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1. Introduction

Compressional Alfvén (or fast magnetosonic) waves driven 
unstable by super-Alfvénic energetic deuterium beam ions 
have previously been detected in deuterium plasmas in the 
Mega Ampere Spherical Tokamak (MAST) at frequencies from 
0.1 ⩽ ω/ωβD0 ⩽ 1.4 [1–3], where ωβD0 = ωβD(R0) is the on-axis 
deuterium cyclotron frequency. They have also been seen in 
many other machines including the spherical tokamaks START 
[4] and NSTX [5] and the ‘conventional’ tokamak DIII-D [6].

Compressional Alfvén Eigenmodes (CAEs) have been 
the subject of extensive study due to their potential ability to 

affect beam current drive and transfer energy from fast ions—
either fusion products in burning plasmas, ions accelerated by 
Ion Cyclotron Resonance Heating (ICRH) or ionised Neutral 
Beam Injection (NBI) beam particles—to thermal plasma ions 
in future tokamak reactors.

Plasma resonances and cut-offs of externally launched 
radio frequency waves have been exploited to diagnose rela-
tive ion concentrations in hydrogen-deuterium plasmas [7]. 
This technique was further explored theoretically for deter-
mining the deuterium-tritium (D-T) mixture of a plasma in 
a future spherical tokamak power planet using radio fre-
quency waves [8].
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Abstract
Compressional Alfvén and ion–ion hybrid waves excited by energetic beam ions are studied in 
plasmas with two ion species. In our experiment, a hydrogen-deuterium (H-D) plasma is used 
to produce instabilities similar to those likely to be present in the burning deuterium-tritium 
plasmas of future tokamaks. Modes are suppressed in the deuterium cyclotron frequency 
range with increasing hydrogen gas puffing. In plasmas with H/D concentrations of 2.57 or 
higher, short-lived modes with small and predominantly negative toroidal mode numbers 
are observed at frequencies ω/ωβD0 ≈ 2.25, where ωβD0 = ωβD(R0) is the on-axis deuterium 
cyclotron frequency. These are the highest mode frequencies yet detected in the ion cyclotron 
range in a spherical tokamak. Modeling of the transparency regions and plasma resonances 
using the cold plasma dispersion relation explains the observed features. Mode conversion at 
ion–ion hybrid resonances and subsequent kinetic damping is believed to be responsible for 
mode suppression. The high frequency modes are present due to excitation by wave-particle 
resonances within the transparency region for high hydrogen concentrations. The absence of 
other wave-particle resonances explains significant features of our experiment. This technique 
has possible applications in plasma heating, current drive and real-time diagnosis of relative 
ion concentration in the plasma core.
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In plasmas with two ion species of unequal charge/mass 
ratio—for example, in the D-T plasmas of future tokamak 
reactors—CAEs transform into ion–ion hybrid waves at fre-
quencies between the two ion cyclotron frequencies [9]. In 
section  2 of this paper, we present the results of a recent 
MAST experiment in which hydrogen ions were used in 
addition to deuterium ions to produce Alfvén instabilities 
similar to those likely to be present in burning tokamak 
plasmas. In section  3 the cold plasma approximation is 
applied to find a wave dispersion equation with notable con-
sequences of the equation discussed. In section 4 the theory 
of section  3 is used to model the transparency regions of 
modes to explain the experimental observations presented in 
section 2. In section 5 the possible applications of the tech-
nique are discussed. Finally, section 6 presents the conclu-
sions of our findings.

2. Experimental observations

The initial discharges of the experiment consisted of pure 
deuterium plasmas to establish a reference scenario with 
strong CAE activity up to frequencies ω/ωβD0  >  1. Waves 
were detected by the OMAHA coil array [10] with a sam-
pling rate of 10  MHz, limiting detection of wave-induced 
edge magnetic perturbations to a Nyquist frequency of 5 MHz 
(⩾ 2ωβD0  =  ωβH0, the on-axis proton cyclotron frequency). 
Therefore a low toroidal magnetic field (BT  ≈  0.3  T) was 
required to ensure the proton cyclotron frequency was less 
than 5 MHz.

All discharges in the experiment followed the same sce-
nario with typical plasma characteristics: Plasma current 
I ≈ 600 kA. The toroidal on-axis magnetic field, BT, decreased 
from 0.38 T at 50 ms before stabilizing at B ≈ 0.3 T at 100 ms. 
The on-axis electron density ne(R0) ≈ 2 × 1019 m−3, on-axis 
electron temperature Te(R0) ≈ 800 eV, with the electron den-
sity and temperature profiles measured by Thomson scattering 
diagnostics with high radial resolution. Heating is provided by 
one deuterium on-axis neutral beam delivering a total power 
PNBI  ≈  2  MW with most particles injected with a kinetic 
energy of Eb = 70–74 keV. This particle energy corresponds 
to a beam particle velocity vb ≈ 2.6 × 106 ms−1, larger than 
the Alfvén velocity μ ρ= ~V B / 10iA 0

6 ms−1. Therefore the 
beam was super-Alfvénic.

Toroidal mode numbers of the modes were calculated 
using toroidally separated OMAHA coils to assess the toroidal 
phase shifts of the mode. Negative toroidal mode numbers 
denote phase velocity in the counter-NBI/counter-current/co-
magnetic field direction, i.e. the opposite direction to modes 
with positive toroidal mode numbers.

In the reference scenarios, perturbations with toroidal mode 
numbers up to n = 17 were observed at frequencies of ω/ωβD0 ≈ 1.4 
and down to n = − 7 at frequencies of ω/ωβD0 ≈ 0.15. Modes 
with small positive toroidal mode numbers (1 ⩽ n ⩽ 4) were 
weakly excited. Gradually the H/D concentration (nH/nD) was 
increased between discharges by introducing increasingly long 
puffs of hydrogen gas from the low field side of the tokamak. 
The hydrogen puff timings are shown in table  1. Outside of 

hydrogen gas puffing, the plasma was refueled with deuterium 
gas puffing from the high field side.

The H : D relative concentrations were determined using 
simulations obtained from TRANSP [11], a global transport 
analysis code, to find the H/D concentration most closely 
matching the neutron yield measured by a U-235 fission 
chamber [12]. The presence of hydrogen dilutes the deute-
rium content of the bulk plasma, thereby reducing the D–D 
neutron rate.

As more hydrogen was introduced into the plasma, the 
amplitude of the Compressional Alfvén and ion–ion hybrid 
waves (observed at frequencies greater than 400  kHz) 
decreased until the modes were entirely suppressed in the 
ion cyclotron frequency range, as shown in figure 1. Toroidal 
Alfvén Eigenmodes (TAEs) are observed at frequencies less 
than 250  kHz throughout the experiment regardless of H/D 
relative concentration.

At the highest H/D concentrations investigated, short-lived 
modes unlike CAEs previously seen in deuterium plasmas 
were detected at very high frequencies (∼ ωβH0), shown in 
figure  2. The toroidal mode numbers of these perturbations 
were small (∣n∣  ⩽  3) and mostly negative. The highest fre-
quency mode observed in this experiment was detected at 
ω/ωβD0 = 2.25, shown in figure 3. The discharges during which 
magnetic activity at the highest frequency was observed had 
similar characteristics to those of the other plasma discharges 
in the experiment (presented above), except for plasma den-
sity which was lower, ne(R0) ≈ 1.5 × 1019 m−3, due to the dif-
ferences in gas puffing efficiency for hydrogen and deuterium.

The mismatch between measured and simulated neutron 
rates presented in figure 4 suggests that the H/D concentra-
tion fluctuated during excitation of the high frequency modes 
(0.1  ⩽  t(s)  ⩽0.112) in discharge #30471, but was greater 
than 2.57 while the high frequency modes were excited. No 
TRANSP modeling was possible for the other discharges with 
high frequency modes, but the H/D concentrations are likely 
to be similar due to the consistency of experimental param-
eters and the high reproducibility of MAST discharges.

The plasma was scanned radially with a mobile neutron 
camera [13] over a series of identical discharges to observe 
how the neutron flux and hence relative ion concentration, 
varied as a function of radius [12]. No significant change was 
observed in the radial DD neutron count rate profile within 
experimental uncertainties. Hence we conclude that the rela-
tive ion concentration is constant with radius.

Modes in the frequency range 0.2  ⩽  ω/ωβD0  ⩽  0.5, 
which mostly have negative toroidal mode numbers, were 

Table 1. Duration of hydrogen gas puff for the presented MAST 
discharges.

Plasma  
discharge

Start time of  
hydrogen puff (ms)

End time of hydrogen 
puff (ms)

30 080 0 0
30 457 0 0
30 463 0 100
30 468 40 180 (end of discharge)
30 471 0 180 (end of discharge)

Plasma Phys. Control. Fusion 56 (2014) 125017
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excited in all discharges except those with the highest con-
centrations of hydrogen. The modes in this frequency range 
mostly had toroidal mode numbers n = − 6 and −7 (pink and  
yellow in figure 5).

In previous MAST experiments optimised for exciting 
CAEs, modes with toroidal mode numbers that were negative 
and had magnitudes of ∣n∣ ⩾ 4 − 6 were also dominant in this 
frequency range [1, 2, 14].

3. Theory

It has been shown that tokamak plasmas with β of order 
unity have approximately one dimensional equilibria in the 
core [15]. Additionally the geometry of a highly elliptical 
plasma causes the equilibrium to be approximately 1D. For 
the plasmas considered, the ratio of plasma height to width 
is ∼1.65–2 and β ∼ 0.1. As MAST operates with both highly 
elliptical plasmas and moderate values of β, the idealisation 

of a 1D equilibrium, known as a ‘hollow cylinder’ approxi-
mation, is approximately applicable. Therefore the density 
profile and magnetic field configuration are functions only of 
radius as there is only a relatively small variation of param-
eters in the vertical direction.

3.1. Dielectric tensor

The cold plasma dielectric tensor ε describes the dielectric 
response of the plasma to a perturbation [16]:
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Figure 1. Magnetic spectrographs showing the logarithm of the amplitude of magnetic perturbations normalised to the equilibrium 
magnetic field excited in MAST discharges: (a) #30457, (b) #30463 and (c) #30471. Hydrogen puffing duration increases as: (a) 0 ms 
(reference scenario), (b) 100 ms, (c) 180 ms.
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ω ω

ω ω ω
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−α

βα α

βα( )
p

2

2

2 2

ωβα(R) = qαB(R)/mα and ω ε=α α α α( )R n R q m( ) ( ) /p
2

0

1
2 are the 

cyclotron and plasma frequencies of species α  =  {H, D, e} 
with charge qα and mass mα. In this co-ordinate system the 
local magnetic field B is in the z direction and the wave vector 
k = (k⊥, 0, k∥). The limitations of the cold plasma approxima-
tion are discussed in section 3.3.

3.2. Cold plasma dispersion relation

From Faraday’s and Ampère’s Laws a general wave equa-
tion  for the perturbed electric field E can be derived 
by decomposing the wave fields and perturbed current 

density j into Fourier components of the form {B, E, j}  =   
{B0, E0, j0}exp[i(k·r − ω t)]:

 ∑ωμ α− × × − =ω

α
( )k k E E ji

c

2

0 (2)

The conductivity tensor σ relates the current density and 
electric field: σ=α

αj Ei ij j
( ) . The dielectric tensor is given by: 

∑ε δ
ωε

σ= +
α

αi
ij ij ij

0

( ), where δij is the contribution from the 

vacuum given by the unit matrix [17]. From these two defini-
tions equation (2) can be written:

 
⎡
⎣
⎢

⎛
⎝
⎜

⎞
⎠
⎟

⎤
⎦
⎥δ ε− + =N

k k

k
E 0

i j
ij ij j

2
2 (3)

∑ε
ω
ω

= −
α

α
1

p
3

2

2

Figure 2. (a) Magnetic spectrograph showing the amplitude of magnetic perturbations for discharge #30471 at a time when high frequency 
modes were present. (b) Phase magnetic spectrograph showing toroidal mode numbers (n = − 3 primarily) of the modes excited.
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Figure 3. Magnetic spectrograph showing the amplitude of 
magnetic perturbations for discharge #30468 at a time when high 
frequency modes were present.

4950

4900

4850

4800

4750

5000

0.165 0.170 0.175 0.180

F
re

qu
en

cy
 (

kH
z)

-10

-9

-11

-12

-13

lo
g1

0|
B

| (
Te

sl
a)

Time (s)

C
P

S
14

.3
88

-1
c

Figure 4. Neutron yield Yn measured by a fission chamber against 
neutron yields predicted by TRANSP for different hydrogen-
deuterium ratios.

8

FC
nH/nD = 2.57
nH/nD = 3.00
nH/nD = 3.55
nH/nD = 4.00

6

4

2

0

10

0.09 0.10 0.110.08 0.12

Y
n 

(s
-

1 )
(×

10
12

)

Time (s)

C
P

S
14

.3
88

-2
c

MAST Pulse No: 30471

Plasma Phys. Control. Fusion 56 (2014) 125017



H J C Oliver et al

5

Where ⎜ ⎟
⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝

⎞
⎠ω ω

= + = +∥ ⊥
∥

N N N
ck ckR2 2 2

2 2

 is the square of the 

refractive index and there is an implied summation over the  
j index.

By setting the determinant of the matrix represented by 
the coefficients of Ej in equation (3) equal to zero and by the 
taking limit ε3 → ∞ for perfect conductivity (the parallel per-
turbed electric field E∥ → 0), one obtains an equation for the 
perpendicular refractive index N⊥:

 ε
ε

ε
= − −

−⊥ ∥
∥

N N
N

2
1

2 2
2

1
2 (4)

As a tokamak plasma is inhomogeneous with a 1/R magnetic 
field configuration, the dielectric tensor elements and there-
fore ⊥N2, will vary radially. When =⊥N 02  a wave is reflected 
except for an evanescent tail that is transmitted and decays 
exponentially [17]. The reflection points cause a wave to be 
localised in a region of positive ⊥N2 called a ‘transparency 
region’. If there is sufficient drive within this region a wave 
can be excited via the wave-particle resonance, which is 
described by the wave-particle resonance condition [1]:

 
⎛
⎝
⎜

⎞
⎠
⎟ω ω= + + β∥ ∥k

s

qR
v p b

0
(5)

Where s is an integer, q is the safety factor and ωβb is the 
beam species cyclotron frequency. The quantity p is an integer 
denoting the type of resonance under consideration. p = − 1 
represents the anomalous Doppler resonance, which is valid 
for modes with positive toroidal mode numbers. p = + 1 repre-
sents the normal Doppler resonance, which applies for modes 
with negative toroidal mode numbers. The s/q R0 correction to 
equation (5) applies for passing resonant particles in circular 
flux surfaces. While the latter condition isn't strictly accurate 
for MAST plasmas, it has only a small effect on the position 
of the resonances in this application.

3.3. Resonances

From equation (4) one can see there will be a singularity in 

⊥N2 at any point in the plasma for which ε = ∥N1
2. For plasmas 

with one ion species this singularity is known as the Alfvén 
resonance. When a second species is introduced another res-
onance, known as the ion–ion hybrid resonance, appears at 
frequencies between the two ion cyclotron frequencies. For 
the cold plasma approximation to hold, the ion–ion hybrid 
resonances must not occur too close to the proton cyclotron 
frequency to avoid cyclotron resonances. This restricts the use 
of this model for κ = <n n v V/ 2 /eH H TD

2
A
2 [18] where vTD is 

the thermal velocity of deuterium. Hence the model may not 
apply for 0 < κH ≲ 0.15. This limitation does not restrict this 
work as the hydrogen concentrations of interest in this article 
are either below (i.e. pure D) or above this limit.

As a singularity is approached the perpendicular wave-
length of the wave λ⊥ decreases as k⊥ → ∞. Once λ⊥ decreases 
to values comparable to the ion Larmor radius ρi the cold 
plasma approximation is no longer applicable. The inclusion 
of thermal effects causes the singularity to be resolved by 
the appearance of a short wavelength wave to which energy 
transfers from the incident wave at the position of the reso-
nance [19]. The incident wave converts into a kinetic Alfvén 
wave for ω/ωβD0  <  1 and into an ion Bernstein wave for 
ω/ωβD0 > 1 [17].

Kinetic damping dissipates the wave for λ⊥ ∼ ρi [20] and 
so both the kinetic Alfvén and ion Bernstein waves are heavily 
damped. The ε = ∥N1

2 resonance is one of the most significant 
damping mechanisms for Compressional Alfvén and ion–ion 
hybrid waves [8].

When a wave reflects at a cut-off, an evanescent tail can 
tunnel through a region of negative ⊥N2 to a resonance where-
upon the wave is mode converted and damped heavily. As 
a result a wave propagating in a transparency region with a 
resonance close to one or both of the reflection points will be 
damped at a rate [8] related to the sum of the exponentials of 

Figure 5. Phase magnetic spectrograph showing toroidal mode numbers of the modes excited in the negative toroidal mode frequency 
range for discharges (a) #30080 and (b) #30463.
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the radial distance of the singularities to the reflection points 
normalised to the minor radius a.

Previous studies have found that the absorption rate of the 
Compressional Alfvén wave from mode conversion and sub-
sequent damping is high enough during a single wave cycle, 
referred to as the fractional dissipation rate, that up to 90% 
of the wave power can be dissipated over a few passes [21]. 
Additionally, it has been found that a range of dissipation 
mechanisms can easily satisfy the condition: fractional dis-
sipation rate  ∼ρi/a. This ensures the mode-converted short 
wavelength wave is entirely dissipated in the plasma [20].

3.4. Wave frequency quantisation

For a wave localised between two reflection points, a discrete 
spectrum of modes each with a different radial mode number 
l is found from the quantisation condition [22]:

 ∫ ∫ω ω π≃ = +ω
⊥ ( )k R dR N R dR l( , ) ( , )

R

R

R c

R

R

1

2

1

2

1

2

(6)

Equation (6) can be used in conjunction with equation  (4) 
to determine the frequencies at which modes can propa-
gate within the transparency region for a given radial mode 
number, with R1,2 representing the reflection points. By scan-
ning over frequency and integrating N⊥ over the transparency 
region, the radial mode number can be determined for each 
frequency. Integer radial mode numbers are obtained for the 
allowed frequencies.

4. Modeling of wave transparency regions and 
plasma resonances

Equation (4) was used to plot the perpendicular refractive 
index squared ⊥N2 profile for a given wave frequency ω, par-
allel wave number k∥ ≈ n/R0 and relative ion concentration:

 κ κ= = −n n/ 1eD D H (7)

The density profile and equilibrium data for figures 6–8 cor-
respond to MAST shot #30463 at t = 124 ms. Figure 6 shows 
an example of a ⊥N2 profile with reflection points located at 
r = 1.05 m and 1.41 m, two ion–ion hybrid resonances located 
at r = 1.01 m and 1.46 m and an Alfvén resonance located at 
r = 0.47 m (the other Alfvén resonance has moved out of the 
plasma on the low field side). In this section, the theory pre-
sented in section 3 is used to explain the phenomena observed 
in section 2.

4.1. Explanation of the suppression of modes

Varying ω and κD causes the ⊥N2 profile and therefore the reflec-
tion points and resonance positions, to change. Following 
theory discussed in section  3.3, for each point in ω  −  κD 
parameter space a measure of the damping of the wave due to 
mode conversion is given by ∑c, sexp(−∣(rc − rs)/a∣), where sub-
script c denotes the reflection points and subscript s denotes 
the plasma resonances. The distance between the position of 

the reflection point rc and the resonance rs is normalised to the 
plasma minor radius a.

Schematic examples are shown in figure 7 for n = ± 2 and 
n = ± 6. Blue represents a lack of damping—the measure of 
damping is equal to 0—where no resonances are present. Red 
represents a relatively high rate of damping, which occurs 
when the measure of damping ≈2 as a resonance is near each 
of the reflection points. Green represents a relatively low rate 
of damping, which occurs when the measure of damping ≈1, 
i.e. when only one resonance is close to a reflection point—
usually when the other resonance of the pair has moved out of 
the plasma on the low field side.

In order to be significant, strongly-damped modes require 
strong drive. In these MAST plasmas, a strong source of insta-
bility drive exists due to positive velocity and spatial gradients 
of the beam ion distribution, an example of which is shown 
later. In the two limiting cases κD = 1 (pure deuterium) and 
κD  =  0 (pure hydrogen), one can see the frequency below 
which strong wave damping by the Alfvén resonance occurs 
changes by a factor of two, as the ion cyclotron frequency also 
changes by the same factor.

With increasing H/D concentrations (κH/κD), the mode is 
damped over a wider range of frequencies in the deuterium 
cyclotron frequency range. This result could explain the sup-
pression of modes with increased hydrogen puffing observed 
in our experiment (see figure 1).

4.2. Explanation of the dominance of n = − 6, −7 modes at 
low frequencies

Figure 7 shows modes with small toroidal mode numbers are 
relatively strongly damped in the frequency range usually 
associated with negative toroidal mode numbers. The fre-
quency range of the strong damping decreases with increasing 
toroidal mode number. This observation was investigated fur-
ther using equation (6) to find the lowest allowed wavelengths 
for a given toroidal mode number. The lowest allowed wave 
frequency, which corresponds to the lowest energy oscillation, 
occurs for radial mode number l = 0. In figure 8 the relevant 
frequency range of mode damping is plotted against parallel 
wavenumber k∥ ≈ n/R0 for a pure deuterium plasma, which 
has the widest frequency range of heavy damping. Waves with 

Figure 6. ⊥N2 profile plotted using data corresponding to MAST 
shot #30463 at t = 124 ms with ω/ωβD0 = 1.1, n = ± 6 and κD = 0.25.
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toroidal mode numbers ∣n∣ < 6 are strongly damped in the fre-
quency range associated with modes with negative toroidal 
mode numbers. This result agrees with features observed in 
the hydrogen-deuterium experiment (see figure 5), where the 
excited modes in this frequency range mainly had n = − 6, −7.

4.3. Explanation of the presence of high frequency modes 
with increasing hydrogen concentrations

As a necessary condition for wave existence, the existence of 
wave-particle resonances inside the transparency region was 
investigated by applying equation (5) to find the position of 
the resonance for a given wave frequency and integer s. By 

calculating the ⊥N2 profile for a possible mode at each point 
in ω  −  κD parameter space the transparency regions can be 
found. The existence of a resonance within the transparency 
region for a mode with toroidal mode number n = − 3 (a typ-
ical toroidal mode number for the high frequency modes) is 
shown in figure 9. This was modeled using the equilibrium 
data and density corresponding to MAST discharge #30471 at 
the time at which high frequency mode excitation first began 
(t = 100 ms).

For waves with high frequencies and small negative toroidal 
mode numbers a wave-particle resonance exists inside the 
transparency region in plasmas with high hydrogen concentra-
tions. This result agrees with the experimental observation of 
high frequency modes in high hydrogen plasmas (see figure 2). 
The H/D concentration was greater than 2.57 during high fre-
quency mode excitation (see figure  4). The high frequency 
modes were first excited at ω/ωβD0 = 1.93 corresponding to 
a theoretical critical H/D concentration of 2.25 from figure 9. 
Hence good agreement is found between the theoretical and 
experimental results. Due to the high s number, the wave-par-
ticle resonance is weaker and hence the perturbation will have 
a lower amplitude. This is consistent with the observation that 
the mode amplitude δB (see figure 2) is up to ∼104 smaller 
than typical CAE amplitudes.

The existence of a wave-particle resonance within the 
transparency region is only significant if a free energy source 
of fast particles exists from which energy can be transferred 
to drive the wave. To check such a free energy source exists, 
LOCUST [23], a fast ion Monte Carlo code, was run to check 
for positive gradients in the velocity space distribution func-
tion of fast ions, which are required to drive the mode unstable 
[5]. LOCUST discards thermalised fast ions. Large positive 
velocity gradients are observed in the beam ion distribution 
function, an example of which is shown in figure 10.

A positive gradient or ‘bump-on-tail’ exists 
at −0.4 ≲ V#/Vnorm ≲ − 0.1 and −0.95 ≲ V#/Vnorm ≲ − 0.85, 
where V#/Vnorm is the particle velocity parallel to the equi-
librium magnetic field normalised to the maximum injection 
velocity, for particles moving almost parallel to the equilib-
rium magnetic field, Vξ/Vnorm  ≈  0. The bump-on-tails are 
formed due to the velocity space anisotropy of the injected 

Figure 7. Schematic of the damping of modes with frequency ω in 
plasmas with relative ion concentration κD. Blue represents no damping, 
green represents a relatively low rate of damping and red represents a 
relatively high rate of damping. Top: n = ± 2; bottom: n = ± 6.
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Figure 8. A measure of damping for modes with different parallel 
wavenumbers for κD = 1. Blue (bottom right) represents no 
damping, green represents a relatively low rate of damping and red 
(top left) represents a relatively high rate of damping. Overlaid in 
orange is the lowest allowed frequency.
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Figure 9. Existence of a resonance for each point in the relevant 
ω − κD parameter space for a mode with n = − 3. Black represents 
the s = 4 resonance, dark grey represents the s = 5 resonance, light 
grey represents the s = 6 resonance and white denotes an absence of 
any significant resonance.
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beam ions. The positive velocity gradients will strongly drive 
the mode instability.

4.4. Explanation of toroidal mode number limits

The presence of wave-particle resonances within transpar-
ency regions was assessed for simulations using equilibrium 
data corresponding to a range of discharges. No resonances 
were found within the transparency regions for modes with 
toroidal mode numbers n > 17 and n < − 7. This explains the 
range of toroidal mode numbers observed. Furthermore, the 
transparency region for modes with n = 1, 2, 3, 4 only contain 
resonances with s ⩾ 6, 5, 4, 3 respectively. This suggests the 
magnetic perturbations with these mode numbers were weak 
because the modes were only able to access the free energy 
source of fast particles through weak resonances.

5. Applications

Observations of excited modes used in conjunction with trans-
parency region simulations could provide a novel diagnostic 
for relative ion concentrations in the core using only standard 
magnetic diagnostics. First the frequency and toroidal mode 
numbers of any excited waves must be observed and plasma 
density and equilibrium magnetic field measured. By simu-
lating the transparency region and resonances of a hypothet-
ical mode, the relative ion concentration can be diagnosed at 
the position of wave excitation. Due to the low computational 
intensity this procedure could be carried out in seconds to pro-
vide approximate real-time ion concentrations that are crucial 
for optimisation of fusion efficiency in a burning plasma core.

The positions of the plasma resonances can be established 
using the measured data in conjunction with equation (4). The 
existence of wave-particle resonances within the transparency 
region can be checked using equations (4) and (5). Targeting 
NBI or ICRH at a wave-particle resonance within a transpar-
ency region with a plasma resonance close to at least one 
reflection point will efficiently heat the plasma by the process 

described in section  3.3. Mode conversion at plasma reso-
nances can also drive current in the plasma [21].

However, the measure of mode damping described in 
this paper is a qualitative description of a complex phenom-
enon. To calculate the damping rates a full wave treatment 
is required. Whilst computationally intensive, this method 
would allow calculation of the rate of plasma heating by wave 
absorption. A full treatment would need to account for inter-
ference between reflected and incoming waves near reflection 
points as well as refraction of the wave.

6. Conclusions

In conclusion, during our experiment in which hydrogen 
puffing duration was gradually increased, modes were sup-
pressed in the deuterium cyclotron frequency range. Modes 
were excited with small negative toroidal mode numbers at 
frequencies near the proton cyclotron frequency for plasmas 
with H/D concentrations of greater than 2.57. Negative 
toroidal mode numbers n  <  0 denote propagation in the 
counter-current/counter-beam direction.

Transparency region and plasma resonance analysis using 
the cold plasma dispersion relation can explain the observed 
mode activity. Mode conversion and damping causes the 
mode suppression with increasing hydrogen puffing. Similar 
suppression of CAEs is expected between the two ion cyclo-
tron frequencies for D-T plasma. The high frequency modes 
exist due to wave-particle resonances within the plasma 
transparency region, which is modified by the H/D mix, for 
high hydrogen concentrations. The experimental H/D con-
centration in such cases is in agreement with the theoretical 
critical concentration. For frequencies ω/ωβD0 ⩽ 0.5, the most 
strongly excited modes have negative toroidal mode numbers 
n = − 6, −7. Modes with lower absolute values of n (but still 
with n < 0) are subject to strong damping. Modes with toroidal 
mode numbers n ⩽− 8 are suppressed due to an absence of 
wave-particle resonances inside the transparency region. The 
range of CAEs excited in the reference scenario discharges is 
limited for the same reason. Modes with 1 ⩽ n ⩽ 4 are weakly 
excited as only higher order wave-particle resonances are 
accessible. The technique presented in this paper has possible 
applications in tokamak operations for plasma heating, cur-
rent drive and ion concentration diagnosis in the core.
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Figure 10. An example of the existence of positive gradients in 
the NBI ion distribution function on the mid-plane at R = 1.186 m 
for MAST discharge #30471 at time t = 100 ms. The colour bar 
represents the number of fast particles per unit velocity space per 
unit space, δf (m−6 s3). Vξ, the particle velocity perpendicular to the 
equilibrium magnetic field and V#, the particle velocity parallel to 
the equilibrium magnetic field, are both normalised to the maximum 
injection velocity, Vnorm.

Plasma Phys. Control. Fusion 56 (2014) 125017



H J C Oliver et al

9

References

 [1] Sharapov S E, Lilley M K, Akers R, Ben Ayed N, 
Cecconello M, Cook J W C, Cunningham G, Verwichte E 
and the MAST Team 2014 Bi-directional alfvén cyclotron 
instabilities in spherical tokamak MAST Phys. Plasmas 21 
082501

 [2] Appel L C, Fülöp T, Hole M J, Smith H M, Pinches S D, 
Vann R G L and The MAST Team 2008 Compressional 
alfvén eigenmodes on MAST Plasma Phys. Control. Fusion 
50 115011 

 [3] Gryaznevich M P et al 2008 Recent experiments on alfvén 
eigenmodes in MAST Nucl. Fusion 48 084003 

 [4] McClements K G, Gryaznevich M P, Sharapov S E, Akers R J,  
Appel L C, Counsell G F, Roach C M and Majeski R 1999 
Physics of energetic particle-driven instabilities in the 
START spherical tokamak Plasma Phys. Control. Fusion  
41 661 

 [5] Fredrickson E D et al 2001 Observation of compressional 
alfvén modes during neutral-beam heating on the national 
spherical torus experiment Phys. Rev. Lett. 87 145001 

 [6] Heidbrink W W, Fredrickson E D, Gorelenkov N N, Rhodes T L 
and Van Zeeland M A 2006 Observation of compressional 
alfvén eigenmodes (CAE) in a conventional tokamak Nucl. 
Fusion 46 324 

 [7] Watson G W, Heidbrink W W, Burrell K H and Kramer G J 
2004 Plasma species mix diagnostic using ion–ion hybrid 
layer reflectometry Plasma Phys. Control. Fusion  
46 471 

 [8] Lilley M K and Sharapov S E 2007 Compressional alfvén and 
ion–ion hybrid modes in the deuterium-tritium plasma of a 
spherical tokamak power plant Phys. Plasmas 14 082501 

 [9] Lilley M K 2009 Resonant interaction of fast particles with 
alfvén waves in spherical tokamaks PhD Thesis Imperial 
College, London

 [10] Hole M J and Appel L C 2003 A Novel Technique for 
Eigenmode Analysis 30th EPS Conf. on Controlled Fusion 

and Plasma Physics (St Petersburg, 7–11 July, 2003) ECA 
vol 27A,  p 3132 

 [11] Budny R V 1994 A standard DT supershot simulation Nucl. 
Fusion 34 1247 

 [12] Klimek I, Cecconello M, Sharapov S E, Harrison J and 
Ericsson G 2014 Determination of hydrogen/deuterium 
ratio with neutron measurements on MAST Rev. Sci. 
Instrum. 85 11E109 

 [13] Cecconello M et al 2014 The 2.5 MeV neutron flux monitor 
for MAST Nucl. Instrum. Methods Phys. Res. A 753 72 

 [14] Lilley M K, Sharapov S E, Smith H M, Akers R J,  
McCune D and MAST Team  2008 Modelling of beam-
driven high frequency alfvén eigenmodes in MAST Proc. of 
35th EPS Conf. on Plasma Physics (Hersonissos, 9–13 June 
2008) ECA vol 32D, p 1057

 [15] Hsu S C, Artun M and Cowley S C 1996 Calculation and 
interpretation of analytic high-beta poloidal equilibria in 
finite aspect ratio tokamaks Phys. Plasmas 3 266 

 [16] Akhiezer A I et al 1975 Plasma Electrodynamics Volume 1: 
Linear Theory 1st edn (Oxford: Pergamon Press)

 [17] Stix T H 1992 Waves in Plasmas (New York: American 
Institute of Physics)

 [18] Wesson J 2004 Tokamaks 3rd edn (Oxford: Oxford University 
Press)

 [19] Monakhov I, Bécoulet A, Fraboulet D and Nguyen F 1999 
1D full wave treatment of mode conversion process at the 
ion–ion hybrid resonance in a bounded tokamak plasma 
Phys. Plasmas 6 885 

 [20] Hasegawa A and Chen L 1976 Kinetic processes in plasma 
heating by resonant mode conversion of alfvén wave Phys. 
Fluids 19 1924 

 [21] Majeski R, Phillips C K and Wilson J R 1994 Electron heating 
and current drive by mode converted slow waves Phys. Rev. 
Lett. 73 2204 

 [22] Landau L D and Lifshitz E M 1977 Quantum Mechanics 
(Non-relativistic Theory) 3rd edn (Oxford: Pergamon Press)

 [23] Akers R J et al 2002 Neutral beam heating in the START 
spherical tokamak Nucl. Fusion 42 122 

Plasma Phys. Control. Fusion 56 (2014) 125017

http://dx.doi.org/10.1063/1.4891322
http://dx.doi.org/10.1063/1.4891322
http://dx.doi.org/10.1088/0741-3335/50/11/115011
http://dx.doi.org/10.1088/0741-3335/50/11/115011
http://dx.doi.org/10.1088/0029-5515/48/8/084003
http://dx.doi.org/10.1088/0029-5515/48/8/084003
http://dx.doi.org/10.1088/0741-3335/41/5/307
http://dx.doi.org/10.1088/0741-3335/41/5/307
http://dx.doi.org/10.1103/PhysRevLett.87.145001
http://dx.doi.org/10.1103/PhysRevLett.87.145001
http://dx.doi.org/10.1088/0029-5515/46/2/016
http://dx.doi.org/10.1088/0029-5515/46/2/016
http://dx.doi.org/10.1088/0741-3335/46/3/004
http://dx.doi.org/10.1088/0741-3335/46/3/004
http://dx.doi.org/10.1063/1.2752824
http://dx.doi.org/10.1063/1.2752824
http://dx.doi.org/10.1088/0029-5515/34/9/I06
http://dx.doi.org/10.1088/0029-5515/34/9/I06
http://dx.doi.org/10.1063/1.4889910
http://dx.doi.org/10.1063/1.4889910
http://dx.doi.org/10.1016/j.nima.2014.03.060
http://dx.doi.org/10.1016/j.nima.2014.03.060
http://dx.doi.org/10.1063/1.871852
http://dx.doi.org/10.1063/1.871852
http://dx.doi.org/10.1063/1.873328
http://dx.doi.org/10.1063/1.873328
http://dx.doi.org/10.1063/1.861427
http://dx.doi.org/10.1063/1.861427
http://dx.doi.org/10.1103/PhysRevLett.73.2204
http://dx.doi.org/10.1103/PhysRevLett.73.2204
http://dx.doi.org/10.1088/0029-5515/42/2/302
http://dx.doi.org/10.1088/0029-5515/42/2/302

