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Higher-order Frenkel-Kontorova 
modelling of crowdions 

S. p. Fitzgerald and D. Nguyen-Manh 

EURATOM/UKAEA Fusion Association 
Culham Science Centre, Abingdon, 

Oxfordshire, UK, OX14 3DB 

Abstract. In this paper we model (111) self-interstitial defects, or crowdions, using an extended 
version of the analytical Frenkel-Kontorova model. We use a more general potential than the 
traditional sinusoidal one, and find that it can better describe the lattice potentials experienced by 
crowdions in the body-centred-cubic transition metals, as calculated in density functional theory. We 
obtain analytical formulae for the crowdion displacement field and elastic strain energy, as functions 
of three parameters appearing in the Lagrangian, for the generalized lattice potential. Furthermore, 
we investigate how the more complex structure of the generalized potential affects the effective 
potential experienced by the defect centre-of-mass, using a collective coordinate approach. 

Keywords: Crowdions, Frenkel-Kontorova model 
PACS: 61.72Bb,61.72jj 

INTRODUCTION 

The Frenkel-Kontorova model [1] has long been used to describe kinked dislocations 
in crystalline materials. More recently, it has been used to model crowdions in body-
centred-cubic (BCC) metals [2, 3], and clusters of such defects. Crowdions are the most 
stable defect in the non-magnetic BCC transition metals [4], and although in Fe they 
are not, highly mobile clusters of self-interstitial atoms (or equivalently prismatic edge 
dislocation loops) adopt this configuration. The (111) string containing the additional 
atom is modelled as an elastic string interacting with a periodic substrate, which cor
responds to the surrounding "perfect" lattice. In most cases, this periodic substrate po
tential is taken to be Fosin^ [nx/a), where a is the lattice spacing in the close-packed 
direction, since it is the simplest and most analytically tractable option, giving a field 
of atomic displacements in good agreement with numerical methods. However, recent 
density functional (DFT) calculations [3] show that the potential acting on a (111) string 
is not well-described by a simple sinusoidal model, particularly for the BCC transition 
metals in Group 6B of the periodic table. Fig.l, inset shows the DFT-calculated poten
tials for Mo and Cr, as examples of Group 6B. As far as the model is concerned, all 
that is required of the potential is periodicity, so the choice of Vosir? [nx/a) can be 
viewed as the leading term in a Fourier expansion of a more general potential. Adding 
a higher-order term, VQX sin^ {Inxja) (Fig.l, main), allows for a much better fit to the 
DFT results for the substrate potentials for all the BCC transition metals, at the expense 
of introducing one additional parameter [3]. 

Minimizing the resulting energy functional leads to an equation which may still be 
handled analytically, allowing us to explore a more general soliton solution for the 
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FIGURE 1. Substrate potentials for various values of A. The additional flexibility afforded by X allows 
the profile to be adjusted as well as the overall normalization. Inset: DFT potential calculations for Cr and 
Mo. The higher-order model potential can be fitted accurately to the DFT results for all the BCC transition 
metals. 

crowdion displacement field. Furthermore, the characteristic double-well structure of the 
Group 6B metals' potentials is shown to persist to the effective potential experienced by 
the crowdion's centre of mass. 

DISPLACEMENT FIELD SOLUTION 

We start from the FK Lagrangian. Writing M„ = z„ — na, and replacing the discrete 
displacements by a smoothly-varying function M„(?) -^ u{z,t): 

^ 
2 2 

dz j m /du\^ fia^/du 

S {"^-^Zn+^-Zn-af-ViZn) 

•V{U) (1) 

With 

V{u) = Vo{sm^ — +Xsm^—) 
' a a J 

for the potential, the Euler-Lagrange equation reads 

m^r-r-pa^—r Von 
a 

. 2nu ^, . 4nu 
sm h 2 A sm 

a a 

(2) 

(3) 
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For the static case M = 0 this becomes 

w" = n^ (sinw + 2A sin2w), (4) 

where w = Inu/a and ji^ = In^Vo/jia'*. This is valid provided the displacements vary 
slowly with z. The limit A ^ 0 returns the conventional FK model. With standard "kink" 
boundary conditions at infinity (u{—°°) = a,u{°°) = 0), corresponding to one extra atom 
in the string, this leads to 

W d w 
2 v'd^y 

V . = ^ ( l - c o s w + A(l-cos2w)) 

= 2^^(s in^- + Asin^w), (5) 

and hence 
dW / 9 w 9 
-— = ± 2 ^ 4 / sin — + A sin w, (6) 
dz V 2 

where we take the negative square root as we define the scaled displacement w to be 2n 
at —oo, decreasing to 0 at oo. This can be integrated to give 

z —zo = arcsinh a 

tanf 
(7) 

where a^ = 1 +4A, and ZQ is an arbitrary constant representing the centre-of-mass of 
the crowdion. The physics contained in the sine-Gordon-like Eq.(4) is independent of 
Zo, reflecting the continuum limit we have taken. Physically, this corresponds to the 
period of the substrate potential going to zero, and in this approximation the crowdion 
can move freely through the lattice. The only information about the substrate potential 
is that retained in the shape of the kink solution. Inverting and returning to the original 
variables we arrive at 

u(z) = — arctan 
n 

a 
sinh(^a(z —Zo)) 

(8) 

for the displacement field. This solution was previously derived for kinks in dislocation 
lines [5, 6]. Note the difference with respect to the Gudermannian solution of the 
conventional FK model (A = 0 ^ a = 1): 

Mo(z) = —arctan[exp[—^(z —Zo)]]. (9) 
n 

The argument of the inverse tangent in this case is always positive, so an additional 
factor of two is required to cover the range of displacement (a,0), which leads to a 
slight subtlety as regards the function (8) (and the associated boundary conditions): it is 
discontinuous at the origin. To remedy this, we may add a to the negative-z part of the 
solution, i.e. u -^ u + aQ{—z), with 0 the Heaviside function. This is entirely consistent 
with (5), and the boundary conditions are now satisfied. 
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FIGURE 2. Displacement gradients for various values if X. The displacement field arising from the 
more general potential can better accomodate the DFT-calculated results (Inset: DFT displacement gradi
ents for W and Fe). 

Fig.2, inset shows the DFT-calculated displacement gradients for W and Fe. The main 
part of the figure illustrates the enhanced versatility of the analytic solution arising from 
the more general potential. The solution can be accurately fitted to the DFT results all 
the BCC transition metals [3]. 

CROWDION ENERGIES 

The total energy is given by 

E = § 
dz 

where 

S' = 
/3fl2 

VQ sin^ nu X sin' 
2 2nu\ 

a I 

(10) 

(11) 

Substituting Eq.(8) (the addition of a to the negative-z part of the solution is irrelevant 
here, since (f depends on u only via derivatives and a-periodic functions), and using 
4A = a^ — 1, we arrive at 

^ : 
a c o s h ^ az 

(a^ + sintf^az) 

,4,,2 jia'^IJ. 

2n2 
-Vo (12) 

The terms in square brackets represent the contributions to the total energy from the 
tension in the string and the interaction with the substrate potential. In fact, they are equal 
as can be seen simply from the definition of ji. Thus, the soliton solution partitions the 
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energy equally between the two contributions, as with the conventional FK sine-Gordon 
soliton. The limit A ^ 0 corresponds to a ^ 1, and the integrand in the above reduces to 
sectf (jiz). This recovers the energy expression for the sine-Gordon solution. For a > 1, 
the integral may still be performed analytically, and yields the final result 

co sh^ ' a \ 2a 
E = -^2VoP{a+ ^ ^ ^ — v ^ 2 ? ^ a s a ^ l . (13) 

n \ V â  -1 / ^ 

POTENTIAL FOR THE DEFECT CENTRE-OF-MASS 

In the continuum limit, the energy is independent of the crowdion's centre- of-mass, i.e. 
it is translation-invariant (similar to a Goldstone mode in field theory). To return to the 
discrete description, we follow [7] and start by writing the total energy as 

£• = X {j{Zn+l-Zn-af + V{Un) 

^ 2 £ V{Un). (14) 

This is permissible since the soliton solution partitions the energy equally between the 
interactions between atoms in the crowdion string, and those between the string atoms 
and the surrounding strings, encoded in the substrate potential. For the M„ we use the 
continuum solution for the displacement field Eq.(8), evaluated at the discrete lattice 
sites z = na: 

a : uina) = — arctan 
n smh{iia{na—xo)) 

(15) 

A perturbative series for the energy as a function of XQ can be obtained via the Poisson 
summation formula: 

E{xo) = 2Voa' i costf(«M(««-xo)) 
„^oo (a^ + sinh (a^(na —xo)))^ 

OT/^4 V / .2;r,-mA COstf ( a ^ ( f a - X p ) ) 

' " (a"̂  + sinh^(a^(A:a-xo)))"^ 

cosh^(a^(fo—xo)) 

-~ (a2 + sinh^(a^(fo-xo)))2 
= 2Foa^<! / . . . . l2r „ '\..A^ 

oo „„ costf(au(fo-xo)) „ | 

,^iJ-^ '{a2 + smh^{a^{ka-xoW J 

= Eo + 2'^Uxo), (16) 
m = l 

where EQ is the energy of the crowdion when discreteness effects are neglected, and 
the sum represents a Fourier expansion of the potential the centre-of-mass is subject 
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FIGURE 3. Total energy of the crowdion as a function of its centre-of mass, for X = 0,0.5, including 
the first three terms in the discrete Fourier expansion. Different scales are used as the constant "continuum 
energy" EQ shifts the baseline of the potential experienced by the crowdion's centre-of-mass. fi =2 .1 in 
these examples. 

to, due to the discreteness (the Im are given in the Appendix.) This potential is distinct 
from the lattice substrate potential V: the above procedure integrates out the degrees of 
freedom corresponding to the positions of the individual atoms, and the position of the 
centre-of-mass becomes a collective coordinate. The effect of the more general potential 
is striking, and is illustrated in Fig.(3). In the A = 0 case, the second and third terms 
in the series are negligible, and the centre-of-mass potential is almost purely sinusoidal 
(^ = 2.1 in both cases). When A = 0.5, a deep local minimum appears. This is due to 
the increased importance of the higher order terms in the Fourier series Eq.(16). Note 
also the shift in the major minima by half a period: this is because the atom closest to the 
crowdion's centre may now sit in the local minimum, (of the original lattice potential), 
as opposed to atop a local maximum in the sinusoidal case. This central atom is the one 
most displaced from its equilibrium position with respect to the perfect lattice, and so 
makes the largest contribution to the defect's energy. The relative depths of the wells are 
still small however, reflecting the ease with which the crowdion can migrate through the 
lattice (different scales are used to better compare the potential landscapes in which the 
defect migrates; the absolute energy level is shifted by the relative variation of the EQ 
continuum term). 

CONCLUSIONS 

In this paper we have used the Frenkel-Kontorova model, with a modified functional 
form for the potential, to model (111) crowdion defects in BCC crystals. This generaliza
tion allows more realistic modelling of such defects in the BCC transition metals, since 
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the conventional sinusoidal form does not well describe recent DFT calculations of the 
substrate potential, especially for metals in Group 6B of the periodic table [3]. The model 
remains analytically tractable, and expressions for the field of atomic displacements and 
the elastic strain energy were derived in the continuum approximation. Furthermore, the 
effects of lattice discreteness were considered by a collective-coordinate approach, and 
the double-well structure of the general potential can persist to the effective potential ex
perienced by the crowdion's centre-of-mass. Direct experimental observation of single 
self-interstitial atom defects is difficult or impossible, because of their size. However, 
information about the migration behaviour of these defects can be obtained indirectly, 
for example through resistivity recovery experiments [8], which report a large difference 
in the migration temperatures between metals in Group 5B and those in Group 6B. The 
more complex potential landscape in which the crowdion moves will affect its mobility, 
and this may help to explain the large difference between Group 5B (where the substrate 
potential is close to the sinusoidal form) and Group 6B (which exhibits more pronounced 
local minima). 
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APPENDIX: EVALUATION OF FOURIER COEFFICIENTS 4 

The coefficients Im are defined by 

n ,^ ,N C O S h ^ ( a U ( f o — X n ) ) , , . . r . : 

Im= cos{2nmk) . ^ J ' ^ , , ,2^^ ' (1^) 
J-~ (a"̂  + sinh^(a^(A:a-xo))) 
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which does not appear in the standard tables, so we give its evaluation for completeness. 
If we define 

p = aji{ak—xo); 

2 ^ ^ ^ ^ 2nm{p + a^x,) ^ ^ ,^^ 
afia 

(18) 

1 Z""" (COS<5J9COS77 — sin<5j9sin77)cosh^j9 

ajiaj-oo (a2 + sinh-̂ j9)2 

and we can instead consider the integral 

e^^PcosY? p 

(a^ + sintfj?) 

Im = | c o s 7 7 R e [ ^ l - s i n 7 7 l m m | . (20) 
ajia 

•^ = \ —;: ^—rdp. Then 

Now 

e^'-Pcostfj? 

da?-' "^ J-oo a? + sintf j9 ^ = - 3 ^ ; J = I ,0 . ,.,,2 dp. 

e''^4l+ ,̂ ^ ."' ]^P- (21) 
[ a^ + smh j9j 

The first term in the braces will go to a 5-function, but since it does not depend on a^ 
we may ignore it, and write 

'da^' ^ ^^ " 'V -o„a2 + sinh2;,' 

( l - a 2 ) Jo q^ + {Aa?-2)q+\ 

P 
where q = Q^P, which is amenable to contour integration. Finally 

(22) 

"̂•̂ -̂"'̂  U^"-^r')- (23) ^ {\-Q-^^){q,-q2) 

where 
^1,2 = 1 - 2a^ ± l a \ /a?- - 1. (24) 

Substituting the values of ̂ 1̂ 2, and operating with —d/da^ leads eventually to 

^ c o s f i m ^ ) - ^ s m f i m ^ ) } , (25) 
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which agrees exactly with numerical evaluation of Eq.(17) across the relevant range of 
parameters. In the limit A ^ 0, a ^ 1 

n , f2n\ f2nxo\ 
-5—rcosech — cos 

which may be compared with the results in Chapter 9.4 of Ref. [7]. 

/ i ^ : ^ c o s e c h g ) c o s ( ^ ^ j , (26) 

101 

Downloaded 07 Feb 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions


