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Abstract
A new model of the L–H transition in tokamaks is proposed, based on the criterion that the transition occurs when
plasma turbulence and shear Alfvén waves compete in the vicinity of the last-closed flux surface. The model is
used to predict the scaling of the H-mode access power, PL–H, with magnetic and plasma variables. The predictions
are in good agreement with the experimental scaling of PL–H with plasma size, density, magnetic field and edge
safety factor (plasma current). They are also qualitatively consistent with the dependence of PL–H on ion mass and
charge, limiter versus divertor plasmas, single versus double null configurations, the divertor leg length and H–L
versus L–H hysteresis. Most notably, the model explains the appearance of the minimum in PL–H with plasma
density (in terms of the transition between sheath limited and conduction limited scrape-off layer (SOL) transport)
and correctly predicts the scaling of the density minimum with magnetic field and Greenwald number. Finally, the
effect of toroidal field reversal is included by making the normalized correlation length of the eddy and maximum
safety factor in the edge-SOL layer functions of B × ∇B direction.

(Some figures may appear in colour only in the online journal)

Access to the high confinement (H-mode) regime is critical
for the commercial viability of fusion energy by magnetic
confinement, especially for tokamaks, e.g. ITER3. Yet, after
more than a quarter of a century since the discovery of the
H-mode on the ASDEX tokamak [1], an adequate model
of the L–H (low-to-high confinement) transition is yet to be
developed, despite multiple attempts [2–4]. Needless to say,
such a model would be highly desirable. Since auxiliary
heating power is expensive, and hence limited, the principle
task of any model of the L–H transition is to reproduce and
explain the variation of the minimum power for accessing the
H-mode, PL–H, with the main engineering quantities, such as
the observed scaling of PL–H with the toroidal magnetic field,
B, the plasma (electron) density, ne, and the plasma surface

3 While the H-mode has also been found on helical devices, e.g. stellarators,
we recognize that such plasmas include additional variables linked to helical
rather than axis-symmetry and to the presence of complicated separatrix
structures. As such, we limit the present discussion exclusively to H-mode in
tokamaks.

∗ This letter is an intended contribution to the upcoming Nuclear Fusion special
issue: H-MODE.

area, S⊥, at medium to high density [5],

PL–H ∝ B0.803±0.03n0.717±0.04
e S0.94±0.02

⊥ (1)

and the (relatively weak) variation with the cylindrical safety
factor,

qcyl = 2πεκaB/(µ0Ip). (2)

Moreover, the dependence on additional parameters (inverse
aspect ratio, ε, ion mass, A, and charge, Z, the poloidal field
topology, and scrape-off layer (SOL) and divertor geometry,
toroidal field direction, etc) should also be reproduced. In this
letter, we propose a new model of the L–H transition, which
can explain the functional dependence of PL–H on most of the
above factors4. The model does not address the subsequent
edge transport barrier evolution, saturation and relaxation, and
is hence only a partial explanation of the H-mode phenomenon.

As our starting ansatz, we postulate that the L–H transition
is mainly a consequence of edge plasma dynamics, and that it

4 We purposely use the term ‘model’ as opposed to ‘theory’, to emphasize
the mathematical rather than a physical nature of the model, i.e. we do not
propose a new set of physical mechanisms but rather a new set of relationships
between known mechanisms.
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begins in the edge region, in close vicinity of the last-closed
flux surface (LCFS) and/or the ideal magnetic separatrix, i.e.

0 < (rLCFS − r�)/Lp � 1, (3)

where r is the radial co-ordinate, rLCFS is its value on the
LCFS (i.e. rLCFS = a, where a is the minor radius), and
Lp ≈ |∇⊥p/p|−1 is the mean pressure gradient length. In
other words, we postulate that the L–H transition depends on
local magnetic field structure and local plasma parameters and
their gradients.

Next, we conjecture that the L–H transition occurs
when the parallel Alfvenic time in the edge region becomes
comparable to the perpendicular transport time, as defined
below. Since this criterion is central to the model, we introduce
a new dimensionless number, which we shall refer to as the
Wagner number, Wa, to express it5. Hence, the L–H transition
occurs when Wa exceeds some critical value, WaL–H, which
is a constant of comparable to unity,

τA
‖ /τ

Q
⊥ ≡ Wa > WaL–H = const ∼ 1. (4)

In this definition,

τA
‖ ≡ L‖(r�)/VA(r�) (5)

is the Alfvénic time at the radial location, r�, of the L–H
transition, and

τ
Q
⊥ ≡ Lcorr

⊥ (r�)/V
Q
⊥ (r�) (6)

is the perpendicular electron energy transport time at r� over a
radial correlation length of a turbulent eddy. In (5) and (6), L‖
is the parallel connection length, VA is the Alfvén velocity, Lcorr

⊥
is the radial correlation length, and V

Q
⊥ is the radial velocity

of electron energy transport.
This is the core hypothesis of the model, since it expresses

a criterion for the L–H transition. In tokamak plasmas, which
can be described as stratified drift-hydrodynamics (DHD), we
would expect the Alfvén waves to play an important role in
drift-wave turbulence; indeed, it is now generally accepted
that drift-Alfvén wave turbulence driven by radial pressure
gradients is the dominant radial transport channel in the edge
plasma under L-mode conditions [8, 9]. Indications of this
role have been recognized since the early days of magnetized
plasma physics and span from Kadomtsev [10], who described
the linear coupling between the drift and Alfvén waves, to
the works of Scott [11] and Rogers et al [12], in which
drift-wave induced turbulent transport in the edge is shown
to be significantly affected by electromagnetic effects. A
recurring theme is the strong coupling of these waves as their
characteristic times become comparable. When this happens,
the electron response is no longer adiabatic and a robust
nonlinear drift-wave instability can occur. This, in turn, can
enhance the inverse energy cascade6, leading to E×B velocity

5 This is first usage of this term, which we name in honour of Fritz Wagner,
who first observed the H-mode on the Asdex tokamak, see [1].
6 This refers to a cascade of turbulent kinetic energy from small to large
scales, in contrast to the direct energy cascade from large to small scales.
The former is caused by conservation of enstrophy (vorticity) and is hence
a characteristic of 2D turbulent flows (in both neutral fluids and plasmas),
whereas the latter involves vortex stretching and is hence a feature of 3D
turbulence, see [6, 13, 14].

shears associated with zonal flows and, as a consequence, to
turbulence quenching.

In other words, a new channel becomes available at the
transition, in which the energy of the turbulence can flow and
be redirected to harmless (from the confinement point of view)
axisymmetric perturbations, i.e. the coupling between drift and
Alfven waves, occurring when the Wagner number approaches
unity, favours an inverse energy cascade which leads to the
formation of zonal flows7 [23]. The standard paradigm of
the zonal flow–drift-wave interaction can be understood as
a follows: (i) zonal flows are generated by drift-wave non-
linearity, and then (ii) zonal flows react back on the turbulent
flow by tilting the turbulent eddies via their velocity shear.
This results in a reduction of the radial correlation length of
the eddies (thus reducing the perpendicular transport) but not
in a significant change in their poloidal correlation length.
This is consistent with observations on tokamaks, e.g. [2],
in which the poloidal correlation length shows no significant
change between L-mode and H-mode. Finally, an important
consequence of zonal flows is the augmented radial electric
field, as typically observed during the L–H transition, e.g. [2],
although the details of the zonal flow and radial electric field
generation are outside the scope of the present model.

The above ideas have motivated several previous theories
of the L–H transition, e.g. by [15, 16], none of which, however,
propose the L–H criterion as (4) (nor any equivalent form), nor
do they introduce the concepts of magnetic field stochasticity
and SOL parallel transport as key elements of the transition. In
contrast, we will show that the two effects enter our proposed
L–H criterion, (4) via L‖ in (5), and via both Lcorr

⊥ and V
Q
⊥ in

(6), respectively, without otherwise modifying the physics of
the transition.

It is worth noting that (4) represents the condition of
critical balance between the rates of eddy deformation in the ‖
and ⊥ directions in magnetohydrodynamic (MHD) turbulence.
When this condition is satisfied, the turbulent cascade occurs
preferentially within the 2D drift plane, which in tokamaks
would give rise to the inverse energy cascade needed for zonal
flow formation [6, 7]. Moreover, in stratified MHD Alfvén
waves can stabilize the R-T instability if the Alfvénic time is
shorter than the interchange time [7], i.e. when (4) is violated!
This would imply more robust turbulence levels when (4) is
satisfied, which once again could be channelled into zonal flow
via the inverse energy cascade.

Our next task is to obtain expressions for L‖, Lcorr
⊥ and V

Q
⊥

which appear in (5) and (6). To estimate L‖ in the vicinity of the
separatrix one needs to consider the nature of the magnetic field
in the edge region of divertor tokamaks. Classical mechanics
[17] and the KAM theorem [18] predict the separatrix to be a
fragile object, i.e. unstable to tiny perturbations. This fragile
object, on which ideally L‖ ∝ qsep → ∞, breaks up into a thin
stochastic layer, in which the magnetic field has a 3D structure,
see figure 1. As a result, qsep saturates at some finite value,
which scales weaker than linearly with qcyl [19].

Due to the presence of the stochastic layer, we may assume
q� ≡ q(r�) to scale weaker than linearly with the plasma
current, e.g. with a square-root dependence,

q� ≈ α�q
1/2
cyl , L�

‖ ≈ πq�R, (7)

7 Recall that zonal flows axis-symmetric meso-scale objects that naturally
arise from the drift-wave turbulence.

2
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Figure 1. Left frame: Poincaré plot of the near-separatrix stochastic region based on a Hamiltonian vacuum field calculation. The dashed
line shows the position of the unperturbed separatrix. In the inset, a zoom of the X-point region is shown; right frame: the related ‘safety
factors’ (blue points), defined as q = �φ/2π ≈ L‖/πR, where �φ is the toroidal angle subscribed for one poloidal rotation and L‖ is the
corresponding parallel distance, in the vicinity of the separatrix, as well as their mean values for axis-symmetric (red dashed line) and
perturbed (green diamonds) cases.

where α� > 1 is a free parameter in the model and L�
‖ ≈ πq�R

is the parallel length (half a poloidal turn) at r�. Since the effect
of the magnetic perturbation is likely to be much weaker on
the open field lines, we assume that the safety factor in the near
SOL, q� is linear proportional to qcyl,

q� ≈ α�qcyl, L�
‖ ≈ πq�R. (8)

where α� ≈ 1 is a free parameter and L�
‖ is the connection

length in the near-separatrix SOL.
We estimate the radial correlation length of a turbulent

eddy in the edge region (shear-layer) as some multiple of the
meso-scale,

Lcorr
⊥ ≈ α⊥

√
LpρS, (9)

where α⊥ ∼ 1 is a free parameter in the model. The meso-
scale consists of a logarithmic average of the mean pressure
gradient length in the edge region, Lp, and the ion gyro-radius
evaluated at the plasma sound speed, ρS,

ρS = CS


i

=
√

ZTe + Ti

mi

( mi

ZeB

)
≈

√
Te

eζB
∝

√
ATe

Z

1

B
. (10)

Here again we assume a two species plasma with ne = Zni,
Te = Ti and mi = Amp, so that ζ = √

Z/Amp. It is worth
stressing that the estimate (9) is consistent both with current
thinking on the nature of edge-SOL turbulence as well as with
experimental data, e.g. recent measurements on JET [20]8.

Guided by combination of physical insight (expected
dominance of turbulent convective transport in the edge
region9) and empirical evidence (Lp increases roughly linearly
with size and decreases roughly linearly with plasma current),

8 Basically, the free energy driving the edge-SOL turbulence comes mainly
from the edge pressure gradients (not from the SOL)! Empirically, Lp is fairly
continuous across the separatrix, so the exact location at which it is to be
evaluated makes little practical difference in the model, but it is important for
the physical interpretation.
9 This suggests the following scaling forLp in the edge plasma: Lp ∼ V⊥τ‖ ∼
M⊥CS(L‖/CS) ∼ M⊥aq� ∼ aq�.

we assume that Lp scales linearly with a and the local safety
factor, q�,

L�
p ≡ Lp(r�) ∝ aq�A

−1/2 ∝ Rεq
1/2
cyl A−1/2, (11)

where ε = a/R is the inverse aspect ratio, with typical
Lp/a ≈ 0.025. This is consistent with the observations on
JET [21], TCV [22] and across many machines [23]. The
additional mass scaling is motivated by the mean free path
of neutrals (penetration), which increases as neutral thermal
velocity, and hence as 1/

√
A [24].

The radial velocity of electron energy transport, V
Q
⊥ ,

appearing in (6), is estimated as

V
Q
⊥ ≡ Q⊥/(

3

2
pe) ≡ P⊥/[

1

2
S⊥ × 3

2
pe], (12)

where P⊥ is the power crossing the flux surface (assumed to
exit over the outboard surface area), and pe = neTe is the
electron pressure. At r = r� ≈ a, these become

P⊥ ≈ P�, S⊥ ≈ 4π2R2ε
√

κ, pe = pe(r�), (13)

where P� = Pheat − P core
rad is the power entering the SOL and

κ is the plasma elongation.
The L–H transition criterion, (4), together with the

estimate of V
Q
⊥ (r�) (12) now yields an expression for the L–H

access power,

PL–H ≈ 3

4
pe�S⊥VA�L

corr�
⊥ /L�

‖, (14)

with all terms evaluated at r�. Recalling that the Alfvén speed
is defined as

VA� ≡ B√
mini�

= Bζ√
ne�

∝ B√
ne�

√
Z

A
. (15)

Using (7), (9), (10) and (11) to provide expressions for L�
‖,

Lcorr
⊥ , ρS and L�

p, we find the following scaling:

PL–H ∝ (ne�Bκ/q�)
1
2 (Rε)

3
2 Z

1
4 A− 1

2 T
5
4

e�, (16)

3
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which suggests a critical role played by electron temperature
(consistent with many observations, e.g. [25]).

To approximate the temperature and density at the L–H
transition location, i.e. at r� ≈ rLCFS − δLp, where δ is
a small number, see (3), we take their near-separatrix SOL
values, i.e. at r� ≈ rLCFS + δLp. In effect, we assume
that the relative variation of ne and Te across a layer of
thickness � = δLp is small. This is supported by vacuum
field simulations (performed specifically for this purpose, see
figure 1), which suggest that the stochastic magnetic field
has maximum L‖ ∝ q in a layer of width � = 10−3rLCFS

inside the separatrix. Since Lp is typically ≈ 0.02rLCFS, this
implies that �/Lp = δ ≈ 0.05 � 1 as required. The above
assumption permits us to use the so-called two-point model
of SOL transport [7, 26], to estimate the electron temperature
and density at r� as the ‘upstream’ SOL values in the two-point
model, using

T 7/2
eu ≈ T

7/2
et +

7

4
P�L�

‖ /(S‖κ0e), (17)

where Teu and Tet are the upstream and target values of
the temperature and κ0e ∝ A0Z−1

eff ∼ Z−1 is a constant
in the Spitzer–Harm expression for parallel heat conduction,
κ‖e = κ0eT

5/2
e [27, 28]. This relation follows directly from a

quadrature of the parallel electron heat conduction equation,

P�/S‖ = Q‖e ≈ κ‖e∇‖Te = κ0eT
5/2

e ∇‖Te, (18)

between the upstream and target regions.
The target temperature in (17) may be obtained by

invoking two additional assumptions of the two point model:
(i) pressure conservation, nuTu ≈ 2ntTt , and (ii) the target
energy flux boundary condition,

P�/S‖ = Q‖t = γ TetnetCSt, ⇒ Tet ≈ (
P�/S‖γ ζnet

)2/3
(19)

where γ = γe + γi ≈ 8 is the total sheath energy transmission
coefficient. The parallel energy flow (cross-sectional surface)
area, S‖, may be derived from a divergence form of energy
conservation, ∇‖Q‖ ≈ ∇⊥Q⊥,

S‖ = S⊥(L⊥/L‖)� ≈ 4πR
√

κλQε/q�. (20)

where λQ = |∇⊥Q‖/Q‖|−1 ≈ ∫
Q‖ dr/Qmax is the radial

power width in the SOL.
Finally, the power e-folding length in the near-separatrix

SOL, appearing in (20), is estimated as

λQ ≈ V⊥τ‖Q, (21)

where V⊥ is the effective radial transport velocity and

τ‖Q ≈ τ‖T ≈ L2
‖/χ‖e, χ‖e ∼ vteλei (22)

is the parallel energy removal time, which is assumed here
to be dominated by parallel electron conduction. Defining
M�

⊥ = V⊥/CS ≈ const as the perpendicular Mach number
and ν� = L�

‖ /λei ∝ ZneuL
�
‖ /T 2

eu as the plasma collisionality
in the upstream SOL near the LCFS, then (21) and (22) may
be combined to yield

λQ ∝ q�R(Z/A)1/2ν�M�
⊥ ∝ Rqcyl(Z/A)1/2ν�. (23)

Figure 2. Predicted variation of PL–H with plasma density for
typical JET conditions. Also shown are the low and high density
asymptotes, and the empirical prediction, (1).

To eliminate Te�, we combined (17) and (19) to find an
explicit expression for the SOL upstream temperature, and
hence for Te� ≈ Te� = Teu,

Te� ≈ Te� ≈
[(

PL–H

S‖

1

γ ζnet

) 7
3

+
7

4

PL–HL�
‖

κ0eS‖

] 2
7

. (24)

The two terms appearing in (24) correspond to two distinct
regimes of SOL transport: the left term dominates in the sheath
limited (or low recycling) regime in which 1 < Teu/Tet < 2,
and the right in the conduction limited (or high recycling)
regime, Teu/Tet > 2. The transition between these two
regimes, defined as the point at which Teu/Tet ≈ 2, occurs
at some critical value of the SOL collisionality, typically at
ν� ≈ 15 (note that 10 < ν� < 80 are typically found on
tokamaks) [26]. The resulting variation in predicted PL–H

is shown in figure 2 for typical JET conditions (R = 3 m,
a = 1 m, κ = 1.7, B = 3 T, Ip = 3 MA, qcyl ≈ 2.8,
q95 ≈ 3.6, A = 2, Z = 1, Lp ≈ 2.8 cm, λq ≈ 1.8 cm)
and free parameters chosen as α� ≈ 24, α� ≈ 2.6.

In the conduction limited regime, i.e. for ν� � 15, when
T

7/2
eu � T

7/2
et , (24) becomes

T cd
e� ≈ T cd

e� = T cd
eu ≈

[
7

4

PL–HL�
‖

κ0eS‖

] 2
7

. (25)

Combining (25), (16) and (20), and simplifying yields,

P cd
L–H ∝ (ne�B/

√
Aq�)

7
9 (Rε)

16
9 κ

1
2 q

5
9�(Z/A)

1
9 Z

5
9 ν

− 5
9� . (26)

Since the PL–H size scaling is generally reported in terms of
S⊥ rather than R, it is useful to express the minor radius,
Rε = a, in terms of the surface area, S⊥, (13), which gives
a = Rε ∝ (S⊥ε)1/2κ−1/4. Inserting this form into (26),
introducing dependence of q� (8) and q� (7) on the plasma
current via qcyl, and noting that ν�/ν� ∝ q�/q� ∝ q

−1/2
cyl , we

find

P cd
L–H ∝ (ne�B)

7
9 (S⊥ε)

8
9 κ

1
18 gcd(A, Z)hcd(qcyl, ν�). (27)

4
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Table 1. Predicted scaling exponents at low, medium and high
densities, and experimental ones at high density [3–5].

Quantity: Model Model Model Experiment
PLH ∝ (ν� � 15) (ν� ≈ 15) (ν� � 15) (ν� > 15)

B 3 1.4 0.78 0.82
ne −2 0 0.78 0.72
S⊥ −0.5 0.5 0.89 0.94
ε 2 1.9 0.89 ≈1
κ 0.055 0.055 0.055 ≈0
δ 0 0 0 ≈0
qcyl −0.75 −0.3 0.16 ≈0
q� −1.5 −1.4 −0.78 <0
q� 0 0.4 0.55 >0
A 2 0.2 −0.5 ≈ − 1
Z −2.25 −0.15 0.66 0.7 (Zeff )

gcd(A, Z) = (Z/A)
1
9 A− 7

18 Z
5
9 = A−1/2Z2/3, (28)

hcd(qcyl, ν�) = q
− 7

9
� q

5
9�ν

− 5
9� ∝ q

1
6

cylν
− 5

9� . (29)

A similar calculation in the sheath limited regime, i.e. for
ν� � 15, when Te� ≈ Teu, (24) reduces to Tet (19) yields

P sh
L–H ∝ n−2

e� B3S
− 1

2
⊥ ε

9
2 κ

3
4 gsh(A, Z)hsh(qcyl, ν�). (30)

gsh(A, Z) = (A/Z)[A/(Z + 1)]
5
2 A− 3

2 ≈ A2Z−9/4, (31)

hsh(qcyl, ν�) = q−3/2
� ν−5

� . (32)

The low and high density asymptotic scalings are summarized
in table 1. The latter are in good agreement with the observed
PL–H scaling exponents at high density (1) also shown in
table 1. The model also reproduces the (generally observed)
weak scaling of PL–H with qcyl, i.e. with Ip for fixed BT, and
predicts an inverse scaling with qcyl at the lowest densities. The
predicted scalings with q� and q� are qualitatively consistent
with the observed dependence of PL–H on limiter versus
divertor SOL, i.e. much higher in the former,

P lim
L–H/P div

L–H ≈ (q lim
� /qdiv

� )−7/9 � 1, (33)

on single versus double null configurations, i.e. higher in the
former [29, 32, 33]

P SND
L–H /P DND

L–H ≈ (qSND
� /qDND

� )−7/9 ∼ (1/2)−7/9 ≈ 1.7, (34)

and on the divertor leg length, i.e. increasing with distance
from X-point to target [34, 35],

PL–H ∝ L
5/9
‖ ∝ q

5/9
� , (35)

Finally, the model predictions are also consistent with the
observed hysteresis in access power, with PH→L < PL→H,

PH→L/PL→H ≈ (LH→L
p /LL→H

p )1/2 < 1, (36)

with the caveat that the model may no longer be valid following
the L–H transition and hence may not be applicable to study
the H → L back transition!

A comparison of the model predictions with experimental
measurements of PL–H on several tokamaks, obtained from
the ITPA L–H transition database, is shown in figure 3 (right
frame); also shown is the comparison of the database with the
best-fit power law scaling (1) (left frame), see [5]. Combined,

the two figures indicate good agreement between the model,
the empirical scaling and the multi-machine database. While
not presented here, sensitivity analysis revealed this good
agreement to be highly insensitive to the scaling exponents
in (7) and (8), i.e. to the assumed square-root and linear
dependences of q� and q� on qcyl, respectively. All the
experimental results presented above, e.g. (1) and table 1, were
obtained with a ‘favourable’ or ‘forward’ BT direction, i.e. with
B × ∇B pointing towards the X-point. A discussion of the
effect of the toroidal field reversal on the L–H access power
may be found in the appendix.

Since the scaling exponent of PL–H with respect to density
is negative at low density (sheath limited regime, ν� �
15), PL–H ∝ n−2

e� , and positive at high density (conduction
limited regime, ν� � 15), PL–H ∝ n0.78

e� , this indicates
that PL–H has a minimum value at some intermediate density
(ν� ∼ 15) corresponding to the transition between these two
regimes. This value, P min

L–H, represents the minimum H-mode
access power at any density (for specified values of all other
parameters), and as such, is a very important quantity for
any future tokamak reactor. The prediction of P min

L–H and the
corresponding density, nmin

e� , is thus one of the key objectives
of any mode of the L–H transition.

Inserting (24) into (16), differentiating with respect to
density and simplifying, yields the scaling for the minimum
H-mode access power,

P min
L–H ∝ B

7
5 Rε

12
5 κ

1
2 gP (A, Z)hP(qcyl, ν�), (37)

gP(A, Z) = A
1
5 Z

1
5 (Z + 1)−

7
10 , hP(qcyl, ν�)

= q
− 7

5
� q

2
5�ν

− 9
5� ∝ q

− 3
10

cyl ν
− 9

5� . (38)

The corresponding density is found to scale as

nmin
L–H ∝ B

4
5 R−1ε

4
5 κ0gn(A, Z)hn(qcyl, ν�), (39)

where

gn(A, Z) = A
9

10 Z− 3
5 (Z + 1)−

9
10 , hn(qcyl, ν�)

= q
− 4

5
� q

− 1
5� ν

− 8
5� ∝ q

− 3
5

cyl ν
− 8

5� . (40)

In view of the tokamak density limit, it is useful to
normalize (39) by the Greenwald density, nGW ∝ Ip/a

2.
Recalling (2), the resulting Greenwald fraction is found to scale

f min
GW,L–H ∝ B− 1

5 R0ε
4
5 κ−1gf(A, Z)hf(qcyl, ν�), (41)

where gf(A, Z) = gn(A, Z) is the same as in (40) and

hf(qcyl, ν�) = hn(qcyl, ν�)qcyl ∝ q
2
5

cylν
− 8

5� . (42)

This prediction is in good agreement with the experimentally
observed variation of f min

GW,L–H, which is found to be roughly
independent of R and to decrease weakly with B, see figure 4.

Finally, in order to test the assertion made earlier, that the
transition between the sheath limited and conduction limited
regimes (as represented by the two terms in (24)) occurs at
a specified value of SOL collisionality, ν�, it is necessary
to derive the scaling of ν� at the minimum of PL–H. This
can be found by constructing ν� from (39) and (24), with the
following result:

νmin
�,L–H ∝ B0R0ε0κ0gν(A, Z)hν(qcyl, ν�) (43)

5
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Figure 3. Comparison of experimental measurements of PL–H on several tokamaks (ITPA data) with the best-fit scaling (left frame) (1)
and the new model—labelled as FM3 after the surnames of the authors—predictions (right frame).

Figure 4. Variation of the measured minimum L–H access density (left frame) and the corresponding Greenwald fraction (right frame) with
toroidal field. Reproduced with permission from [5]. © IOP Publishing.

and where

gν(A, Z) = A
1
2 (Z + 1)−

1
2 , hν(qcyl, ν�) = q0

� q
0
�ν0

� = 1.

(44)
Since most of the scaling exponents are zero, we may combine
the above into a remarkable terse expression,

νmin
�,L–H ∝ A

1
2 (Z + 1)−

1
2 (45)

which is a function of only A and Z. This result is entirely
consistent with our expectations based on the two-point
model, which predicts that the transition between sheath and
conduction limited regimes occurs at constant collisionality
for given A, Z [7, 26]. We note that for our reference set of
parameters, νmin

�,L–H is roughly 15, in broad agreement with
the value suggested by the two-point model analysis [26]. In
short, (45) suggests that the minimum H-mode access point
indeed corresponds to the transition between the sheath and
conduction limited regimes.
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Appendix

As a final remark, we consider the effect of the relative
toroidal field direction on the L–H transition, which we have
hitherto avoided in our discussion (all the experimental results
presented above, e.g. (1) and table 1, were obtained with a
‘favourable’ or ‘forward’ BT direction, i.e. with B × ∇B

pointing towards the X-point). The relative BT direction can
be quantified by introducing the variable

σB = sign [(B × ∇B)) · (RX − R0)] (46)

6
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where RX and R0 are position vectors of the X-point and
plasma centre, respectively. Hence, σB measures the direction
of B × ∇B vis-a-vis the position of the lower X-point (upper
single-null results may be mapped to the lower single-null
equivalent with a corresponding reversal of B × ∇B, so that
only lower single-null and double-null plasma need to be
considered). Hence, σB = 1 for single null with forward
BT, −1 for single null with reverse BT and 0 for symmetric
double null (with either BT direction). The effect of reversing
the toroidal magnetic field, and hence flipping σB from 1 to
−1, on the L–H transition is well documented: typically PL–H

increases by a factor of 2–3 compared with the forward field
case, e.g. see [29, 30, 32, 33]. This effect is absent from the
model proposed above, which represents a balance of parallel
and radial times, neither of which depends explicitly on σB .
Nonetheless, it is likely that plasma quantities (ne�, Te�), their
gradients (Lp, λq), the correlation length Lcorr

⊥ and/or magnetic
field quantities (q�, q�) are in reality functions of σB , so
that the predicted threshold power would change upon σB

reversal. Indeed, the observed comparable increase of PL–H

and Te� [29, 30] when σB is flipped from 1 to −1 is consistent
with (16).

The natural way to introduce the above dependence into
the model is to make the free parameters α⊥, α� and α�
functions of σB

10. The first of these represents the radial
correlation length of the eddy, Lcorr

⊥ in units of the meso-
scale,

√
LpρS, see (9). Since the radial gradient (shear)

in the E × B flow velocity tends to de-correlate (break-
up) eddies and thereby reduce Lcorr

⊥ , we expect α⊥ to scale
inversely with the magnitude of radial E × B shear, which is
typically larger for σB = 1 than for σB = −1, e.g. see the
measurements on Asdex Upgrade [32] (there are a number of
possible reasons for this increase including asymmetries in the
power flow and electron temperature in the SOL, see below).
Noting that PL–H ∝ Lcorr

⊥ ∝ α⊥, see (14), we would expect
PL–H(σB = 1) < PL–H(σB = −1) in agreement with the
experiment.

The second parameter, α�, represents the maximum safety
factor in the edge region, q�, in units

√
qcyl, see (7). Recalling

the discussion of (7) and (8), we expect this quantity to be
highly sensitive to the degree of magnetic stochasticity in the
near-separatrix region (in contrast the third parameter, α�,
which represents the maximum safety factor in the SOL region,
q�, in units qcyl, see (8), is likely to be insensitive to σB).
There are at least three separate effects by which the change
in the σB would alter the degree of magnetic stochasticity and
hence α�:

• For σB = 1, the ratio of power deposited on the outer
and inner targets is typically ≈ 3, and for σB = −1 it is
close to unity. This translates into a strong outer : inner
temperature asymmetry (T out

e � T in
e ) and corresponding

thermo-electric current between the two targets for σB =
1, and the near absence of such current for σB = −1;
one would expect the change in this current to have

10 Alternatively, one could adopt the approach used in fluid mechanics
where the transition to turbulence is typically written as Re >

Re∗(P r, Sc, shape, . . .), i.e. with the critical Reynolds number being a weak
function of the Prandtl, Schmidt, etc, numbers and the shape of the object
considered. In our case, this would require that we modify (4) to read
Wa > WaL–H(σB). By choosing WaL–H as a decreasing function of σB ,
the resulting PL–H could be reconciled with observations [29, 30].

a significant impact on the structure of the stochastic
layer.

• For σB = 1 most of the SOL experiences a strong
flow towards the inner target, with M‖ ≈ 0.3 at the
outer mid-plane and stagnation point at ≈45◦ below the
outer mid-plane, while for σB = −1 the flow is much
more symmetric with M‖ ≈ −0.2 at the outer mid
plane and a stagnation point near the top of the vessel.
Such flows can be expected to play a role in shielding
the magnetic perturbations and changing the degree of
stochasticity.

• Similarly, as already mentioned, E × B and diamagnetic
drifts, whose sign is determined by that of σB , can directly
impact on the eddy shearing rate, thus modifying the radial
correlation length of the eddies, and potentially, the degree
of stochasticity.

The combined effect of these three forces is beyond the scope
of this work, and would require 3D resistive MHD simulations
to quantify properly. Nonetheless, the model does allow us to
make one concrete prediction in this regard, namely thatPL–H is
likely to be strongly affected by magnetic perturbations, which
would modify q� directly. This effect is easily testable and
experiments are currently underway, e.g. on ASDEX Upgrade
and MAST, to establish the influence of magnetic perturbations
on the H-mode access power.

© Euratom 2012.
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