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Abstract. This paper illustrates the effect of three-dimensional conducting structures on the
evolution of Resistive Wall Modes (RWM) occurring in toroidal fusion devices. The CarMa
code is used to derive the model, which then is used to design a feedback controller of RWMs.
Some examples of application to the ITER geometry are reported.
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INTRODUCTION
Surrounding the plasma with a sufficiently close conducting structure, it is possible
to slow the growth rate of kink-like instabilities down to electromagnetic times.
Indeed, the eddy currents induced in such conducting structures have a stabilizing
effect, but they tend to decay, being the conductivity of the conducting wall finite,
giving rise to the so-called Resistive Wall Modes (RWM).
Such modes are receiving an increasing attention, in view of their importance in
present-day and future devices, like ITER, in setting limits in terms of achievable
normahzed beta. For this reason, it is of fundamental importance to make reliable
predictions about the RWM stability boundary and to develop models which can be
used for the design of an effective active control of such modes.
However, some open issues still remain in RWM modelling. One is the estimate of
the stabihzation effects due to plasma rotation and dissipation [1]. Another is the
evaluation of the effects of the complex three-dimensional conducting structures
surrounding the plasma [2, 3]; this effect is investigated in the present paper.
In particular, the CarMa code [4, 5, 6] is used to analyze configurations in which
the three-dimensional effects may provide a significant contribution to the overall
stability properties, from the point of view both of quantitative estimates of growth
rates and of the interpretation of the RWM spectrum.
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THE NUMERICAL MODEL
The CarMa code is described in details in [4, 5, 6]. It has been validated
experimentally on the RFX-mod device [7]; its approach has been demonstrated
analytically in [8-9]. Here we report only the main points.
The first assumption made is to neglect plasma mass, which is a very good
approximation since the RWM growth time is typically much slower than the Allven
time. Secondly, we disregard plasma rotation; this corresponds to a worst case
assumption, since plasma flow has a stabilizing effect. In addition, it is not clear if in
next-generation devices, including ITER, the rotation will give a significant
contribution to the stabilization of RWMs [10].
As a consequence of these assumptions, the plasma reacts instantaneously (i.e. with
no inertia) to external excitations (e.g. magnetic field perturbations).
In the following, we will assume a single toroidal mode « = 1 in the plasma. This is
not a limitation, since the CarMa code can easily deal with multimodal coupling which
can arise even in the linear case thanks to the three-dimensional conducting structure
surrounding the plasma [7].
A surface S is chosen, in between the plasma and the conducting structures. The
plasma (instantaneous) response to a given magnetic flux density perturbation on S is
computed as a plasma response matrix, solving the hnearized ideal MHD equations
using the MARS-F code [II]. The currents induced in the 3D structures by plasma are
described using a volumetric time-domain integral formulation of the eddy currents
equations [12], which requires a finite elements discretization of the conducting
structures only.
The effect of 3D structures on plasma is evaluated by computing the magnetic flux
density on S due to 3D currents. The currents induced by plasma on the conducting
structures are computed via an equivalent surface current distribution on S providing
the same magnetic field as plasma outside S.
Let Vc be the conducting domain surrounding the plasma, which is discretized via a
finite elements mesh. A part of this domain consists of active coils fed through a
number of equipotential electrodes S^ with voltage V^. We give a weak form of Ohm's
law with the Galerkin approach, using as test function and basis functions the edge
elements Nj related to thej-th edge of the mesh.
The overall mathematical model can be expressed as [6]:
L * - ^ + RI = FV
(I)
= dt ==where I is the vector made by the discrete degrees of freedom (DoF) representing the
3D current density J in the conducting structure as
J = X/*VxN,
(2)
The modified inductance matrix 1^ is a fully populated square matrix defined as:
L*=L + X
(3)
^Mr.
f cf c VxN,(r)-VxN,(r')
VxJN.(r)-VxJN .(r )
where X is an additional term due to the presence of the plasma [6].
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The resistance matrix R is a sparse square matrix:
^'V=i/^N,-2-VxN/F
where ^ is the resistivity tensor, while the matrix:
F..=-{ Vx-N.-ndS

(5)

(6)

JSj

describes the effect of voltage feeding of electrodes with normal n.
Simple manipulations of eq. (1) lead to
^ = A1 + B V .
(7)
dt ==Introducing the vector made of magnetic field perturbations y at given points, we
have also [6]:
y = CI.
(8)
Equations (7)-(8) define a state-space system which represent the evolution of the
3D currents in the structure taking into account the presence of a plasma.

FEEDBACK CONTROL OF RWM
Having the model described in the previous section, we can use the tools of control
theory to study feedback stabilization of RWM by means of suitable actuators (i.e.
non-axisymmetric saddle coils).
Best Achievable Performances
Considering «=1 unstable RWMs, the matrix A in equation (7) has a pair of
unstable eigenvalues a + jco ( a > 0,« > 0), corresponding to unstable eigenmodes
that are shifted of n/2 in the toroidal direction [4, 5, 6]. These modes must be
stabilized by using the available control coils, which are voltage driven by suitable
power supphes.
The voltage and currents limits of the power supplies constraint the amplitude of
the maximum perturbations which can be recovered. A method to estimate such
maximum perturbations is the evaluation of the null controllable region [13] of system
(7) when the power supplies are subject to a given maximum voltage constraints.
Hence, we assume that each component V, of vector V is admissible when it satisfies
the inequalities: -VMI- V, ^ VMU where FM is the maximum voltage available on the
/-th power supply.
An initial 3D current distribution lo is said to be null controllable, if there exists a
fiinite time tf and an admissible control voltage law V(t) such that the state trajectory
I(t) of the system (7) satisfies I(0)=Io, l(tf)=0. The set of all null controllable states is
called the null controllable region of the system (7).
By a suitable state space transformation x^ S L system (7) can be rewritten as
follows:
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a -co
X,
X,
1
1
d
0
u
(9)
x^ = a
a
x^ + u V.
dt
B
_x._
0
A^ _x._ L=o
The «^x«^ matrix As contains the stable modes of system (7). The null controllable
region of systems (7) and (9) are isomorphic under the transformation S, so it possible
to work directly with representation (9). A procedure to evaluate this null controllable
region, outlined in [13], is based on solving a suitable optimal control problem for the
reduced order system:
d_
+ B V.
CO
dt
which contains only the two unstable modes.
In particular, let P be the solution of the following Riccati equation:
T

l_

a
CO

-co
a

_,
P +P a -co + el + ¥ P
'
' CO a

0,

(10)

(11)

and
K

-r^

(12)

P

with Y and s being two positive scalars sufficiently large (7 ^ oo) and small
(e ^ 0), respectively. The null controllable region of system (9) can be obtained by
evaluating the stability region guaranteed by the state feedback control law:
f

(13)

F = sat K
where sat(.) is a vector of saturation functions:
' F. if
satj ( x ) :

X

if
if

x>F,.
- F,. < X < F,.
x<-F,.

(14)

This evaluation can be performed by means of simulations. It is worth to notice that
the control law (13) cannot be implemented in practice, since the components x; and
X2, along the unstable eigenvectors are not directly measurable.
Once the null controllable region has been evaluated, it is possible to characterize
the maximum allowable perturbations as initial (i.e. at / = 0) perturbations of the
magnetic fields measured by the sensors, using the output mapping in equation (8).
These maximum initial perturbations define the so-called Best Achievable
Performances (BAP).
The procedure for the estimation of the best achievable performance can be
modified so as to take into accounts the limits on the currents flowing in the active
coils. Let Sc denotes the null controllable region; we define Sca^ Sc as the set of the
initial 3D current distribution IQ far which there exists a finite time tf and an
admissible control voltage law V(t) such that the state trajectory I(t) of the system (1)
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satisfies I(0)=Io, l(tf)=0, and -IMI - lacft(t) ^ IMI, for all 0 ^ t ^ tf, where lacti denotes the
current flowing in the /-th active circuit.
The analytical evaluation of the set Sea is a very complex task, so that we resort to a
simplified procedure allowing us to obtain a subset See c Sea- This procedure is based
on shrinking the set Se until the constraint on the active currents are not satisfied.
Again this evaluation can be performed off-hne by means of numerical simulations.
Controller design
The controller design is based on the following requirements.
1) Obtain a closed loop null controllable region as close as possible to the null
controllable region determined by using the procedure outlined in the previous
section;
2) Allow to recover from a disturbance (modelled as an initial condition lying on
the unstable plane) as soon as possible, compatibly with the constraints on the
active coil voltages and currents;
3) To avoid to generate an^l magnetic field.
The feedback controller scheme is depicted in Fig. 1. The "Plasma/circuit model" is
represented by equations (7)-(8), while the transformation matrices TIN and TOUT are
determined as follows. The matrix TIN allows to evaluate the active voltage V from the
n=\ Fourier components of a spatially sinusoidal voltage waveform Vi, while the
matrix TOUT transform the magnetic field spatial distribution y to its n=\ Fourier
components yi.
The controller K is a dynamic multivariable controller designed by using the LQG
technique [14]. A balanced truncation technique [14] is used to obtain a sufficiently
low order controller. The main idea is to evaluate the importance of the single states to
the input-output map of the system to be reduced. In order to do this, we compute the
observability gramian Yo and the controllability gramian Xc of the system. It can be
shown that there exist a matrix I (called balanced transformation) such that:

l i e I^ =1'Xo ^')^ =^-

(15)

where S is a diagonal matrix whose diagonal entries hi are called the Henkel Singular
Values. The quantities hi are a quantitative measure of both observability and
controllability, and hence provide an indication of the importance of the corresponding
state to the input-output map. Consequently, we can reduce the order of the system
only to those states which significantly contribute to the input-output map; when doing
this reduction, also an error estimate is available.
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FIGURE 1. RWM feedback controller scheme.

RESULTS
In this section we report some results obtained on the ITER geometry. Both openloop and closed-loop analysis have been carried out.

Growth rate calculation
The reference geometry is reported in Fig. 2. A high level of geometrical details
have been included in the model: double shell vessel, nested port extensions, outer
triangular support (the copper cladding has been represented using an equivalent
resistivity), internal active coils. The latter are 27, arranged over nine toroidal sectors;
the geometrical parameters used refer to the so-called VAC02-A option. In fact, these
coils are primary intended for ELM control; in this paper we analyze their possible use
also for RWM control.
Two sets of different ITER equilibria have been considered: non-smoothed
equilibria (reference) and smoothed ones, in which the plasma region around the Xpoint has been smoothed, with a consequent diminution of the edge value of safety
factor q - the rest of the q profile has been kept practically unchanged.
Figure 3 reports the growth rates of the « = 1 RWM for various values of
normalized beta PN, assuming that the active coils are left open-circuited. Evidently,
the non-smoothed equilibria are substantially more stable for similar values of PN, due
to the higher q value at the plasma edge.
In the same figures we also report the values of the growth rates obtained also using
an axisymmetric mesh with the same poloidal cross section (i.e. with no port
extensions) and using a mesh in which ports are replaced by pure holes - this is the
simplest 3D modeling that one can think of [15]. Evidently, the purely axisymmetric
assumption is very optimistic, while considering holes is heavily pessimistic. Hence, a
correct 3D modehng of geometrical details (port extensions, in this case) may be
crucial for the analysis of RWM.
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FIGURE 2. Modeled ITER geometry: (a) overall view, (b) cutaway diagram showing internal control
coils and location and orientation of simulated magnetic measurements
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FIGURE 3. RWM growth rates as a function of normalized beta for (a) non-smoothed and (b)
smoothed ITER equilibria

Best Achievable Performances
We have computed the best achievable performances for the non-smoothed
equilibrium with PN = 3.17 (growth rate with only passive structures 30.0 s"'),
assuming the following voltage and current hmits for the ELM control coils:
a) No ELM control
Vmax = 75 V, Imax = 20 kA (uppcr and lower coils), Imax=13 kA (middle coil)
b) ELM control active
V™ax = 2 8 V , W x = 250A
Indeed, when ELM control is switched off the full performances of the actuators are
available for RWM control; conversely, when it is active, ELM control needs a
substantial part of the available voltage and current.
We define the quantities j^i and>'2 as:

227

Downloaded 11 Aug 2011 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions

X

y^)-

>": (0^

.)

(16)

where Bk(t) are N=18 measurements of the vertical magnetic field in the outboard
region at equally spaced toroidal angles cp^^.
In Figure 4 we report the results; the perturbations corresponding to points in the
interior of the polygons can be stabilized with the given voltage and current hmits. It
can be noticed that perturbations up to a few tens of mT can be stabihzed when full
performance is available for RWM control. Conversely, when ELM control is off only
substantially smaller perturbations (of the order of fractions of mT) can be stabihzed.
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FIGURE 4. Best Achievable Performances: (a) ELM control not active and (b) ELM control on

Feedback controller simulations
The controller has been designed to counteract perturbations along the unstable
eigenmodes of a reduced order model. However, it has been successfully verified on
the full model (i.e. with no order reduction), imposing a random initial condition on
the whole state (hence both on unstable and on stable modes).
Figures 5 and 6 show the required current in the active control coils, while Figure 6
shows the magnetic field perturbations at the locations reported in Fig. I. These
quantities are reported for the equilibrium with PN = 3.17 (growth rate with only
passive structures 30.0 s"'), for both cases a) and b) mentioned above (ELM control
active or not). Similar results can be obtained for the configurations with slower
growth rate.
We can note the following.
- The controller is able to stabilize a set of different equilibria, although it has
been designed on the most unstable with no particular requirements on
robustness.
- The maximum magnetic field displacement is of the same order of the Best
Achievable Performance shown in the previous section; this means that the
controller is not far from the maximum achievable.
- The actual limiting factor on performance is the current limit.
- If the ELM control is active, only very small perturbations can be stabilized
(fractions of mT in terms of magnetic field).
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FIGURE 5. Active coil currents with RWM feedback controller: (a) ELM control not active and (b)
ELM control on

FIGURE 6. Magnetic field perturbations with RWM feedback controller: (a) ELM control not active
and (b) ELM control on

CONCLUSIONS
In this paper we have illustrated how Resistive Wall Modes can be analyzed and
stabilized using a mathematical model taking into account three-dimensional effects of
the conducting structures surrounding the plasma. To this purpose, the CarMa code
has been used. Thanks to properties of the resulting model, the Best Achievable
Performances can be estimated and a feedback controller can be designed. The ITER
geometry with a high level of geometrical details has been studied.
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