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The tomography of fusion plasmas provides local
information on plasma emissivity from line-integrated
measurements (projections). However, the correspond-
ing inversion task presents an ill-posed and often under-
determined problem. Compared to industrial and medical
tomography systems, data in fusion research are spa-
tially sparse due to the limited number of lines of sight,
and they may vary rapidly in time. Therefore, dedicated
inversion techniques have been developed that allow for
lower spatial resolution and implementation of a priori
information and constraints. In this contribution, the main

inversion techniques used today are reviewed, with work-
ing results and challenges outlined. Special attention is
given to techniques that allow for rapid tomography in-
versions, because of their future potential for real-time
applications, and a new combined technique is proposed.

KEYWORDS: plasma tomography, real-time control, soft-
X-ray diagnostics

Note: Some figures in this paper are in color only in the electronic
version.

I. INTRODUCTION

Several diagnostic systems in magnetically confined
fusion plasmas provide line-integrated measurements
along chords, including bolometry, visible light, soft-X-
ray ~SXR!, or neutron diagnostics. The task of retrieval
of spatial distribution of the plasma emissivity from the
line-integrated measurements constitutes an important
part of fusion data analyses. Solutions in general rely on
the basic symmetries of the confining magnetic field.
One-dimensional distribution ~profile! inversion is ade-
quate in the case of constant emissivity on magnetic flux
surfaces; however, a two-dimensional ~2-D! inversion is
required whenever the poloidal symmetry breaks down,

e.g., due to collective magnetohydrodynamic ~MHD! phe-
nomena, impurities, or fast trapped particle effects. The
emissivity distribution can be either retrieved iteratively
via forward-fitting of the line integrals from the pre-
sumed local plasma emissivity or calculated directly from
the measured line integrals using inversion techniques
~plasma tomography; see Ref. 1!. Clearly, the latter strat-
egy has a considerable advantage of independence on
plasma models but calls for a dense coverage of the plasma
cross section by good measurements. The methods and
challenges of inversion techniques in tomography of fu-
sion plasmas are detailed in Sec. II.

Tomography inversion of SXR measurements has
found widespread application in fusion experiments for
many reasons. To start with, it is possible to build SXR
diagnostics based on relatively compact and low-cost
pinhole cameras with beryllium foil shielded photodiode
arrays as detectors. These cameras are typically sensitive
to photon energies in the kilo-electron-volt range and

*E-mail: mlynar@ipp.cas.cz
†See the Appendix of F. Romanelli et al., “Overview of JET

Results,” Proceedings of the 22nd IAEA Fusion Energy Con-
ference 2008, Geneva, Switzerland.

FUSION SCIENCE AND TECHNOLOGY VOL. 58 NOV. 2010 733



have a very good temporal resolution ~up to 1 MHz!.
Note that a limited spectral resolution can be achieved by
using Be foils of different thicknesses2 or via impurity
modeling.3 Alternatively, a proper SXR imaging spec-
trometer4 can in principle be extended into a full 2-D
setup. Toroidal symmetry can be investigated by install-
ing several tomography systems.5 Moreover, plasma emis-
sivity in this photon energy range is expected to be
relatively smooth, with radiation intensity depending
on plasma density, temperature, and effective charge, and
therefore can provide information on impurity trans-
port, MHD activities, and importantly plasma position.
Recent DIII-D results6 demonstrated the benefits of spa-
tially resolved SXR data for magnetic equilibrium recon-
struction and concluded that the SXR diagnostics can
even be used as a simplified alternative to the motional
Stark effect diagnostics in determination of the q profile.
Unfortunately, the simple photodiode arrays are not rel-
evant for diagnostics of burning plasmas7 because of
their low radiation hardness. Alternative radiation-
resistant SXR cameras are under development, based on
vacuum photodiode arrays8 or micropattern gas detec-
tors9; this research deserves attention particularly when
considering potential applications of plasma tomography
in real-time control of plasma operation. Real-time con-
trol implies that the software and hardware systems are
subject to operational deadlines from event to system
response. In fusion plasmas the deadlines depend on the
process controlled and typically range from milliseconds
to seconds. The potential of the real-time applications in
fusion plasmas has increased significantly through on-
going progress in computing power and speed. At the
same time, these applications have become vital for
advanced fusion experiments because of the present re-
quirements on the real-time control of several plasma
actuators.10 Recent developments in the field of rapid
SXR tomography will be reviewed in Sec. III. Discus-
sion on inversion techniques adequate for real-time SXR
tomography of noncircular fusion plasmas will conclude
the paper in Sec. IV.

II. INVERSION TECHNIQUES FOR FUSION PLASMA

EXPERIMENTS

Tomography inversion, in general, deals with image
reconstruction from the image projections. An analytical
solution, known as the inverse Radon transform,11 can be
found. This transform represents a typical example of an
ill-posed problem. The ill-posed problems, by definition,
do not fulfill Hadamard’s postulates on well posedness:
the existence of a solution, its uniqueness, and its con-
tinuous dependence on the data. Therefore, in practical
terms, the inverse Radon transform is quite sensitive to
minor changes in the input data: Any imperfection in the
projection data may result in major artifacts in the recon-

structed image. That is, for the 2-D tomography inver-
sion of the image distribution g~x, y!, a complete and
accurate knowledge of 2-D projection function f ~ p, q! is
required; see Fig. 1. Data in medical or industrial appli-
cations of tomography are often close to this ideal con-
dition, so that analytical inversion on filtered data is
appropriate, e.g., via the filtered backprojection ~FBP!
technique.11

Unfortunately, FBP and other market solutions of
tomography inversion are not adequate for fusion plas-
mas where data are sparse in the available projections,
particularly because the diagnostic cameras can be in-
stalled only at a few poloidal angles. Figure 2 gives a new
example12 of a typical SXR pinhole camera system setup
in a fusion plasma experiment ~Fig. 2a! in coordinates
x, y showing diagnostic chords in the cross section of the
vacuum vessel and ~Fig. 2b! in coordinates p, q as intro-
duced in Fig. 1, transforming the cross section into the
so-called projection space; for other examples see Ref. 13.

Fig. 1. Principle of 2-D tomography inversion: 2-D image dis-
tribution g~x, y! is to be reconstructed from 2-D pro-
jection function f ~ p, q! as measured by line-integrated
diagnostics.
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Notice that for a proper analytical inversion, the whole
white area in the projection space would have to be cov-
ered by the line-integrated measurements indicated by
black dots.

In the case of sparse data, regularized algebraic tech-
niques can be efficient, where the image is expanded into
series of orthogonal basis functions bj~x, y!:

g~x, y! � (
j

bj ~x, y!gj . ~1!

Note that the choice of basis function may predetermine
the geometric requirements. For example, A. M. Cor-
macka demonstrated that there is an unequivocal relation
between expansion of the image into Zernike polynomi-
als ~in the radial coordinate! and expansion of the pro-
jections into Chebyshev functions of the second kind ~in
the p coordinate!.14 The inversion is therefore straight-
forward, but because of the necessary series truncation in
the polar coordinate system, the Cormack technique is
not suitable for off-centered and noncircular plasmas.
The Fourier-Bessel technique15 is based on the same prin-
ciple but suits better the case of zero emissivity circular
border and allows for considerably faster computing be-
cause of application of the Bessel functions with no
singularities.

The main suite of inversion techniques for fusion
plasmas takes as the starting point the linear link that

Eq. ~1! implicitly establishes between the amplitudes gj

and a finite number of line-integrated measurements fi :

fi � (
j

Tij gj , ~2!

where Tij is the contribution matrix. In the most basic set
of basis functions—the regular mesh of square pixels;
see Fig. 3—the geometric matrix corresponds to the length
of the i ’th chord in the j ’th pixel provided that the angu-
lar width of each chord is neglected. Some improvement
in the tomography inversion can be achieved if the real
angular width is implemented in the contribution matrix;
see Ref. 1, Sec. IV.D.3. More importantly, a continuous
local basis function defined on the regular mesh can be
used—e.g., the bilinear interpolative functions13—in order
to decrease the mesh density without hampering the dis-
cretization error. This allows for a smaller contribution
matrix that presents a significant asset for the real-time
applications. Notice that the contribution matrix is sparse,
which grants some numerical advantage but implies that
the task of solving Eq. ~2! for unknown amplitudes gj is
indeed ill posed.

In plasma tomography, the ill-posed task of finding
an inverse solution of Eq. ~2! is in most cases also un-
derdetermined; i.e., the number of base functions ex-
ceeds the number of line-integrated measurements. The
regularized inversion techniques have generally few prob-
lems coping with underdetermined tasks since additional
information has to be included anyway in order to find a

aAlan M. Cormack ~1924–1998! pioneered the applications of
computed tomography in medicine ~Nobel Prize 1979!.

Fig. 2. Soft-X-ray tomographic system on tokamak COMPASS, under construction.12 ~a! Experimental setup of the pinhole SXR
cameras in a poloidal cross section. ~b! The same setup in the projection space, including the vacuum vessel shape ~gray
shaded!. Note that lines of sight in ~a! map to dots in ~b!.
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unique solution. The additional information is intro-
duced in the form of a priori information ~inherent to the
inversion technique! and in the form of constraints that
set quantitative limits. The physics of the SXR plasma
emission offers manifold constraints, including expected
noise, nonnegativity, and zero emissivity from the bor-
der. The foremost example of a priori information is the
expected smoothness of the reconstructed image. Inver-
sion techniques solving Eq. ~2! implement a priori infor-
mation via the objective functional; see Ref. 1, Sec. IV.F.3.
The objective functional may represent the image smooth-
ness in the form of the second derivative operator. In an
optimization algorithm, the objective functional penal-
izes inverse solutions that deviate from the desired prop-
erty of the image. As a matter of fact, line-integrated
measurements can be regarded purely as one of the op-
timization constraints in these inversion techniques.

A broad range of inversion techniques that find reg-
ularized solution of Eq. ~2! has been developed; for an
in-depth overview see Ref. 1. To sum up, an important
distinguishing criterion is the choice of the objective func-
tional ~an example of a particular choice is the maximum
entropy technique17,18!. Next, inversion techniques are
categorized according to methods of selection of the reg-
ularization parameter ~e.g., truncated singular value de-
compostition19 versus Lagrange multipliers13,20!. In
addition, inversion techniques may be distinguished by

the optimization strategy ~e.g., techniques based on
Tikhonov regularization21 versus neural networks22 !.
Some inversion techniques allow for straightforward im-
plementation of the constraints—in particular, the La-
grange multipliers—while others have very limited options
in this respect. In general, categorization of the inversion
techniques in the literature is not definite, and in reality
some of them differ only slightly, e.g., the Lagrange mul-
tipliers and Tikhonov regularization; see Ref. 13.

Properties, advantages, and limitations of selected
inversion techniques are compared in Refs. 21, 23, 24,
and 25. In this respect, two important facts should be
emphasized:

1. In modern plasma tomography, different inver-
sion techniques can provide robust and similar solu-
tions that fit data well. Major improvements of the plasma
tomography performance can be achieved only through
amendments of the contribution matrix ~in particular,
by improving coverage of the image by the line-
integrated measurements, e.g., more regular coverage
or increasing the number of cameras, and by their high-
precision positioning! and by increased accuracy of data
measurements.

2. There are no universal guidelines for the choice
of any particular inversion technique. Indeed, different
techniques may suit different purposes, as will be exem-
plified in Sec. III.

Because of the nature of ill-posed problems, it is
paramount to assess the performance of the applied in-
version technique and to validate the reliability of the
reconstructed image ~see also Ref. 1, Sec. IV.H!. To this
end the following procedures are used:

1. Test runs using phantom images: In the test runs,
the tomography algorithm is applied to line-integrated
data calculated from a model ~phantom! image; see
Ref. 23. The procedure has a clear advantage of direct
comparison of the phantom and reconstructed image, with
possible quantification of the misfit. However, it is rather
challenging to obtain model data that would reflect in
sufficient detail the experimental data behavior.

2. Backfit of the reconstructed image, i.e., compar-
ison of the reconstructed (j Tij gj with the measured line
integrals fi : This simple and universal procedure vali-
dates the inversion and provides a tool for quantifying
the reliability of individual channels. Moreover, the
“goodness-of-fit” parameter x2 is often applied to opti-
mize iteratively the regularization parameter ~correspond-
ing to the strength of smoothness! if data are sparse21:

x2 �
1

N (
i�1

N �fi � (
j

Tij gj�2

si
2

r 1 . ~3!

Fig. 3. Regular mesh of square pixels on the background of the
SXR chords and characteristic flux surfaces at JET.
Some chords are bent in this poloidal cross section
because of their nonzero angle in the toroidal direction.
The size of each square pixel is 10 �10 cm in this mesh
typical also for the JET neutron tomography.16 Fig-
ures 4 and 5 are derived in this setup.
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Condition ~3! requires that the backfit residuals are on
average of the same amplitude as the expected errors si ;
that is, x2 , 1 indicates overfitting, and x2 . 1 indicates
oversmoothing.

3. Error transmission studies via Monte Carlo sim-
ulation: Since the impact of statistical errors ~data noise!
and systematic errors ~e.g., in the contribution matrix! on
the resulting image cannot be universally predicted be-
cause of the ill-posed nature of the problem, it is recom-
mended to quantify them statistically. For example, a
simple Monte Carlo simulation of the error transmission
can be implemented; see Ref. 16: The tomography inver-
sion is run repetitively on fixed projection data ~either
synthetic or real! with variable additive noise, and result-
ing fluctuations in the reconstructed image are analyzed
as a function of the noise amplitude and distribution.
Alternatively, the error transmission can be quantified
via Bayesian analysis.26

The error transmission studies are rather demanding
in terms of computational time, which gives an important
advantage to inversion techniques with a high execution
speed. Similar preference appears in the case of massive
processing of large databases—see Ref. 27—and as a
matter of course in the real-time application discussed in
Sec. III. However, in contrast to the real-time tomogra-
phy inversion, in the postprocessing applications the in-
version techniques can benefit from normal access to
data from other diagnostic systems.

Last, but not least, high temporal resolution of the
line-integrated measurements presents another distinc-
tive attribute of tomography of fusion plasmas, which is
unmatched by medical or industrial systems. Although
good knowledge of data evolution cannot compensate for
missing information in the spatial coordinates—except
for in very special cases; see Ref. 1, Sec. IV.I.3—it has a
clear potential to improve data statistics. Only a few pa-
pers have recognized and exploited this fact so far, in-
cluding Refs. 28 and 29 by the selection criterion for the
expansion coefficients in the Cormack method, Refs. 21
and 25 by application of singular value decomposition
~SVD! to evolution of reconstructed emissivity, and
Ref. 27 by implementation of the time coordinate in Eq. ~3!
so that time-averaged regularization coefficients are
derived.

III. SXR TOMOGRAPHY IN THE PROSPECT

OF REAL-TIME CONTROL

As mentioned before, different plasma tomography
techniques may suit different purposes, and in the case of
the real-time applications for fusion plasmas, the execu-
tion speed becomes the foremost advantage. In this re-
spect, some of the above-mentioned techniques ~e.g.,
standard implementations of the Lagrange multipliers,13

maximum likelihood,30 or the maximum entropy17! are
severely handicapped as they are based on time-demanding
iterative optimization algorithms. The implementation of
a priori information and constraints in the inversion tech-
nique presents another important criterion; in particular,
any call for data from other diagnostic systems impedes
the real-time applications.

Direct semianalytical inversion techniques are very
quick in principle, including the Cormack technique,14

the Fourier-Bessel technique,15 SVD or QR decomposi-
tions,31 and semianalytical solution of a generalized ei-
genproblem.20 The Cormack and Fourier-Bessel techniques
are particularly suitable for plasmas constrained by axial
symmetries ~circular plasmas!. Very fast numerical algo-
rithms also exist for sparse-matrix computations with
rotational invariance in the viewing system32; however,
this is not relevant for typical plasma tomography diag-
nostic systems. For similar reasons, there are only limited
possibilities for computational parallelization.

Techniques based on Tikhonov regularizationb—see
Refs. 1, 21, 23, and 25—are worth attention for shaped
plasmas with more general constraints. In its general mean-
ing, Tikhonov regularization denotes any technique that
introduces the inversion matrix Mji , which solves Eq. ~2!
as follows:

gj � (
i

Mji fi ,

where

Mji � (
k
�(

l

Tkl
T Tlj � l (

m

Bkm
T wm Bmj��1

Tkl
T . ~4!

A priori information and constraints are imple-
mented in the weight vector wm and, of course, in the
contribution matrix Tij and the square matrix Bkm that acts
as the objective functional ~smoothness operator!. Fig-
ure 4 is a graphical representation of one row of the
contribution matrix Tij representing one SXR channel at
JET and the corresponding column of the inversion ma-
trix Mji for two different objective functionals. Notice
that as long as the regularization factor l and the objec-
tive functional can be considered constant in time, the
inversion matrix Mji needs to be computed only once,
making the inversion very quick.

In Fig. 4c, preferential smoothing along magnetic
flux surfaces is introduced. Recent progress in plasma
tomography with sparse data relies to a substantial de-
gree on implementation of this a priori information13,33

based on reconstruction of magnetic data. Although de-
tailed experimental studies unveiled limits in the relation
between magnetic flux surfaces and the SXR emissivi-
ty,34,35 the benefit of the preferential smoothing can be
clearly demonstrated; see Fig. 5, which shows the SXR

b Referred to as Phillips-Tikhonov regularization in Ref. 1 and
linear regularization in Refs. 21 and 25.
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Fig. 4. Visual interpretation of the contribution and inversion matrices Tij and Mji . ~a! The 12th row of Tij corresponding to chord
12 of the present SXR tomography at JET in the regular mesh of pixels as in Fig. 3. ~b! The 12th column of Mji for isotropic
smoothing. ~c! The same column of Mji for preferential smoothing along magnetic flux surfaces. Notice that ~b! and ~c!
depend to some degree on regularization factors and, therefore, on the measured SXR data. A simple peaked emissivity
distribution was applied in this example.

Fig. 5. Role of the objective functional in the example of the reconstructed SXR emissivity change at JET shortly after a major
sawtooth crash in JET discharge #65942 at 18.3 s. ~a! With isotropic smoothing, leading to an artifact image in the upper
part. ~b! With preferential smoothing along magnetic flux surfaces, clearly enforcing the expected poloidal symmetry. The
emissivity change is quantified by the second momentum of the SVD “topos” of the temporal evolution of the SXR
emissivity inversion; see Ref. 21.
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emissivity change just after a major sawtooth crash at
JET. In Fig. 5a, due to sparse data, the inversion opti-
mized to isotropic smoothness makes little physical sense
~note the up-down asymmetry and strong correlation with
the diagnostic geometry; compare with Fig. 3!. In Fig. 5b,
the inversion optimized to preferential smoothness along
flux surfaces results in a smoother, more symmetric image.
Implementation of a consecutive magnetic and SXR in-
version is at present not achievable in real time; however,
it will be acceptable to use predicted geometry of mag-
netic flux surfaces based on the plasma operation sce-
nario ~waveforms! due to robustness of the Tikhonov
regularization with respect to uncertainties in additional
information; see Refs. 16 and 27. Note in this respect that
in Eq. ~4! all additional information is implemented in
the smoothness control only, while the geometric setup is
fixed by the contribution matrix Tij independently of the
geometry of the flux surfaces.

A more serious challenge for real-time implementa-
tion of the Tikhonov regularization comes from the fact
that in the present algorithms the regularization factor l
and nonlinear objective functionals ~e.g., the minimum
Fisher information21! are optimized in a few iterative
loops that, however rapid, may prove inadequate for real-
time applications. The direct semianalytical20 or QR de-
composition31 techniques are closely related to the iterative
Tikhonov regularization and may offer a solution; how-
ever, their potential and adequacy for the real-time ap-
plications is yet to be demonstrated.

Novel inversion techniques for sparse data based on
neural networks22 are at present under development for
real-time tomography of shaped plasmas.36,37 Neural net-
works require a well-prepared and sufficiently general
training on phantom images, which is quite demanding in
execution time; however, the subsequent inversions are
very rapid. At JET, the neural networks were successfully
trained and applied for tomography of neutron emis-
sion36 and for analyses of bolometric data38 ~with the train-
ing set derived from the tomography inversions!, both with
a prospect of real-time applications. A project on neural
network application for SXR real-time tomography is pur-
sued for the W7-X stellarator including detailed realistic
training.37 The work demonstrates that neural networks
are very rapid and robust for image parameters close to
the training set; however, the technique tends to create
major artifacts when extrapolation rather than interpola-
tion from the known phantom images is required.

The real-time capabilities of inversion techniques go
hand in hand with hardware developments, and the diffi-
culties on the engineering side of the real-time systems
are not to be underestimated. Pioneering work was done
at JET using transputers.39 In Ref. 40, three hardware op-
tions are discussed, with the conclusion that a CPCI-
Pentium system is adequate for the required 10-ms
operational deadline. At present, there is little doubt that
hardware can be sufficiently powerful to implement a rapid
inversion software with acceptable spatial and temporal

properties; however, design of the corresponding system
is still far from routine. A rather rare example of working
real-time hardware for a SXR tomography system is pre-
sented in Ref. 41, with field-programmable gate array
~FPGA! data processing and an ATX motherboard run-
ning real-time application interface ~RTAI! for Linux.

IV. CONCLUDING REMARKS

In the current fusion research, tomography offers a
direct, data-driven alternative to forward-fitted models in
studies of plasma emissivity. Specialized inversion tech-
niques must be applied in plasma tomography because of
sparse projection data, and for the same reason, the spa-
tial resolution of the tomography inversion remains rather
low. This weakness can be partly relieved by proper im-
plementation of a priori information and constraints. Tests
on phantom distributions—among other procedures—
help to validate objective information and detect possible
artifacts in the resulting image linked to the ill-posedness
of the task.

Soft-X-ray diagnostics represents a very attractive
candidate for tomography applications, with relatively
inexpensive detectors, high temporal resolution, and high
relevance of the data to the physics of plasma core. Be-
cause of progress in both software and hardware devel-
opment, real-time SXR tomography based on dedicated
rapid inversion techniques is feasible, with the potential
to support the control of plasma position, plasma stabil-
ity, and impurity content.

It is quite difficult ~if not impossible! to identify a
unique inversion technique as the best solution for real-
time SXR tomography of fusion plasmas. Discussion in
Sec. III indicated that the Tikhonov regularization and
neural networks represent competitive rapid inversion
techniques for a wide range of possible emissivities of
shaped plasmas. Interestingly, the limitations of the two
techniques are complementary: ~a! The Tikhonov regu-
larization requires optimization of a few coefficients but
proves robust in tomography inversion of any consistent
data, while ~b! the neural network, once it is trained,
needs no optimization loops but fails to reconstruct reli-
ably data differing from the training set. Therefore, a
possible merger of the two techniques, with neural net-
work trained to predict optimal regularization coeffi-
cients for a direct setup of the inversion matrix according
to the Tikhonov regularization, can be proposed. The
feasibility and performance of this novel technique need
to be demonstrated and benchmarked against other ex-
isting rapid methods including the above-mentioned semi-
analytical20 and QR decomposition31 techniques.
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