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A new drift-kinetic theory of the ion response to magnetic islands in tokamak plasmas is presented.
Small islands are considered, with widths w much smaller than the plasma radius r, but comparable
to the trapped ion orbit width ⇢bi. An expansion in w/r reduces the system dimensions from five
down to four. In the absence of an electrostatic potential, the ions follow stream lines that map
out a ‘drift-island’ structure that is identical to the magnetic island, but shifted by an amount ⇠
few ⇢bi. The result qualitatively holds even with the inclusion of the electrostatic potential required
for quasi-neutrality. The ion distribution function is flattened across these drift islands, not the
magnetic island. For large islands, w � ⇢bi, the e↵ect of the shift is negligible. For small islands,
w ⇠ ⇢bi, the shift results in a pressure gradient being maintained across the magnetic island. This
suppresses the bootstrap current drive for small islands, which is an important new e↵ect, influencing
the threshold for neoclassical tearing mode instabilities — a key result for the performance of future
tokamaks, including ITER.

Magnetised plasmas are susceptible to tearing mode
instabilities, characterised by the evolution of magnetic
islands. These arise from a filamentation of the compo-
nent of current density along magnetic field lines which,
in turn, creates the island structures. The change in
magnetic topology associated with these islands has an
impact on the confinement of the plasma by the mag-
netic field. It is therefore important to determine the
conditions under which they grow to large amplitude. To
address this, it is necessary to understand how the ions
and electrons respond to magnetic islands, what currents
that response creates, and whether those currents act to
amplify or heal the island.

In the simplest picture, ions and electrons free-stream
along magnetic field lines. As a result, their distribu-
tion functions are constant on the perturbed magnetic
flux surfaces of the island. In the absence of heat and/or
particle sources, this results in a flattening of the distri-
bution function across the island O-point. In this Letter,
we show that the particle drifts have a significant impact
on this picture, especially when the width of particle or-
bits associated with those drifts are comparable to the
island width. As a particular example we focus on the
tokamak, which provides a good illustration of the e↵ect
because: (a) it has E ⇥ B, grad-B and curvature drifts;
and (b) the results have consequences for an important
tokamak instability called the neoclassical tearing mode.

In tokamak plasmas, the current density filamentation
that drives neoclassical tearing modes is typically domi-
nated by the bootstrap current. In toroidal geometry, a
fraction of particles are trapped in the low magnetic field
region of the tokamak plasma executing closed, banana-
shaped orbits. With the presence of a pressure gradient,
the finite banana width of those trapped particle orbits
drives opposing flows in the ions and electrons along mag-
netic field lines in a similar mechanism to that respon-

sible for diamagnetic flows. This seeds the aforemen-
tioned bootstrap current, that is carried by the passing
(i.e. non-trapped) particles [1]. With a magnetic island
present, the flattening of the pressure gradient creates a
hole in the bootstrap current, and (for typical tokamak
conditions) the resulting filamentation of current density
leads to an amplification of the magnetic island. This is
the neoclassical tearing mode (NTM) instability [2–9]. It
is a major concern for ITER because, if not controlled, it
causes significant confinement degradation and can even
terminate the plasma discharge in a disruption.

Neoclassical theory is well-developed to describe the
physics of the trapped and passing particles when their
trapped banana orbit widths, ⇢

bi

and ⇢
be

, are much
smaller than the length scales associated with the plasma
profiles (e.g. pressure gradient). Accounting for the is-
land geometry, the theory provides a good description of
the bootstrap current drive when the islands are much
wider than the ion banana width. The NTM theory then
predicts that all ‘seed’ magnetic islands, however small,
will grow to large amplitude with a dramatic deleterious
impact on confinement. However, experiments indicate
that additional mechanisms are present suppressing mag-
netic islands that have a half width w comparable to the
trapped ion banana orbit width: w ⇠ ⇢

bi

[10]. This
is precisely the regime where the conventional theory
breaks down. To develop a quantitative understanding of
this threshold phenomenon, it is necessary to extend the
theory to understand: (1) how the ions respond to small
islands; (2) the consequences for the perturbed bootstrap
current in a tokamak; and (3) the consequences for the
NTM drive. We address each of these in this Letter.

Our starting point is the drift kinetic model to describe
the ion distribution function in a magnetised plasma,
with electrostatic potential �. Assuming that the ef-
fect of the island on plasma parameters is localised to
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its vicinity, we work in the island rest frame and seek
a steady state solution, neglecting any temporal fluctu-
ation in fields (see [11] for impact of turbulence). The
drift kinetic equation for the ion distribution function f

i

can then be written in the time-independent form:

vkrkfi + v
E

·rf
i

+ v
b

·rf
i

� Ze

m
i

✓
vkrk�

v
+

v
b

·r�

v

◆
@f

i

@v
= C

i

(f
i

),
(1)

where v is the particle speed (k denoting a component
parallel to the magnetic field, B), rk = b ·r, b = B/B
and v

E

= (B ⇥ r�)/B2. v
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the combination of grad-B and curvature drifts, !
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is the ion gyrofrequency, and Ze and m
i

are the
ion charge and mass respectively. On the right hand side
of Eq. (1) is the collision operator. Spatial derivatives
are taken at constant kinetic energy E = m

i

v2/2 and
magnetic moment µ = m

i

v2?/2, where v2? = v2 � v2k. We

define the pitch angle, � = µ/E , so that vk = �v
p
1� �B

with � = vk/|vk| = ±1.
Our choice for the radial coordinate is x = ( � 

s

)/ 
s

,
where  is the poloidal flux and  

s

labels the rational
surface where the safety factor, q( =  

s

) = m/n, with
m and n being the poloidal and toroidal mode numbers
of the magnetic island respectively. Our other two spa-
tial coordinates are the straight field line poloidal an-
gle ✓ measuring the distance along an equilibrium mag-
netic field line, and helical angle ⇠ labelling the field
lines at the rational surface. For a toroidally symmet-
ric tokamak plasma, the canonical angular momentum,
p
�

= ( � 
s

)�Ivk/!ci

, is conserved during particle mo-
tion, where I( ) = RB

�

with R the major radius and B
�

the toroidal component of the magnetic field. Exploiting
this variable is key to reducing the dimensionality of the
system. We solve Eq. (1) by writing the ion distribu-
tion thus: f
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where (0) indicates the quantity evaluated at the ra-
tional surface, the prime denotes a di↵erential with re-
spect to  , T
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is the ion temperature and F
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is the ion thermal speed, n
i

is the ion density and k
B

is Boltzmann’s constant.
The magnetic field of a tokamak has a maximum,

B
max

, on the inboard side. If � < �
c

⌘ B�1

max

, the parti-
cles pass around the full extent of the flux surface, most
of them deviating from it by a small amount ⇠ ✏⇢

✓i

,
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is the poloidal ion Larmor ra-
dius, and ✏ = r/R is the inverse aspect ratio. If � > �

c

the particles are trapped to the region of weaker mag-
netic field, bouncing between the two points ✓

b± along
the field lines, where �B(✓ = ✓

b±) = 1, and deviating
from the flux surface by a larger amount called the ion
banana width, ⇢

bi

⇠ ✏1/2⇢
✓i

. In a tokamak, the system
size is typically much greater than ⇢

✓i

, so we can intro-
duce a small parameter, � = ⇢

✓i

/r
s

, where r
s

is the

minor radius of the rational surface where  =  
s

. We
wish to consider the ion response to small islands with a
width w comparable to the ion banana width. Then, we
seek solutions to Eq. (1) by expanding in powers of �:
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Ordering w/r, Ze�/T
i

and g
(0)

i

/F
Mi

(0) all like �, the
leading order contributions to Eq. (1) come from the free
streaming along the magnetic field lines, as well as the
radial components of the grad-B and curvature drifts,
which combine to give:
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assuming that the collisional term on the right hand side
of Eq. (1) is order � smaller than this free-streaming
term. We can integrate Eq. (2) to find that g

i

is in-

dependent of ✓ at fixed p
�

, i.e. g
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, ⇠,�, v;�). This reduces the dimension of the

problem from 5D to 4D, but the form of ḡ(0)
i

is still to be
determined.
At next order we derive an equation for g

(1)

i

in terms
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i

, where the term in g
(1)

i

has the same form as that
in Eq. (2). This term is eliminated by taking the average
over ✓ at fixed p

�

, ⇠, � and v; equivalent to averaging over
the particle orbits. For � < �

c

, we can integrate over a
period in ✓, imposing a periodic boundary condition to

eliminate the term in g
(1)

i

. In the trapped region (� >
�
c

), we integrate between the bounce points ✓
b± and sum

over the two streams, � = ±1, which then annihilates

the term in g
(1)

i

due to continuity at each of the bounce
points. Considering a large aspect ratio circular cross
section tokamak, dropping terms of O(✏2) and smaller,
and writing the magnetic field perturbation B

1

= r ⇥
(Akb), with RAk = �w2q0/(4q)f(⇠) (q0 = dq/d ) we

arrive at our final equation for ḡ(0)
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ŵ2

4

df

d⇠
⇥(�

c

� �)

� !
E,x

�
@ḡ
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where h...i

✓

denotes the orbit average described above.
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and ⇥ is the Heaviside function.
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FIG. 1. (Colour online) Colour contour plot of the ion dis-
tribution function in the x � ⇠ plane obtained from Eq. (3),
with the magnetic island separatrix flux surface (dashed) and
contours of constant stream function, S (full).

FIG. 2. (Colour online) Radial ion density profile for ⇢̂✓i/ŵ =
0.1 and ⇢̂✓i/ŵ = 1.0 across the island O-point. Even for
small ⇢̂✓i there is a partial restoration of the flattened density
gradient, and the flattening is almost entirely gone for ⇢̂✓i ⇠
ŵ.

We solve Eq. (3) numerically for arbitrary values of ⇢̂
✓i

and ŵ, employing the momentum-conserving model col-
lision operator described in [12]. To determine the nor-
malised electrostatic potential �̂, we impose the quasi-
neutrality condition, which requires a solution for the
electron response. Because the electron orbit width is a
factor (m

e

/m
i

)1/2 smaller than that of the ions, we adopt
the small ⇢

✓e

/w solution described in [5]. To ensure that
the collisions correctly account for momentum conserva-
tion, we use our numerical solutions for the ion flow in
the electron collision operator.

Fig. 1 shows a colour contour plot for the passing par-
ticle ion distribution function for parameters: ŵ = ⇢̂

✓i

=
0.02, L

q

/r
s

= 1.0, �/�
c

= 0.1, v̂ = 1.0, ⌫⇤i = 0.01,
✏ = 0.1, and f(⇠) = cos ⇠ (likewise for subsequent figures,
unless otherwise stated). The island structure is clear in
the colour contours, but comparison with the magnetic
island flux contours shows a shift in the contours of con-
stant distribution function compared to the magnetic is-
land. To understand this, consider the collisionless limit

of Eq. (3) which, to leading order in �, can be reduced
to the following form:
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This function S is the stream lines for the ions. When
the e↵ect of � is ignored (which represents the e↵ect
of the E ⇥ B drift), one can show that the contours of
constant S are identical to the magnetic island flux sur-
faces, but shifted by a few ⇢̂

✓i

. The result of Eq. (5)
is that the ion distribution function now only depends
on three variables in the low collision frequency limit:

g
(0)

i

(x, ✓, ⇠,�, v;�) = ḡ
(0)

i

(S,�, v;�). This is the toroidal
generalisation of the result from slab geometry (i.e. Eq.
(8) of [13]). The dependence on S, � and v can be de-
rived by introducing collisions at next order to provide
another constraint equation [14]. The contours of con-
stant S are shown as the full curves in Fig 1, confirming
that they coincide with the colour contours of the dis-
tribution function. We refer to the constant S island
structures as ‘drift islands’.
The shift of the drift island for � = +1 is equal and

opposite to that for � = �1. In constructing the den-
sity, one sums over � before integrating the distribu-
tion function over � and v. Because the regions where
the distribution function is flattened shift in opposite di-
rections for � = ±1, the distribution summed over �
supports substantial gradient inside the magnetic island
when ŵ ⇠ ⇢̂

✓i

. For large ŵ � ⇢̂
✓i

, the shift in each direc-
tion is relatively small, and then the distribution function
is approximately flattened across the magnetic island, as
expected. However, when ŵ ⇠ ⇢̂

✓i

a density gradient is
supported inside the island (see Fig. 2). This is a finite
orbit width e↵ect — not the well-known transport e↵ect
[4]. The strong parallel flows of the electrons tend to
flatten their density across the island even for the small
island width case. However, the electrons depend on the
electrostatic potential also, and their response must ad-
just to satisfy quasi-neutrality. Our converged solutions
do indeed satisfy quasi-neutrality, and the same gradients
are supported in the electron density as we see here for
the ion density. A similar result was found in [15], which
treated only ions and neglected quasi-neutrality e↵ects.
Our analysis provides an interpretation, as well as con-
firming the result in a more accurate plasma model.

To understand the impact of these results on the boot-
strap current, we now proceed to consider the ion flows.
For the ions the parallel streaming and E ⇥B flows are
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FIG. 3. (Colour online) Contour plots of ion parallel flow,
uki, on x � ⇠ half-plane. The flow profile is approximately
symmetric about the island centre (x = 0). For small ⇢̂✓i/ŵ =
0.1 (left), the flow is largely a flux surface quantity, but for
large ⇢̂✓i/ŵ = 1 (right), it is entirely di↵erent. The white
contour shows the position of the magnetic island separatrix.

expected to compete (e.g. see [5, 12]), so it is particularly
important that the electrostatic potential is derived con-
sistently with the quasi-neutrality condition. From Fig.
3, it is clear for the small ⇢̂

✓i

case that the pattern of the
flow around the island follows the perturbed magnetic
island geometry and that the flow inside the island sep-
aratrix is in the opposite direction to that outside. On
the other hand, the case for ⇢̂

✓i

= ŵ is more complicated
— there is a notable variation in the flow within a flux
surface, with a broader peak in the profile a few island
widths beyond the separatrix.

To calculate the impact on the neoclassical tearing
mode drive, we require the current perturbation. Com-
bining our numerically derived ion flows with the analytic
theory for the electron neoclassical flows [5], we derive the
current averaged over the magnetic island flux surfaces.
The contribution to the island evolution is characterised
by �0

bs

, given by [5]:
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2x2/ŵ2�cos ⇠ the perturbed flux function describing the
island geometry. The flux surface integrals are taken at
constant ⌦.

The results for �0
bs

normalised to �
✓

as a function of
ŵ are shown for a range of ⇢̂

✓i

in Fig. 4 (�
✓

= 2µ
0

p2/B2

✓

,
where p is the plasma pressure). For large ŵ � ⇢̂

✓i

the result asymptotes to the value expected from pre-
vious analytic theories [2, 3, 5], which is represented by
the dashed line. However, for small island width we see
that the impact of the shift of the drift islands compared
to the magnetic island is to reduce the bootstrap drive.
The negative value of �0

bs

at the smallest island widths
indicates that the e↵ect of the current perturbation is

FIG. 4. (Colour online) The bootstrap current contribution
to the island evolution, �0

bs, normalised to �✓, as a function
of of ŵ, for di↵erent values of ⇢✓i. The black dotted line is
the analytic result of [5], for which �0

bs / 1/w.

to heal the island — a remarkable and unexpected re-
sult. For larger ⇢̂

✓i

, the peak value in �0
bs

decreases sub-
stantially, suppressing the bootstrap drive for the island
growth. The critical island width, w

c

, where �0
bs

passes
through zero, increases linearly with ⇢

✓i

: it can be fitted
by w

c

' 2.7⇢
✓i

.
To understand the physics underpinning the stabilisa-

tion of small islands, we plot in Fig. 5 the individual
ion and electron current density contributions to �0

bs

.
Plotting ⇢

✓i

�0
bs

/�
✓

vs. w/⇢
✓i

, we find that all five ⇢
✓i

/r
cases condense onto a universal set of curves for the ion
and electron contributions. This is a consequence of the
parallel flows being proportional to ⇢

✓i,e

, as predicted by
analytic neoclassical theory. Notice that, as w ! 0, the
ion contribution to �0

bs

tends to zero, consistent with the
gradient (and therefore bootstrap current) being unper-
turbed in this limit. Indeed, we expect that when the
island width is much less than the ion banana width,
the ions will average over all fields associated with the
island. Electrons still respond to the island electromag-
netic fields, so an electrostatic potential is established to
maintain quasi-neutrality; we postulate that it is the re-
sponse of the electrons to this potential that creates the
stabilising contribution to the current density.
In conclusion, we have presented a new drift kinetic

theory for the response of ions to small magnetic islands
in tokamak plasmas, and deduced some of the implica-
tions for the neoclassical tearing mode threshold physics.
Neglecting cross field transport, we find that a conse-
quence of the drifts is that the ion distribution function
is not flattened across the magnetic island, but rather
across a drift island that is shifted radially compared to
the magnetic island. This shift is important for small
islands comparable to the trapped ion banana width, in
which case a pressure gradient is maintained inside the is-
land. This suppresses the bootstrap current drive for the
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FIG. 5. (Colour online) Plot of ⇢✓i�
0
bs/�✓, as a function of

w/⇢✓i, for di↵erent values of ⇢✓i. Red solid curves repre-
sent the total contribution, while green dash and blue dotted
curves correspond to ion and electron contributions respec-
tively.

neoclassical tearing mode and the flows are then dom-
inated by the electron physics, tending to heal a su�-
ciently small seed island. This new physics is important
for a complete theory of the neoclassical tearing mode
threshold and, in particular, for designing the NTM con-
trol system for ITER. Understanding the full implications
of our theory for quantifying the NTM threshold will be
the subject of future work, including an assessment of the
accuracy of our analytic theory for the electron response
employed here, the impact of finite ion Larmor radius,
and the impact of finite island propagation frequency,
including the ion polarisation current physics.
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