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Abstract 

A data analysis method for the spherical indenter geometry has been produced that capitalises on 

recent hardware developments of instrumented indenters, specifically the high data capture rate. The 

data analysis is based on a multi-cycle load test regime and the main refinement is the fitting of the 

data along the unload curve to a Hertzian contact model in order to calculate the residual depth and 

gradient of the unload curve for each cycle. In practice, it was found that there were non-Hertzian 

regions along the unload curve and this was attributed to both material and instrument (nanoindenter) 

behaviour. Refinement of the updated data analysis method has been achieved by systematically de-

selecting these non-Hertzian regions and assessing the effect of this on the calculated contact depth 

and elastic modulus calculations for each cycle. Importantly, it was found that the updated method 

was less susceptible to erroneous or non-Hertzian load-displacement data giving increased confidence 

the in the mechanical property data from this new data analysis method.  
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1 Introduction  

Instrumented indentation is now a routinely used technique to extract the mechanical properties of 

materials on the micro- to nano-scale (nano-indentation), by penetrating a sample surface with an 

indenter tip (or ‘stylus’) of known geometry whilst measuring the load-displacement response. A key 

advantage of a spherical indenter geometry is that it can measure the response of the sample as a 

function of effective strain and so enables the measurement of the transition from fully elastic to 

plastic (yielding) deformation, unlike indenter tips with sharp ended geometries such as the Berkovich 

geometry.  

Instrumented nanoindentation was developed so that load-displacement data can be used to determine 

the contact area between tip and sample under load without relying on the physical measurement of 

indent impressions, which would require techniques such as atomic force microscopy or scanning 

electron microscopy. As such, there has been a drive throughout the development of nanoindentation 

to develop data analysis methods to assess the mechanical properties of materials without the need to 

measure the residual indent impression after full unloading. For spherical indenter tips this allows the 

elastic properties of materials to be determined even when plastic yield does not occur. Field and 

Swain
1,2

 developed a load – partial unload method for spherical indenters to extract the so-called 

indentation stress-strain curve, detect the elastic-plastic transition and determine the elastic modulus 

as a function of contact depth. Bushby et al.3 refined this technique and developed a robust tip 

calibration method whereby indentation tests are performed into several reference samples with 

precisely known elastic properties. The apparent tip radius as a function of indentation depth and the 

instrument frame compliance are decoupled by testing several samples that span a large range of 

elastic moduli, hence producing several data sets with differing ratios of load and displacement 

(contact stiffness).  

The nanoindentation technique developed by Field and Swain
1,2

 and Bushby et al.
3
 records a load-

displacement data point at the fully-loaded and partially unloaded part of each unloading curve, as 

shown by the circle and triangle markers respectively in Figure 1. This two-point approach was 

adopted ostensibly because of the restrictions on the amount of data that could be collected and 
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digitally stored at that time (in the early 1990’s.) However, more recent refinements in 

nanoindentation hardware now allow the continuous collection of load-displacement data points at 

rates of several hundred Hz indicated by the black dashed line in Figure 1. Here we take advantage of 

the increased amount of information available to develop a more refined method of analysing the 

instrumented indentation data for spherical-tipped indenters. 

There are several advantages of being able to determine the elastic response of the material 

throughout the load cycle. For materials that are effectively homogeneous and isotropic, the elastic 

modulus may be assumed to be constant and hence the calculated values may be used as indicator on 

the quality of the metrological process. For materials that are inhomogeneous, such as a thin film on a 

substrate, the continually changing function of the composite elastic modulus as a function of contact 

depth can be determined from a single test. If the elastic properties of the material are known 

independently, then the elastic modulus values determined may be used as an indicator of other 

indentation phenomena such as pile-up and sink-in,2,4–6 cracking,7,8 phase transformation9,10 and 

plasticity.
11

 Similarly, pop-in
11

 events disrupt the continuity of the load-displacement curve, 

particularly materials with a relatively low dislocation density prior to testing. Finally, the dynamic 

contribution of the nanoindenter and the time constant of recorded signals must also be carefully 

accounted for when analysing the load-displacement response.
12

 

The core objective of this work was to therefore refine the cyclic loading method reported by Bushby 

et al.3 and Zhu et al.11 by assuming a Hertzian13 fit to all unload data-points and calculating a gradient 

of this fit that is less sensitive to inaccurate data point placement compared to utilising two data points. 

This is achieved by directly comparing the same datasets processed using the two methods.    

 

2 Hertzian contact model 

In Hertzian classical theory of contact mechanics (see e.g. K.L.Johnson
13

) the elastic contact between 

two isotropic linear elastic bodies is described. The total displacement of distant points in the two 

bodies in contact towards each other, δ, is described by  
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� = 	� 916	 �
	


∗	 	 1�∗

��
 

(1) 

 

where F is the force acting between the two bodies in contact, E* is the combined or reduced elastic 

modulus defined as11,13:  

1
∗ = 1 − ��	
� + 1 − �		
	  
(2) 

 

where E is Young’s modulus, ν is Poisson’s ratio and subscripts 1 and 2 refer to the two different 

materials in contact. 

and, R* is the combined curvature of the two surfaces 

1�∗ = 1�� + 1�	 
(3) 

where R1 and R2 are the radii of the two materials. 

Elastic-plastic indentation with a spherical indenter, assuming the unloading curve to be only due to 

elastic recovery, may be considered as the Hertzian elastic loading of a sphere onto a concave surface 

(that of the residual impression) and hence described by equation (1).  In this case equation (1) can be 

expressed as: 

ℎ� = � 916�
�� � �
∗�

	� �1� − 1�′�
��
 

(4) 

where he is the total elastic displacement, R is the apparent indenter tip radius and R’ the radius of 

residual impression. Because the elastic recovery is normal to the surface, R’ must always be greater 

than the radius, R, of the indenter that created it. 

This analysis makes two key assumptions. Firstly, that the recovery is entirely perpendicular to the 

original (flat) surface so that the radius of the contact area under load, a, is the same as the radius of 
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the residual impression. This is a reasonable assumption for metals but not necessarily for materials 

with high H/E ratio, where lateral recovery of the indent in the plane of the surface is significant.14 

Secondly, it is assumed that the effective radius of the indenter is constant throughout the recovery. In 

general, this is a reasonable assumption but it is acknowledged that spherical nanoindentation tips are 

not perfectly spherical15 and that calibration of the effective tip radius as a function of contact depth is 

required.
3
   

The nanoindenter collects load-displacement data as discreet data points. Each displacement data 

point is corrected for thermal drift: 

ℎ� = ℎ� − ℎ���  (5) 

where ht is the raw displacement with thermal drift correction, hi is the raw displacement,	 ℎ��   is the 

thermal drift rate (assumed constant), t is the test time (at each displacement data point). 

The displacement data is then further corrected for compliance of the load frame and the 

determination of the surface position during initial contact: 

ℎ = ℎ� − ��� − ℎ�� (6) 

where Ci is the load frame compliance value as calculated in the calibration process, � is the load 

applied to the surface, hsc is a constant surface find correction applied to all data points as calculated 

by post-calculation of the surface.  

By employing Hertzian contact mechanics13 and Sneddon’s theory16, the per cycle elastic modulus 

and indentation stress can be evaluated. The major modifications to the updated method applied in the 

current study are presented below.  

Equation (4) can be rearranged to give: 
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�	� = �169 ��� ℎ�
∗	����
�1 − ��′ 

�� 

(7) 

 

The first differential of equation (7) yields: 

!�	�!ℎ� = " = �169 ��� 
∗	����
�1 − ��′ 

�� 

(8) 

 

where ℎ� is defined as: 

ℎ� = ℎ� − ℎ# (9) 

where ℎ�= per cycle maximum displacement and ℎ#= per cycle residual depth of the indent. 

As such, a plot of �$% against ℎ� should produce a linear plot of gradient " if the data satisfies 

equation (7). Equation (7) is the first major modification of the method developed by Bushby et al.3,11, 

i.e. the utilisation of the all data points along each cycle unload curve as opposed to the data points at 

only two points on each unload curve.  

The geometric relation between a sphere elastically deforming a half space yields the following 

expression for the radius of the residual depth of impression (�&): 

�& = '	 + ℎ#	2ℎ#  
(10) 

 

where a is the contact radius between the indenter and the sample and hr is the depth of the residual 

impression into the sample. 

A further geometric relation expresses ' as: 

'	 = 2�ℎ� − ℎ�	  (11) 

where hc is the contact depth. 
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Previous methods have calculated hr by applying equation (4) to the fully loaded and partially 

unloaded data pairs of each load cycle.
1
 In the method developed in this work, hr is evaluated by 

calculating the displacement axis intercept of each per cycle fit (i.e. linear equation with gradient ") 

of the per cycle unload curves. This is the second major modification of the multi-cycle analysis 

procedure since Bushby et al’s method
3,11

.   

ℎ� is evaluated from ℎ# from Sneddon’s result for spherical tips:16 

ℎ� = ℎ� + ℎ#2  
(12) 

Where ℎ�= per cycle maximum displacement. 

Equations (10) and (11) can be substituted into equation (8) (7) to yield a quadratic as: 

32ℎ�
∗	�	 + *18"�ℎ# − 18"�ℎ� + 16ℎ#	
∗	 − 16ℎ�	
∗	,� + 9"�*ℎ�	 − ℎ#	, = 0 (13) 

Which, when solved using materials with known values of 
∗, can be used to plot the apparent tip 

radius as a function of the contact depth into a material. This analysis forms the bulk of a refined 

calibration procedure, as opposed to using the ‘original’ two-point method.  

The per cycle elastic modulus is evaluated by rearranging equation (8) in terms of 
∗: 


∗ = .9"�
16� �1 − ��′� 

(14) 

 

Finally, the indentation stress (/�, and strain (0�, is calculated as: 

0� = '� 
(15) 

/� = ��1'	 
(16) 

where ��=per cycle maximum load. 
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3 Experimental  

The nanoindenter used for all the tests performed was a Keysight Technologies G200.
17

 Two spherical 

indenter tips were used with nominal radii of 10 µm and 50 µm and were supplied by Microstar 

technologies. Table I shows the elastic properties of the samples used in this experiment.  

The fused silica and borofloat were supplied by Keysight as standard reference samples. The iron 

sample was prepared by grinding to a 4000 SiC paper finish followed by polishing using colloidal 

silica, which resulted in a surface that exhibited strong electron backscattered diffraction patterns 

indicative of a surface free from polishing damage.  

The contact radii (R) for the tips as a function of contact depth (hc) were calibrated using the multi-

cycle loading method on the fused silica, borofloat, glassy carbon and sapphire samples. The same 

calibration data sets were also processed using the updated method. 

The per cycle upper loading limit was defined as: 

�234 = �2345��5��  
(17) 

Where ��=loading rate, �234= maximum test force, 5�= current force cycle number, 5�= total number 

of cycles.A cubic relationship between Fmax and the ci was chosen because this results in a greater 

proportion of the load cycles in the elastic deformation region of the tungsten and iron samples.  

The unloading rate for all tests was subsequently defined as: 

�� = �2345��5���  
(18) 

 Where � = cycle load time. 

Note the unloading rate for each cycle will therefore vary because the time taken to complete each 

unload is fixed.  

The unloading rate was assessed by defining it as an integer multiple of equation (18), i.e.:  
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�� = 6 × �2345��5���  
(19) 

Where n = multiple 

Table II denotes the times to unload for each specified unload multiple. 

There was no peak load hold period for all indentation tests reported in this paper. 

 

4 Results & Discussion 

4.1 Indenter Tip Calibrations 

Figure 2 shows the calculated effective tip radii as a function of indentation contact depth for 3 

indents on each of 3 reference materials samples processed by the original method (Bushby et al.
3,11

) 

and the updated method developed for this work (see Section 2 for details).  

Figure 2 shows little difference between the original and updated method. This is as expected because 

the three samples used in the tip calibration should deform with an entirely elastic response for the 

selected load range.  The updated method gives calibrated indenter radii about 8% smaller than the 

original method.  The dispersion in data is also slight less for the updated method.  The calibration 

data for the sapphire reference material is unusual for the 30 µm radius indenter, possibly because of 

the generation of Hertzian ring cracks that increase the compliance of the surface.  Also, the data for 

high hardness sapphire sample at low penetration depths (< 20 nm) show the roughness on the surface 

of the indenter. 

Both tip radii are of relatively constant radius as a function of contact depth; an important attribute 

given the Hertzian contact mechanics
3,11,13

 used to calculate the elastic modulus of the unload sample 

assumes the tip radius remains constant. Tip radius functions were produced by fitting to all the data 

shown in Figure 2 for the original and updated methods; these functions were independently used for 

each technique throughout the subsequent work reported here. 
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4.2 Analysis of the unloading curve during elastic-plastic deformation  

As described in Section 2, two underlying assumptions underpinning data analysis are that the tip 

radius remains constant throughout the unloading and that the unload response is fully elastic and 

recovers vertically. Where these assumptions are valid the unload data will follow a true Hertzian 

response and the plot of F
2/3

 vs h will be linear with a slope described by equation (8).   

Figures 3 (a) and (b) illustrate typical unload curves in pure iron with an 8 µm radius spherical tip for 

indentation cycles 10 and 40 respectively. During cycle 10, the indentation response is still purely 

elastic and no indentation pop-in event has occurred. At cycle 40 the indentation progresses via 

elastic-plastic deformation. Linear fits of the unload curves have been plotted in Figures 3 (a) and (b) 

and corresponding deviations from these fits are plotted in Figures 3 (c) and (d). The unload curve for 

the 10
th
 cycle appears to follow a linear response in F

2/3
 vs h for the entire unload curve and provides a 

measure of the scatter, which is approximately +/- 0.02mN2/3 in this case. Conversely, the unload 

curve for the 40
th
 cycle exhibits additional displacement with instantaneous reduction in load, which 

may result from poor machine control of load and displacement signals12 and/or additional material 

deformation, e.g. creep. The absence of this non-linearity in the 10th cycle data suggest that this 

behaviour is predominantly cause by the latter. 

A series of linear fits were calculated on the 40th unload curve presented in Figure 3 (b) by varying the 

upper bound of the fitted data range from peak load to 10% of peak load. The coefficient of 

determination, R
2
, is plotted in Figure 4 (a), as a function of the upper bound position of the unload 

curve described by the percent of peak load. From this data the unload curve appears to approach 

linearity after unloading by 5% of peak load. 

Figure 4 (b) shows the calculation of residual depth (hr) from the 40
th
 unload curve using both the 

original method, using only two data points, and by using the updated method of fitting all the unload 

data as a function of percentage of unload curve used with an upper bound of 5% peak load. The 

calculation of hr tends to a constant value as more of the unload curve is used. hr in the updated 

method converges to a constant value when the lower bound is ≤60% of the peak load, whilst the 
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original method is susceptible to noise and variation in the calculation of hr when the lower bound is 

more than ~40% of the peak load. This data suggests that the most appropriate fitting range for unload 

data using the updated method is within the bounds of ≤60% and 95% of the peak load.  

Figure 5 demonstrates the improvement achieved by increasing the range of unload data analysed for 

elastic modulus measurement from a typical indentation test on pure iron. As indicated by the hr 

measurements shown in Figure 4 (b) the measurement of elastic modulus exhibits less scatter when 

the lower bound of the unload fitting is ≤60%. This is also evident by observing the decrease in the 

standard deviation to around 10% of the nominal value for pure iron when the lower bound of the 

unload curve is set to 25% of the peak load. It is acknowledged however that a fair portion of the 

standard deviation will be driven by the noisy pre- pop-in data.  

4.3 Apparent Machine Issues 

The issues raised in section 4.2 identify parts of the unload curve which deviate from the Hertzian 

elastic response due to material-based issues, e.g. creep. In order measure possible effects of machine 

control issues, a sample of fused silica was indented at two loading/un-loading rates (see Table II) 

with a 30 µm radius tip for a fully elastic response. This enabled the testing over a large displacement 

and load range in a system that should not exhibit the dislocation-mediated material deformation 

behaviour as observed in the iron-based tests. The per cycle unloading rate is calculated as a simple 

integer multiple of the loading rate, termed the unload multiple (UM) (see Table II). 

Figures 6 (a) – (c) show the final load cycles for the low (UM1) and high (UM4) unloading rates; note 

the per cycle loading rate remained constant. 

Figure 6 (b) shows an increase in the unloading rate results in a spread of the load-displacement data 

and the development of a nose-like shape in the data at the top of the unload curve (similarly observed 

in Figure 3 (b)). This hysteresis effect is likely to be due to the response time of the nanoindenter, 

which in this case has a relatively long time constant of 200ms.
12

 The interaction of this time delay 

with the creep response of the material on load reversal leads to the hysterisis, which increases with 

higher unlaoding rates.  This is counter intuative since a faster unloading rate should reduce the effect 
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of continued creep during unloading.  A discontinuity in the data is also observed at the bottom of the 

unload curve (Figure 6 (c)) and is atributed to the activation of the “High Load” option in the G200 

nanoindenter.  

Similar to Figure 4 (a), several linear fits were calculated on the 40th unload curve of the UM4 test 

presented in Figure 6 (a) – (c) by varying the upper bound of the fitted data range from peak load to 

10% of peak load. In order to avoid the high load activation, the lower bound in this case was defined 

as 75% of the peak load. The coefficient of determination, R2, is plotted in Figure 7 (a), as a function 

of the upper bound position of the unload curve described by the percent of peak load. From this data 

the unload curve appears to approach linearity after unloading to 5% of the peak load.  

Figure 7 (b) shows plots of the calculated residual depth, hr, versus tip speed, calculated by dividing 

the distance travelled by the indenter tip by the time taken for each unload curve for both unloading 

rates (UM1 and UM4) and for the original and updated method. The data in this plot was calculated 

using an upper bound of the unload curve of 5% and lower bound of 25% of the per cycle maximum 

load.  

Figure 7 (b) shows a linear relationship between the calculated residual depth and the tip speed for 

both the original and updated method. The residual depths for both methods correlate well with the 

higher unloading rate (UM4) however, this is not the case with the lower unloading rate (UM1). As 

shown in Figure 8 (a), the elastic modulus calculated using the original method is seen to be slightly 

underestimated and inconsistent with unloading rate compared to the nominal value shown in Table I.  

Figure 8 (b) shows that the calculated elastic modulus using the updated method is consistent despite 

the unloading rate. 

 

5 Conclusion 

An updated method to process the raw load-displacement data from nanoindenter multi-cycle tests 

using spherical tips was developed. By carefully deselecting non-Hertzian regions of the unload curve, 
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the updated method was shown to calculate the per-cycle residual depth for each cycle using an 8 µm 

radius tip into a sample of iron with high precision and accuracy compared to the original method. 

This results in a reliable elastic modulus calculation therefore providing confidence in the calculation 

of hardness and other mechanical properties. It was found that increasing the unloading rate on a 

sample of fused silica also resulted in an inconsistent calculation of the residual depth using the 

original method resulting in an unphysical shift in the calculated elastic modulus. This effect was 

significantly reduced using the updated method.  
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FIG. 1 – A typical cyclic load-displacement plot into a sample of single crystal tungsten using a spherical tip with a nominal 

radius of 30 µm. The arrows show the loading direction.  

FIG. 2 – Effective tip indenter tip radii as a function of contact depth for 9 indents (3 into each of fused silica, glassy 

carbon and sapphire) processed using: (a) 30 µm tip calibrated using the original method developed by Bushby et al; (b) 

30 µm tip calibrated using the updated method developed for this work; (c) 8 µm tip calibrated using the original method 

developed by Bushby et al3; (d) 8 µm tip calibrated using the updated method for this work. 

FIG. 3 – Linear fitting of entire unload curves for the 10th (a, c) and 40th (b, d) cycles of an indent in pure iron using an 8 µm 

radius spherical tip. 

FIG. 4 – (a) Coefficient of determination, R2, as a function of upper bound position; (b) variation of residual depth 

calculation as a function of percentage of unload curve used with an upper bound of 5% peak load. 

FIG. 5 –Elastic modulus as a function of contact depth for one test into a sample of iron using an 8 µm radius tip and using 

the updated method. The upper bound of the data used in the unload curve is 5% of the per cycle max load. The lower bound 

is altered showing the effect of this on the per cycle elastic modulus.  

FIG. 6 – (a) Entire load-displacement curve for the final cycles of the low unloading rate (UM1) and high unloading rate 

(UM4) tests; (b) magnified region comparing the initial unloading behaviour; (c) magnified region comparing the bottom of 

each unload curve. 

FIG. 7 – (a) Coefficient of determination, R2, as a function of upper bound position showing for the last load cycle of the test 

with the largest unloading rate (UM4) and (b) comparison of the calculated residual depth from both the original and updated 

method with tip speed. 

FIG. 8 –Elastic modulus versus indentation strain for three separate tests into the sample of fused silica using a tip of average 

apparent radius of 30 µm and unloading rate multiples of 1, 2 and 4.  
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Table I – Reference and test samples and their elastic properties. 

Material Elastic Modulus (GPa) Poisson’s Ratio 

Fused Silica 72 0.19 

Borofloat 62 0.19 

Glassy Carbon11 36.5 0.20 

Sapphire
11

 420 0.22 

Tungsten
11 

411 0.3 

Iron 210 0.3 
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Table II – Time to complete one unload for each specified unload rate multiple (UM). 

Unload Rate Multiple (UM) Time to unload (s) 

UM1 3.75 

UM4 0.94 
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Table III – Standard deviations for each data set presented in Figure 5. 

Dataset Arithmetic Average (GPa) Standard Deviation (GPa) 

75% of Max Load 212.1 57.1 

50% of Max Load 201.6 37.7 

25% of Max Load 208.2 17.2 
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A typical cyclic load-displacement plot into a sample of single crystal tungsten using a spherical tip with a 
nominal radius of 30 µm. The arrows show the loading direction.  
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Effective tip indenter tip radii as a function of contact depth for 9 indents (3 into each of fused silica, glassy 
carbon and sapphire) processed using: (a) 30 µm tip calibrated using the original method developed by 
Bushby et al; (b) 30 µm tip calibrated using the updated method developed for this work; (c) 8 µm tip 

calibrated using the original method developed by Bushby et al3; (d) 8 µm tip calibrated using the updated 
method for this work.  
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Linear fitting of entire unload curves for the 10th (a, c) and 40th (b, d) cycles of an indent in pure iron using 
an 8 µm radius spherical tip.  
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(a) Coefficient of determination, R2, as a function of upper bound position; (b) variation of residual depth 
calculation as a function of percentage of unload curve used with an upper bound of 5% peak load.  
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Elastic modulus as a function of contact depth for one test into a sample of iron using an 8 µm radius tip and 
using the updated method. The upper bound of the data used in the unload curve is 5% of the per cycle 

max load. The lower bound is altered showing the effect of this on the per cycle elastic modulus.  
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(a) Entire load-displacement curve for the final cycles of the low unloading rate (UM1) and high unloading 
rate (UM4) tests; (b) magnified region comparing the initial unloading behaviour; (c) magnified region 

comparing the bottom of each unload curve.  
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(a) Coefficient of determination, R2, as a function of upper bound position showing for the last load cycle of 
the test with the largest unloading rate (UM4) and (b) comparison of the calculated residual depth from both 

the original and updated method with tip speed.  
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Elastic modulus versus indentation strain for three separate tests into the sample of fused silica using a tip 
of average apparent radius of 30 µm and unloading rate multiples of 1, 2 and 4.  
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