes the transformations of an I = 2 object). In the
angular momentum representation the matrix elements
are complex. Here we are using cubic harmonics and the
matrix elements are real. Similarly 1 ® 1 ® 1 ® 1 may be



expanded out as:

I1lel=121)x(1x1),
=091e2)2(06132),

=000 (02)d(1e0)d®(1®1)

P12)e(204(201)e(2®2). (B2)

The only isotropic, “0”, objects arise from 0®0, 1®1 and
2® 2. A general isotropic three-dimensional fourth-rank
tensor, 71, therefore has three independent scalars that
are found from symmetric and antisymmetric contrac-
tions of 1. We are interested in the form of the p or-
bital on-site Coulomb interactions, V3, y~, which have an
additional symmetry, such that they remain unchanged
under exchange of o and x and under exchange of 5 and
~. We therefore only require the symmetric scalars that
arise from the 0 ® 0 and 2 ® 2 contractions to describe
Vap.xv:

Vas.xv = 500ax0py + 52 (0ary0px + 0apdxy) s (B3)

which is symmetric under exchange of a and x or 8 and
~; where

S0 = Z Vs xrOax 987

XY
52 = Z Vaﬁvx'yaa'yéﬁx = Z V(X,B,X'yéaﬁ(sxfy. (B4)
X xB

This is equivalent to Eq. , where so = U and so = J.

2. d orbital symmetry

To find the isotropic five-dimensional fourth-rank tensor
that describes the on-site Coulomb interactions for d or-
bital symmetry, we find it convenient to map from a five-
dimensional fourth-rank tensor to a three-dimensional
eighth-rank tensor. We do this by replacing the five-
dimensional vector of d orbitals by the three-dimensional
traceless symmetric B matrix of the d orbitals:

222 - L (12 +2?) Y zz
B = Ty %y? — % (m2 + 22) yz .
zz yz 22— L (22 +4?)

(B5)
We refer to the elements of B as B, and use the sub-
scripts a, b, ¢, d, s, t, u and v as the indices for irre-
ducibles of rank 2 or higher. The transformation between
the irreducible B, and the cubic harmonic d orbitals is

Wl

¢aa(r) - Nd ZgaabBabTing(r)S(a)a (BG)
ab

where £ is a traceless, symmetric transformation matrix,

defined in Eq. , Ny = %, / % is a normalisation factor,
R, is the radial function for a cubic d orbital, and S is the
spin function. The orbital indices «, 3, x and  run over
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the five independent d orbitals, whereas the irreducible
indices a, b, ¢, d, s, t, u and v run over the three Cartesian
directions. The mapping between the five-dimensional
fourth-rank tensor and the three-dimensional eighth-rank
tensor is as follows

¢ZU (rl )¢za’ (r2)¢xa (r1)¢70’ (rQ)

|r1 — rof

)

VQB’X’Y = /dI‘ldI‘Q

— [ dridea N1 Rar) 3P Ralr) /3
> Zabcd Zstuv €ZabB;b£Z’ch:dgxstBstgfyuvBuv
lr1 — 1o

= Z Z faabgﬁcdfxstg’yuvVab,cd,st,uv7 (B7)

abed stuv

)

where this equation defines the isotropic three-
dimensional eighth-rank tensor for the on-site Coulomb
integrals, Vip, cd,st,uv, and we have dropped the complex
conjugates on the & matrices as they are real. The B
matrix is a three-dimensional traceless symmetric “2”
and thus contains 5 independent terms. As we show
below, it is possible to represent the isotropic three-
dimensional eighth-rank tensor as a list of quadruple Kro-
necker deltas, with 5 independent parameters in general
and 3 independent parameters for the on-site Coulomb
interactions. The isotropic three-dimensional eighth-
rank tensor is then converted back into an isotropic five-
dimensional fourth-rank tensor. For an independent ver-
ification of the form of the isotropic three-dimensional
eighth-rank tensor see Ref. 201

The power of representation theory is that one can follow
an analogous procedure for shells of higher angular mo-
mentum, using a “3” to represent the seven f orbitals, a
“4” to represent the nine g orbitals, and so on. One
can also construct interaction Hamiltonians for atoms
with important valence orbitals of several different an-
gular momenta.

We now return to the case of a d shell and explain the
procedure used to find the general isotropic Coulomb
Hamiltonian in more detail. We start by represent-
ing the isotropic three-dimensional eighth-rank tensor,
Vab,cd,stuvs 8 @ 2® 2 ® 2 ® 2. Proceeding as we did for
the p case, we write

2R20202=(202)® (2®2),

202=0016G26 34,

— 2020202=(081626364)
RO0@1®263@4). (BS)

The terms in Eq. that can generate a rank 0 (a
scalar) are 0®0, 1 ®1,2® 2, 3® 3 and 4 ® 4. This im-
plies that a general isotropic three-dimensional eighth-
rank tensor is defined by five independent parameters.
We know that, for V.3, there exists a symmetry be-
tween the pairs ay and 8. It follows that Vyp cq st,u0 has
a symmetry between the pairs (ab)(st) and (cd)(uv). We
therefore require only the even contractions, 0 ® 0, 2 ® 2



and 4 ® 4, reducing the five parameters to three3’; this
is the same number proposed in Chapter 4 of Ref. [15l
To get the scalars from Vgp ca,st,u0 We have to contract
it. There are six possible contractions of Vgp cq,st,uv, OUt-
lined in Table[l} of which only five are independent. Note
that one does not contract within the indices ab, cd, st or
uv because By, is traceless, hence Zab 0apBapy = 0. By
examining the diagrammatic contractions from Table [I]
and maintaining the symmetry between the pairs (ab)(st)
and (cd)(uv), we conclude that the relevant contractions

2 1 3 5
are Aab,cd,st,uv7 <Aab,cd,st,uv + Aab,cai,st,uv)’ Aab,cd,st,uv
4 6 . . .
and (Aab,cd,st,uv + Aab’cd’st’uv). This is evident because

switching two symmetry-related pairs [that is, switching
(ab) and (st) or (cd) and (su)] in diagram 1 yields dia-
gram 3. Similarly, switching two symmetry-related pairs
in diagram 4 yields diagram 6. We see that there are four
contractions but we have only three parameters. This
implies that out of these four contractions there are only
three linearly independent contractions.

We can now write down a general interaction Hamilto-
nian Vip cd st,uv @s a linear combination of three Kro-
necker delta products, each multiplied by one of the three
independent coefficients:

_ 2
- cOAab7cd7st7uv

1 3
+c (Aab,cd,st,uv + Aab,cd,st,uv)
5
+ CQAab,cd,st,uv'

v

ab,cd,st,uv

(B9)

We find V5,4 by transforming this expression back to
the five-dimensional fourth-rank representation, as dic-
tated by Eq. . For completeness we include all six of
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the transformed contractions:

1
Z Z Aab,cd,st,uvgaabfﬁcdgxstgfyuv =

abed stuv

Z 4£aab€ﬁbagxst£’yts = 504[55)(}:7

abst

2
Z Z Aab,cd,st,uvgaabﬁﬂcdgxstéyuv =

abed stuv
Z 45aab§xba£ﬂcd§vdc = 6&)(667’
abed

3
Z Z Aab,cd,st,uvgaabgﬁcdgxstffyuv =

abed stuv

Z 4£aab ’ybagﬁcdgxdc = 6a’yéﬂx’

abed

4
Z Z Aab,cd,st,uvgaabgﬁcdgxstéyuv =

abed stuv

Z 165aab£ﬂbd§’ydv €Xva )

abdv

5
Z Z Aab,cd,st,uvgaabgﬁcdfxstffyuv =

abed stuv

Z 16504(Lb§,8bd£)(dt£’yta?

abdt

6
Z Z Aab,cd,st,uvgaabgﬁcdgxstéyuv =

abed stuv

Z 168 0ab8x0t8ptaldar (B10)

abdt

We find that the last three of the transformations of
the contractions, although rotationally invariant in or-
bital space, are not expressible in terms of Kronecker
deltas of o, B, x and . This is to be expected as
there exist terms in Vg~ that are non-zero and have
more than two orbital indices, e.g. V(g.2_,2)
Or V(322 —12)(ay), (o) (22 —?)-

We can now write down V3.~ concisely,

(zy),(y2)(x2)

5
Vagxy = U(Sax(sﬁv + (J + QAJ) (5a75ﬂx + 5aﬁ5><7)

—48AJ Z Eaabv€pvalydiéytas

abdt

(B11)

where we have defined U to be the Hartree term
between the fo, orbitals on-site, U = Vi.2)(y2),(2a)(y2)>
J to be the average of the exchange integral
between the e, and 3, orbitals on-site, J =
3 (Vi) wa), w2 () + Viazz )02 ), 02 —y2) (32212 )
and AJ to Dbe the difference between the
exchange integrals for e, and ty5, AJ =
Visz2—r2)@—y?) @2 —y2)(322=1%) Vi) (y2),(v2)(2a):
We could equally well have chosen to use the sum of
the fourth and sixth contractions instead of the fifth
contraction, although with different coefficients.



Appendix C: Angular momentum and quadrupole
operators

1. Angular momentum

The angular momentum operators are most naturally ex-
pressed in spherical polar coordinates, even when using
them to operate on cubic harmonics. Their forms are:

Ly=1 (sin ¢g + cot 6 cos (ba(b) , (C1)
ﬁy—i(cosgb +c0t0s1n¢8¢> (C2)
A 0

LZ = 71%7 (03)

where we have set i to 1 for simplicity. When applying
the above operators to the on-site cubic harmonic p or-
bitals (we have dropped the site index for clarity) it is
straightforward to show that

Lup; = zz €1jkDk- (C4)

k

A general one particle operator O may be expressed in
terms of creation and annihilation operators as follows:

O = Z < aa’|0|¢ﬁa> aacﬁa’ (05)
afBoo’
Substituting Eq. into Eq. yields
Ly=1Y €upatlols,, (C6)

afo

where p is a Cartesian direction and « and S are cubic
harmonic p orbitals (z, y or z). The d case is slightly
more complicated, but is greatly simplified by the use of
Eq. (B6)). Applying the angular momentum operators to
the B matrix reveals that

LulBjk) =) (eujs| Bsk) + €uns| Bjs)) » (C7)

with

Lyl¢ac) =iNa»_ S(o) ( )

jks

(C8)

By finding the expectation value and substituting into
Eq. (C5) we obtain

Ly=4i Z Z Gumkgakjfﬁjméldéﬂo'

jkm apo

(C9)

——&ajk (EHJS|BS]€> + eukS|BJS>) .
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2. Quadrupole operator

We define the quadrupole operator for a single electron
as

) 1/ o .. 1. .
O = = (L,LL, T LVL,L) — =5, L% (C10)

2 3

Here we interpret IA/# and L, in Eq. as compo-
nents of the angular momentum of a single electron.
The quadrupole operator for a system of N electrons
is then a sum over contributions from each electron:
Qu = Zfil Qv (). This makes @, a one-electron
operator, respresented in second quantization as a lin-
ear combination of strings of one creation operator and
one annihilation operator. Squaring and tracing the one-
electron tensor operator Q. yields a two-electron oper-

ator Q2 =3, QuQuy-
To find the form of this operator, we start by applying the
single electron version of Q,W to the B matrix, making

use of Eq. 1) Starting with ﬁuﬁy

f’MIA’V|Bjk> = Zj’u Z (GUjS‘Bsk> + EVkS|BjS>) )

= (7')2 Z <€ujs (Euss/ |Bs/k> + €uks |Bss’>)

ss’

+ €vks (eujS’ |BS’S> + €uss’ |Bj8'>) )>
- <—1>(5m|Byk> T Gl Biu) — 260, Byx)

+ Z (Eujseuks’ + Eykseujs') |Bss/>>a (Cll)

ss’

LyLyu|Bjr) = (—1) (5jV|Buk> + Ok | Bju) — 20,0 |Bjk)

+ Z (eyjseuks’ + E,ukseujs/) |Bss’>>a (C]-Q)

ss’

where the last equation was found by exchanging p and
v in the previous equation. Following the same process,
the final term in Eq. (C10|) becomes

> L,Ly,|Bji) = 6|Bj), (C13)

This is not a surprising result as the B matrix contains
linear combinations of spherical harmonics |I,1,) with [ =

2, and L2|1,1.) = I(I + 1)|I,1.). Combining Egs. (C11)),
(C12)) and (C13) we find

A 1
QB3 = (5 0w B+ 00,153)
+6ju|Buk) + Okv| Biy))

+ Z (Gujse,uks’ + Evksqtjs’) Bss/>> . (C14)

ss’



Equation (C5) yields the corresponding operator for a
system of many electrons:

QHV == Z (2 Z (gaukgﬁku + é.oz,u,/’eé-,é’}’cl/)

afo k
+4 Z gamngﬂjkel/jm6,ukn> éiaéﬂa' (C15)

mnjk

We now define the normal ordered quadrupole squared
as

:Q2 ::Z:QWJQU# e

pv

(C16)

By substituting Eq. (C15)) into Eq. (C16)) and dropping
the site index for clarity, one obtains the following simple
formula for the quadrupole squared operator:

:QQ:: Z

apyxoo’

- 72 Z gast&/@tugxuvg’yvs> ézoé};’g’é'yg/éxa' (017)

stuv

( = 300303, +9 (9ar 03y + 050
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3. The quadrupole operator squared and the
on-site Coulomb integrals

The quadrupole operator is of interest to us because one
of the terms in the d-shell on-site Coulomb interaction
can be represented in terms of Q2. This term is:

—48AJ Z Z gastfﬁtugxuvgyvsézaé}—}g’éyg’éxa7
afxyoo’ stuv
(C18)

which is proportional to the final term in Eq. . The
other terms in Eq. also exist elsewhere in the d-
shell on-site interaction Hamiltonian, so introducing an
explicit () term is straightforward:

—48AJ Z Z ga‘gtgﬁtugxuvg'yvséjxaé;gl é,),o-/éxa
afxyoo’ stuv
2 A P
= gAJ : Q2 : +2AJ Z CLO.CEO./Cﬂo./Cao-
afoo’

—6AT > (el b, + el en0,)

afBooa’

2 A
:gAJ:QQ:+2AJ:ﬁ2:+3AJ(:ﬁ2:+:ﬁ12 )

— GAJZ : (ﬁaﬁ)Q :.
af

(C19)
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5ad5bc63v5tu + 5a05bd63v5tu + 5ad5bcésuétv + 5a05bd63u6tv

5at5635m)6du + 5as($bt5m)6du + 5atébs5eu6dv + 5as($bt56u6dv

5av6bu§ct6ds + 5au6bu§ct6ds + 5av5bu6c55dt + 5au6bv6c55dt

5at5bd6cv53u + 5ad6bt6cv53u + 6at6bc§dv53u + 5ac(5bt5dv63u+

5at(sbd5cu55v + 5ad5bt5cu55v + 5at($bc§du5sv + 5ac(sbt6du5sv+

5asébd65v6tu + 5ad5b565v6tu + 5a56b06dv6tu + 5acéb56dv6tu+
6asébddcu5tv + 6ad5bsdcu§tv + 5aséb66du5tv + 5ac5b85du5tv

5av6bd50tdsu + 5ad6bv50tdsu + 5av6bc5dtdsu + 6ac(sbv5dtdsu+

5u.u6bd50t55v + 5ad5bu50t(55v + 5u.u6b65dt5sv + 5ucéb11.5dt55v+

5a'uébd5c56tu + 5ad5bv5c56tu + Javébcddsétu + éacébvddsétu"'
5au6bddcs§tv + 5ad5bu6035tv + 5au6bc5ds5tv + 5ac5bu5ds5tv

5av6bt6cu6ds + 5at5bv6cu6ds + 5au6bt50v6ds + 5at5bu50v6ds+

(Su.v(;bs(;cuédt + (Su.sébv(;cuédt + éau(sbsécvédt + 5asébuécv5dt+

6av5bt6036du + 6at6bv6036du + 6av5bs5ct6du + 6a36bv5ct6du+
5au6bt5cs§dv + 5at5bu5«cs§dv + 5au5bs5ct§dv + 5a56bu6ct6dv
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TABLE I: Table to show the node contractions for a d shell. Every contraction is represented both diagrammatically

and mathematically.
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