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ARTICLES 

Gyrokinetic theory of fast wave transmission with arbitrary parallel wave 
number in a nonuniformly magnetized plasma 

C. N. Lashmore-Davies and R. 0. Dendy 
AE4 Fusion, Culham Laboratory (Euratom/UKAEA Fusion Association), Abingdon, Oxfordshire 
OX14 308, England 

(Received 13 September 1990; accepted 14 November 1991) 

The gyrokinetic theory of ion cyclotron resonance is extended to include propagation at 
arbitrary angles to a straight equilibrium magnetic field with a linear perpendicular gradient in 
strength. The case of the compressional AlfvCn wave propagating in a D( 3He) plasma is 
analyzed in detail. A self-consistent local dispersion relation is obtained using a single mode 
description; this approach enables three-dimensional effects to be included and permits 
efficient calculation of the transmission coefficient. The dependence of this quantity on the 
species density ratio, minority temperature, plasma density, magnetic field, and equilibrium 
scale length is obtained. A self-consistent treatment of the variation of the field polarization 
across the resonant region is included. Families of transmission curves are given as a function 
of the normalized parallel wave number for parameters relevant to JET [see, for example, J. 
Jacquinot et al., Plasma Phys. 30, 1467 ( 1988) I. Perpendicular absorption by the minority 
ions is also discussed, and shown to depend on a single parameter, the ratio of the ion thermal 
velocity to the AlfvCn speed. 

I. INTRODUCTION 
The variation of an inhomogeneous equilibrium mag- 

netic field across the Larmor orbit of each plasma particle 
must be included in any fully self-consistent treatment of 
cyclotron resonance. This requires information about parti- 
cle gyrophase to be retained at a much later stage in the 
calculation than in the usual locally uniform approximation. 
A gyrokinetic approach is therefore required and, recently, 
the gyrokinetic theory generalized to arbitrary frequencies 
by Chen and Tsai’*’ has been applied to cyclotron resonance 
of a wave propagating perpendicular to a nonuniform equi- 
librium magnetic field.3*4 For the case of perpendicular 
propagation, it was first pointed out in Ref. 5 that gyrokine- 
tic theory enables an additional absorption mechanism or 
resonance broadening effect to be identified.3-5 In this paper, 
we shall extend the previous analysis to the important case 
where k*B#O, where k is the wave vector and B is the equi- 
librium magnetic field. The inclusion of the parallel wave 
number k, in the present analysis requires two resonance 
broadening mechanisms to be included simultaneously, 
since the addition of k, introduces the familiar Doppler 
broadening. In order to illustrate the method, we shall con- 
centrate on the specific example of the fast wave propagating 
in the vicinity of the fundamental minority resonance of a 
plasma containing two ion species. We assume that the ma- 
jority species is nonresonant, and in the numerical examples, 
we consider only the case where the nonresonant species is 
deuterium and the resonant species helium-3. 

Let us consider some of the key parameters in our prob- 
lem. The first is p/L, where p is the Larmor radius and L is 
the scale length of the inhomogeneous equilibrium magnetic 
field. For tokamak applications,p/L is always much smaller 
than unity. The second parameter is k,p, where k, is the 
perpendicular wave number. This parameter may in general 

be O( 1) or greater-it need not be small. A third parameter, 
specific to the case of a plasma with two ion species, is 
nOb/noa , where no0 and no6 are the number densities of the 
majority and minority ion species, respectively. Again, 
nOb jnOa is not necessarily small in a tokamak. There have 
been various approaches to the self-consistent description of 
cyclotron resonance,3-‘0 which differ in their treatment of 
these parameters. The gyrokinetic approach is specifically 
designed to include the effect of k,p to all orders, while using 
p/L as an expansion parameter, and includes no restriction 
on nob/no.. Its formalism is also sufficiently general to in- 
clude integral, full wave, or single-mode descriptions. 

For the present application, we first derive the self-con- 
sistent local dispersion relation to 0( k ip”). This dispersion 
relation incorporates the particle response to the perturbed 
electromagnetic field in a nonuniform equilibrium magnetic 
field, by taking account of the variation of the equilibrium 
magnetic field across the Larmor orbits of ions at or near 
cyclotron resonance. Gyrokinetic theory is at present the 
only method of treating these problems which includes this 
effect, and is valid for arbitrary minority to majority density 
ratios. The self-consistent local dispersion relation contains 
all the information related to the wave interactions in the 
resonance region. It contains both the new broadening 
mechanism and the Doppler effect, as well as the various 
waves that exist in this frequency range. The self-consistent 
dispersion relation is the starting point for more accurate 
theories. For example, for k,p < 1 it has been used to gener- 
ate the full wave differential equations for the resonance re- 
gion, ’ ’ and for k,p2 1 it leads to integrodifferential equa- 
tions. The latter analysis will be presented at a later date. 

Since the principal aim of this paper is to investigate the 
consequences of the inclusion of an additional resonance 
broadening term due to the inhomogeneity of B, we follow 
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the simplest approach: a single-mode theory where only the 
propagation of the fast wave is considered. This provides a 
rapid and accurate means of calculating the transmission 
coefficient, provided the minority to majority density ratio is 
below a critical value derived in Sec. III. For larger values of 
this ratio, the self-consistent local dispersion relation must 
be used to generate a full wave theory; this will be the subject 
of a future publication. 

Other approaches to a theory of cyclotron resonance in 
a nonuniform equilibrium magnetic field include those of 
Imre et aZ.,6 who use boundary-layer analysis to obtain full 
wave equations, and Gambier and Samain,’ who construct a 
variational principle that is similar in spirit to gyrokinetic 
theory but which is aimed specifically at a numerical solu- 
tion. Romero and Morales* obtain a solution to the wave 
propagation problem in a nonuniform field by means of an 
expansion in the small parameters (p/L), and k,p. Both the 
thermal corrections, which depend on k,p, and the correc- 
tions resulting from nonuniformity are contained in this ex- 
pansion up to O(k fp”) and O(p2/L 2). Recall, however, 
that gyrokinetic theory is specifically designed to include the 
effects of k,p to all orders. Ye and Kaufman’*” have also 
analyzed fast wave heating in the ion cyclotron range of fre- 
quencies. They have developed a novel analytic technique 
for solving the full wave equations, which has been applied to 
second-harmonic resonance’ and more recently to minority 
heating. lo In Ye and Kaufman’s approach, the fast wave is 
coupled to the resonance by an expansion procedure in 
which either k fp: or nob/nOa is a small expansion param- 
eter, where pi is the ion Larmor radius. 

This paper is organized as follows. In Sec. II, we de- 
scribe the generalization of our gyrokinetic formalism to in- 
clude arbitrary values of k,. In Sec. III, we obtain the self- 
consistent local dispersion relation, valid for any minority to 
majority density ratio and for any k,; a perturbation solution 
is given. We present numerical solutions to the general dis- 
persion relation and further numerical results on the perpen- 
dicular absorption mechanism in Sec. IV, and the conclu- 
sions are given in Sec. V. 

11. GYROKlNETlC THEORY OF CYCLOTRON 
RESONANCE FOR ARBITRARY k, 

We shall begin from the gyrokinetic equation given in 
Ref.4 [Eq. (28)].Thisis 

(L,),(SH,), =$ofg+~$g (Stcg)[; (1) 

here the operator (L, ), is given by 
(L,), = (itl,ell + v,)Tx - i(w - Zfi + Iw,), (21 

and @,& )I9 @H,), are related to the Fourier transforms in 
the gyrophase angle of the perturbed electromagnetic field 
and the perturbed distribution function. For further details 
and definitions of notation the reader is referred to Ref. 4. 

We shall again consider the following simple model of 
the nonuniform equilibrium magnetic field: 

B=e,B(l +x/L,), (3) 

where in the simple slab model zis interpreted as the toroidal 
direction, n as the radial direction, and y as the poloidal 
direction. The scale length L, corresponds to the tokamak 
major radius. In order to obtain a self-consistent local de- 
scription, we assume all perturbations have a single-mode 
character given by 

6f(x) = Sfk exp(kx), 
where 

(4) 

k=k,(e,cosg+e,sin{)fk,e,. (5) 

Combining Eqs. (l), (2), (4), and (5), we obtain the solu- 
tion of the perturbed gyrokinetic equation, 

= (4/m) [&&3/W + clwB>p@/+d ] @$*h 
[kc f kyud -w+WX)] 

(6) 

Making use of Eq. (4), the quantity (S$g) I is obtained as 
described in Refs. l-4. The result is 

(Sfbg ), = e”‘xei’c J [ ,(%)k#,+f++ 

(7) 

here X denotes the guiding center position, and 
6Bll, = i( k&I, - k&4,, ). (8) 

Equations (6) and (7) are the generalization of the results 
given in Ref. 4 to the case k, #O. 

In order tocalculate the perturbed currents to substitute 
into Maxwell’s equations, we relate (SH, ) I to the total per- 
turbed distribution function in guiding center coordinates 
and then transform the result into particle coordinates. Fol- 
lowing the procedure given in Ref. 4, the perturbed distribu- 
tion function S& expressed as a function of particle coordi- 
nates is 

1 ~Fo +: (SA,, cosa+SA,, sina) -- 
B aI 

+c 
e-““[w(dFo/&> + (I~/B)(dFo/d~)](Stlr)lk 

ifO[k,u, +k,,v, -w+kfi(x) + (l/L,)q sina] ’ 
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where where p = v,/n. 
(s$),, = ei(k,u,/n) sin(a - Deig We may now use Eq. ( 12) to calculate the perturbed 

current density. In order to carry out the required velocity 
integrations we must deal with the resonant denominator. 
This contains three resonance broadening terms. We have 
previously noted3P4 that we may neglect the term ky vd due to 
the equilibrium drift in the magnetic field gradient provided 
k,p< 1. Since we shall again make this assumption, we re- 
duce the resonance broadening terms to two. However, both 
these terms depend linearly on a velocity coordinate, so that 
we may rotate to new velocity coordinates such that the reso- 
nance depends only on a single velocity variable. Defining 

x[J, (gg (sg. +$k*!+ 
-““& 

C 
l&~J;(~)sB,,k]. 

(10) 
As in Ref. 4, we find it convenient to transform Eqs. (9) and 
( 10) to Cartesian velocity coordinates. Introducing a di- 
mensionless velocity V = v/u, = ( V, cos a, V, sin a, V, ) 
where V, = v, /v, and V, = V/L+, and restricting the anal- 
ysis to the case of a Maxwellian equilibrium velocity distri- 
bution, 

F. = sex($) = (--$$) exp(T), 
(11) 

the perturbed distribution function, Eq. (9) becomes 

Sfk = - 2noq 1 
x?j)/ZU1= 

- Y&- vze- v; 
4% - (wok 

T 

(12) 

Similarly, Eq. ( 10) becomes (sq),, = eiktiGe - ikpVxei/c 

(13) 

WY =r(V, -YV,), (14) 
w, = r(vVy + v,,, (15) 

where 
Y = I/k,L, (16) 

and 
7 = ( 1 + y2) - “*, (17) 

we obtain dVy dV, = dWy dW,. 
We may now calculate the perturbed current 

SJ, = qv$ SfV dV, dVy dV,. (18) 

Since the parallel electric field SE,, -O( m,/mi) for the 
compressional AlfvCn wave in the ion cyclotron range of 
frequencies, I2 we need only calculate SJ,, and SJ,, . In order 
to calculate the resonant current, we make use of the result4 

e -‘il(a-c5) = [(k, + ik,,)( V, fiV,)/k, V,]l’l, (19) 

where the upper sign refers to I> 0 and the lower sign to I< 0. 
Substituting Eqs. (12), (13), and (19) into Eq. (IS), using 
Eqs. (14)-( 17) and expanding the Bessel functions for 
small argument, thex- andy-components of the current den- 
sity for the fundamental resonance, I = 1, are as follows: 

(SJ,,), ,~~-!$.+-ekb~4 
b z Tb 

X([ik,pb(ao-F)- ] a, Z(%b) + (% + ikyWz - k,,h~~~,‘hb) [ 1 + v,bZ(v,b) 1) , (20) 

2 
wpb Cd k, 

(SJ,), = ----7e 

8~7 Rb k vTb 

-XGk4[itiT2a+, + [ik,p,(o, -2) + nzr]Z(tlla) + [2wa,, + ik,p,a, 

+ ir *( 1 - 2Shz, + w(2a, - kxpbup )7,7,b + 2i9.h 2a,7j:b ][l+~~bz~~lb~]]~ (21) 

Here the subscript R represents a contribution from the reso- k 
nant ions denoted by a subscript b, and the quantity vlb is 
given by 

ao=+ sAIIk n q,, &,4, +$k,---- 
1 C k: c 

, (23) 

Tlb = d[w - f&(X)]/k,vT - ik,p,Y/2}. (22) (k, + ik,) sAllk n sq,, 
The quantities co, a,, a,,, a,, and a, that occur in Eqs. (20) 

a, = 
k, 

Sq3, +-$kz---- , 
1 C kf c 

and (2 1) are given by (24) 
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@,, = (vklpbmTb/2c)sAllk - h-a,, (25) 

(I, = - [ (klpbmn/2c)~A~lk + iw-a,], (26) 

ag = (mTbic)[ (k, -I- iky)/k,]SAII,. (27) 
In the limit k, -0, Eqs. (20) and (21) reduce to the expres- 
sions for the I = 1, resonant perpendicular currents given by 
Eqs. (60) and (61) in Ref. 4. 

We shall now write the resonant current in terms of the 
perturbed electric field. This will enable us to obtain the elec- 
tric field polarizations (SE,, & i&f& )&YE, 1 which are rel- 
evant to absorption; it also facilitates comparison with other 
theories which use the dielectric tensor. Since we shall ne- 
glect SE,, we need only consider the following combination 
of potentials: 

&b, + Wk:Hk,SA,,,/c) - Wk:)(SB,l,Jc), 
where we have now put 1 = 1. Using Eq. (8) and the Cou- 
lomb gauge, and putting w = a, we obtain 

sAItk l-k q,, Sq5, +$k,p--- 
C 

.;k, -iky) 
k: c 

=1 
kl 

(s&& + is& ) . 

We can now write Eqs. (20) and (21) in terms of SE,, and 
SE,, neglecting the term proportional to 6E,, , giving 

K 1 ikypb - ---j- (kPb 

- ik,Pb +hb) - “7-kyPb [ 1 + 7j,bz(~,b) I] 

x (8&k + ia-f$k ), (29) 

x l-- 
K 

kxpb @,pb - ik,p, ) 

27 =(?lb) 7 

+ i,, @k,P, - ik,Pd - 2ivqlb 
7- > 

(30) 

Next, we use Eqs. ( 29) and (30) to obtain the resonant com- 
ponents of the conductivity tensor (co ) R, where i and j rep- 
resent either x or y: 

(0x.x )R = iQK, ) (31) 
((T,y)R = - WI, (32) 

(Uyx)R = T2QK2, (33) 
(u,,~)~ = iT2QK2, (34) 

where 

Q= - (r/k,UTb) (c$,/8?r)e- kg34, (35) 

K’ = L1 - (ik,P,/2)(k,p, - ik,pb)]z(q,,) 

- v7kypb [ * + %bz(?llb)], (36) 
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K*= I-- 
[ 

k.xpb (kP, - i&P,) 
27 1 z(T,b) 

7 

+ i,, 
ll 

(2kPb - ik,P,) - 2ivqlb 
7 3 

x [ 1 + %bz(%b)]* (37) 

We now write 
fl=@NR +oR, (38) 

where cfR is given by Eqs. ( 3 1 )-( 34) and the nonresonant 
conductivity (TNR is due to the majority ions, denoted by a 
subscript a, the nonresonant contribution of the minority 
ions, and the electrons. In order to obtain expressions for the 
elements of oNn, it is sufficient to use the conductivity tensor 
for a uniform plasma, since we only aim to describe the 
change of the fast wave in the vicinity of the minority reso- 
nance. With the aid of Krall and Trivelpiece,13 we may 
therefore write 

(39) (gx&RE-.L$ 
( 

rr o (+*I -2 , 
) 

(a,,),,- - -$$ r: 5 
(4-Q) Tr (I ( (+l)+Qr2 ’ ) 

(%x)NR = - (@xy)NR? (41) 
("y,')NR = (~x.xxx)NR, (42) 

where rl = &,/a, and r, = &&&,,Z,. We have now 
assembled all the information required in order to obtain the 
self-consistent local dispersion relation that will be derived 
in the next section. 

111. THE SELF-CONSISTENT LOCAL DISPERSION 
RELATION 

In order to obtain the local dispersion relation, we com- 
bine Maxwell’s two curl equations giving 
ilk’-- (w2/c2)]I-kk- (4nio/c*)a)*SE, =O. (43) 
Since we neglect SE&, we may write Eq. (43) as a pair of 
equations: 

(44) 

(45) 

Using Eqs. ( 3 1 )-( 34) and Eq. (38)) and taking the determi- 
nant of Eqs. (44) and (45)) we obtain the dispersion relation 
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(ki-~~+(k:+k:)(kf-~)-~(~==), [2(kJ-$)+k:+k;] 

- z[(o,,,‘, + @&r~] -F[iQ+: +kf +) 

Substituting Eqs. (39)-(42) into Eq. (46), the dispersion relation becomes 

fit c2 w (r:--1) 

(47) 

This is the self-consistent local dispersion relation in three dimensions for the fast wave in the vicinity of the fundamental 
resonance of one of the ion species in a two-ion-species plasma, where the wave propagates at an arbitrary angle to the 
magnetic field. The equation must be solved for k,, since x is the direction of nonuniformity. Putting k, = 0, Eq. (47) reduces 
to the dispersion relation previously derived.4 

Before discussing the general solution of Eq. (47)) we shall obtain a perturbation solution. For this we will allow k, to 
remain arbitrary but assume small minority to majority density ratios. The perturbation parameter will therefore be r,; thus, 
we neglect r, in the nonresonant terms. Substituting Eq. (35) for Q into Eq. (47) we obtain, after a little algebra, 

N:[l+(r:-L)(N:-$)]-I+Z(N:-~)+(r:-L)(N:-~) 

r2(r: - 1) &LB 2 

= 2(k;L:, + l)‘j2 UT~ 
+C”-NI 

C2 
(K, +TzK2) , 1 (48) 

where N = c,h/o and N: = Nz + Nz. We now specialize a little further by setting NY = 0 in the interests of simplicity. 
Substituting for K, and K2 from Eqs. (36) and (37), and neglecting ci/c2 and terms proportional to u&/c:, Eq. (48) can be 
written 

N2- [1-2Nt--(rT-l1)N:] = r2(r, -1) %LB 
1 1 +Nf(r: - 1) 2(k$C2, + 1)“2 v,[l +Nt(r: - I)] 

X({(r, + l)N: - [ 1 -Nz(r, + 1)] (1 + T~)}Z(~,*) 

- [l -NN,2(r, + 1)]27/7(~77~~ +ikpb)[l +v~~Z(V~~)]). 
We now solve Eq. (49) perturbatively, assuming 
N* = N,, + SN,, 

where 
N:,=[l-2Nz-(r:--l)N:]/[l+N~(r:-l)]. 
Substituting Eq. (50) into Eq. (49) we obtain 

(49) 

(50) 

(51) 

2N,,SN, E r2(rI - 1) QA3 
2(kzL2, + 1)1’2 u,[l +NI(r: - I)] 

({(r, + l)[N& + (1 + P)Nt] - 1 - T~}Z(V~~) 

-2~[I - (r, + l)N,2](~r~r~ +ik,p,)[l +v~~Z(VI~)I). (52) 

We now define 

pi = l/(k,ZL:, + 1)“2, 

g,b = (L,/u,) [@ - nb(x)]* 

I 
Substituting Eqs. (53) and (54) into Eq. (22) and using 
Eqs. (16) and (17) we obtain 

(53) 
vlb =Pl [&-lb - i(k,p,/2)]. (55) 

(54) We now use the relation 
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Z’(x) = - 2[1 + xZ(x)], (56) Similarly, 

and assuming k,p, <cn, we obtain l+%bZhb)=(‘+~kx~bP,)[f+P,f,bZ(P,~,b)] 

- f(k,p,/2)P,Z(p,[,b). (58) 
z(r]lb)-z(Pl~,b) +ikxP,P, [I +P&bZ(&-lb)]. Substituting Eqs. (57) and (58) into Eq. (52), we obtain, 

(57) after further algebra 
I 

2Nlo Im SN, N i-372 (rl - l)%LB 
&-b[l -tNZ(r: - I)] 

(r, + l)[N&, + (1 + r2)N,2] - 1 - r2 - 2~: [ 1 - (r, + l)NZ] 

x P:<:b + +Z,(p,{,b)Nio 

X p,{(r, + l)[N:, + (1 +r’)NZ] - 1 -r’}-2p, 
> 

[’ - (r, + ‘IN:] . (59) 

We have previously shown3*4 that only the part of Im SNL 
which is proportional to Zj contributes to the optical depth, 
since only these terms involve the resonant particles. The 
remaining terms arise from the kinetic power flow and do 
not produce any net effect on the total absorption, although 
they can influence the absorption profile. Recalling that the 
optical depth rb is given by 

s 

m 
Tb = 2 Im Sk, (x)&c, (60) 

-0s 
using Eqs. (3 ) and (54) and integrating only the terms in Eq. 
(59) proportional to Zj, we obtain 

n- %LB r2’2(rl - 1) Tb =-- 
2 cA N,,[l +NI(r? - 111 

xC(r, + f)[N:(l +T~+P:) +Nf,] 
- m-T2+P:)~; (61) 

here we have neglected a term proportional to 
N:,, v&,/c: = k Lop: g 1. Let us define the quantity 

97- f&LB r2 -- (r, - 1)2. 
“’ = 1 c, r, (62) 

Substituting Eqs. (16), (17), (51), and (53) into Eq. (61) 
and making use of Eq. (62), the optical depth for oblique 
propagation can be written 

I 

Tb= [l+(rf 
&[‘--(r, + 1Wf]3’2 
- 1)NS]3’2[1 + (r, - 1)N,2]1’2 ’ 

(631 
For N, = 0, Eq. (63) reduces to our previous3.4 result for 
perpendicular propagation. We may compare Eq. (63) with 
Francis et a1.14 who considered a D(H) plasma. In this case 
r, = 2 and Eq. (63) reduces to 

T,[D(H)] =+TLB 5 NT0 
nD (1 +A?) ’ 

(64) 

which is in agreement with the result given by Francis et 
ai. I4 in the limit n,/n, s&/c’,. This corresponds to the 
occurrence ofa singularity in the wave equation. In contrast, 
the gyrokinetic theory yields a profile of finite width at the 
minority resonance, even when N, = 0.3*4 

The perturbation result derived above is valid provided 

r2 44[r,&-, - l)](k,ZL2, + ‘)“2(&,/L,). (65) 
It can be seen that the perturbation analysis will be valid for 
larger minority to majority ratios when k,L, ) 1. The condi- 
tion for the validity of the perturbation analysis assumes that 
the fast wave is not near the fast wave cutoff. If this is not so, 
the condition is more stringent than Eq. (65). 

We now return to the general dispersion relation given 
in Eq. (47). Substituting for Q, K, , and K2 from Eqs. (35 )- 
( 37)) we write the dispersion relation in terms of N: 

1+5r,+s(r: 
rl 

-1))-2(N~-~)[l-(r’;1)(&N~+~)]] 

Wx + WY) (Nx - 1-7 ‘NJ - 
[l +r2- 6&,/2C: )(N: + N;)] 

(N, - jlv,) -(~~~~~y~lb)(Nx f ilv,) 

(66) 
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Using Eqs. ( 16), ( 17)) and (22) we may write the quantity 
ylb in the form 

Vlb = - 
[X/PI, + WJ2) (+L,/c, ,] 

(1 +k,2L;)1’2 ’ 
(67) 

The dispersion relation, Eq. (66) has been solved nu- 
merically for N, as a function of the normalized distance 
x/pb. The equation is valid for any minority to majority den- 
sity ratio and any value of k,. The dispersion relation de- 
scribes three-dimensional propagation since NY is included 
in addition to N, and N,. The plasma conditions are speci- 
fied through the parameters r, , r,, v&c,, cA /c, and LB/p,. 
We solve the dispersion relation as a function of x/,ob 
through the resonance region from large negative values of 
x/pb to large positive values. The optical depth is then calcu- 
lated by carrying out the numerical integration 

s 

A 

T,=2w Im N, dx, (68) 
CA -A 

where the upper and lower limits of integration + A are 
determined by observing the positions on either side of the 
resonance where Im N, becomes negligible. This numerical 
procedure allows us to check the accuracy of the expansion 
used in Eqs. (57) and (58). 

Our procedure for obtaining the optical depth is based 
on the self-consistent local dispersion relation. It is only ex- 
pected to be reliable when either the minority dissipation is 
strong enough to remove the hybrid resonance and its asso- 
ciated cutoff or when the minority damping region is well 
separated from the hybrid resonance. When this is not the 
case a full wave theory is required. The extension of the pres- 

ent gyrokinetic analysis to the full wave case is left for a 
future publication. We shall give examples of the change 
observed in the solutions as the hybrid cutoff appears or is 
approached. 

Let us now obtain an approximate condition for the oc- 
currence of the hybrid resonance. Since we shall only present 
numerical solutions of Eq. (66) for the case N,, = 0, we will 
restrict the analysis to this case. There is no sharp transition 
from conditions when the hybrid resonance is present to 
those when it is not. However, a critical condition can be 
identified by the vanishing of the real part of the coefficient 
of Nt in Eq. (66) with the constraint that Re Z(vrb) takes 
its maximum value.12 For N,, = 0 this condition can be writ- 
ten 
l+(rf-l)N~-$(rf-l)5 1 

1 Pb (k:L2, + l)“2 

xRez(??lb) =o. (69) 
For our purposes, we may approximate the maximum value 
of Re Z by unity and hence obtain a critical value of 
r, ( = &,,Z,/n,,Z, ) t-I-cm Eq. (69), 

(r2)crit=[2rl/(rT - I)] (Pb&)(k,2L: + ‘)1’2 

x [l+ (r: - l)Nz]. (70) 
For values of r, significantly less than (r, )crit the hybrid 
resonance will not occur, whereas for r, significantly larger, 
the resonance and its associated cutoff will be present. 

Since the solution of Eq. (66) gives the variation 
through the resonance region, it is useful to employ this in- 
formation to obtain the change in the electric field polariza- 
tion. We therefore return to Eqs. (44) and (45) to obtain 

SE, f SE,, = {k,(kx f$)fi[kI-(02/c2)] +~T(w/c~)(~o, +ioxy,} 
SE, [k:, + kl - (w2/c2) - 47~i(o/c~)a,,] ’ 

Substituting Eqs. (31), (32), and (38)-(40) into Eq. (71), we obtain 
SE, f i6Ey 

6% 
k,(k, fik,,) hi(k:---$)-i%$( (r,l 1) +vr2 --~-Q+QTK,)] 

r2 r2* ---- 
4 2kvn 

where we have put exp( - k &i/4) ~11 in K, since k fpi < 1. For k,, = 0, and using Eq. (36), we obtain 

SE, + i6Ey 
sE, =i[ +(k: --$)--F$( (r,l 1) +yr2 -r, &-Q$QTZ(7j-lb))] 

r’ ~r,~r,wT~(711b) 
2k um )I -1 . 

IV. NUMERICAL SOLUTIONS OF THE LOCAL 
DISPERSION RELATION 

In this section we present results obtained from a nu- 
merical solution of Eq. (66). These solutions enable us to 
treat any minority to majority density ratio, and to span the 
small region around x = 0 where the expansions used in Eqs. 
(57) and (58) break down. Our aim in these computations is 

(71) 

(72) 

(73) 

I 

to provide a simple and therefore fast method for calculating 
the transmitted power in a realistic magnetic field. Since the 
gyrokinetic model gives the self-consistent particle response, 
the field variation through the resonance region is also ob- 
tained. However, the calculations are only expected to be 
accurate under conditions where reflection is negligible. Re- 
flection will occur when the two-ion hybrid resonance exists 

499 Phys. Fluids B, Vol. 4, No. 3, March 1992 C. N. Lashmore-Davies and R. 0. Dendy 499 

Downloaded 08 Nov 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



RdkxPb), 

o.,,o - 

P 10 
tean. 

x-- 
w 

0.8 
i - 

Cb 
IOf 

-40 

Im(kxPb) c 

-20 0 ZO a 40 - X’Pb 

0 20 40 j - X/Pb 

FIG. 1. An example of the regime where the two-ion hybrid resonance and 
cutoff are absent. Real (upper) and imaginary (lower) parts of k,p, as a 
function of x/PI for a D(3He) plasma. Key dimensionless parameters are 
r, = 1o-2 v,/c, = 0.1, 
e2,/2=3~10-5. 

k,L, = 20, LB/p‘ = 5 x  103, and 

in the plasma. Thus, the condit ion given in Eq. (70) provides 
a  marker for the applicability of our method. When  reflec- 
tion is significant the single-mode analysis used in this paper  
should be  replaced by a  full wave treatment based on  the self- 
consistent local dispersion relation. 

W e  illustrate this point in F igs. 1  and  2. F igure 1  shows a  
case where r, is less than the critical value. It can be  seen that 
the real part of k, varies by about 10% across the resonance 
region, but there is no  cutoff. F igure 2  refers to a  case where 
r, exceeds the critical value given in Eq. (70); the two-ion 
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FIG. 2. An example of the regime where the minority ion cyclotron reso- 
nant damping region (at left) is well separated from the two-ion hybrid 
cutoff (at right). Real (upper) and imaginary (lower) parts of k,p, as a 
function of x/pb for a D(‘He) plasma. Key dimensionless parameters are 
r, =5x10-*, l&CA = 0.1, k,L, = 30, L/&Q = 104, and 
c2,/2=3x10-5. 

01 I I t ! 
10 40 60 a0 

kzb 

FIG. 3. The ratio of transmitted power to input power as a function ofk,L, 
for the regime illustrated in Fig. 1, where majority ion density no, = (a) 
10zo m  - ‘, (b) 5 X lOI m  - ‘, (c) 2.5 X 1O’9 m  - 3. The plasma parameters are 
no&o, = 0.01, T, = 2 keV, LB/p,, = 1822,3, = 3.4T. and L, = 3 m. 

hybrid cutoff is present, and  is well separated from the m i- 
nority resonance region. In what follows, we shall only pres- 
ent results where the wave propagat ion has the character 
illustrated in F ig. 1, which occurs when the m inority to ma- 
jority density ratio is less than the critical value given in Eq. 
(70). Whenever  the cutoff appears, we terminate the calcu- 
lation. 

W e  choose parameters typical of JET discharges.” F ig- 
ures 3  and  4  show the variation of the fast wave transmission 
coefficient as a  function of the normalized parallel wave 
number  k,L,, where L, is equated with the major radius of 
JET which we have taken as 3  m . The  magnetic field has 
been taken as 3.4 T  and  the temperature of the m inority 
species as 2  keV. W e  assume a  deuter ium ma jority with a  
hel ium-3 m inority in all computations. F igure 3  refers to a  
m inority to ma jority density ratio of 1% [r, = 0.02, recall- 
ing the definition after Eq. (42) ] and  F ig. 4  to a  ratio of 5% 
(r, = 0.1). In both figures, three curves are presented. 
Curve (a) refers to a  deuter ium density of Id0 m- 3, curve 
(b) to a  deuter ium density of 5  X 10” m- 3, and  curve (c) to 
a  deuter ium density of 2.5 X lOi m- 3. As expected, the 
transmission decreases with the density, For 1% 3He, the 
transmission at the highest density tends to a  m inimum close 
to 70%; for 5% 3He, the lowest transmission is less than 
20% at the highest density. The  curves in F igs. 3  and  4  have 
all been terminated for the lower values of k,L, due  to the 
appearance of a  cutoff. The  lowest value of the transmission 
occurs for a  value of r, close to the critical value given by Eq. 

%w ‘*t 
p, 

04 

0.6 

04 

0.2 
~ 

0 I , 1 I 
20 40 60 a0 

%  

FIG. 4. The ratio oftransmitted power to input power as a function of k,L, 
for the regime illustrated in Fig. 1, where majority ion density n, = (a) 
10*“m-J, (b) 5X10’9m-‘, (c) 2.5~ 10’9m-3.Theplasmaparametersare 
nob/n, = 0.05, T, = 2 keV, LB/p,, = 1822, B, = 3.4 T, and L, = 3 m. 
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FIG. 5. The ratio of transmitted power to input power as a function of k,L, 
for the regime illustrated in Fig. 1, where majority ion density n,, = (a) 
102@m‘“,(b)5Xl0’9m~“,(c)2.5Xl0’9m~3.Theplasmaparametersare 
nar/n, = 0.01, 7’, = 8 keV, L,/p, = 911, Bc = 3.4T, and L, = 3 m. 

“w 

FIG. 7. The ratio of transmitted power to input power as a function of mi- 
nority ion density, expressed as n,,/n,, for the case no0 = 5X lOI m-‘. 
The plasma parameters are r, = 8 keV, Lo/p, = 911, k,L, = 30, 
B,,=3.4T,andLB=3m. 

(70). In order to complete the curves in Figs. 3 and 4, a full 
wave theory would be required for the lower values of k,L,. 

Figures 5 and 6 refer to the same parameters as Figs. 3 
and 4, except for the minority temperature which is now 8 
keV. The curves are effectively identical to those for 2 keV, 
except that the curves for 8 keV extend to lower values of 
k,L, before the cutoff intervenes. This is to be expected; it 
reflects the fact that the optical depth is independent of mi- 
nority ion temperature, as was noted in our perturbation 
analysis at Eq. (61). The dependence of the transmission 
coefficient on the minority to majority density ratio is shown 
in Fig. 7. This curve was obtained for a fixed value of 
k,L, = 30, for a deuterium density of 5 X lOI m - 3 and for a 
minority temperature of 8 keV. The transmission coefficient 
falls to a value of 5% for a 10% minority to majority ratio. 
The curve has been terminated for r, = 0.2 due to the occur- 
rence of the cutoff for larger values of r, . Again note that the 
lowest transmission occurs under conditions which are close 
to the appearance in the plasma of the hybrid resonance. The 
transition from a resonance free situation, shown in Fig. 1, to 
one where the hybrid resonance occurs is indicated by a pro- 
gressive sharpening of the variation of the real and imagi- 
nary parts of k, through the absorption region. The trans- 
mission curve as a function of r, possesses a rather flat 
minimum. The minority to majority density ratio for which 
this minimum occurs is given to within a factor of 2 by the 
formula for (r, )Crii in Eq. (70). 

We conclude this section by presenting some results 
concerning the perpendicular absorption mechanism arising 
from the inclusion in the gyrokinetic analysis of the variation 
of the magnetic field across the minority ion Larmor radi- 
us.3s4 For perpendicular propagation, the optical depth is 
givenbyEq. (62).Fork,L, =O,L,/p, = 1191,andagain 
considering D ( 3He) for which r, = 4/3, Eq. (70) gives the 
critical value (r, )crit -0.003. This value satisfies the crite- 
rion for the perturbation formula to be valid and gives an 
optical depth of 3.5%. This agrees with the value obtained 
from a solution of the general dispersion relation, Eq. (66). 
To investigate much larger values of r, (minority to major- 
ity density ratios) we must solve Eq. (66) numerically. In- 
creasing r, to a value of 0.1 and obtaining the optical depth 
from Eq. (66)) we now find a value of only 0.4%. Thus, by 
increasing the minority to majority ratio by a factor of 30, 
the fast wave loses almost no energy in crossing the minority 
resonance. 
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FIG. 6. The ratio oftransmitted power to input power as a function of k,L, 
for the regime illustrated in Fig. 1, where majority ion density n,, = (a) 
1O’c m - ‘, (b) 5 x lOI m - ‘, (c) 2.5 X lOI m - ‘. The plasma parameters are 
n~Jtloo = 0.05, Tb = 8 keV, L,/p, = 911, B,, = 3.4T, and L, = 3 m. 

FIG. 8. Magnitude of left circularly polarized wave field E, (upper) and 
right circularly polarized wave field E _ (lower) as a function ofx/p, for a 
case where the two-ion hybrid resonance is absent. The plasma parameters 
are nob/n,, = 0.0015, n,, = 5~ lOI m-j, T, = 5 keV, L,/p, = 1191, 
k,L, = 0, B. = 3.4 T, and L, = 3.1 m. 
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E+ 
TABLE II. Values of r, just below cutoff and of r, obtained from Eq (66), 
for increasing values of minority ion temperature T,. Bulk plasma param- 
eters are the same as Table I. 
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FIG. 9. Magnitude of left circularly polarized wave field E + (upper) and 
right circularly polarized wave field E _ (lower) as a function ofx/p, for a 
case where the two-ion hybrid resonance is present. Here n&t,,, = 0.05 
and other plasma parameters are as for Fig. 8. 

The explanation for this behavior can be found in the 
change in the electric field polarization as a function of r, . 
Figures 8 and 9 show the variation of the two field polariza- 
tions 

E, = (SE, + i&E,,)/( ISExj2 + ISE,,j2)“2 
and 

E- = (SE, - isE,)/(}SEx~2 + ~SE,,~“)“’ 
across the minority resonance region, obtained from Eq. 
(73) for two different cases. Figure 8 refers to the case 
r, = 0.003 and shows that the E + component, which is re- 
sponsible for the resonant interaction with the minority ions, 
is almost zero except close to the resonance where it is en- 
hanced to about 26%. On the other hand, for r, = 0.1, Fig. 9 
shows the opposite behavior. Again, E +. is very small out- 
side the resonance region, but in the resonance region, it is 
depressed to even lower values, consistent with almost 100% 
transmission. 

The behaviorjust described suggests the following inter- 
pretation of the perpendicular damping mechanism. For 
small values of r 2 5 (r, )crit, the hybrid resonance is either 

TABLE I. Valuesof (r, )En, from Eq. (70) and (r6i ),,, from Eq. (74), for 
increasing values of minority ion temperature T,,. Deuterium density 
n ,,=5~lO’~m~‘,B,=3.4T,andL,=3.1m. 

T,(keV) %/CA L/P, (r* )c,,t (Tbbl )ma.e 

5 0.0762 1191.0 0.0029 0.034 
10 0.108 842.6 0.0041 0.049 
20 0.152 595.8 0.0058 0.068 
50 0.241 376.8 0.0091 0.11 

100 0.341 266.6 0.013 0.15 
200 0.482 188.4 0.018 0.22 

T,(keV) VTtJCA 

5 0.0762 
20 0.152 

loo 0.341 
20 0.482 

L/P, r; 7 

1191.0 0.003 0.036 
595.8 0.005 0.060 
266.6 0.009 0.12 
188.4 0.0095 0.14 

overlapped by the minority resonance or does not occur. 
Even when the hybrid resonance does not exist, there is still 
an associated variation of the real part of the wave number 
which enhances the field polarization in the region where 
absorption can occur. Thus, the condition to maximize the 
perpendicular absorption is that the minority to majority 
density ratio should correspond to (rZ )crit. Substituting the 
value for (r, )crit into Eq. (62) for rbl, we obtain 

(762)max~-rr(vTb/~A)[(rl - lV(r, -f- I)]. (74) 
For a given plasma species, this suggests that the optical 
depth for perpendicular propagation depends on the single 
dimensionless parameter vTb/cA, independent of the ma- 
chine scale length LB, but now dependent on the minority 
temperature. 

We have used Eq. ( 66) to test the scaling given by Eq. 
(74) for minority temperatures ranging from 5 to 200 keV 
for JET parameters. Taking the deuterium density to be 
5 X lOI m - 3, & = 3.4 T, and L, = 3.1 m, we first calculate 
the values of (r, )crit for various minority temperatures: see 
Table I, which also lists the quantity vTb/cA. Since 
0, = VW/CA s it is clear that k spg & 1 for the minority tem- 
peratures chosen. The dispersion relation Eq. (66) is now 
solved for the above parameters, giving the results shown in 
Table II. These were obtained by starting with a low value of 
r, which was then gradually increased until a cutoff ap- 
peared. The optical depth is given for the value of r, just 
below that at which the cutoff appears; this is to be compared 
with the corresponding quantity predicted by Eq. (74) and 
given by the fourth column of Table I. The value of r, just 
before the cutoff appears is also given for comparison with 
(r2 )crit. Once the cutoff appears, a full wave theory should 
be used. The results obtained from Eq. (66) are given in 
Table II. Comparing Tables I and II we see that the general 
behavior is borne out, The optical depth increases linearly 
with uTb/cA at first, but falls off a little for larger values of 
v&c,. The value of r, agrees to within a factor of 2 with 
(r2 Lt. 

TABLE III. Values of r, just below cutoffand of r, obtained from Eq. (66), 
for increasing values of minority ion temperature T,. Deuterium density 
n ou = 2X 10” rne3, & = 3.4 T, and L, = 3.1 m. 

T,(keV) %/CA WP, r2 7 

5 0.152 1191.0 0.003 0.070 
20 0.304 595.8 0.0042 0.11 
50 0.482 376.8 0.005 0.15 
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TABLE IV. Values of r, just below cutoff and of r, obtained from Eq. (66), 
for increasing values of magnetic inhomogeneity length scale La. Minority 
ion temperature T, = 10 keV and deuterium density n, = 2X 10’” m - ‘. 

L,(m) Vrb/CA -L/P, r2 (r2 L, 7 

1.03 0.216 280.9 0.011 0.012 0.091 
3.1 0.216 842.6 0.0036 0.0041 0.087 
6.2 0.216 1685.0 0.0018 0.0020 0.087 

A similar comparison is made in Table III, which was 
obtained from Eq. (66) for a higher deuterium density, 
n o. = 2 x 10zO m - 3. The scaling is similar to the previous 
results: the optical depth increases with vT,,/cA, and r, is 
within a factor of 2 of (r, )=,+. 

In Table IV we demonstrate the effect of changing L, 
while keeping the density and temperature fixed. Table IV 
supports the conjecture that the maximum optical depth for 
perpendicular propagation is independent of the scale 
length. The value obtained is in good agreement with Eq. 
(74), which gives 0.097; r, and (r, )crit are closer for this 
case. 

The results presented in Tables I-IV lend support to the 
conjecture that the perpendicular damping depends only on 
the parameter v,/c,. Thus, for strong perpendicular ab- 
sorption, high ion temperatures are required such that 
vTb >cA- This is the regime of the fusion products and also of 
minority tails in present discharges with ion cyclotron reso- 
nant heating (ICRH). In order to extend the analysis to this 
regime, we must generalize the present treatment to include 
k,p, > 1, since k,p, ~VTi/CA. We also note that the optical 
depth for the minority ion resonance in this high ion tem- 
perature regime is evidently proportional to the minority 
temperature; this is in contrast to the standard result. 

V. CONCLUSIONS 
In this paper we have extended the gyrokinetic theory of 

cyclotron resonance to include propagation at arbitrary an- 
gles to the equilibrium magnetic field. Our aim in the present 
work has been to provide a more accurate and yet simpler 
means for calculating the transmission coefficient for fast 
wave heating in the ion cyclotron range of frequencies. The 
increase in accuracy stems from the capability of gyrokinetic 
theory to include the self-consistent particle response in a 
nonuniform magnetic field. The simplicity of our approach 
is due to our use of a single-mode treatment based on the self- 
consistent local dispersion relation. This dispersion relation 
is valid for arbitrary ratios of the minority to majority den- 
sity. However, when this ratio exceeds the critical value de- 
fined in Sec. III, the present single-mode treatment is no 
longer valid and a full wave theory is required. Such a calcu- 
lation will be presented in the near future. 

The single-mode description that we have employed is 
most reliable when either the minority absorption region is 
well separated from the hybrid resonance or the minority 
cyclotron damping is strong enough to remove the hybrid 
resonance. We have estimated a critical minority to majority 

density ratio, below which the hybrid resonance is expected 
to be absent. Most of the results we have presented have been 
obtained for this condition. The dependence of the transmis- 
sion coefficient on the minority to majority ratio, the minor- 
ity temperature, and the majority density as a function of 
k, L, has been presented. 

The analysis given in this paper is three dimensional 
since it contains the three components of the wave vector: 
k,, ky, and k,. For simplicity, we have restricted our nu- 
merical examples to the k,, = 0 case. Since the gyrokinetic 
theory automatically includes the kinetic power fl~w,~*~ we 
are able to calculate the variation of the electric field polar- 
ization through the resonance region. 

We have also presented further results on the perpendic- 
ular ion cyclotron damping mechanism previously identi- 
fied.3-5 It has been found that this damping is only signifi- 
cant below a certain minority to majority density ratio which 
is proportional to pb/L, . For minority densities below this 
value, the hybrid resonance does not occur and perpendicu- 
lar damping takes place. For minority densities larger than 
the critical value, the hybrid resonance occurs with the result 
that the right circularly polarized component of the electric 
field is reduced almost to zero in the minority resonance 
region and there is no damping. When the occurrence of the 
hybrid resonance removes the damping in the vicinity of the 
minority resonance, the fast wave interacts strongly with the 
plasma around the hybrid resonance, where mode conver- 
sion to an ion Bernstein wave takes place. This is beyond the 
scope of the present single-mode analysis. Our results sug- 
gest that the perpendicular damping is proportional to 
v&c,. Strong perpendicular damping is therefore expected 
when vTb >c,, which corresponds to k,p, > 1. In order to 
investigate this regime, relevant to fusion products and 
ICRH-generated ion tails, the present analysis must be ex- 
tended to include k,p, 2 1. 
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