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A possible excitation mechanism for observed superthermal ion cyclotron 
emission from tokamak plasmas 

R. 0. Dendy, C. N. Lashmore-Davies, and K. F. Kam 
A EA Fusion, Culham Laboratory (Euratom/UKAEA Fusion Association), Abingdon, Oxfordshire, 
OX14 3DB, England 

(Received 28 August 199 1; accepted 21 July 1992) 

Intense superthermal ion cyclotron emission (ICE) has been observed from tokamak 
plasmas. The power spectrum displays narrow peaks at multiple harmonics of the background 
ion cyclotron frequency {Cottrell and Dendy, Phys. Rev. L&t. 60, 33 (1988)] in Ohmic 
deuterium plasmas, and the radiation appears to be driven by the fusion ion population in the 
edge plasma. Theoretical investigation of this phenomenon may be rewarding, in terms 
of the information about the behavior of energetic ions in tokamaks that can be extracted from 
ICE observations. The interpretation presented here is based on the resonant excitation 
of fast AlfvCn waves with ion Bernstein waves supported by an energetic ion species (a)) in 
the presence of a more numerous thermal ion species (i). Because the ion cyclotron 
frequencies may be commensurate (Z!&=s& for some low integers Ls), and observations 
indicate that w is comparable in magnitude to St, the standard theory [Belikov and 
Kolesnichenko, Sov. Phys. Tech. Phys. 20, 1146 (1976)] whic.h assumes o>Qi is not 
immediately applicable, and is accordingly extended here to the low-frequency regime. The 
results show that excitation of the fast Alfven wave at proton cyclotron harmonics can 
occur for fusion proton concentrations ndn; as low as 10w7, and that multiple cyclotron 
harmonics can be simultaneously unstable. Furthermore, while fusion protons born at 
3.0 hleV are above the energy threshold required to drive the instability, the other primary 
fusion products in deuterium-1.0 Met7 tritons and 0.82 MeV helium-3 nuclei-fall 
below it, consistent with the observation t.hat radiation at cyclotron harmonics of the latter is 
not detected. However, the mechanism considered here cannot easily explain the 
generation of radiation which is observed at deuterium cyclotron harmonics that are degenerate 
with proton half-harmonics. 

I. 1NTRODUCTlON 

The observation of superthermal radiation in the ion 
cyclotron range of frequencies provides, in principle, a 
method for detecting and studying energetic charged par- 
ticles in magnetic fusion experiments. The main features of 
ion cyclotron emission (ICE) observed on Joint European 
Torus (JET) ‘-4 include the following: in Ohmic deuterium 
discharges, the observed ICE intensity is proportional to 
the measured fusion reactivity RDD over three orders of 
magnitude in signal intensity;’ in both neutral-beam in- 
jected (NBI) and Ohmic discharges, the ICE frequency 
spectrum contains intense ( lo4 times background), 
regularly spaced peaks whose narrowness 
(Ao/c~-0. 1 (a/R,~0.4) implies a spatially localized 
origin; 1!3 frequency-matching calculations suggest the edge 
plasma as the emitting region;’ and recent observations of 
inverted ICE sawtooth oscillations,4 which coincide with 
the arrival of the sawtooth heat pulse in the edge plasma, 
give further support to this interpretation. In Fig. 3 of Ref. 
3, it is shown that the ICE spectral peaks from an Ohmic 
deuterium discharge (with protons as the most energetic 
fusion product) uniquely match the first nine cyclotron 
harmonics of deuterium evaluated at R=4.0 *O. 1 m, in 
the near-field region of the detecting antenna. Thus, there 
is strong experimental evidence that a minority energetic 
proton population in a deuterium plasma can excite super- 

thermal ICE with spectral peaks at multiple harmonics of 
the deuteron cyclotron frequency (harmonics and half- 
harmonics of the proton cyclotron frequency), evaluated in 
the near-field region of the antenna at the plasma edge. It 
also appears reasonable to infer from the experiments that 
the velocity distribution of the fusion protons in the emit- 
ting region possesses, at least transiently, a positive gradi- 
ent in some region of velocity space. In addition to the 
highly super-thermal intensity of ICE already discussed, it 
was noted in Ref. 4 that mechanisms such as the change in 
fusion reactivity associated with the sawtooth heat pulse, 
coupled with the edge loss term, could plausibly create a 
hollow shell distribution in velocity space. A similar argu- 
ment presumably applies to the velocity space distributions 
of the fusion tritons and helium-3 nuclei, which are born at 
1.0 and 0.82 MeV, respectively, at a rate roughly equal to 
that of the 3.0 MeV fusion protons. However, in the ICE. 
experiments, while the intensity is proportional to mea- 
sured fusion reactivity R, no spectral peaks have been 
identified at frequencies corresponding to cyclotron har- 
monics of tritium or helium-3 that are not degenerate with 
deuterium harmonics-for example, 4&/3 or s&/3. This 
appears to be an important null result, which any candi- 
date theory of the driving instability should replicate. 

While the leading hypothesis is that the fusion proton 
population provides the free energy that drives the ICE in 
Ohmic deuterium plasmas, the precise nature of the under- 
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lying instability and of the wave modes excited remains 
unknown. In particular, there exists no well-defined ana- 
lytical model for the proton distribution function in the 
edge plasma; and, because the ICE signal apparently orig- 
inates in the near-field region of the antenna, it may be 
composed of fast AlfvCn waves, Bernstein waves, or both. 
Furthermore, the energy coupling mechanism that results 
in spectral peaks at odd harmonics of the deuteron cyclo- 
tron frequency, which are not resonant with the cyclotron 
harmonics of the driving protons, is also unknown. In Ref. 
3, generic instabilities (see, for example, Refs. 5-10) and a 
simple analytical model for the proton distribution func- 
tion were used to illustrate the physical principles. Further 
constraints emerged from kinetic modeling associated with 
the sawtooth oscillations in Ref. 4. These studies indicate 
that further theoretical investigations may be rewarding in 
terms of the information about the behavior of energetic 
charged particles in tokamak plasmas that can be extracted 
from the ICE observations. In particular, a better under- 
standing of the physics underlying ICE would help in as- 
sessing the potential of ICE as a diagnostic of fusion alpha 
particles in deuterium-tritium plasmas. While the produc- 
tion rate of alpha particles can be deduced from the mea- 
sured neutron flux, and thermal alpha particles can be de- 
tected by charge-exchange scattering, the behavior of alpha 
particles in their slowing-down phase is difficult to moni- 
tor. If some fraction of the alpha-particle energy is released 
by collective instability, it might be possible to detect and 
measure the process using ICE. 

In the present paper, we concentrate on the essential 
physics of a candidate excitation mechanism for the ICE, 
which is independently of interest as a possible collisionless 
relaxation mechanism for energetic ions. This is the so- 
called magnetoacoustic cyclotron instability,” which oc- 
curs for propagation perpendicular to the magnetic field, at 
cyclotron harmonics of an energetic ion species in the pres- 
ence of a more numerous thermal ion species. It is a reac- 
tive instability, involving resonance of the fast AlfvCn wave 
with ion Bernstein waves supported by the energetic ion 
species and, if their cyclotron frequencies are commensu- 
rate, ion Bernstein waves supported by the thermal major- 
ity species. We concentrate on perpendicular propagation; 
in this case, cyclotron damping of the wave through reso- 
nance with background ions cannot, strictly speaking, oc- 
cur. Instead, an equivalent effect, acting to stabilize the 
system, is produced by the positive-energy loading due to 
the background ions, which must be induced to oscillate 
coherently in the field of the excited wave. The existing 
theory” of the magnetoacoustic cyclotron instability is re- 
stricted to the frequency regime W)fii, where fii is the 
cyclotron frequency of the thermal ion population. In view 
of the experimental results that we have discussed, after 
reviewing the existing theory in Sec. II, we carry out an 
extension of the theory to accommodate lower frequencies 
w 2 ni in Sec. III. In Sec. IV, we carry out a computational 
study, which relates the rather complex dispersion relation 
that emerges from the new analysis to the observed exper- 
imental parameters, particularly thresholds. Finally, in 
Sec. V, we present our conclusions on the role of the mag- 

netoacoustic cyclotron instability as a potential excitation 
mechanism for the observed ion cyclotron emission. 

II. OUTLINE OF THE MAGNETOACOUSTIC 
CYCLOTRON INSTABILITY 

An excellent early treatment of this instability in the 
regime w)Ri was given by Belikov and Kolesnichenko,” 
who outlined many of the essential physical principles; see 
also Refs. 12 and 13. In this paper, we give a more general 
treatment, which extends the frequency range downward 
and is valid when w S @. In the present section, after de- 
riving the full dispersion relation in terms of dielectric ten- 
sor elements, we review the more restricted case considered 
in Ref. Il. This is a useful basis for comparison with our 
treatment of the full dispersion relation in the next section, 
and also allows us to correct a number of misprints that 
occur in Ref. 11. 

For waves propagating perpendicular to the magnetic 
field in a homogeneous plasma, the general dispersion re- 
lation is 

see, for example, Eq. (2.43) of Mikhailovskii’s review,13 
where we have used the fact that eXu= -eyX. Contributions 
to the dielectric tensor eii arise from electrons (superscript 
e hereafter), a background thermal ion population (i), and 
a less numerous energetic ion population ((r). The latter 
may, or may not, be of the same species as the thermal 
ions. We write 

E,= 1 +E&+Eiu(+& (2) 

eyy= 1 +E;y+E;y+E;y (3) 

l ,u= Eiy-l- <y+ gy. (4) 
Substituting Eqs. (2)-(4) into Eq. ( I), multiplying by 
w2/c2k2, and rearranging, we obtain 

l+&+&+& 

It is convenient to group together terms that involve the 
same combination of species in Eq. (5), giving 

+ d;y+ &E;y+ E;ye&+ 2e;ye;y+ EZEFy+ e$] = 0. (6) 

Thus far, the analysis has been completely general. We 
now restrict attention to frequencies w much smaller than 
the electron cyclotron frequency n, (we define a, posi- 
tive). In this limit, 
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& = E;y= l2$&, (7) 

ety= h&/cd, . (8) 

Assuming that plasma conditions are such that oi/Qs d 1, 
we may neglect certain terms involving unity, ef;, and e& in 
comparison to terms involving e& in Eq, (6), leaving 

1+ 4.x + 4.x + e.r 
2 

-& re$,+ i 1 +&I i&+E;y+E;x+E;y) 

+2E;y(&+E:y) +&!<y+E~y+g&;y 

+Ei,Ee;+2~~~~+E~+~~l=o. (9) __ 
This is a generalization of the basic expression Eq. (2) of 
Ref. 11, which is (correcting a misprint) 

ti2 

Let us consider the form of the dielectric tensor ele- 
ments that occur in these equations. We assume that for 
the energetic ion population, only the contribution to e; 
that is resonant when ti=K&, for some as yet unspecified 
value of 1, is significant. Accordingly, we write 

+ - 
12a& 1 

-Tn,. dw-I&J zla (11) 

For example, for an isotropic shell distribution 

f&v) = (l/4??-&&v--v()), 

we have 
(12) 

z, = kvo/Cla , (13) 
and expressions for II, are given in Ref. 11; unfortunately, 
as we discuss in the Appendix, it appears that there is a 
misprint in the expression given for II),,, which is the dom- 
inant contribution from the energetic ions in the analysis of 
Ref. 11. It seems clear from the observations of intense 
superthermal ICEzA that the fusion product population in 
tokamaks can deviate significantly from an isotropic, 
monotonically decreasing slowing-down distribution. As 
discussed in the Introduction, it appears reasonable to 
adopt the somewhat simplistic model Eq. (12) in the ab- 
sence of more detailed experimental information. This 
model enables us to concentrate on what appear to be the 
two key parameters for any candidate emission mecha- 
nism, namely the birth energy of the fusion products and 
their concentration in the plasma. A more detailed model 
for the velocity distribution would need to reflect a number 
of additional competing physical effects. These include: the 
effect of large Larmor radius on energetic ion orbits, which 
produces a significant excess of high u,/vll ions at the 
edge”-this phenomenon would act to counterbalance the 
effect of ripple loss; centrally born fusion products passing 
through the edge region on their way out of the plasma; the 
spread in birth energy in the laboratory frame introduced 
by the center-of-mass effect associated with thermal mo- 

tion of the fusing nuclei, which is non-negligible; and edge 
losses. To combine all these effects so as to give a convinc- 
ing model for the fusion product velocity distribution in 
the edge plasma, is a long-term objective beyond the scope 
of the present work, which is concerned with identifying a 
plausible candidate emission mechanism. 

Turning to the thermal ion population, its contribution 
can be divided into a cold and a resonant part. The latter 
corresponds to some integer s, such that foci is t.he thermal 
ion cyclotron harmonic closest to the wave frequency; as- 
suming s#l, we may write 

2 

&= -7 “‘pi W” ( la2 “fiz,, .s 1 2 &-$+o--sdli- 

(ryzi$! 63-+ 
( 

CO ~ CO--Cl, 0 O--SlIti x!&(q) 1 9 (15) 

2 
i *pi 

%Y= -2 
( 

cd= 
I$‘ co”-aT 
I 

5, ‘fi2il) > 

f,(q) =.?Z,($)exp( -2f)/2$, (17) 

&i9) = [Z:(g) -Z.&) lexpt -41, (18) 

k(G) =fsizi) +2&m, (19) 

* = k?/J;i/2fi;, (20) 

where uri is the thermal velocity of the background ion 
population and Z, is the modified Bessel function of orders. 
Note that in Eq. (7) of Ref. 11, a factor ?/$ has been 
omitted erroneously from the expression equivalent to Eqs. 
( 14) and ( 17). Finally, we note that if the thermal ions are 
much more numerous than the energetic ions, the Alfven 
velocity in the plasma is 

c,q= B/(4rttimi) Ir”, (21) 

so that 

0;f,m~=c=/c~. (22) 

Under these circumstances, the condition of charge neu- 
trality is, to good approximation, 

W~/fk,=lLl~/fli e (23) 
Thus, using Eqs. (22) and (23), the electron contributions 
to the dielectric tensor, given by Eqs. (7) and (8), become 

hQ!i C2 
‘“t=&=, z 2 (24) 

(25) 

Our primary objective in this paper is the solution of 
the full dispersion relation Eq. (9) for wave frequencies w 
such that Q&LO >, &; this will be obtained in Sec. III. As a 
first step, for purposes of comparison with existing theory, 
in the remainder of this section we consider the simpler 
and more restrictive case n,,o>ni discussed in Ref. 11. 
We therefore return to Eq. ( 10) which, as we have seen, is 
the limit considered in Ref. 11 of the more general expres- 
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sion Eq. (9). Since we are restricting attention to frequen- 
cies w(R, in plasmas for which c2/c$,) 1, it follows from 
the results in the preceding paragraph that the term 1 + 6; 
in Eq. (9) may be neglected. Furthermore, for the rela- 
tively high-frequency case that we are now considering, we 
may replace w*/(o*-St;) by unity in Eq. ( 14). Then, 
substituting from Eqs. (14) and (25) in Eq. (lo), and 
using Eq. (22), we obtain 

fs(zi) 

2ifilRi fif 
-c:k” G+gp I+ &,fs(zi))$y=O- (26) 

The final, potentially double-resonant term proportional to 
$,,/(a--s&) in Eq. (26) is not included in the analysis in 
Ref. 11, which leads to the final expressions, Eqs. (9) and 
(10) of Ref. Il. It is not entirely clear why this term is 
omitted; it originates, of course, in the term proportional to 
ELc$,, in Eq. (9). Rearranging Eq. (26) with the aid of Eq. 
(22), we obtain 

( 02-C:k2) (CO-SRi) 

2 
CAti w 

(O--SCli)O 
2 ( 

2iCORi 0: 
=- 

@pi 
ex-c2,k2 $+q2 $v 

) 

2 
o2 

+f,(Zi) -2 T,fAzi)$ya 
A P’ 

(27) 

Substituting for I$ from Eq. ( 11) in Eq. (27), 

(w2-cp) (w--sf&) (W-If-la) 

Cl?&? 

W2 1 (ti-sRi) 

( 

2idli 2 

=‘Jpg 
Wpia * 

Kx-~ l-Ly+g2 l-&v 
A A ) 

+ co--Iflu) C02 nT fsCzi) 
fstzi) + I2 2 p 3 nVV * (28) w a 

Equation (28) is the basic dispersion relation, derived 
from Eq. ( 10) and applying when Q)w)R, Generalizing 
the notation of Eq. (6) of Ref. 11, it is convenient to define 

x0= K%-y2pxy+g2nyy 
( 

2iWCli l/2 

* 
A A 1 

(29) 

Recall from Eq. ( 11) that the functions II, contain 
information about the distribution function of the energetic 
ions. Equation (28) can now be written 

Wia P (W--SOi) 2 

=z.7 0 
PI a ( Xt+$fs(zi)nyy 

A 

COii 2a (W-Wa) 

+ip w fsCzi) * 
1 

(30) 

We are particularly interested in the resonance of the fast 
Alfven wave with the Zth cyclotron harmonic of the ener- 
getic ions, and therefore write 

w=wo+Aw IAmI<wo, (31) 

Wo=CAk=Ifl, . (32) 

For the time being, we do not specify how close w lies to 
the nearest, sth cyclotron harmonic of the thermal ions. 
Substituting Eqs. (3 1) and (32) into Eqs. (29) and (30), 
we obtain 

O& & ( W--Sfi?si) Wii Vi (O--Ill,) 
‘-T-z 

*pi vO ( w X:+&z 0 
fAzi) 

(33) 

( 2illi i-l; 

1 

l/2 

x0= ~~-&Ly+~~yy - 
a a 

(34) 

Here, we have used the fact that for the resonance Eq. 
(32), Eq. (13) gives 

Z, = i&/CA . (35) 

The form of Eqs. (33) and (34) has been chosen so as to 
facilitate comparison with Ref. 11; clearly, Eq. (34) is 
equivalent to Eq. (6) of Ref. 11. In the limit where the 
possibility of cyclotron resonance with the thermal ions 
can be neglected, which is the first case considered in Ref. 
11, we may set the second and third terms on the right of 
Eq. (33), which are both proportional to f,(Zi) defined at 
Eqs. (14) and (17), equal to zero. The factor (o-sni)/O, 
which remains on both sides of the equation, may then be 
canceled, giving 

(36) 

this equation, which predicts instability when xi is nega- 
tive, agrees with Eq. (5) of Ref. 11. 

Now suppose that the fast wave is simultaneously in 
cyclotron resonance with the thermal ions as well as the 
energetic ions. Then, instead of Eq. (32), we have 

tio=CAk=Ma=SfIi v (37) 

Substituting Eqs. (28) and (34) into Eq. (30), we obtain 
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2(+J’-$$[ ( 2 f, )“” Xi+2 kfs(zi) G 

(389 

Eq. (9). As we noted in our discussion of Eqs. (24) and 
(259, the term proportional to 1 + E& in Eq. (9) may be 
neglected in comparison with the term proportional to ecY 
that follows it, without loss of generality. It follows from 
Rqs. (14)-( 16) and (19) that 

where ,yo remains defined by Eq. (34) with fii/ZCt,= l/s. 
This is a cubic equation, in contrast to Eq. (369, which is 
the solution of a quadratic equation. The final, term in Eq. 
(38) originates in the double-resonant term &eF,, that we 
discussed after Eq. (26). In Ref. 11 this term is omitted so 
that, as can be seen from Eq. (38), a quadratic equation is 
recovered; using Eq. ( 17), its solution can be written 

l/2 

- 

(39) 

Equation (39) is equivalent to Eq. (10) of Ref. 11. This 
can be checked by noting that, by Eqs. (20), (35), and 
(371, 

s2v~c~zf=s22~z2zf, 

and by Eq. (37), 
(4.09 

W~i _ ni Szf mi ni mi Z2 
-i-=-2-=---. up nafiama namas (41) (46) 

The solution Eq. (39) was obtained from Eq. (38) for 
the case where the final term in Eq. (38) is negligible in 
comparison with the second. However, it is not clear that 
the final term can always be safely neglected. This would 
require 

(42) 

Assuming a solution whose magnitude approximately sat- 
isfies 1 A&w, 1 = aporcA I x0 I /tipzuo, following Eq. (39)) the 
inequality Eq. (42) becomes 

I bl -92 $ ;. (43) 
x0 

Referring to Eq. (34) and the expressions in the Appendix 
of Ref. 11, the left side of Rq. (43) may be of order unity. 
Thus, the inequality cannot be satisfied reliably unless 

(44) 

Under present experimental conditions, where the concen- 
tration of fusion products is very low, this inequality is well 
satisfied, so that the quadratic limit is a good approxima- 
tion. However, in the interests of generality and future 
applications, in the next section we return to the full dis- 
persion relation Eq. (9). 

111. DISPERSION RELATION OF THE 
MAGNETOACOUSTIC CYCLOTRON INSTABILITY 

The full dispersion relation for the fast Alfv&n wave, 
propagating perpendicular to the magnetic field in the pres- 
ence of an energetic ion species, will now be obt.ained from 

4 

&&+g--==~ 
a2 

( 1 

20 

co4 &@ W-Sili 

x,fs-&T,,+ 
2 

w2 
&I s 9 

(W-S~i)l 

x (f$?~+24fsgs9 
1 

* (459 

Using Eqs. (ll), (14)-(16),and (19), 

O~i r- Wl$ io2 
=&&j)(o-~fla) &4 ll=+b*--i; Ky 1 ( 

Oi 
1 

-I- ~~[fA”..+ QJ --2gs~is~,-.&Ix,> ] . 1 
A further combination of terms required in Eq. (9) follows 
from Rq. (11): 

Z2 4 
~~~E;yf~~~=~W2(~~~~a)Z(n_II~y+~~~). (479 

In Eqs. (45)-(47), the argument Zi of the functions f, and 
g, defined by Eqs. ( 17 j and ( 18) has been suppressed for 
conciseness. 
- We now pim to collect coefficients in Eqs. (45)-(47), 

for use in the expression for the sum of these equations. It 
is convenient to define 

f?2(Z,za) =; n,+rr,-2f+ II,), 
a ( 

&(S,Zi) = [ f:tZi) -2dtzi) +*f~(zil&tzi9 19 
ti 

D~+j(k&Zj) =$Lf,(zil Cnxx+ 11,) -2t?..(zii) 
a 

X (isIIx,,-&J I, 

PS(z9za) =$(n.xxn~+n~y), a 

(489 

(49) 

(50) 

(51) 

(52) 

(53) 

recall that s= 1 requires special treatment. Then, by Eqs. 
(45)~(53), 

4000 Phys. Fluids B, Vol. 4, No. 12, December 1992 Dendy, Lashmore-Davies, and Kam 4000 

Downloaded 08 Nov 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



. 
&d-y+ gy + &&)+ && + 2E’xyeffy+ E:&+ E$f 

J~fi~+fsCzil 
P 2 

I 
&+Q k *+s 

a 
4 

Opi cd2 
=;;;r 02-Qy l+Bl 

I ( 

co; 

&+@2 i&j 

x 

+p3 (w--sRJZ 
1 

02 a* cd a2 

i 

w 
-@-&#+w-sq ,2-~;p1-22,~6 

i 

co* 
+@4 (o-si-ii)(w-zfla)+~2~5 

co* 
(o-z~a,2 ' (549 1 +S 5 

a i 
,25-p2-+% 

I I ) 
+fl3 (a:;2,)2 

I 

where the arguments of the functions p have been sup- co2 co2 
pressed. +lD4 (O-Sf?di) (W-ZQla) +‘2p5 (w-Z~,)~ =O, 1 

Let us now consider other combinations of terms that (61) 
are required in Eq. (9). Using Eqs. (ll), (15), and (53), 
we may write where the functions 0 are defined by Eqs. (48)-( 52)) (56)) 

and (57). Collecting terms in Eq. (61), we note that 

(55) 

where 

Next, using Eqs. (229, (259, and (55), 

,2”_‘,42 ($+~2~~j) = -,2fai (02j-i@) , 

(62) 

using Eq. (22); also 

(56) fstzi) +$ (,2<oi fil(s,zi) -2 i,B(s,zi) 
I 

4 

24&+E3 = -2 w 2 
co* nj w 

RiCLl (02-sZf) W i 
--tP6 __ W-Sfhi 

a2 
(58) ~m2-a:Ps(S,Z,), 

4 Cd* Wpi l $=-$> defining &; similarly, (59) 
P 2 

Equations (549, (58)) and (59) complete the set of expres- 7 n,,+g 
a 

020_Z~2P2~I.Ica)-2i~,P7~~,~a) 
i I 

sions required for the term within square brackets in Eq. j 

(9). Of the remaining terms, we may neglect 1 + e& in 
comparison to ui c.2 ALi = 12 -9.--T (w--q) z”, I\ 0’ Fp nx”+&g b 

A 

(63) 

(64) 

2 
*pi 

EL+&= --J 
( 

W2W_2,itfsh~ -22 
I CO--sflj 

Z2 
+y=* ’ 

a 1 
(60) 

(65) 

(66) 

where we have used Eqs. ( 11) and ( 14). 
We now combine Eqs. (54) and (58)-(60) to write defining &. Making use of Eqs. (62)-( 66) in Eq. (61)) the 

Eq. (9) in the form full dispersion relation becomes 
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(02-&k2) with the lim iting forms derived in Sec. II. This requires 
7  

C,k2 =&&,+@9 *+g (1-S) that we take the high-frequency lim it, where 
t A 
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co2 

x !v4 (w--sq (co-z&J 
co2 2Ak2 
$-yp+l* (68) 

t I 
co2 

+fl3 (o_,f-q~+g2p5 
c.02 

(w-zf-qy * ) 
(67) 

and neglect terms of order unity or less in the coefficients, 
Let us now compare the general expression Eq. (67) together with ,$<l. This yields 

(m2-c;k2) c;k2 

a; -@(zA 

lri3* 
-t- [fi(zi> --s”g.f(Zi) I 

02 1;1 
(o-s~i)2+P 3 wJ~,+~I~y) Co2 -2isgJzi)ITvl (w-s~i)(w-zfl,) 

‘(T (w-zfl,)2 * 

For purposes of comparison with Eq. (28), we neglect the 
final two terms in Eq. (69). The  first two terms on the 
right agree identically, as does the third term when we 
recall that only the cross term e&$, was considered in Eq. 
(lo), from which Eq. (28) was derived. W e  conclude that 
the full dispersion relation Eq. (67) is fully consistent with 
what can be  deduced from existing theory, which applies in 
the high-frequency lim it defined by Eq. (68). 

IV. NUMERICAL RESULTS 

Even with the somewhat simplistic mode l for the en- 
ergetic particle population that we adopted at Eq. ( 12), the 
foregoing analysis has led to a  final dispersion relation [Eq. 
(67)] which, though relatively clear in its physical essen- 
tials, is rather complicated in terms of its quantitative 
properties. Furthermore, despite our efforts to the con- 
trary, the number  of free parameters has proliferated. They 
include background parameters (magnetic field, ma jority 
species density)) ion species identifiers (~&I,,m,,m,), en- 
ergetic ion concentration n,/ni, and the key kinetic vari- 
ables that characterize the two ion populations: 

g&?E&, (70) 

5Fi=fmlU2,, (71) 

which enter Eq. (67) through the dependence of the func- 
tions fi on  z, and zP Because the primary objective of the 
present paper  is interpretive, we have not attempted to 
construct a  complete picture of the quantitative depen-  
dence of the properties of the magnetoacoustic cyclotron 
instability on  the plasma parameters already enumerated. 
Instead, we have concentrated attention on  the range of 
parameters appropriate to the outer regions of JET dis- 
charges, where we believe that the ICE originates. Typical 
parameter values are of the order of B- 3  T, ni- 10” m-‘, 
and pi- 1  keV. 
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I 

The choice of energetic particle species, and their en- 
ergy, is governed by the fusion reactivity properties of the 
deuterium plasma that we seek to mode l. As noted in the 
Introduction, protons, trit.ons, and helium-3 nuclei are pro- 
duced at roughly equal rates with energies % ‘,=3.0, 1.0, 
and 0.82 MeV, respectively. Presumably, the physical ar- 
guments that were used previously to infer a  mode l hollow 
shell velocity distribution for the fusion products apply 
equally to all three species, so that they must all be  con- 
sidered as potential drivers of the magnetoacoustic cyclo- 
tron instability. As we shall see, for the energies and 
plasma parameters considered, the triton and helium-3 
populations are found to be  below the instability threshold, 
whereas the more energetic proton population is unstable. 
This matches the observed absence of peaks in the ICE 
spectra at cyclotron harmonics of tritium and helium-3 
that are not degenerate with deuterium harmonics. 

Our key results are as follows. 
A. Quadratic or cubic instability? 

The underlying instability mechanism is reactive, and 
involves the resonance of the fast Alfvin wave with the ion 
Bernstein waves supported by the energetic species. When  
the ion Bernstein waves supported by the ma jority thermal 
ion species are also in resonance, they provide a  positive 
energy loading that contributes a  stabilizing effect. Recall 
from the discussion in Sec. III that the full dispersion re- 
lation Eq. (67) involves both a  cubic resonance (for ex- 
amp le, from the final term) and a  quadratic resonance (as 
pointed out in Ref. 11) when UJ z c,k N Ifi,. Our numerical 
results confirm our conclusion at Eq. (44) that, for the 
plasma parameters of interest, the cubic resonance can be  
neglect.ed in comparison to the quadratic resonance. The 
real and imaginary parts of w computed as a  function of z, 
for a  typical set of parameters are shown in F ig. 1. Note 
that the value of z, at which the imaginary part reaches a  
maximum corresponds to that given by Eq. (35). The  
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FIG. 1. Magnetoacoustic cyclotron instability of an energetic proton pop- 
ulation in a deuterium plasma for I= 2, s=4. Parameter values B= 3.1 T, 
8Yi= 1 keV, $,=3 MeV, ni=2x lOi m-‘, n,/ni= 5 x 10m5. Real (up- 
per) and imaginary (lower) parts of o/R, are shown as functions of .r,. 
The value of z, at peak instability is equal to Iue/cA. 

FIG. 2. Magnetoacoustic cyclotron instability of a diffuse energetic pro- 
ton population, near threshold, in a deuterium plasma for 1=2, s=4. 
Parameter values B=3.1 T, gi= 1 keV, g4,=3 MeV, ni=2x 1019 rnm3, 
nJni=3 x 10e7. Real (upper) and imaginary (lower) parts of o/R, are 
shown as functions of z,. Note that instability is weaker and narrower 
than in Fig. 1. 

properties of the instability near threshold are governed by 
the majority ions-a generalization of Eq. (39). 

B. Energy thresholds 

For an energetic particle concentration n,/ni= 10m4, 
we find that an energetic proton population is unstable for 
$,?2S MeV, given the background plasma parameters 
already listed. Since fusion protons are born at 3.0 MeV, 
they may plausibly drive the instability. In contrast, at the 
same concentration, the 1.0 MeV triton and 0.82 MeV 
helium-3 populations are stable. The effect of the resonant 
thermal ions is determined by the magnitude of Z?? Be- 
cause their oscillation forms a positive energy component 
of the wave field, the majority ions represent a load that 
must be supported if instability is to occur. Near threshold, 
a reduction in the magnitude of pi enhances the growth 
rate; conversely, well away from threshold, variation of gi 
has no discernible influence on the instability. 

C. Concentration thresholds 

If the energies of the triton and helium-3 populations 
are artificially increased to a level comparable with the 
protons, they become marginally stable to the magnetoa- 
caustic cyclotron instability at a concentration 
n,/ni= 10-4. Any reduction in concentration then returns 
these populations to the stable regime. In constrast, the 
resilience of the proton-driven instability is shown by the 
fact that it is found to persist down to very weak concen- 
trations, n,/ni- 10e7; see, for example, Fig. 2. In JET, 
observed neutron production rates of lOi set-‘, coupled 

with energetic particle confinement times of order 1 set in 
discharges having nip a few times 1019 rno3, suggest that 
a globally averaged value for n,/nj is of order 10e4 to 
lo-5. 

D. Multiple cyclotron harmonic excitation 

The ability of the magnetoacoustic cyclotron instabil- 
ity to produce simultaneous growth of the fast AlfvCn wave 
at multiple harmonics of the minority ion cyclotron fre- 
quency is shown in Fig. 3. In this figure, an energetic pro- 
ton population in a deuterium plasma is considered, with 
n~,/ni= 10e5. The figure illustrates, in addition, the sensi- 
tivity of the instability at particular harmonics to the val- 

FIG. 3. Simultaneous multiple cyclotron harmonic instability for Z=2-8, 
for energetic protons in a deuterium plasma. Parameter values 8=2.1 T, 
9,= 1 keV, ??a=3 MeV, ni= lOI rnm3, n,/ni= 10e5. Instability at I=4 
and 7 (dashed lines) is for these parameters with ni= 1.2X lOI m-‘. 

4003 Phys. Fluids B, Vol. 4, No. 12, December 1992 Dendy, Lashmore-Davies, and Kam 4003 

Downloaded 08 Nov 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



ues of the bulk plasma parameters: in Fig. 3, the minority 
cyclotron harmonics 1=2, 3, 5, 6, and 8 are all unstable for 
the parameters ~i=l keV, %‘,=3 MeV, B=2.1 T, and 
ni= 10” mm3, whereas Z=4 and 7 are stable. By increasing 
the background plasma density to ni= 1.2 x 10’s rnP3, 1=4 
and 7 become unstable (dashed line), while some of the 
other harmonics are no longer unstable. There is a compa- 
rable degree of sensitivity to magnetic field strength. 

The key point emerging from Fig. 3 is that the mag- 
netoacoustic cyc.lotron instability can possess broadly sim- 
ilar linear growth rates at several minority cyclotron 
harmonics simultaneously. Any candidate emission mech- 
anism for the observed ICE should presumably include this 
feature, since the measured spectrum displays a sequence 
of harmonic peaks. 

E. Excitation at proton half-harmonics 

If we rest.rict attention to the primary fusion product 
species in a deuterium plasma, the linear magnetoacoustic 
cyclotron instability appears unable to explain the observed 
spectral peaks at deuteron cyclotron harmonics that are 
not degenerate with proton harmonics (that is, proton 
half-harmonics). However, the secondary fusion products 
include alpha particles at 3.6 MeV, born from the reaction 
of deuterons with primary tritons, whose production rate 
can be determined from the associated flux of 14.7 MeV 
neutrons. While the cyclotron frequency of an alpha par- 
ticle is degenerate with that of a deuteron, so that second- 
ary alpha particles might in principle be able to excite 
radiation at proton half-harmonics, the concentration of 
secondary alpha particles in the emitting region is not 
known with sufficient accuracy to draw definite conclu- 
sions, although it is presumably much lower than that of 
the primary fusion products. As an example of the concen- 
tration of 3.6 MeV alpha particles that is required to drive 
the 1=4 magnetoacoustic cyclotron instability in a deute- 
rium plasma, we find that lm(o/R,) =6.9x 10m4 when 
?la/?zi= 10 -6 for a plasma with %“i= 1 keV, B=3.4 T, and 
ni= 5 i( lOI m-‘. 

We note that the excitation of waves at half-harmonics 
of the electron cyclotron frequency has been observed in 
magnetospheric turbulence,‘s and the theory of such radi- 
ation has been studied for both fusion’” and space” plas- 
mas. It is found that the instability requires a hot, aniso- 
tropic or loss-cone electron population, whose number 
density typically exceeds that of the thermal electrons, so 
that it dominates the wave characteristics. The instability 
of Refs. 15-17 thus differs somewhat from that considered 
here, where a very diffuse energetic ion population excites 
a wave that is support.ed by the background plasma. 

V. CONCLUSIONS 

In this paper, our objective has been to identify a plau- 
sible emission mechanism for the observed superthermal 
ion cyclotron emission from Ohmic deuterium discharges 
in JET. In particular, we have considered the possible res- 
onant excitation of perpendicular fast Alfven waves with 
ion Bernstein waves, due to the magnetoacoustic cyclotron 

instability, driven by the energetic products of fusion reac- 
tions. The motivation for this approach, as we have dis- 
cussed, includes: the intensely superthermal nature of the 
radiation; its proportionality to the measured fusion reac- 
tivity; spectral peaks corresponding to deuterium cyclotron 
harmonics (even deuteron harmonics are proton harmon- 
ics); and kinetic arguments based on the ICE sawtooth rise 
time, and time delays relative to the central sawtooth 
crash. 

On balance, although there exist significant unresolved 
issues, the magnetoacoustic cyclotron instability appears to 
be a plausible c.andidate emission mechanism. Qualita- 
tively, as we have discussed in Sets. II and III, the general 
properties of the instability are in keeping with the exper- 
imental picture. Quantitatively, there are both debits and 
credits. On the credit side, the fact that the fusion proton 
population can drive the linear instability for the parame- 
ter range of experimental interest, whereas the helium-3 
and triton populations are below threshold, is very encour- 
aging. However, if the linear magnetoacoustic cyclotron 
instability were to explain the observed spect.ral peaks at 
deuteron cyclotron harmonics that are not degenerate with 
the cyclotron harmonics of the primary fusion products 
(that is, proton half-harmonics j, it would be necessary to 
invoke concentrations of secondary alpha particles of order 
flJili= IO.-‘* We also note that the observed ICE signal 
intensity presumably reflects the nonlinear saturated level 
of the instability, which goes beyond the linear treatment 
presented here. It is possible, for example, that equiparti- 
tion between weakly coupled modes may lead to signals of 
roughly equal intensity at all deuterium cyclotron harmon- 
ics, irrespective of whether t.hey are resonant with the driv- 
ing proton harmonics. 

Finally, we note that it appears that super-thermal ion 
cyclotron emission may offer a natural diagnostic of the 
behavior of energetic particles, including fusion products, 
in tokamak plasmas. The exploitation of its potential, how- 
ever, will require a full understanding of the emission 
mechanism and its parametric dependence. In the present 
paper, we have shown that the magnetoacoustic cyclotron 
instability may repay further investigation in this connec- 
tion. 
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APPENDIX: DIELECTRIC TENSOR OF THE 
ENERGETIC 1ONS 

Let us now consider the formulas for the quantities 1 iij 
introduced at Eq. ( II), for the case where the energetic 
ions form an isotropic shell in velocity space, defined at Eq. 
( 12). From the Appendix to Ref. 11, we may use the ex- 
pressions at Eq. (,A4) to write 
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de sin eJf(z, sin 0) , (AlI 

de sin2 eJ,(z, sin 13) J; (z, sin 0) , 

(A21 

de sin3 eJ;2(za sin e) , (-43) 

where z, is defined at Eq. ( 13). The sign of Eq. (A2) is 
opposite to that in Ref. 11, for consistency with the sign 
convention for e!$, and &i,, at Eqs. (8) and ( 15). These 
integrals can be evaluated using the identities provided at 
Eq. (A5) of Ref. 11: 

I s/2 

0 
de sin OJf (z, sin 0) =-& 

s 

rr/2 

0 
d0sin3(9J~(z~sin0)=~ 

However, as we shall discuss, the expression for II,,, that 
we derive from these formulas differs from that given at 
Eq. (A6) of Ref. 11. 

It follows immediately from Eqs. (Al > and (A4) that 

hx=J2&z), (A61 

in agreement with the corresponding term in Eq. (A6) of 
Ref. 11. Differentiating Eq. (A4) with respect to z,, 

s 

rr/2 
de sin’ eJl(z, sin 0) J; (z, sin 0) 

0 

=& J21(2za) -; s” J2/(x)dx . 
a ( cl 0 ) 

Substituting Eq. (A7) into Bq. (A2), we obtain 

(A7) 

iz, 
KY= -7 J;.WcAr (A81 

= -$ [Jz/-,Ck) -Jz+~(&)l, (A9) 

and this agrees with the corresponding term in Eq. (A6) of 
Ref. 11. 

In order to evaluate II,,,,, we differentiate Eq. (A7) 
with respect to z,, giving 

s 

n/2 
dO[Ji’(z, sin 0) 

0 

+Jl(za sin O)J;‘(z, sin B)]sin3 8 

= -; JzCk-A +; J;#za) +$ s 
2% 

JdxWx. 
a a 0 

(AlO) 

It follows from Bessel’s equation that 

I 
T/2 

de sin3 el(za sin 0) J;‘(za sin e) 
0 

s 

T/2 J; (z, sin 0) 
=- de sin3 tlJ,(z, sin 19) 

0 z, sin 8 

+( l-&)Jk.A8)]. (All) 

Using Eqs. (A7), (A5 ), and (A4) in successive terms of 
Es. (All), 

de sin3 f3J,(z, sin f3) J;‘(z, sin 0) 

J2,(W -$ ( 1 +212) 
a s 

,“” J,,(x)dx 

+; j-1” (l+$)J,,Wdx]. (A121 

This expression can be used in Bq. (AlO), giving 

df3 sin3 eJi2(za sin 0) 

= -$J2l(zz,) +; JXW +& s” x’J,/(x)dx ci (I 0 

-&(l-2P)+& Jzr(x)dx. (A13) 
a a 

Substituting Eq. (A13) into Bq. (A3) yields 

fn,= (&P)J2r(W +za[J;/CW +&J;C&) I 

+; s 2% 
Jz(x)dx. 

0 
(A14) 

It follows from Bessel’s equation that 

J;,G%) +2z~;(2za) = -22, J21WcA 

(A151 

and using this expression in Eq. (A 14) gives 

Jzrtxldx. (Ale) 

Equation (A 16) differs from the corresponding expression 
in Eq. (A6) of Ref. 11, in that the integral is multiplied by 
a factor proportional to z, rather than to g”,. 
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