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Abstract.

A number of tools have recently been developed to study equilibrium and stability

in tokamaks with pressure anisotropy. Here we apply these tools to a Mega Ampere

Spherical Tokamak (MAST) discharge to calculate equilibrium, Alfvén continua and

eigenmodes, through to linear growth and nonlinear saturation of a toroidal Alfvén

eigenmode (TAE); this is the first study of wave growth and saturation for anisotropic

equilibria. Comparisons with the standard tools which assume an isotropic pressure

reveal various differences in equilibrium and modes: the safety factor profile in the

isotropic reconstruction is reversed shear while the anisotropic reconstruction gives

normal shear; the isotropic TAE gap is much narrower than the anisotropic gap;

and the TAE radial mode structure is wider in the anisotropic case. These lead to

a modification in the resonant regions of fast-ion phase space, and produce a 35%

larger linear growth rate and an 18% smaller saturation amplitude for the TAE in the

anisotropic analysis compared to the isotropic analysis.

1. Introduction

External heating in modern tokamaks can lead to momentum injection and velocity-

space or pressure anisotropy. Such physics can displace flux surfaces outwards, and lead

to additional currents that can modify the magnetic configuration and change plasma

wave modes and stability. For instance, for values of p⊥/p‖ ≈ 1.5, p⊥ can vary by 20% at

mid-radius for a spherical tokamak equilibrium [1]. A number of authors report that the

experimentally inferred equilibrium, and in particular the on-axis safety factor, can be

significantly different if a single pressure is assumed rather than anisotropic pressures

[2, 3, 4]. Qu et al [1] find that these differences increase with increasing anisotropy

and inverse aspect ratio. At high beta the impact of anisotropy is non-perturbative:

recent work [5] has shown that at very high beta the impact of non-zero anisotropy is

to eliminate the diamagnetic hole that would otherwise be present in isotropic plasmas

[6, 7], even with flow [8]. Further discussion on the impact of anisotropy can be found

in the contemporary topical reviews by Pustovitov [9] and Hole and Fitzgerald [10].
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Figure 1. Evolution of discharge #29221. Figure (a) shows neutron rate, (b) plasma

current Ip, (c) neutral beam power PNBI (blue is the SS supercusp beam, red is the

SW chequerboard, and black is the total), (d) the normalised beta βn, (e) the core

safety factor q0, (f) the line integrated electron density ne. The quantities q0 and βn
are inferred quantities computed using EFIT.

In recent years a range of new tools has been developed to model high-performance

plasmas and understand the change in plasma wave mode and stability. EFIT TENSOR

[11] is a modification of the existing force-balance solver EFIT++, which is constrained

to external magnetic measurements and temperature and density profiles, together with

user-input constraints of on-axis safety factor. EFIT TENSOR adds kinetic constraints

p‖ and p⊥ and a toroidal flow profile. HELENA+ATF [1] is a fixed boundary solver

that includes anisotropy and toroidal flow, and computes the field configuration in the

metric used by MHD stability code MISHKA [12]. We have also developed a new single

adiabatic stability theory for anisotropic plasma that reverts to MHD in the isotropic

limit [13], and implemented this and double-adiabatic closure in the extended MHD

stability code MISHKA-A [14]. In tandem to these developments we have also deployed

Bayesian inference techniques to infer both the toroidal and poloidal rotation profiles

[3] and energetic particle pressure [4, 15].

In this work we apply these advances in theory and computational models to study
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Figure 2. Spectrogram of discharge #29221. The white trace is the TAE frequency,

vA/2q0R, using the q0 value in figure 1(e).

mode activity in the UK Mega Ampere Spherical Tokamak (MAST). MAST discharge

#29221, produced during a power-density scan set of experiments [16], was a 3.1 MW

two-beam heated plasma (1.5 MW “supercusp” and 1.6 MW “chequerboard”) with a

plasma current of 0.9 MA and normalised beta βn ≈ 3. Figure 1 is time trace of the

evolution of the discharge, and figure 2 a spectrogram of magnetic perturbation coil

data. The magnetics reveal a rich range of activity, including: suspected low-frequency

(10 kHz) tearing modes at 170 ms; toroidal Alfvén eigenmodes (TAEs) from 150 ms to

220 ms with frequency ramping down from 100 kHz to 50 kHz; chirping-down fishbones

from 250 ms to 300 ms; and beyond 280 ms, long-lived mode activity. Keeling et al [16]

focused on the fishbone phase just prior to long-lived mode activity. Our focus is the

TAE mode activity at 190 ms, where a high fidelity TRANSP simulation is available.

At this time the observed mode frequency is ≈ 70 kHz, with a frequency chirp of 20

kHz across a 2 ms slice (≈ 80 kHz mode frequency at 189 ms and ≈ 60 kHz at 191 ms).

Toroidal mode number analysis shows that n = 1 for these modes.

2. Equilibrium and mode calculation

In this work, we examine two equilibrium reconstructions for MAST #29221 using

different models and assumptions. The first “anisotropic” equilibrium is reconstructed

by EFIT TENSOR, from experimental constraints such as the external coils, the total

current, the Motional Stark Effect (MSE) spectroscopy, and kinetic constraints (p‖ and

p⊥) from TRANSP simulations with an empirical fast particle diffusivity that provided a

match to the measurements of neutron diagnostics. The second “isotropic” equilibrium

is reconstructed by EFIT++ (isotropic) with the same constraints, except that the

flux-surface averaged 〈p∗〉 = 〈p‖ + p⊥〉 is used as the kinetic constraint. The isotropic

and anisotropic flux surfaces are shown in figure 3. Both reconstructions give strongly

shaped flux surfaces with an X-point at R ∼ 0.55 m and Z ∼ 1.2 m; there is a small
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Figure 3. Flux surfaces for the isotropic (red solid line) and anisotropic (blue dashed

line) equilibrium reconstructions, with the crosses showing the location of the respective

magnetic axes.

relative displacement between the isotropic and anisotropic flux surfaces and magnetic

axes. The pressure profiles are plotted in figure 4(b) as a function of major radius. It

is interesting to note that although both cases are constrained to MSE, the q profiles

are substantially different, as shown in figure 4(a); here q is graphed as a function of

the normalised poloidal flux coordinate s ≡
√
ψ/ψedge. The q profile in the isotropic

equilibrium is reversed shear, while for the anisotropic equilibrium it is normal shear

with a “dip” on-axis. Finally, we note that both q profiles have a flat region for s < 0.6.

The EFIT++ (EFIT TENSOR) flux functions and the last closed flux surface are

used as inputs to the fixed-boundary equilibrium solver HELENA (HELENA+ATF)

to obtain the metrics in straight-field-line coordinates for the isotropic (anisotropic)

equilibrium. The continuous spectra of the isotropic and anisotropic equilibria are

then calculated by CSMISH [17] and CSMISH-A [18], respectively, using the density

profile from the Thomson scattering data. Figure 5(a) is an overview of the n = 1

incompressible continuum for each equilibrium. Three gaps (TAE, EAE, and NAE,

respectively induced by the toroidicity, ellipticity, and triangularity) exist in the

frequency range 0 ≤ ω ≤ 1.5ωA0 where ωA0 = B0/R0
√
µ0ρ0 is the Alfvén frequency
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Figure 4. (a) The q profile, and (b) the pressure profile for the isotropic and

anisotropic equilibria.

at the magnetic axis. The TAE gap of the isotropic equilibrium is much narrower than

that of the anisotropic equilibrium, due mainly to the difference in the q profile shown in

figure 4. The m = 1 and m = 2 continua intersect at the q = 1.5 surface which is located

at s ≈ 0.3 for the anisotropic equilibrium. However, for the isotropic equilibrium, two

q = 1.5 surfaces exist (at s = 0.15 and s = 0.5) due to the reverse shear. The intersection

at s = 0.15 will create a much narrower gap, since the inverse aspect ratio ε = r/R is

smaller and thus the toroidicity effects are weaker. Finally, we note that the EAE and

NAE gaps are closed in both equilibria.

The continuum gaps allow the existence of robust global modes that are free from

continuum damping. In this work, we will focus on n = 1 TAEs that are observed on

the Mirnov coil spectrogram. The corresponding TAE gap is shown in figure 5(b). We

use MISHKA and MISHKA-A to calculate the TAEs for the isotropic and anisotropic

equilibria, respectively. Two TAEs are found for the isotropic case due to the reverse

shear, one of which is core localised (s < 0.2) and therefore less likely to be picked up by

the external coils. The frequency of this core mode is 78.2 kHz, just 0.1 kHz above the

lower continuum tips. The other, however, is a global mode with a frequency of 81.3 kHz,

with the radial mode structure shown in figure 6(a). For the anisotropic equilibrium, a

global mode is also found at 88.9 kHz. The radial mode structure, especially the m = 2

harmonic, is broader compared to the isotropic one, as seen in figure 6(b).

3. Stability

3.1. Physical background and method

Alfvén waves can be driven unstable by fast ions produced by neutral beam injection.

For shear Alfvén waves, which are transverse electromagnetic waves, the drift motion of

the fast ions gives the dominant contribution to the wave-particle interaction [19]. The

power transfer between fast ions and shear Alfvén waves is approximately proportional
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Figure 5. The n = 1, m = 1—11 incompressible continuous spectrum and the TAE

frequencies of the isotropic equilibrium (red solid line) and anisotropic equilibrium

(blue dashed line), where the frequency ω is normalised by the on-axis Alfvén frequency

ωA0, and s =
√
ψ/ψedge is a normalised poloidal flux coordinate. Figure 5(a) shows the

spectrum over a large frequency range with the TAE, EAE, and NAE gaps labelled, and

figure 5(b) shows a magnification of the TAE-gap frequency range, with the horizontal

lines representing the TAE frequencies found by MISHKA(-A).

to vd · E⊥, with vd the drift velocity and E⊥ the transverse electric field. Net energy

transfer therefore requires that
∮
vd ·E⊥ be non-zero over many orbits, leading to the

resonance condition [19, 20, 21]

Ωn,p = ω + pωθ − nωφ = 0, (1)

where n is the toroidal mode number, p is an integer, ω is the angular wave frequency,

and ωθ and ωφ are respectively the toroidal and poloidal orbit frequencies.

The energy transfer between waves and particles depends on a number of factors

[19]. The first is the relative amplitudes of the poloidal harmonics of the eigenmode,

which will affect the strength of the different resonances. The growth rate γ of the wave

amplitude depends on the slope of the distribution function at resonance through [19]

γ ∝ ω
∂f

∂E
+ n

∂f

∂Pφ
, (2)

where Pφ = mRvφ − Zeψ is the toroidal angular momentum. Since Pφ increases as

ψ decreases, a negative gradient ∂f/∂ψ drives wave growth. Energy transfer is also

dependent on the alignment of the particle orbit and eigenmode; and so the energy

transfer is maximised when the drift-orbit width is comparable to the eigenmode width

[19, 22, 23].

A quantitative treatment of the wave-particle energy transfer requires a numerical

solution of the assumed model for the wave-particle interaction. The HAGIS code [24] is

a nonlinear perturbative code that solves the drift-kinetic equation in toroidal geometry

for a distribution of fast particles and a set of Alfvén eigenmodes. The fast particle

motion is described in HAGIS by a guiding-centre Hamiltonian in Boozer coordinates,

with the assumption of isotropic bulk plasma pressure.
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A rigorous approach to modelling the wave-particle interaction in plasmas with

pressure anisotropy requires the use of an anisotropic Hamiltonian. A guiding-centre

Hamiltonian in Boozer coordinates for plasmas with pressure anisotropy has been

derived in [25, 26]. Unlike in the isotropic case, it is the lines of effective current

density K ≡ ∇ × (σB)/µ0 (with σ ≡ 1 − µ0(p‖ − p⊥)/B2) which lie on flux surfaces

[27, 28]; that is, K ·∇ψ = 0 rather than J ·∇ψ = 0, where J is the true current density.

From the conditions K · ∇ψ = 0 and ∇ ·K = 0, the magnetic field can be expressed

in the covariant Boozer representation as σB = g(ψ)∇φ + I(ψ)∇θ + g(ψ)δ(ψ, θ)∇ψ.

This modifies the expressions for the canonical momenta relative to the isotropic case,

and thus changes the equations of motion. The rigorous approach to modelling the

wave-particle interaction with pressure anisotropy would involve implementing these

new equations of motion into HAGIS.

In this paper, however, we propose an approximate method for the inclusion of

pressure anisotropy in wave-particle interaction studies without the need to modify the

HAGIS code. First, the anisotropic equilibrium is computed using HELENA+ATF. Flux

surface averages are then calculated for the toroidal current Jφ and for p∗ ≡ (p‖+p⊥)/2.

We then input these 〈Jφ〉(ψ) and 〈p∗〉(ψ) into the standard HELENA code (with

〈p∗〉 taken as the “isotropic” pressure), applying the same boundary conditions as in

HELENA+ATF, and rescale the total current such that the q-profile matches that

obtained from HELENA+ATF. The use of this remapped equilibrium and isotropic

Hamiltonian is appropriate if the particle orbits match those for the fully anisotropic

equilibrium and anisotropic Hamiltonian.

Here, to assess the validity of the approximate approach, we have calculated trapped

and passing orbits using the full-orbit code CUEBIT [29] for MAST #29221 for both the

full anisotropic and remapped equilibria. We show an example of a co-passing orbit in

figure 7 for a given particle energy E and orbit-invariant Λ ≡ µB0/E. We find that the

poloidal orbit frequencies of the passing particle in the full anisotropic and remapped

cases are 118.6 kHz and 119.4 kHz respectively, so the remapped orbit frequency is less

than 1% larger than the anisotropic orbit frequency. In addition, we see from figure 7

that the guiding-centre particle trajectories are similar. Since the particles have the

same initial value of major radius R along the equatorial plane (Z = Zmag) on the low-

field side, the difference between these particle orbits is largest on the equatorial plane

on the high-field side where R = Rmin. We find that the difference in Rmax − Rmin is

approximately 1 cm, thus the relative difference in Rmax − Rmin is approximately 2%.

We obtain similar results for passing orbits with different E and Λ and also for trapped

orbits. These results for the particle orbits suggest that our approach will give a good

approximation to the wave-particle dynamics. A detailed assessment of the impact of

using the approximate approach on the particle orbits in Boozer coordinates will be

pursued in future work.
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Figure 6. The n = 1 global TAE radial structure of (a) the isotropic equilibrium and

(b) the anisotropic equilibrium.

3.2. Calculations

We now compute with HAGIS the resonant regions of fast-ion phase space for the n = 1

TAE calculated in section 2. The toroidal orbit frequency of ions is calculated using

ωφ = 〈φ̇〉 =
∮
φ̇dt/

∮
dt = ∆φ/∆t, where the integral is performed over a single poloidal

orbit. The poloidal orbit frequency is calculated as ωθ = 2π/∆t. TRANSP simulations

for MAST #29221 show that the fast-ion pitch-angle distribution f(λ) is approximately

a Gaussian centred at λ = λ0 = 0.92 with a width ∆λ = 0.5, where λ ≡ v‖/v is the pitch

taken at the equatorial plane at the low-field side of the plasma cross section (R > Rmag).

The focus of this paper is to illustrate the difference between the isotropic and anisotropic

cases, so here we choose an idealised delta-function distribution, f(Λ) = δ(Λ), where Λ

is related to the pitch via Λ = B0(1 − λ2)/B. Such a choice of distribution function is

justified by the fact that most well-confined beam ions in MAST are in passing orbits.

Resonance maps for the n = 1 TAE calculated in section 2 are graphed for the

isotropic and anisotropic equilibria and wave frequencies in figure 8 as a function of s2

and particle energy E. For both the isotropic and anisotropic cases the p = 0 resonance

occurs at E . 3 keV for all s. This resonance will not drive wave growth due to the

strong energy-gradient damping. The broad p = 1 resonance is significantly different

between these cases; for a given particle energy the resonant region is located closer to

the magnetic axis in the anisotropic case. No resonances for p ≥ 2 are found in the

energy range considered. (We note that these resonance maps are qualitatively similar

to those in [30] for MAST #29210, calculated for ions with Λ = 0.3 resonating with a

n = 1 TAE.)

We now examine the difference in the wave amplitude evolution between the

isotropic and anisotropic cases. The initial fast ion distribution function fh is chosen as a

slowing-down distribution in energy and a Gaussian distribution in the radial coordinate
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Figure 7. Fast ion orbits calculated using CUEBIT for the full anisotropic equilibrium

(blue) and the remapped equilibrium (red) for MAST #29221 for ions with E = 21 keV

and Λ = 0.72, where (a) and (b) show the poloidal projection and top view of the

particle orbits respectively.

s (as in existing fast-ion physics studies on MAST [31, 32]):

fh(E, s,Λ) =
C

E3/2 + E
3/2
c

Erfc

[
E − E0

∆E

]
exp

[
− s2

(∆s)2

]
δ(Λ). (3)

Using measured physical quantities at t = 0.190 s and fitting to TRANSP simulation

data we estimate the values Ec = 16 keV, E0 = 65 keV, ∆E = 1.5 keV, ∆s = 0.5,

with the normalization constant C chosen such that the on-axis fast ion density is

nh = 3.5× 1018 m−3.

HAGIS calculations of the wave amplitude evolution are shown in figure 9. We

find that the linear growth rate for the isotropic case is γiso/ωiso = 2.08 × 10−2, while

for the anisotropic case γaniso/ωaniso = 2.81× 10−2. To explain this difference of ≈ 35%

in the growth rates we first compare the drift-orbit widths and mode widths. We see

from figure 4(a) that qaniso > qiso for s & 0.25. The resonant particles in the isotropic

(anisotropic) case are located at s & 0.7 (s & 0.5) (see figure 8) and thus the safety

factor is larger in the anisotropic case at the location of all resonant particles. The

drift-orbit width of circulating particles ∆R is dependent on the safety factor through

∆R ≈ qρ‖ (which was found to be a reasonable approximation for a spherical tokamak

[33]), with ρ‖ = v‖/Ωb where Ωb is the beam-ion gyrofrequency. The larger q in the

anisotropic case thus leads to a larger ∆R, so the orbit widths in the anisotropic case

are more comparable to the mode widths and are thus more favourable for mode drive.
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Figure 8. Resonance maps for ions with Λ = 0 for (a) isotropic equilibria and

n = 1 TAE of frequency 81.3 kHz, and (b) anisotropic equilibria and n = 1 TAE

of frequency 88.9 kHz, with the bounce harmonics p labeled. colour indicates the value

of − log10(
∑

p 1/|Ωn,p|), which is large and negative at resonances.

In addition, the p = 1 resonance shown in figure 8 occurs at smaller ψ for the anisotropic

case; the radial gradient ∂f/∂ψ ∝ exp[−(ψ/ψedge)/(∆s)
2] is therefore larger at resonance

in the anisotropic case, again leading to a larger growth rate through (2).

We also find that the wave amplitude in the initial stage of saturation is 18%

smaller in the anisotropic case (δB/B0 = 4.9 × 10−3) than in the isotropic case

(δB/B0 = 6.0×10−3). Mode saturation is reached when the nonlinear bounce frequency

of the trapped particles exceeds the linear growth rate, so that the fast depletion of

wave energy by the trapped particles suppresses further wave growth [34]. The bounce

frequency scales approximately as δB1/2; mode saturation thus occurs when the field

amplitude is sufficiently large such that ωb = CγL for some numerical factor C, giving

δB ∝ γ2L. Although γL is larger in the anisotropic case, the saturation amplitude is

smaller, contrary to the expected scaling. A possible explanation for this behaviour is

that the bounce frequency is dependent not only on the field amplitude, but also on the
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equilibrium and mode structure. An analytical estimate of the saturation amplitude for a

single poloidal harmonic of a TAE in a tokamak with circular flux surfaces gives a bounce

frequency that depends on the safety factor and magnetic shear [35]. The safety factor

and magnetic shear are significantly different between the isotropic and anisotropic cases

(see figure 4), which may be sufficient to produce a larger saturation amplitude in the

isotropic case. However, the analysis is complicated by the strongly shaped flux surfaces

and multiple poloidal harmonics of the TAEs having comparable amplitudes, so a precise

determination of the cause of difference in the saturation amplitudes is difficult.

4. Conclusion

We have analysed equilibrium and stability for MAST discharge #29221 with the

assumptions of both isotropic and anisotropic pressure. We find that quantities

calculated under these two assumptions can be significantly different. The safety factor

profile is qualitatively different between the two cases: in the isotropic case it is reversed

shear, while in the anisotropic case it is normal shear. This difference leads to the

TAE gap of the isotropic equilibrium being much narrower than that of the anisotropic
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equilibrium. The anisotropic n = 1 TAE is found to have a larger radial width and

slightly higher frequency than the isotropic TAE.

We find a significant modification to the resonant regions of phase space between

the isotropic and anisotropic cases, with the anisotropic p = 1 resonance shifted

radially inward for given particle energy relative to the isotropic case. We also find

a 35% larger linear growth rate in the anisotropic case compared to the isotropic case,

while the anisotropic saturation amplitude is 18% smaller than the isotropic saturation

amplitude. The linear growth rate for the anisotropic case is larger as the drift-orbit

width is a closer match to the mode width, and the radial gradient of the distribution

function at resonance is larger. Conversely, the saturation amplitude for the anisotropic

case is slightly smaller despite the larger linear growth rate; this may be due to the

differences in the safety factor and magnetic shear affecting the nonlinear bounce

frequency. Further analysis, including studies of additional discharges and parameter

scans of input quantities, will be needed to determine the likely and potential impact of

pressure anisotropy on equilibrium and stability.

In these calculations we have neglected wave damping from the background plasma,

as well as the effect of collisions on the fast ion distribution. Inclusion of these effects

can modify the saturation amplitude and lead to various frequency sweeping behaviours

depending on the relative magnitudes of the different collision terms [36]. The frequency

sweeping and the mode turn-off occurring 2 ms after onset, observed in the spectrogram

in figure 2, indicate that these effects are important in this MAST discharge. The

impact of anisotropy on the frequency sweeping behaviour and saturation amplitude

when damping and collisions are taken into account will be assessed in future work.
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