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Abstract

CrossMark

Breaking the up—down symmetry of tokamaks removes a constraint limiting intrinsic
momentum transport, and hence toroidal rotation, to be small. Using gyrokinetic theory,
we study the effect of different up—down asymmetric flux surface shapes on the turbulent

transport of momentum. This is done by perturbatively expanding the gyrokinetic equation in
large flux surface shaping mode number. It is found that the momentum flux generated by
shaping that lacks mirror symmetry (which is necessarily up—down asymmetric) has a power
law scaling with the shaping mode number. However, the momentum flux generated by mirror
symmetric flux surface shaping (even if it is up—down asymmetric) decays exponentially with
large shaping mode number. These scalings are consistent with nonlinear local gyrokinetic
simulations and indicate that low mode number shaping effects (e.g. elongation, triangularity)
are optimal for creating rotation. Additionally it suggests that breaking the mirror symmetry of

flux surfaces may generate significantly more toroidal rotation.

Keywords: tokamaks, gyrokinetics, nonlinear simulations, transport, plasma turbulence

(Some figures may appear in colour only in the online journal)

1. Introduction

Bulk toroidal rotation has been shown to be beneficial for
plasma performance in tokamaks. It can stabilize the resis-
tive wall mode, which allows violation of the Troyon limit
[1-4], a fundamental constraint on how much plasma pressure
can be confined with a given magnetic field [5]. Exceeding
the Troyon limit directly improves the economic viability of
a tokamak power plant [6, 7]. Furthermore, a strong gradient
in toroidal rotation can reduce energy transport by shearing
turbulent eddies [8—12].

There are several mechanisms that currently generate rota-
tion in tokamaks. Beams of neutral particles [13] and radio
frequency waves [14] are commonly used to heat the plasma,
but can also drive toroidal momentum. This externally
injected momentum is significant in current experiments, but
is expected to diminish in larger devices [15].

0741-3335/16/055016+23%$33.00 1

Self-generated momentum transport, driven by plasma
turbulence, is observed, even in the absence of external injec-
tion. It is called ‘intrinsic’ momentum transport, but it is
generally weak, creating rotation less than a tenth of plasma
sound speed [16, 17]. Recently however, the strength of
intrinsic rotation was explained through a symmetry of the
gyrokinetic model [18, 19], a set of equations that are believed
to govern turbulence in the core of tokamaks [20]. This sym-
metry constrains the turbulent transport of momentum to be
on the order of p, = p,/a < 1, the ratio of the ion gyroradius to
the tokamak minor radius [21-23]. Reference [21] shows that,
in the absence of preexisting rotation, this constraint holds as
long as the tokamak flux surfaces are up—down symmetric (i.e.
have mirror symmetry about the midplane). Further invest-
igation suggests that breaking the up—down symmetry of the
magnetic geometry is a practical means to generate signifi-
cant plasma rotation [24-27]. Hence it appears that up—down

© 2016 IOP Publishing Ltd  Printed in the UK
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asymmetry is the most promising method to generate signifi-
cant intrinsic momentum transport in a reactor-scale, initially
stationary plasma [28].

Subsequent work has demonstrated a new symmetry of
the gyrokinetic model [29]. This symmetry means that poloi-
dally translating all high order flux surface shaping effects by
a single tilt angle has little effect on the transport properties of
the equilibrium. This has important consequences for intrinsic
rotation generated by up—down asymmetry because it creates a
distinction between mirror symmetric tokamaks and non-mirror
symmetric tokamaks, which we will explore in depth. ‘Mirror
symmetric’ refers to tokamaks that have flux surfaces with
reflectional symmetry about some line in the poloidal plane.
When the line of symmetry is the midplane the mirror sym-
metric tokamak can also be said to be ‘up—down symmetric’.
‘Non-mirror symmetric’ tokamaks have flux surfaces that do not
have reflectional symmetry about any line in the poloidal plane.

In this work we compare the intrinsic momentum transport
in magnetic geometries with different up—down asymmetric
shaping effects. In section 2, we present the electrostatic
gyrokinetic model and give a generalized version of the local
Miller equilibrium, appropriate for specifying unusual up-—
down asymmetric configurations. Then, we expand the gyro-
kinetic equation order-by-order in large shaping mode number
to compare the momentum flux generated by different types
of flux surface shaping. In doing so we will present two dis-
tinct arguments concerning the momentum flux generated
by the local equilibrium. First, in section 2.3, we calculate
how the momentum flux scales with the shaping effect mode
number given a specific set of simplified, non-mirror sym-
metric geometries. This is designed to give a concrete illus-
tration of the more abstract and general scaling argument for
non-mirror symmetric geometries presented in section 2.4.
Second, in section 2.5, we apply the symmetry presented in
reference [29] to establish the scaling of momentum flux with
shaping mode number in mirror symmetric (but still up—down
asymmetric) configurations. Then in section 3 we compare
the analytic results of section 2 to nonlinear local gyrokinetic
simulations. Lastly, section 4 gives a summary, a broad interpre-
tation of the analytic scalings, and some concluding remarks.

2. Analytic gyrokinetic analysis

Gyrokinetics [30-39] is a theoretical framework used to
study plasma behavior with perpendicular wavenumbers
comparable to the ion gyroradius (k. p;~1) and times-
cales much slower than the particle cyclotron frequencies
(w < ;< €),). Fundamentally, gyrokinetics relies on an
expansion in p, = p;/a < 1, where p; is the ion gyroradius
and a is the tokamak minor radius. These particular scales
have been experimentally shown to be appropriate for mod-
eling turbulence [20]. In deriving the gyrokinetic equations,
we expand the distribution function, f; = f,, +f;; + ..., and
assume the perturbation is small compared to the background
(fi1 ~ p.fio) [40]. Additionally, for tokamak plasmas, axi-
symmetry implies radially confined orbits and the transport
timescale usually exceeds the collisional timescale. As a

result, the lowest order distribution function is assumed to be
Maxwellian (f,, = Fw,). Here

e P2 I
Fus=n] ——] exp| —— 1
M (27TTS) P( o ) (D

is the Maxwellian distribution function for species s, n; is the
particle density, m; is the particle mass, 7 is the temperature,
and w is the velocity in the frame rotating with the plasma.
In this work we will choose to neglect both electromagnetic
effects (for simplicity) and pre-existing rotation (because we
are interested in generating rotation in a stationary plasma).

Given these assumptions, we can change the coordinates
of the Fokker—Plank and quasineutrality equations from
real-space coordinates to the guiding center position, i.e. the
average position of the particle as it spirals around a magn-
etic field line. Then we can average over the gyrophase angle
©, i.e. the angle that determines the particle location on its
circular motion perpendicular to the magnetic field. This gives
the two governing equations of electrostatic gyrokinetics: the
gyrokinetic equation and a modified version of the quasineu-
trality equation.

The electrostatic gyrokinetic equation, in the absence of
rotation and collisions, can be Fourier-analyzed in the direc-
tions perpendicular to the magnetic field and written as [21]

W
Ho dp
+1 |:(W|| + ;M)(kwvdsw + kavdsa) — Wﬁ( QSOB @)] hy
8hs seFMs 8<¢>¢
s P ’h -~
+aig + (@), s} — T o
1 dn mw? 3\ 1 dT,
ka F s s s e s =
+ kel M[ dzﬁ( T, 2)7;dw]
()

in the (ky, kq, 0, w), 11, @, t) coordinate system. Here A, is the
Fourier-analyzed nonadiabatic portion of the distribution
function, ¢ is the time, wy is the component of the velocity
parallel to b =BIB, the magnetic field unit vector, 6 is the usual
cylindrical poloidal angle shown in figure 1, u=mgw l/2B
is the magnetic moment, ky, is the radial wavenumber, &, is
the wavenumber within the flux surface and perpendicular
to the magnetic field, p, is the permeability of free space,
Q, = Z,eB/my is the gyrofrequency, p is the plasma pressure, 1
is the poloidal magnetic flux, ¢ is the Fourier-analyzed elec-
trostatic potential, Z; is the particle charge number, and e is the
electric charge of the proton. The magnetic drift coefficients
are given by

1(1/1%
s = T V
v =0 B aa‘ 3)
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Figure 1. An example flux surface of interest, ro(6), needed by
equation (19) for the Miller local equilibrium model. The (R, Z, {)
coordinate system is defined such that the toroidal angle ¢ and the
plasma current are coming out of the page.

where I(1)) = RB is the toroidal field flux function,

(4
a=(— [ d0A0) (5)

Oa (1))

is a coordinate that selects a particular field line from a given
flux surface,

1Y)
R’B -V
is the integrand in the definition of «, and 6,(v)) is a free func-

tion that determines the field line selected by a = 0 on each
flux surface. The parallel acceleration is given by

A, 0) = (6)

OB
s =_Fp.veZ
as| e a0 |, (N
The nonlinear term is
D)o s} = D (Kypka — kypke)(d), Ky kp)hs(hy — Ky ko — k)
K,
o (8)
and the gyroaverage is given by
(o = h| 2 9
A o ©
where
2 |2 = = 2|l |2
ko= K V| + 2k ko Ve - Va4 k| Val (10)

is the perpendicular wavenumber and J,(...) is the nth order
Bessel function of the first kind.

The quasineutrality equation can be Fourier-analyzed and
written as [21]

27TZSeB

2

s

(11)
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Solving the gyrokinetic and quasineutrality equations for
and ¢ allows us to calculate the electrostatic, turbulent flux of
toroidal angular momentum according to [21]

_ S RO - 8.)(8E - &
I, = <R<< [ whn oo - 2)(6E e<)>¢ >M) >Al (12)
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where A is the non-adiabatic perturbed distribution function
(before Fourier analysis), SE is the turbulent electric field,

<...>wE(2W/V/)¢zﬂd9J(...) is the flux surface average,
v'=2r ¢ do,

= =

J=|Vy- (V0 x vg)| (B-Vo)' (14)
is the Jacobian, (...)5, = A7/71fA¢(-~-) is the coarse-grain

average over a radial distance A (which is larger than the
scale of the turbulence, but smaller than the scale of the

device), (...)x, = At’lfm (...) is the coarse-grain average
over a time At (which is longer than the turbulent decorrela-
tion time), and KV =&, - V) = ky [Vy[ + ko V9 - Ve

We note that the following eight coefficients contain all
the information about the flux surface geometry: b - V0, B,

@1/1|2, V) - Va, and ‘@a‘z. In an up—down sym-
metric tokamak, the coefficients vy, as), and @1/) -Va are
necessarily odd in 6, while b- Vo, B, Vdsa |@77/1|2, and Wa‘z

are even. As shown in reference [21], the parity of the geo-
metric coefficients in an up—down symmetric tokamak has
important consquences for overall symmetry properties of
the gyrokinetic equations. The equations become invariant to
the (ky, kq, 0, wy, 11, 1) = (—ky, ko, —0, —w), i1, 1) coordinate
system transformation, which is not true in up—down
asymmetric devices. This symmetry means that, given any
solution hs(ky, kq, 0, wy, t,¢), we can construct a second
solution —hy(—ky, ko, —0, —wy, 1, ¢) that will also satisfy the
gyrokinetic equations. From equation (13) we see that this
second solution will have a momentum flux that cancels that
of the original. These two solutions are each valid for different
initial conditions, but since the tokamak is presumed to be
chaotic, both solutions will arise within a turbulent decorrela-
tion time (statistically speaking). This demonstrates that, in
the gyrokinetic limit, the time-averaged momentum flux must
be zero in an up—down symmetric tokamak.

In section 2.1 we present a local MHD equilibrium speci-
fication that is appropriate for flux surfaces with arbitrary
shaping. Then in section 2.2 we briefly preface the asymptotic
expansion of the gyrokinetic model in large shaping mode
number. In section 2.3, we first calculate the geometric coeffi-
cients in the large aspect ratio limit from the MHD equilibrium

Vdsip» Vdsas s
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for a realistic, but simple example geometry. Using this geom-
etry we expand the gyrokinetic equations to determine how the
momentum flux scales with the mode number of the symmetry-
breaking effect. This concrete example serves to illustrate the
derivation for a general geometry without expanding in aspect
ratio, which is detailed in section 2.4. Lastly, in section 2.5 we
explain why mirror symmetric geometries are a special case
and should be expected to have weak momentum transport.

2.1. Up—down asymmetric local Miller equilibrium

We will calculate the local value of the geometric coefficients
that appear in the gyrokinetic equation by using the local Miller
geometry model [41]. The Miller equilibrium model is a way
of specifying the local tokamak equilibrium in the vicinity of a
single flux surface of interest. The local equilibrium is completely
described by the shape of the flux surface of interest (labeled by
Ty0), how this shape changes with r,, (the minor radial coordi-
nate), and four scalar quantities. Traditionally By (the on-axis
toroidal magnetic field), g (the safety factor), § = (ry0/q)dg/dr,
(the magnetic shear), and dp/dry (the pressure gradient) are
used. Typically, a combination of vertical elongation and posi-
tive triangularity are used to specify the flux surface shape, but
in this work we will use a completely general flux surface shape
specification (similar to that presented in reference [29]).

Since we know that flux surfaces must be periodic in
poloidal angle, we are free to Fourier analyze and express
them as an infinite series of shaping modes. We will choose to
specify the shape of the flux surface of interest in polar form
(see figure 1) as

A, —1
Ay +1

ro(0) = r(ryo, 0) = ruo(l ->

m

cos(m(0 + O,m))),

15)
where m is the shaping mode number. Note that this is a
completely general Fourier decomposition. The strength of
each shaping effect is set by the parameter A,,. If only one
shaping effect is present then A,, = b/a, where b and a are
the maximum and minimum distance of the flux surface from
the magnetic axis respectively. When m = 2, this definition
reduces to the usual elongation (typically denoted by k).
The tilt angles, 6,,, control the relative strength of the sine
and cosine terms for every m. Lastly, the flux surface label
ry, determines the constant Fourier term. Note the distinction
between a (the minimum distance of a flux surface from the
magnetic axis) and ry, (a flux surface label that, as we will see,
is defined through equation (19)).

Differentiating equation (15) radially, we find

or

—| =1-=>6A,cos(m(0+ 60,)),
81’1/,

Yo m

(16)

where

A, —1
SN, = " +
\/[Am+1

ero

dA,, 2+ A= 1d6 :
(A + 1)? dry A+ 1 dry

(17)

69[”1 = etm
: a0 2rp0  dA
1ot A, — =2 A, —1 : m
+ —arc an(mrwo( )drw /(( )+ An+1 dry ]
(18)

for each m. Note that for the local equilibrium all radially
varying quantities are evaluated at r;, = ry (or equivalently
1 = 1), the flux surface of interest. The change in the
strength, dA,,/dry, and tilt, d6,,/dr,, of each mode would be
determined by the global MHD equilibrium. This is governed
by the Grad—Shafranov equation [42] and requires the entire
radial current profile. In appendix A we derive these quantities
using a constant current profile in the limits of large aspect
ratio and weak shaping. However, in the local Miller equi-
librium model the radial variation of the flux surface shape is
an input used to construct the poloidal magnetic field. After
calculating the poloidal field, the Grad—Shafranov equa-
tion is used to calculate all higher order radial derivatives and
approximate the global equilibrium.

In summary, the flux surface geometry for the Miller local
equilibrium model is completely specified by equations (15),
(16), and

0
r(ry, 0) = ro(8) + a—r (ry — 740

19

" o 1

R(ry, 0) = Ry + r(ry, 0) cos(9) (20)
Z(ry, 0) = r(ry, 0)sin(0), (21)

where 70, A, O, 0 A, 60, Ro, ¢, 8, dp/dry, and By (the tokamak
major radius) are inputs. We note that if ro(6) = ro(—6 + 6p)
and Or/0ry, 046,
is mirror symmetric, otherwise it is non-mirror symmetric.
Similarly, if ro(0) = ro(—0) and Or/or|, ,
then the tokamak is up—down symmetric (as well as mirror
symmetric), otherwise it is up—down asymmetric.

The full calculation of all eight geometric coefficients is
shown in appendix B, but for brevity here we will only cal-
culate them to lowest order in e=a/Ry < 1 (i.e. the inverse
aspect ratio). To lowest order in aspect ratio B — By and
ays— 0, so we can focus on the other six (b - V0, vag, Visar

= 2= = ) S
‘Vw , Vi - Va, and ‘Va‘ ). In this limit the momentum flux,

given by equation (13), becomes

W 8r/8r¢| o for any 6, then the tokamak

= 8r/6rw|w0’_9,

I, = :

e Bo sk, fancs- Vo)
$doG-VO) ik,

X fdw”d,u W) Jo(lqps)d)(kw, ka)hs(—kw, —ka) (22)
to lowest order in ¢< 1. For ease of notation we will not
use g, §, or dp/dry as inputs to the Miller local equilibrium
model. Instead, we will choose to replace g by diy/dry (see
equation (B.3)). Also, when we expand to lowest order in
aspect ratio, we will find that we can replace both dp/dr, and
§ (derived from d//dv) with
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(23)

where 1(1)) = RB; is the toroidal field flux function, J is the
current density in the toroidal direction, and R is the major
radial coordinate. We can make this replacement because the
toroidal current, which appears on the right side of the Grad—
Shafranov equation (see equation (27)), is a flux function to
lowest order in aspect ratio. We note that if the flux surfaces
are exactly circular and dp/dry, = 0, then §' = §.

Using our geometry specification given by equations (15)
through (21) and employing

vu o 87/81/!2 X 87/8143
Y 97 10U, - (97 10uy X OF 10u)”

(24)

where (uy, up, u3) is a cyclic permutation of (ry, 0, {), we can
directly calculate the poloidal field,

. dy =
B — V(X Vr,
p= an) ¢ Y- (25)
This allows us to calculate b - @9,
mg ~ =, OR
w=—Db Vi—,
Wsy Ze 00 (26)

= |2 . .
and |V¢| = RzBlz) to lowest order in aspect ratio. However,

Va contains second-order radial derivatives, which are not
specified. The Miller model determines them by ensuring that
the Grad—Shafranov equation [42],

e (VY _ 2_7%
RV[R] polcR = —pof35 10 @)

dip’

is satisfied. With considerable work (shown in appendix B),
we can use the Grad—Shafranov equation to calculate that

= Oa =
Va=—V —va
a=> " P+ 50 (28)
where
da 0 OA,
— = de’ a(1, )=~
o0 j;v aw A (Y, )¢ (29)
0 ol "
- [ da'(‘%‘“) |2 oGy v
|y Y ) ihog RyB; 90 b,
N A
RoB, 90 ), , dv (30)
and
da By, Ol
L AL, 0) = ——L P 31)

00 RoB, 00

to lowest order in aspect ratio. Here

0A, By % % §'=2

Bw orthog R%sz 86/ d}"l/, }"w() RO Bp
is the part of 0A,/0v that remains if the (ry, 8, ¢) coordinate
system is orthogonal,

- 2%] (32)

U o, (0R 92 R 02
by = By by LU (o) [ROZ OROZ
wu] o) Laooe o> o0

(33)

is the poloidal magnetic field curvature (defined such that
the inwards normal direction is positive), 5PEEP/BP is the

poloidal field unit vector, and [, is the poloidal arc length,
defined such that

e 34

00 00 G
The form of equation (32) is useful because it does not contain
any radial derivatives (except di)/dry, which is an input to the
calculation) and distinguishes the important term: the poloidal

curvature. This allows us to find @1/} . ﬁa, 2, and
B() OR OR o =
sa = + —=—V Vo x V 35
" (Ro o0 Tanan O) (33)

to lowest order in aspect ratio.

2.2. Asymptotic expansion ordering

We know from reference [21] that, unless the up—down
symmetry of the geometric coefficients is broken, the time-
averaged momentum flux will always be zero to lowest
order in p, = p,/a < 1. We will investigate the consequences
of breaking the up—down symmetry using different shaping
effects. To do this we will expand equations (2), (11) and (22)
in m > 1 using

hs: h50+hsl+h52+hs3+ (36)

¢:¢o+¢1+¢2+¢3+

where the subscript indicates the order in m~'<< 1. This
expansion separates the long spatial scale coordinate 6, from
the short spatial scale coordinate

(37

z=mb. (38)

Distinguishing the variation on each scale, e.g. hy(0,z) and
¢(8, z), means that

0

91 _9
BT

00

0
LW 0z

(39)

Wi 6, w1t

Ultimately we will only be interested in large scale phe-
nomena, so we will need to average quantities in z using

=56

dz(...), (40)

0
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but we must still manipulate the z-dependent portion, given by

—~~—

!

).

(.)— (41)

2.3. Practical non-mirror symmetric shaping in the gyrokinetic
model

In this section we will expand the large aspect ratio gyrokin-
etic, quasineutrality, and momentum flux equations order-by-
order to determine the scaling of the momentum flux with
m> 1. Hence formally we require that ¢ < 1 for the aspect
ratio expansion and also that e < m~! < 1 for the subsidiary
expansion in shaping mode number. We perform the calcul-
ation for e~ 1 in section 2.4. The shape of the flux surface
of interest (and how it changes with radius) is completely
specified by equations (15) through (21). We will choose the
ordering

Ay —1~m™2 (42)

because it is physical (see appendix C), straightfor-
ward to treat analytically, and arises naturally from
experimental flux surface shapes. For regular polygons,
A, — 1 =sec(n/m)—1~m2, so we see that exceeding
this scaling necessarily leads to flux surfaces with convex
regions. With the exception of ‘bean-shaped’ tokamaks [43],
practically all configurations have purely concave flux sur-
faces, so we know they respect this scaling. We can deter-
mine how to order the radial derivative by balancing it against
the poloidal derivative in the Grad—Shafranov equation (see
equations (A.3) and (A.15)) to find

dA, m(A,—1)
~— (43)
drd, rwo
Lastly, we take
dm _
dry (44)

to lowest order in aspect ratio (as seen in appendix A and
[26]), so 66,,, = 6,,.

In this calculation, we will use flux surfaces with simple
shaping that is not mirror symmetric. To create these flux
surfaces, we include only two fast shaping effects, m and n, in
equations (15) and (16). They are free to have different strengths,
A, and A,, and tilt angles, 6,, and 6,,. However, we order
n—me~1 (implying that n~m), A, — 1 ~A, — 1 ~m™2,
and dA,/dry, ~ dA,,/dr,. Given these orderings equations (15)
and (16) become

AN _
ro(0) = ruo(l - COS(Zms) — cos(zns))
+ O(m™*ry0) (45)
or ryo dA,, rpo dA, _2
=1—-— ms) — T ns + O N
or, ) 2 dn, c0S(Zms) 2 dn, c0S(Zus) (m—=)
c)O

(46)

where

Tms = m(9 + 0["1)
ns = I’l(0 + om).

(47)
(48)

2.3.1. Geometric coefficients. To lowest order, O(1), the geo-
metric coefficients are those of a circular tokamak and are
entirely independent of the short spatial scale coordinate, z.
To next order the coefficients depend on z, but are algebra-
ically intensive to find. The full expressions for all six coef-
ficients (and several intermediate quantities that are useful in
the derivation) are given in appendix D, but here we will only
derive vy, to serve as an illustrative example. This coefficient
signifies the magnetic drifts in the direction perpendicular to
the magnetic field, but still within the flux surface. We will
start with equations (19), (20), (21), (45) and (46) and use
them to construct all of the quantities appearing in equa-
tion (35), the expression for vy, to lowest order in aspect ratio.

It will be sufficient to calculate all quantities to O(m ™)
with the exception of OR/00 and 0Z/06 because they appear
in the poloidal curvature with an extra poloidal derivative
(see equation (33)). This extra derivative creates an additional
factor of m, which boosts O(m~?) effects to O(m™"). Directly
differentiating equations (20) and (21) we find

g—g = % cos (0) — rosin(0) (49)
g_? = % sin(6) 4 rocos(0) (50)
R _ @COS(Q) _pdn sin(#) — rocos(9)  (51)
06? de? do ’
2 2
% = % sin(9) + 2% cos(0) — rosin(d),  (52)
where
dry L) . ;
— = —m(A, — 1) sin(zs) + n(A, — 1) sin(z,))
de 2
+ O(m™3ry) (53)
d2 Ty
Hfg - %O(mz(Am — 1) cos(zms) + nz(An — 1) cos(z))

+ O0m2ry0). (54)
From this point forward we will only need quantities to O(m ")
to accurately capture the up—down symmetry breaking.
Substituting equations (49) and (50) into equation (34) gives

ol

— = ryo+ Om 2 ryp).

5 o0 ( ¥0)
We can now substitute equations (49) through (55) into equa-
tion (33) to find

(55)
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1 d2r0 m~2
Shlto
Leledm) o
1

= _(1 - % [mz(Am — 1) cos (zps) + nz(An — 1) cos (z,s5)] )

Ty0
-2
+ol—| (57)
0
Next we will calculate
OR or
— = —| cos(#
o, oy, © (58)
F0
0z or
— = —| sin(d
or,  or) . @ (59)

straightforwardly from equations (20) and (21). We can deter-
mine ?rq/, through equation (24) and

A

€

ro(6)

Vo =

(60)

- é é
Vi=—==—10|=
R Ry Ro
directly, where & and é; are the poloidal and toroidal angle
unit vectors respectively. With this we can find the coordinate
scalar triple product to be

(61)

-1
Vo (Vox o = Lo L dufor +o(m2&),
J rwoRo drw 8r¢, o RO

(62)

which is needed to calculate the second term of equation (35).
Since we are using di/dr, as an input instead of g, it is simple
to find IR/ from equation (58) in order to calculate the first
term of equation (35).

At this point we see that we have calculated all of the
quantities appearing in equation (35), except for da/91). This
is specified by equation (30) and is made up of three terms. All
of the terms require that we know

-1
B, = l% = i% ﬁ + O(m*2Bp), (63)
J 00 R() dn/, 87‘@, o
Bo (dv) '[d drod
VCLY(Y — —0 R ﬂ COS(G) _|_ _ﬂﬂ Sin
R() Qs drv drw 0
2
+L d¢ sin(f) — L 9ro
Bo d}'}/} Ty0 80

2
+o|l 2|
FypoRo €

which is found using equations (25), (34), (61), (24) and
(62). Using equations (55), (56) and (63), we can calculate
the integrand (see equation (32)) that appears in the first term

to be
2
Yo ]

(8Aa) 5 (mp]‘z or
9Aq ~ B
(9’(/) orthog dm 01’”
2 -2
wofi- Lo of
o 0 49’ 08B0

x [(s” ~2) 88’
(64)

hy

to lowest order in aspect ratio. Finding the indefinite integral
of equation (64) is straightforward and is explicitly given in
appendix D. The second term of equation (30) is found to be

) 2
-2
@(%] or| N of m
10 drw 8rv v do erBO

(65)

by substituting equations (55), (60), (24) and (63). At this
point, by specifying the free parameter
efaj

b, (B )
dy  \RoB, 00 o
(66)

By, Ol
RyB; 00'

V- Vo =

ol - = -
o5 +[ UL
W 61/) orthog ROBp éld

N

we can use the third term of equation (30) to eliminate all of
the terms in Ja/Ov) that do not depend on 6. Here 6 is defined
such that the resulting integral does not have a term that is con-
stant in poloidal angle. Additionally, we choose 6,(1)) = 0 for
simplicity. Given this choice, equation (30) becomes

_ 2
def(aAa) _@[dw)z or | | dro
P 81/; orthog o dr, P aru‘z o do

m—2
+ O . 67
[rioBo ] ©7

da 0

@_ to

Substituting equations (49), (58), (62) and (67) into equa-
tion (35) gives

Q)

rwo drl/,

—1
dry )
05(0)]( deJ j;

dg,(%)
[ 61/1 orthog

(68)



Plasma Phys. Control. Fusion 58 (2016) 055016

J Balland F | Parra

To lowest order, this is the usual result for circular flux
surfaces,

Vdsa0 =

—1
By [ dy arp
RoL (_dm ] (cos(0) + §'8sin(0)).

To next order this is a complicated expression with the form of

Vasal = D10 sin 0 + (D sin 0 + D30 cos 0)(Dy sin z,,s +Ds Sin z,,5)
+(Dg cos 6 + D70 sin 0)(Dg coS 2,5 + Do COS Z,,5)

+Dygsin 0 x [sin(n — m)0 cos m(0,, — 6,,)

— cos(n — m)@ sinm(6,,, — 6,,)] . (69)
where D; are constants (the full expression is given in appendix
D). Even after averaging over z the last term remains, which
has a coefficient of

). (70)

As we will show shortly, this term, which does not disappear
after averaging over z, breaks the up—down symmetry of the
gyrokinetic equations to O(m™").

Appendix D gives the full expressions for all six geometric
coefficients to lowest order in aspect ratio. We find those

AAn a9

B0 A, — 1 m
(m ( ) dr»u drw

that do not depend on Va (i.e. vgsy and Wlﬁ‘z) are up—down
symmetric in 6 to O(m~"). However, the other three coeffi-
cients (i.€. Vgsas ﬁw -Va, and Wa‘z) lose their symmetry at
O (m™"). The symmetry breaking terms arise from the interac-
tion between x, and B;z in equation (32). Since m > 1 the

second order derivatives in x, (see equation (33)) brings the
effect of shaping from O (m~2) to O(1). This shaping can then
beat with the O (m~") shaping in Bgz and break the symmetry
of the geometric coefficients to O (m~'). We note that Kp 1S
‘normal’ curvature (i.e. perpendicular to the flux surface), as
opposed to ‘geodesic’ curvature (i.e. within the flux surface)
[44]. The importance of k, is surprising because it arises from
the poloidal field, not the foroidal field. Usually the focus is
on the ‘normal’ curvature of the roroidal field because it gen-
erates the largest contribution to the total field line curvature
that appears in the magnetic drifts.

Ultimately, this beating between ~, and B;z is the domi-
nate mechanism that breaks the up—down symmetry of the
geometric coefficients to lowest order in aspect ratio. It is a
subtle effect because it enters through the integral in da/0v
(see equations (30) and (32)), which is contained in Va (see
equation (28)). However, it does not enter into the magnetic
drifts. From studying these equations we can see that this
mechanism acts through altering the local magnetic shear
(but without modifying the total magnetic shear). Therefore,
in the perfect m>> 1 limit, adding a small amount of non-
mirror symmetric shaping modifies local field line pitch from
one flux surface to the next (without changing the field line
spacing). This perturbs the local cross-sectional shape (i.e. the
shape in the plane perpendicular to the field line) of the turbu-
lent eddies as they wrap around the torus. Specifically, it tilts

the eddy cross-sectional shape a small amount one way or the
other, depending on the location along the field line. This non-
mirror symmetric perturbation to the eddy is then acted on by
the original mirror symmetric magnetic drifts.

The interaction of x, and B;z certainly breaks the up-
down symmetry of the geometric coefficients and gener-
ates momentum flux, but it is still unclear at what order. By
expanding the gyrokinetic and quasineutrality equations order-
by-order in m~! < 1 we will connect the symmetry-breaking
of the geometric coefficients to symmetry-breaking of the dis-
tribution function and non-zero momentum flux.

2.3.2. O(m) gyrokinetic equation. Expanding equation (2) to
lowest order in m > 1 gives

817[50

wy (b - VO)om =0. (71)

< 0, wy,

We see from equation (D.11) that (l; - V), is a constant, so
integrating over z gives

(72)

(73)

2.3.3. O(1) quasineutrality equation. Expanding equation (11)
to lowest order in m > 1 gives

-1
Ziezns
T

2nZeBy

ms

2

N

de”d,u(Jo(kLRg))ohsO-

(74)

¢o:[z

s

Using equations (72) and (D.17) we see that

_ 22\ ‘ o
o= Qo = [Z Sl ] > 21 Z, eBo fdw”du(lo(kms))ohso

s TS s s

(75)
¢y = 0. (76)

2.3.4. O(1) gyrokinetic equation. Expanding equation (2) to
O(1) gives

Ohgo
a0

Ihso + W||([; . ?9)0[
ot

W, [

. B
+ 1(Wﬁ + ;()N)(kuvdwo + koVasa0)hso

- (Uothkep)or hso) — Zf“%«fo(kips»m
. 1 dn mw?  3\1dT, |
+ lk(x(JO(kLps))0¢0FMs|:n_s d’(/) + ( 27; - E)Ts d’(/):|_ 0

(77)
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Averaging over z after using equations (72), (75) and (D.11)
through (D.17) gives

LW, [
[ 2 Bo = -7
+ I(W” + ;H)(kwvdswo + kavdsao)hso
s

ZeFMS

+ {(Jo(kms))oflgo, hgo} — ((JO(kLPy))(ﬂso)
e — 1 dny mxw2 311 d7;
+ lka(-]O(kJ_ps))O(ZSOFMsI: a0 +( )T d¢:| 0,

(78)

which does not depend on z. From equations (D.11) through
(D.17) we see that equations (75) and (78) are unchanged
by the (ky,kq, 0, wy, p, 1) = (—ky, ko, =0, —wy, g1, 1) coordi-
nate system transformation when Ay — —hyo and ¢0 - ¢>0
This symmetry of the O(1) gyrokinetic equations is important
because, in exactly up—down symmetric tokamaks, it can be
used to show that the momentum flux is zero (see the discus-
sion immediately preceding equation (22)).
Subtracting equation (78) from equation (77) we find

81:1;1

mwy(b - V), =0. (79)
0w, 1t
Therefore, we know that
Esl = hsl (80)
hy = 0. (81)

2.3.5. O(1) momentum transport.
to lowest order gives

Expanding equation (22)

IR()BO
FaoG-v0),' k o

X de”dﬁLW||(Jo(kLps))0¢0(kw, ka)hXO(_kw’ _ka)- (82)

I, = yﬁ 4o - V), "

Using equations (72), (75), (D.11) and (D.17) we find that

lR()B()
sO -

S ko B0 [ awdiom THEpD) P o (53)

27rkk

Therefore by the (ky, kq, 0, Wy, 11, 1) = (—=ky, ko, =0, =W, 11, 1)
symmetry outlined in reference [21] we know that IT;o = 0
when averaged over a turbulent decorrelation time.

2.3.6. O(m~") quasineutrality equation. Equation (11), expanded
to O(m™Y), is

Z%e’n, 2
6= [Z ;n ] > ”1830 [ awdutepy o

+ (JotkLp)ohst)- (84)

Using equations (72), (80) and (D.17), then averaging over z
gives

-1
_ Z%en 27nZ.eB o
¢1=[Z = ] 52 22D [ o @l o

s

+ (otkip) hs1)- (85)

Note that ¢, = 0.
2.3.7 O(m~") gyrokinetic equation. Expanding equation (2)

to O(m™"), using equations (72), (75), (80), (81) and (D.11)
through (D.17), gives

Ohy ~ = | Ok Ohy . B _ -
s1 + Wll(b - Vo) sl s2 + 1(Wﬁ + _O,U)(kwvds’z/zo + kaViasa0)hs
ot 06 o 0z b my
A} F 5 7T /1. -\
HEpD) Bor st} + (ToEip) b1 o} — %E«Jo(kms»oqx)

+ika (Jo(kLpy)) o FMx|:ns a0

aESO
00

= W||(bA . @9)1

ldns_’_ mswz_z lde
2T, 2) T, dy

. B —
— 1(Wﬁ + ;()M)(kwvdswl + kavasa)hso
LWL s

_ Z.eF _
{Uolkep ) G T} + %%«Jo(m)m@

s

—1ka(Jo(kLPs))l¢0FMs[ dyp

1 dnA n msw
2T;

3 1d7T;
I (86)
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Averaging over z we find that

+W|| bA . ?9 8h31

a]’_lsl
t

+H{ TR (B it} + { Tolip ) 1o o } -

aE

. B _ N
- I(Wﬁ + ;OM)(kTZ)VdSLJl + kozvdsal)hsO
LW K §

1 dny
dy

+ ik (Jo(kLp,)) ¢FMs[

————=— Ol
=wy(b- V), 890

. B _ N
+ 1(Wﬁ + ;O,u)(kwcmwo + kaVasa0)hs1
Wit s

Zse Ms

|

((Jo(kms)) )

1 d7,
T, dip

mgw?

Sk

o ZeFag, O ——
— (@D i o) + 220 2 iz o)
1 dns mgw? 31 dT;
ik, ) B FMJ[ T +( . ]T ) w] 87)

From equations (D.21) and (D.23) through (D.26) we

see that equations (85) and (87) are not symmetric in

(kv’ ka’ 09 W||9 M? t) - (_kus ka» —9, _W"» ,LL, t)When ESO g _ES()?

By — —bg» hs1 = —hy1, and ¢; — —¢,. This is due to both the
o o2

drift term 7501 as well as (V1 - Va); and ‘Va‘l in (Jotk1py)),

(which accounts for finite gyroradius effects).

2.3.8. O(m~"momentum transport. Expanding equation (22)
to O(m~") and using equations (D.11) and (D.19) gives

IR()B() Z k

Hslz
2T kyka

+ (Jo(kLp)) Pohso + (Jo(kLpy))gPihso + (Jo(kms))o%hn] .

After applying equations (D.17), (D.19), (72), (75) and (80)
we find

Hsl = lR()B() Z k ¢d9 de”d,UW” [(JO(kLps)) d)ohs()

ky.ka

+ TolRip) o bitso + Tollipy)) Bt - (89)
Since neither (Jy(kLp,)),» ¢, nor hg have a definite parity in
(ky, ko, 0, wy, 1, 1) = (—ky, ko, —0, —wy, p, t), we cannot con-
strain Il to be zero. This means that we expect the momentum
flux to scale as I Nm’lpfni Ro m,-vtzhi, where vy, is the ion
thermal speed. Since the energy flux Q, is non-zero to lowest
order in m (i.e. circular flux surfaces still have a non-zero
energy flux), we can also say that IL/Q; ~ m Ry Vi

2.4. General shaping in the gyrokinetic model

Section 2.3 showed that the momentum flux scales as O(m "),
given a specific non-mirror symmetric geometry (circular with

10

two high-order cylindrical harmonic shaping effects) and a
specific shaping ordering (A,, — 1 ~m~2). However, this is
a concrete, analytically tractable example of a more general
argument. Here we will bound the symmetry breaking of the
geometric coefficients by systematically ordering all of the
quantities that compose them. We will make no presumptions
about the slow spatial scale shaping (other than to assume up—
down symmetry) nor will we order the size of the fast shaping
(other than to assume A,, — 1 < 1). We note that the analysis
of this section does not use an expansion in aspect ratio.

-1 .
¢d9 de||d/LW|| [—(b . ve)o (b : VG)I(JO(kLps))O(bOhSO

(88)

Table 1 gives a step-by-step summary of the results of
the calculation. To begin, we must make some choices con-
cerning the nature of the flux surface shape. The first two
rows define the assumptions concerning the fast flux surface
shaping. We require that the fast shaping must be periodic,
that 7(0, z) ~ O((A,, — 1)ryo) on the flux surface of interest,
and that W ~ O(m(A,, — 1)) (which we discussed previ-
ously in arriving at equation (43)). This is all consistent with
equation (19) used in the calculation of section 2.3.

Now, we can derive the orderings for increasingly com-
plex quantities and eventually find the geometric coefficients.
For example, we can use equations (20) and (21) to derive the
order that shaping enters into R and Z. We also know that when
we take a poloidal derivative of O, a z-independent quantity,
it remains of the same order. However, when we take a poloidal
derivative of 5 , the z-dependent part of a quantity, it gains an
additional factor of m. Therefore, z-dependent part of OR/00
and 0Z/00 are larger than R and Z by a factor of m. Also,
when we calculate quantities such as vrw (see equation (24))
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Table 1. Scalings of the strength of fast plasma shaping effects for various geometric quantities, where Qgjow 1S the geometric quantity in
the absence of any fast shaping (i.e. A,, = 1) and all quantities are evaluated at r;, = ryo.

0 Reference 0/Qow (O — Qutow)/Qstow
r Equation (15) A, -1 0

Or/ory, Equations (16) and (43) m(A, — 1) 0

R Equation (20) An,-1 0

Z Equation (21) (A, = 1) 0

OR/0ry Equation (20) m (A, — 1) 0

0Z/[0ry Equation (21) mA,, — 1) 0

OR/00 Equation (20) mA, — 1) 0

0Z/00 Equation (21) mA, — 1) 0

O2R1062 Equation (20) m* (A, — 1) 0

9271662 Equation (21) m* (A, — 1) 0

T, Equation (24) m(A,, — 1) m? (A, — 1)
' Equation (15) A, =1 (Ap — 1)?
Ve Equation (20) N (A — 1)?

B; Equation (B.1) A, =1 (A, —1)?
Vo Equation (24) m(A, — 1) m* (A, — 1)
|vw‘2 Equation (24) m(A, — 1)
By Equation (25) m(A, — 1) m* (A, — 1)
B Equations (25) and (B.1) m(A, —1) m* (A, — 1)
5.0 Equations (15) and (25) m(A, —1) m* (A, — 1)
OB/00 Equations (25) and (B.1) m2 (A, — 1) m2 (A, — 1)?
Vdse) Equation (3) m* (A, — 1) m (A, — 1)?
ag| Equation (7) m* (A, — 1) m* (A, — 1)?
dl,/do Equation (34) m(A, — 1) m? (A, — 1)
Kp Equation (33) m (A, — 1) m* (A, — 1)
Aq Equation (6) m(A, — 1) m* (A, — 1)
0AIOY Equation (B.13) m2 (A, — 1) m (A, — 1)?
[0 dA 100 Equation (B.7) m(A, — 1) m (A — 1)
Va Equation (B.7) m(A, — 1) m3 (A, — 1)
OB/0ry Equations (B.6) and (B.17) m (A, — 1) m (A, — 1)?
Vase Equation (4) m2 (A, — 1) m (A, — 1)
V- Va Equations (24) and (B.7) mA, —1) m3 (A, — 1)
Vol Equation (B.7) m(A, —1) m3 (A, — 172

we get beating between the different fast shaping effects.
Therefore, when we Taylor expand inm > land A, — 1 < 1,
the shaping in the numerator and denominators of @rw can
interact to produce terms that vary on the slow scale. This
means that, when we use equation (40) to average over z, these
slow terms remain and can break the up—down symmetry. On
the other hand, V@ and V are just &5/r and é¢/R respectively,
so their scalings can be found by directly Taylor expanding
equations (15) and (20).

As discussed at the end of section 2.3.1, the poloidal
curvature, kp, turns out to produce the most important
symmetry-breaking term. In equation (33) we see the two
poloidal derivatives that bring the effect of shaping up
to O (m* (A, — 1)). However because of the relationship
between R(ro(0),0) and Z(ry(#),0), the beating between

1

0*R100* and 0Z/00 as well as 0>Z/06* and OR/DH cancels to
O (m*(A,, — 1)*) (which would be expected). Nevertheless,
the poloidal curvature can still beat against the O (m(4,, — 1))
shaping of B;z in equation (32). This means that 0A,/0v (i.e.
the integrand in V) contains O (m3(A,, — 1)?) terms from the
fast shaping that are independent of z and break the up—down
symmetry. When we take the integral to calculate Va the
z-dependent terms lose a factor of m, but the O (m*(A,, — 1)?)
z-independent pieces are not altered. This means that the sym-
metry of the three geometric coefficients that contain Va is
broken to O(m3(A,, — 1)?).

We note that table 1 only establishes an upper bound on
the scaling of geometric quantities. It is always possible,
especially when given a specific geometry, for the terms to
vanish or become small, giving zero to the expected order. For
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Figure 2. The m = 2 through m = 6 flux surface geometries in the mirror symmetric (solid) and non-mirror symmetric (red) scans, with

circular flux surfaces shown for comparison (gray).

example, unless the flux surfaces have low order shaping, the
z-dependent portion of 01,/00 will scale as (A, — 1), rather
than m (A,, — 1). Similarly if the tokamak has a large aspect
ratio or if the flux surfaces lack low order shaping the sym-
metry-breaking in vy, and ay) turns out to be O m3(A, — 1)),
not O (m3(A,, — 1)). Lastly, in section 2.5 we will see that, if
the fast flux surface shaping has mirror symmetry, the geo-
metric coefficients will maintain their symmetry to all orders.

We have just shown that, in general, the up—down sym-
metric breaking in the geometric coefficients can be no larger
than O (m3(A,, — 1)?). If we give A,, — 1 a definite ordering
in m, then we can expand the gyrokinetic equations (see
equations (2), (11) and (22)) as we did in the previous sec-
tion. Keeping all terms of O (m*(A,, — 1)?) or larger leaves
us with a completely up—down symmetric system of equa-
tions. From the expansion in section 2.3 we know that these
up—down symmetric equations determine the momentum flux
to O (m*(A,, — 1)?). Hence, we know that TI, can scale no
stronger than m3(A,, — 1)%

However, there is one case that requires special treatment.
Thus far we have only assumed that A, — 1 < 1, which means
we are free to use the ordering A,, — 1 ~m~". This ordering
requires convex regions in the flux surface shape (see sec-
tion 2.3), but it does not necessarily introduce x-points into the
plasma (see appendix C). When we adopt this ordering we see
that the symmetry of the geometric coefficients is broken to
O(m), which causes problems when we try to repeat the order-by-

order expansion performed in section 2.3. Naively, as V1) - Vo
and ‘@a‘z become very large, we would expect the nonlinear

and drive terms of the gyrokinetic equation to vanish (because
Jo(ki p,) = 0), meaning unstable solutions appear impossible. A
more careful, sophisticated treatment of the Bessel functions
(and the gyrokinetic equation as a whole) is beyond the scope of
this paper. Regardless, we have established that the momentum
flux must scale as O (1) at the very least, because we know the
that the symmetry of the O (1) gyrokinetic equation is broken.
The same argument applies for A, — 1> m='2,

In summary we expect that non-mirror symmetric fast flux
surface shaping will generate intrinsic momentum flux that
scales as

12

o, L Ry
= md(A, — 122
0 " G0

s Vthi

when A, —1<m™32 We note that normalizing the
momentum flux by Q; (the energy flux) does not change the
scalings because the O (1) energy flux, that of circular flux sur-
faces, is non-zero. Equation (90) is consistent with section 2.3,
where we used a A,, — 1 ~m™2 ordering with a particular
geometry specification to derive that I1/Qg ~ m~'Ro/i.

2.5. Mirror symmetric shaping

In this section we will use the symmetry of the gyrokinetic
model given in reference [29] to establish a scaling with
m > 1 for the momentum flux generated by flux surfaces with
mirror symmetry. A result of this symmetry is that a poloidal
translation of all the high order shaping effects (those of order
m) by a single tilt angle only has an exponentially small effect
on the turbulent transport. Since up—down symmetric configu-
rations generate no momentum flux and all mirror symmetric
geometries can be created by tilting an up—down symmetric
configuration, we conclude that the momentum flux from
mirror symmetric flux surfaces cannot scale more strongly
than II; ~ exp(—Gm"), where (3 and -y are both positive and do
not depend on m.

This exponential scaling is true for all flux surfaces that
have mirror symmetry about any line in the poloidal plane, not
just those with mirror symmetry about the midplane (i.e. up—
down symmetry). This argument only relies on the conditions
needed for the symmetry, namely m >> 1. It does not presume
that the flux surface shaping is weak.

This argument is consistent with the results from sections 2.3
and 2.4 because we must set A\, = 1,6,, = 0,,, orn = mto create
a mirror symmetric configuration. When we do so all of the sym-
metry-breaking terms cancel (see equations (69) and (70)).

3. Numerical results

In this section we will present numerical results to test the
analytic conclusions of sections 2.3-2.5. We use GS2 [45],
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Figure 3. The radial ion energy flux from mirror symmetric (black,
circles) and non-mirror symmetric (red, squares) flux surfaces,
normalized to the energy flux of a circular flux surface. Also shown
is the m~! scaling (black, solid) expected for both geometry scans.

a local &f gyrokinetic code, to calculate the nonlinear turbu-
lent fluxes generated by a given geometry. We investigate the
influence of the shape of the flux surface of interest by scan-
ning m, the poloidal shaping mode number. We will compare
the results of these numerical scans to the analytic scalings
with m > 1 for mirror symmetric (see section 2.5) and non-
mirror symmetric (see sections 2.3 and 2.4) geometries.

All simulations are electrostatic and collisionless with deu-
terium ions and kinetic electrons. Unless specified, all para-
meters are fixed at Cyclone base case values [46]: a minor
radius of ryo/a = 0.54, a major radius of Ry / a = 3, a safety
factor of ¢ = 1.4, a magnetic shear of § = 0.8, a temperature
gradient of a / Ly ;= 2.3, and a density gradient of a / L,
s = 0.733. Since the non-mirror symmetric geometries have
strong flux surface shaping these simulations needed to be run
using a / Ly = 3.0 to ensure that the turbulence was driven
unstable. To estimate the impact of this on our results, a single
mirror symmetric case was run at a / Ly, = 3.0, in addition to
the run with a / Ly; = 2.3. Changing the temperature gradient
was found to alter the ratio of the momentum to energy flux by
less than a 5%. All simulations used at least 48 poloidal grid
points, 127 radial wavenumber grid points, 22 poloidal wave-
number grid points, 12 energy grid points, and 10 untrapped
pitch angle grid points (i.e. A = w? /(w?B)).

The geometry for both scans is shown in figure 2 and is
specified by equations (A.17) and (A.18) from the Miller local
equilibrium. The mirror symmetric scan has only one mode,
m, while the non-mirror symmetric scan adds a second mode,
n=m 4+ 1. In section 2.3 we ordered A,, — 1 ~m™2, so we
will set the strength of the shaping such that m*(A,, — 1) = 1.5
and m? (A, — 1) = 1.5 (if needed) is constant in the scan.
Assuming a constant current profile allows us to calculate
the change in the flux surface shape with radius from A,, and
A, (see appendix A). For the mirror symmetric simulations
we chose the tilt angle to be 6, = 7/(2m), the angle halfway
between the neighboring up—down symmetric configurations
(at 0,, =0 and 6,, = m/m). For the non-mirror symmetric
cases we must also specify 6, = 6, — 7/(2mn), which is the
tilt angle halfway between two neighboring mirror symmetric
configurations (at 6,, = 6, and 0,, = 0,, — w/(mn)). We also
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Figure 4. The ratio of ion toroidal momentum flux to ion energy
flux from mirror symmetric (black, circles) and non-mirror
symmetric (red, squares) flux surfaces, with a single set of error
bars representative of the error in all data points. Also shown are the
scalings of exp(—m) for the mirror symmetric scan (black, solid)
and m~! for the non-mirror symmetric scan (red, dotted).

ran simulations with 6, = 6,, + 7/(2mn), but those geom-
etries did not drive significant momentum flux at any m.

In general, from the argument in section 2.4, we would pre-
dict the momentum flux in an up—down asymmetric geometry
to scale as II/Q; ~ m~'Ro/vy;. Indeed, we expect this to be
the case for the non-mirror symmetric scan, as we confirmed
in section 2.3. However, section 2.5 shows the mirror sym-
metric scan is a special case where the momentum flux almost
entirely cancels, giving the scaling IL/Q;~ exp(—p8m").
Therefore we expect the momentum flux from the non-mirror
symmetric runs to decay much more slowly as m is increased,
compared to the the mirror symmetric simulations.

As with the momentum flux, we expect that the energy flux
in non-mirror symmetric configurations should converge to
that of circular flux surfaces like m~!. In mirror symmetric
configurations we expect the energy flux to have the same
m~! scaling, as opposed to the exponential scaling expected
for the momentum flux. This is because the up—down sym-
metric terms in the geometric coefficients (e.g. the first term in
equations (D.21), (D.23) and (D.24)) cause energy transport,
whereas they do not cause momentum transport.

Figure 3 shows the time-averaged ion energy flux calcu-
lated by GS2 for the two scans, which are both consistent our
theoretical expectations. In figure 4, we see the time-averaged
ratio of the ion momentum and energy fluxes from the GS2
simulations. This ratio gives an estimate of how strong of a
gradient in rotation the flux can sustain [25]. We see that the
mirror symmetric configurations nicely agree with the ana-
lytic theory. We note that section 2.5 only demonstrates that
the momentum flux from mirror symmetric configurations
cannot scale polynomially. It does not predict the scaling
must be exp(—m), as opposed to exp(—m/2) or exp(—m?) for
example. However, as shown in figure 4, exp(—m) fits the data
fairly well.

Additionally, figure 4 shows that the non-mirror symmetric
configurations produce more rotation and decay more slowly
with increasing m compared to the mirror symmetric scan (as
we expected). However, at low m the scan does not match
the predicted polynomial scaling well. It seems reasonable



Plasma Phys. Control. Fusion 58 (2016) 055016

J Balland F | Parra

to attribute the departure from the ideal analytic theory to a
failure to fully satisfy our assumption that m > 1. Extending
the scan to larger m is difficult as these simulations are much
more expensive because they require higher poloidal resolu-
tion and produce smaller momentum fluxes, which then take
longer to discern from the noisy turbulence.

4. Conclusions

This paper presents two independent arguments concerning
the intrinsic momentum flux generated by turbulence in up—
down asymmetric magnetic equilibria. In both arguments we
use a generalization of the Miller local equilibrium to specify
different up—down asymmetric geometries and look for the
effect on the symmetry properties of the gyrokinetic model.

In sections 2.3 and 2.4 we introduce up—down asymmetric
and non-mirror symmetric shaping with strength A, — 1
into the flux surface. We then look at the limit of flux sur-
face shaping with large poloidal mode number m and show
that the gyrokinetic coefficients lose their symmetry to
O (m*(A,, — 1)%) due to the effect of the local magnetic shear.
Next, we expand the gyrokinetic and quasineutrality equa-
tions to show that the symmetry breaking in the geometric
coefficients causes momentum flux that generally scales as
IL/Q; ~m?® (A, — 1)*Ro/vini.

In section 2.5, we use the gyrokinetic symmetry presented
in [29] to argue that tokamaks with mirror symmetric flux sur-
faces are a special case. We find that all the symmetry-breaking
terms identified in the previous argument exactly cancel and
the momentum flux turns out to be smaller than would have
been expected. This demonstrates that the momentum flux
from tokamaks with mirror symmetric poloidal cross-sections
is exponentially small in m, even when they are up—down
asymmetric.

In order to interpret the results of these analytic argu-
ments we will distinguish between ‘geometric’ effects and
‘shaping’ effects. Geometric effects are those that give a
poloidal dependence to the geometric coefficients, apart from
the linear dependence built into v due to magnetic shear.
Shaping effects are the subset of the geometric effects that
are specified in the flux surface shape or its radial derivative
(i.e. the m = 0 terms in equations (15) and (16)). Using this
terminology we see that the tokamak has an inherent m = 1
geometric effect due to toroidicity. However, we can see it
is distinct from the m = 1 shaping effect (i.e. the Shafranov
shift) by looking at the drift coefficients to lowest order in
aspect ratio. The m = 1 toroidal geometric effect only appears
in the two magnetic drift coefficients (see equations (D.11)
and (D.13)), while the m = 1 shaping effect affects all six
(see equations (D.19) through (D.24)). This toroidal geo-
metric effect is not present in other magnetic geometries like
the screw pinch.

From reference [21] we know that if the magnetic geom-
etry does not include at least two geometric effects with
different tilt angles the momentum flux must be small in p, < 1.
For example, to generate rotation in a tokamak we could use
an up—down asymmetric shaping effect and the toroidal
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geometric effect (see top row of figure 2) or non-mirror sym-
metric shaping, which is two shaping effects with different
tilt angles (see bottom row of figure 2). On the other hand, in
a screw pinch, the only option to generate momentum flux is
non-mirror symmetric shaping.

From sections 2.3 and 2.4 we know that the momentum
flux from two geometric effects with similar mode numbers is
polynomially small (for purely concave flux surfaces) in either
mode number. This motivates using low order shaping effects
(e.g. elongation, triangularity) to create rotation. Additionally,
using the argument of reference [29] and section 2.5, we
found that the momentum flux from two geometric effects is
exponentially small in the difference between the mode num-
bers of the two effects. This motivates using low order shaping
effects that have similar mode numbers and also distinguishes
mirror and non-mirror symmetric configurations. In mirror
symmetric tokamaks, the coupling between the toroidal geo-
metric effect and shaping effects is the only mechanism that
generates rotation. Non-mirror symmetric tokamaks have
this same mechanism, but also allow two shaping effects to
directly couple and generate rotation.

The results of this paper confirm that using low order
shaping effects (e.g. elongation, triangularity) are best for
creating rotation [25-27] and establish a distinction between
mirror and non-mirror symmetric configurations. This
suggests that non-mirror symmetric configurations may be
able to generate higher levels of rotation.
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Appendix A. Up—down asymmetric global MHD
equilibrium

Here we will use the ideal MHD model [47] in the absence
of rotation to identify a simple, but physical tokamak equilib-
rium. In the context of this global equilibrium we will calcu-
late dA,,/dry and d6,,/dry, the local parameters that we kept
unspecified in section 2.1.

Ideal MHD equilibrium in tokamaks is governed by the
Grad—Shafranov equation [42], given by equation (27).
To simplify the mathematics we will take the large aspect ratio
limit, e= a/Ry < 1, of the typical ohmically heated tokamak
ordering [47],

(A1)
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Here the flux surface label a (known as the tokamak minor
radius) is the minimum distance of the flux surface from the
magnetic axis. In this limit equation (27) becomes

1g(ra¢)+ 1 &%

ror\ Or r? 00?

where r is the typical cylindrical minor radial coordinate and
0 is the typical cylindrical poloidal angle, Ry is the tokamak
major radius, v is the poloidal flux, jC is the toroidal current
density, and ( is the toroidal coordinate. We will let j. be a
constant, which simplifies the problem immensely and is a
reasonable approximation of many experiments. Since the
toroidal current is constant we can remove it by scaling the
poloidal flux, using ¢y = 4v/( g ji Ro), to find

L000)
rar(r or *

= oJ; Ro, (A.2)

1 0%y
r? 00?
The solution to this equation is given by cylindrical har-

monics. Restricting ourselves to solutions with the magnetic

axis at the origin, i.e. ¥y(r = 0,0) = 0 and ?W;‘ 0= 0, we

r=

(A.3)

arrive at

Un(r, 0) = r2 + fj r"(C,, cos(mb) + S,, sin(md)).

m=2

(A4)

Here the m = 2 terms correspond to elongation, m = 3 to tri-
angularity, m = 4 to squareness, etc. There are no m = 1 terms
because to lowest order in aspect ratio there is no Shafranov
shift. The coefficients C,, and S, are set by boundary con-
ditions arising from the placement and currents of external
shaping coils. Equation (A.4) can be rewritten as

UYn(r,0) = r* + i E,r™ cos(m(0 + Or)),

m=2

(A.5)

where E,, =/ Cfn + an and 6,, = —m!arctan(S,,/C,,) are
constants that signify the magnitude of the shaping and the

tilt angle respectively. We immediately note that 6y, is a con-
stant, so df,,/da = df,,/dr, = 0. Equation (A.5) is the global
MHD equilibrium for a large aspect ratio, constant current
profile tokamak. It is general to arbitrary flux surface shaping,
which is specified by the Fourier coefficients E,, and the tilt
angles 0,

Next we will take the global equilibrium of equation (A.5)
and derive the corresponding local equilibrium. First, analo-
gously to the flux surface label a, we will define b to be the
maximum distance of the flux surface from the magnetic axis.
When only one shaping effect is present, we see from equa-
tion (A.5) that

Un(r,0) = r2 4 E,r™cos(m(® + 0,,)) (A.6)
=a*+ E,a" (A7)
= b2 —E,b™ (A.8)
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From equations (A.7) and (A.8) we can solve for

AL -1

— a2—m’ A9
A+ 1 (A9

where A, =b/a is a generalization of the elongation (typi-
cally denoted by k) for any single cylindrical harmonic. Then,
substituting this into equations (A.6) and (A.7), we find

A"+ A2

Ar+1

r2 Afn—l

a A+

(i)m cos(m(0 + O)) =

a

(A.10)
Expanding in the limit of weak shaping, A,, — 1 < 1, and
assuming that the flux surface is circular to lowest order gives

A, —1
2

r(a,0)=a [1 + (1 — cos (m(0 + Htm))):l : (A.11)

This specifies the shape of the flux surface at minor radius a
with only one shaping effect m. Expanding equation (15) in
A,, — 1 < 1and comparing with equation (A.11) we see that

A, — )

cos (m(0 + 9,,,,))). (A.13)

1

a(ry) = ry (1 - (A.12)

SO

m

r(ry, 0) = ry (1 —

However, the Miller local equilibrium model also requires
the radial derivative of the flux surface shape as an input in
order to calculate the poloidal field. Directly differentiating
equation (A.13), remembering that A, can change from flux
surface to flux surface, we find

r_ + v cos (m(0 + 0m)).  (A.14)
8r1/) 2 2 rw
We can derive that
dA Ay —1
m_ Sm = Lo 9
o - (m—2) (A.15)

to lowest order in A, —1<1 by differentiating equa-
tion (A.9) implicitly, remembering that E,, is a constant and
that a and ry, are related by equation (A.12). This validates the
ordering dA,,/dry, ~ m(A,, — 1)/ryo and gives

or _l_Am—l
31”1/}

(m — 1) cos(m(0 + O1)). (A.16)
In this work we will study the effects of multiple shaping
effects simultaneously. We will parameterize the geometry of
these configurations by simply superimposing the different
effects, in keeping with equations (A.13) and (A.16), as

ro() = ryo (1 -> B — 1 cos (m(f + Gtm))) (A.17)
g_r =1-> B — 1 (m — 1)cos(m(0 + O0m)).  (A.18)
r’lb o m
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For a constant current profile, large aspect ratio, weak plasma
shaping, and any value of m, equations (15) and (16) reduce to
these two equations.

Appendix B. General calculation of geometric
coefficients within Miller local equilibrium

In this appendix we will calculate the eight geometric coeffi-
2, W; -Va, and ‘@a‘z)
that appear in the gyrokinetic equations. Here we will use the
normal cylindrical poloidal angle 0, but the expressions are
general to an arbitrary poloidal angle. In order to calculate
these coefficients for the local equilibrium specification (given
in section 2.1) we must work within the local Miller geometry
model [41]. This means that we begin knowing the shape of
the flux surface of interest (i.e. R(f) and Z(6)), how it changes
with minor radius (i.e. 8R/8r¢| ) and 8Z/8rw| E and four flux
functions (e.g. the toroidal flux function, the safety factor, the
magnetic shear, and the pressure gradient) evaluated on the
flux surface of interest. With only this information we can cal-
culate the toroidal and poloidal magnetic fields using

cients (i.e. b - VO, B, sy, Visao s

s 1),
By = —— B.1
(=g % (B.1)
=V(xV
(X Vry ar, (B.2)
where di)/dry, can be calculated to be
dy 1) 7 re o = -l
— = dO\R“Vry,- (VO X V
= Do, (R2Vr,- ( 0)  ®3)

from the definition of the safety factor. These gradients can
be found from equation (24). Using only this information we
can calculate b - V0, B, vyyy (see equation (3)), ay) (see equa-

tion (7)), and ‘V”L/J‘
However to calculate vy, (sSee equation (4)), Vw Va, and
‘Va‘ requires considerably more work as we must know Va,

88d81/1| » and 8Bp/81/1| " » We see from
equation (B.2) we see that it will depend on second order radial
derivatives, which are not inputs to the Miller local equilib-
rium. The Miller model deals with this by calculating them
through the Grad—Shafranov equation (see equation (27)). We
can rearrange equation (27) to get

R 0 RO (J o, o 5 d/
77@”?”'7aiﬁvwv)“$az‘%a
(B.4)
where
- = = —1 - = —1 1 8lp
E\w.(vexvq =@B-Vo =—=L (B.5)

B, 90

is the Jacobian and the arc length /, is defined such that equa-
tion (34) holds. Simplifying further and using equation (24)
we finally find that

OBy o dp [ dl B(azp) a(az)

oy Bydy RB,dy "\ o0) oyl oe

(o) 0 () 0 o)
90) a0\ "\ oo) oy 90
Note that we have not yet determined d//d«, but will do so

below.
Next we directly differentiate equation (5) to find

w:[f;

o

(B.6)

0Aq

dor 4%
oY

" ]w — A (0, 0)VO + VY,

+Aa(®, 0n)

v

(B.7)
where A, is the integrand in the definition of a (see equa-
tion (6)). All quantities in equation (B.7) are known except
for the radial derivative of A,. We can calculate it by using the
product rule on equation (6) to find

04, mdp 2 0R

B | P L

o : RB2)I1dy  B:dy RO
)" 0 [, () 0r OF
90) ool N oo) oy 096
ol Y ol,

+ 2] —

00 81/1 90

where we have made use of equation (B.6). This form is

acceptable for the purposes of this paper, but we will rear-
range it into a form that is more physically illuminating. To do

so we will first write

oF _ 1 (0L 'er . (9L,)P(oF or)or
- = — X eC + -

81/} RB 90 ) 90 o0 81/J 20 o0

using only equation (34), equation (B.5), and vector identities
such as OF/OW - (97100 x OF19C) = (Vi - (VO x V()
This allows us to see that

(B.8)

(B.9)

(B.10)

2 (01,) "oz 9Z 0 0 ( ) oly\ ? oF or
R?B,\ 00 20 00 00 81/) 90
(B.11)

Combining this result with the second-to-last term in equa-
tion (B.8) allows us to use the product rule several times to
find
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20k (060, ()08 or
Ry B\ a0) a0\ "\ a0) oy a6

_ 2 ()02 e (O) O L () or or
- RB,\09) 00 Mao) o0\ RB,\00) oy 96
oL\ ! oL\ 'or) or oL\ 2 ANE
00) o0\\oe) o0 ov 00 ) o0\oy) 060

Using equation (34) we see that the last term of equa-
tion (B.12) exactly cancels the final term appearing in equa-
tion (B.8). This shows that we can rewrite equation (B.8) as

0A,
e

1 dI I dI

ol, o,

A () 5)

Lastly, substituting this into equation (B.7) and defining the
poloidal curvature according to equation (33) produces

do'A, (v, 0) [%3—; +

va:[_j;n:

2 " = _.
4 K’P + A(y(¢’20)v¢v0/
RB, | | R°B

—Aa(,0)VO + V.

The first term inside the integral represents the change in the
field line pitch that results from changing the toroidal field flux
function on neighboring flux surfaces. The second term in the
integral accounts for the modification to the flux surface equi-
librium that results from a radial gradient in the toroidal flux
function just as the third term expresses the effect the pressure
gradient has on the equilibrium. The fourth term corresponds
to how the toroidal magnetic field weakens as the major radial
location changes and the last term in the integral accounts
for the flux expansion (and weakening of the poloidal magn-
etic field) that occurs at regions of large poloidal curvature
[27]. The term immediately following the integral accounts
for the particulars of how 6 is defined, but we note this term

o dp

“ll dy  RBydy Bl dy

2}

RBdY B dy

vanishes if contours of constant 6 are perpendicular to the flux
surface of interest. The last term in the V1 coefficient is a
consequence of changing which field line is labeled o = 0

2 () 0z
R*B,\ 06 ) 06

00 00 o o0 |

from flux surface to flux surface. The final two terms of equa-
tion (B.14) reflect the nonuniform spacing of the field lines in

oL, oz
a0' ) oo’

or 1

R’B,

(B.13)

I dI 2

R’B,

fo dp

0'=0

db, |=
+Aa(¢a 0&)@ Vl/)

0'=0,

(B.14)

the poloidal direction and the uniform spacing in the toroidal
direction respectively.

Equation (B.14) allows us to calculate @w -Va, and
Va
for d//dw). This can be calculated by taking the radial gradient
of the safety factor in order to get the magnetic shear,

‘¢«27r
0

This turns out to be very closely related to Va, so we can use
equation (B.13) to find

2 . .
, but we must remember that we still lack an expression

dg 1

dyy  2r

0 0A,

90 (B.15)

v

—1
dr 1 2 I’
&Ll — doA, (1,
dy [q+27r»¢.0 s @ )[R2B§”
dg e Ho dp 2 (0l oz 2kp
e A doA, (1, 0)| 2022 ) e N _
X(w 27r~¢l0 . @ )[B?,dw RB,\00) 00 ' RB, (B.16)
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Lastly we can directly differentiate equation (B.1) to find
OB _1dl 1

-1
or
dy Rdy R? ory’
where we remember that OR/Ory is an input to the Miller
model. This fully determines vy,,, defined by equation (4).
The expressions in this section allow us to directly calcu-

late all of the the gyrokinetic geometric coefficients within the
framework of the Miller local equilibrium model.

dyp

B.17
o (B.17)

Appendix C. Maximum achievable flux surface
shaping

If we try to create flux surfaces with extreme shaping, we
will eventually introduce x-points into the plasma, opening
the flux surfaces. Since open field lines cannot confine fusion
plasmas, this provides a fundamental limit on the strength of
plasma shaping (which will prove useful in section 2.4). To
quantify this we will take equation (A.5) from our analysis
of the constant current profile and require that Viy = 0. This

gives us the condition that E,, = 2b§7’"/m, where b, is the

radial location of all m of the x-points. Substituting this into
equations (A.7) and (A.8), we arrive at

A+ EA;'" =1- 3,

m m

(C.1)

where A, = b,/a, is the strongest flux surface shaping pos-
sible and a, is the minimum distance of the separatrix from
the magnetic axis. This can be solved exactly using numerical
methods or approximated analytically as

Ac—1 =128 o2,
m

(C2)
in the limit that m > 1. The numerical constant in equa-
tion (C.2) is the solution x to

x —exp(—x) = 1. (C.3)

Hence, we can conclude that, given a constant current profile,
A, — 1 ~m™!is the strongest possible scaling. Any scaling
stronger than this will necessarily introduce x-points into the
plasma.

Appendix D. Non-mirror symmetric geometric coefficients

In this section we give the full gyrokinetic geometric coefficients to lowest and next order in m < 1 for the geometry investi-
gated in section 2.3. These coefficients are accurate to lowest order in aspect ratio, given the ordering of equations (42) and (43).
In deriving these coefficients the following quantities are useful as waypoints:

g—g = —1y0 [sin 0 — %cos @A, — 1) sin (zys) + n(A, — 1) sin (z,5))
—% sin ()((A,, — 1) cos (zus) + (A, — 1) cos (Zns))] + O(mry0) (D.1)
0Z 1 . . )
30 = Ty0 [cos o)+ 5 sin (0)(m(A,, — 1) sin (2,,5) + n(A, — 1) sin (z,5))
*% cos (N)((Ap — 1) cos (Zs) + (A, — 1) cos (an)):l + 0(m7371/10) (D.2)
@nﬂ = [cos )+ Kl cos («9)( da,, c0s (Zms) + da, cos (Zns)]
2 dry Ty
+% sin ()(m(A,, — 1) sin (z,5) + n(A, — 1) sin (Zns))] ér
+ lsin o + ™0 in (0)( a2, €08 (Zpng) + 92, cos (zns)J
2 dry dry,
—% cos ()(m(A,, — 1) sin (z5) + n(A, — 1) sin (Zns))] é74+ O0(m™2) (D.3)
= 1 . " . m2
VO = —(—sin(0) ég + cos (0)éz) + O — (D.4)
0 10
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OR _ _1yo dA,, .
o cos (0) 5 cos (9)[ an, " )+ Oo(m™>) (D.5)
oz T A, .
- = sin (6) (9)( ar, ™ €08 (Zms) + . cos (Zm)]+0(m ) (D.6)
8A dw 2 _ m 2 . d_An
( 0 )mhog (drv] [ 5 ( (Ao 1) PR )
—(m2 An—1D+@38 —2)— v A&, ]cos (Zms)
2 1y
—(nz (A, — 1)+ 35 2) fvo 42, )cos (2Zns)
Ty

+%[m2 (B — 1) ddA’" €08 2zms) + 12 (Ay — 1) “:f”

COS(ZZns)]
Ty Ty

Tyo[ o dA 2
+— Ay —1 A, —1
: [m( i ) o )

-2
X(COS(st + Zns) + COS(st - Zns)):l + o ’;n (D7)
erBo
0 A AN
f ap [e) _p[2) fop i ol A, - 3B 4,
%o ko (91/) orthog dr’L“" 2 dl’?,/, w
—l(m2 Ap— D+ @38 - ) 70 A0 )sin (Zms)
—l(nz (An - 1) + (3 5/ 2) Lo dA )Sin (Zns)
n 2 dry
50 i (B = DEE in 22,) + 0D, — DO sin 22,
4 drw drw
I, - D88 4, — 1B
2 dry, dry,
><( ! Sin (Zps + Zns) + ! sin (z ))]+0 m
ms ns ms — Zns
m+n m-—n r70Bo 0.8)

da dy N dA
e _ B 19 2D = D2 L2 (A, - DE22 g
B O(drw] [ " 2( ( )drw S Dy )

P

_%(m(Am - 1) sin (st) + n(An - 1) sin (Zns))

)0 ) _ dA, ) _ dA,,
+—2(n ) (m A, =1 an, +n (A, — 1) an, J
m-2
x sin (n — m)8 — m (6, — Hm))] +0|5 (D.9)
r’(/)OBO

19



Plasma Phys. Control. Fusion 58 (2016) 055016

J Balland F | Parra

d 1, Wb 7, W rw

Va =—Bo(dw] {[—s1n(6)+s’600s(9)+ 2[ 2 (A, —1)Cl +n? (A, —1)d

_%(COS(Q) — §'0sin (0))(m(A,;, — 1) sin (2uy) + n(A, — 1) 8in (2,4))

59 5in () + 70 005 ()] 222 05 (2) + 22 05 (20)
2 dn/} rq//'
Iy0 2 dAn 2 dAm

- Am - 1 - + An - 1 9

z(n_m)(m ( )drw n? ( ) i, cos (0)

x sin ((n — m)0 — m (6, — Hm))] ér

+ [cos (0) + §'0sin (0) + %[m2 A, =1 A, + 2N, - 1) da,

ry Ty

)0 sin (6)

*l(SiH (0) + $'6 cos () (m(Ay — 1) sin (Zs) + n(A, — 1) sin (zy))

_Iw (cos (0) — §'0sin (9))[ é ?ﬁn ]
(0 v
i (o soa 8 )
2(n — m)( ( ) dry TG dry, o

-2
x sin((n — m)@ — m (6,, — Gm)):l é, } + O(m ]

0

Here 6 is defined such that the resulting integral does not have a term that is constant in poloidal angle.

The O (1) geometric coefficients are simply those of a circular tokamak and are given by

G-V = B 90y, = —
ryoRoBo dry
_ dy .
50 = Vdsyp0 = — —_— 0
Vdsp0 = Vdsy0 Ros dr, sin(6)
By (dv) '
Vdsa0 = Vdsa0 = R() ?L(FL,) (COS(H) + 50 Sll’l(@))

R —2 (qu)
ool -], - 3]

(V- Va) = (V- Va), = —Bos'0

of=[Faf, = {42]) 0457

otkip))y = (okip)) = Jo(kiopy),

where §' is defined by equation (23) and

_ | 2Zmu 2| P = = 2l P
kiop, = | s, \/kw|w;\0+ 2ky ko(Vip - V), + kQ‘VaL) .

Note that all of the coefficients are independent of the short spatial scale coordinate, z.
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To O (m~') the geometric coefficients are

690y = ! dw[dAm

dA,
— COS (Zys) + —— c0S(Zps D.19
2RoBy dry\ dry (ms) dry ¢ )) ( )

1 d [ o o
2ROQS drd) COS(G)(m(Am 1) Sln(ZmS) + n(A” 1) Sln(zns))

Vdsy1 =

—Ty0 sm(9)( ddAm

cos(Zms) + (;An COS(Zm)]]

r¢, rw

(D.20)

—1
visar = =2 [0 1 2 2 - D2 a1 92 Jasin )
2Ry 4\ dry, dry, dry

—(sin () + 80 cos () (m(Ay — 1) sin (zms) + n(A, — 1) sin (zy))
dA,,

Ty ()

N 0 m? (A, — 1)dAn A, — 1)dAm
(n—m) dry dry,

X (sin ((n — m)0) cos (m (G — Om)) — cos ((n — m)8) sin (m(Oym — Gm)))] (D.21)

_rd)O(COS 0) — §'0 sin (0))( €08 (Zpms) + (ZAn Cos (Zns))

) sin (6)

2

) d dA,, dA,

‘Vg/;L = rvo(—d}] [ cos (Zps) + cos (Zns)) (D.22)
dry ) \ dry dry

(Vi -Va), = —By v m2(A,, — 1)% +n* (A, — 1)d—A" 0
2 dry dry,

_(m(Am - 1) sin (st) + n(An - 1) sin (Zns))

ol dAn
+n,os’9( 1

dA,
oS (Zms) + cos (Zns)]
}’1/, drw

m2(A,, — l)d—A" +n2 (A, — l)dAm
drd, d}'}[,

0

+ 2(n — m)

x(sin ((n — m)0) cos (m(Oym — ) — cos ((n — m)0) sin (m (G — 9m)))] (D.23)

2
Vaf = B[22 [no|m @, - D22 4 2a, — 1322 |52
1 dry, d dry

W Ty
—28'0(m(A,, — 1) sin (25) + n(A, — 1) sin (2,5))

—rpo(l — §’202)(% cos(Zus) + (;A" cos (zns)]

dr, ) 1y

T A N P 3 7
n—m dry, dry,

X (sin ((n — m)0) cos (MmO, — ) — cos (n — m)0) sin (m (6, — 9m)))] (D.24)
(JotkLp), = —kLiphi(kLop,), (D.25)
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where z,, s and z,, ; are defined by equations (47) and (48) and

2|, 2 > o e 12

_kop, Ko Vz/JL + 2ky ka(VYp - Vo, + ka‘vaL
L1ps:2 2le P = N sle 2
ko] + 2k k(T - Ve + k| Va

(D.26)

From the last terms in each of equations (D.21), (D.23),
and (D.24) we see that (even after averaging over z) Vsal,

N _ .2
(V- Va)y, and ‘Voz‘l are all up—down asymmetric.
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