AP Bttmas =

-

Threedimensional neoclassical nonlinear kinetic equation for low
collisionality axisymmetric tokamak plasmas
F. S. Zaitsev, M. R. O’'Brien, and M. Cox

Citation: Phys. Fluids B 5, 509 (1993); doi: 10.1063/1.860536
View online: http://dx.doi.org/10.1063/1.860536

View Table of Contents: http://pop.aip.org/resource/1/PFBPEI/V5/i2
Published by the American Institute of Physics.

Related Articles

Implications for the electron distribution from the stationary hydrodynamic model of a one-dimensional plasma
expansion into vacuum
Phys. Plasmas 19, 102101 (2012)

Magneto-modulational instability in Kappa distributed plasmas with self-generated magnetic fields
Phys. Plasmas 19, 092114 (2012)

Langmuir probe diagnostics of an atmospheric pressure, vortex—stabilized nitrogen plasma jet
J. Appl. Phys. 112, 063302 (2012)

Kinetic theory of magnetized dusty plasmas with dust particles charged by collisional processes and by
photoionization
Phys. Plasmas 19, 093702 (2012)

Kinetic model of electric potentials in localized collisionless plasma structures under steady quasi-gyrotropic
conditions
Phys. Plasmas 19, 082904 (2012)

Additional information on Phys. Fluids B

Journal Homepage: http://pop.aip.org/

Journal Information: http://pop.aip.org/about/about_the_journal
Top downloads: http://pop.aip.org/features/most_downloaded
Information for Authors: http://pop.aip.org/authors

ADVERTISEMENT

Explore AIP’s new
open-access journal

AIP

Article-level metrics
now available

Join the conversation!
Submit Now Rate & comment on articles

Downloaded 08 Nov 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions


http://pop.aip.org/?ver=pdfcov
http://aipadvances.aip.org?ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=F. S. Zaitsev&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=M. R. O�Brien&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=M. Cox&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.860536?ver=pdfcov
http://pop.aip.org/resource/1/PFBPEI/v5/i2?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4754863?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4754009?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4752886?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4748932?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4747162?ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://pop.aip.org/about/about_the_journal?ver=pdfcov
http://pop.aip.org/features/most_downloaded?ver=pdfcov
http://pop.aip.org/authors?ver=pdfcov

-

Three-dimensional neoclassical noniinear kinetic equation
for low collisionality axisymmetric tokamak plasmas

F. 8. Zaitsev

LGSOV

Moscow State University, Moscow, Russia
M. R. O'Brien and M. Cox

UKAEA/EURATOM Fusion Association, Culham Laboratory, Abingdon, England
(Received 27 January 1992; accepted 13 October 1992)

The three-dimensional nonlinear kinetic equation for low collisionality tokamak plasmas with
s consistent consideration of neoclassical effects is obtained using an approach differing
“from the standard neoclassical theory technique. This allows treatment of large banana widths
and large inverse aspect ratios. The equation is suitable for computer modeling of
bootstrap currents and other phenomena arising from non-Maxwellian distributions. The
formalism described in this paper, which is for noncanonical variables, might also be of use for

the consistent derivation of three-dlmensmnal kinetic equations that treat other effects,

for example, additional heating.

I. INTRODUCTION

Research into controlled fusion has now reached ther-
monuclear relevant parameters. In these plasmas, as in
next-step and reactor plasmas, fast ion populations are an
important component. For example, minority ion distribu-
tions with energies S 10 MeV have been produced with ion
cyclotron heatmg in the Joint European Torus (JET)
expenment ! It is important to understand the influence of
such fast ion populations on plasma behavior. Models of
this behavior should allow for both the greatly non-
Maxwellian nature of the fast ion distributions (notably of
alpha particles in a reactor) and of large deviations of the
trajectories of energetic ions from flux surfaces, which have
been shown to be important in JET.? Previous authors
have studied neoclassical effects on fast ion distributions,
but although these treatments yielded analytic results, they
were not valid for large inverse aspect ratios or large devi-
ations of trajectories from flux surfaces.>* Also, these treat-
ments did not use the full collision operator including self-
collisions. In this paper, we describe the derivation of a
three-dimensional (3-D) nonlinear kinetic equation that
includes these effects and can be used for the numerical
study of neoclassical physics associated with such distribu-
tions, for example, radial transport and bootstrap currents.
The equation is not restricted to energetic particles nor to
ions. It might, for example, be used to study bootstrap
currents in the presence of non-Maxwellian electron distri-
butions, produced by electron-cyclotron—resonance heating
in low-density tokamak plasmas. :

Plasma models based on kinetic equations with Cou-
lomb collision terms are widely used in plasma theory.>®
The initial kinetic equation is intractable without simplifi-
cation because it is a complicated integrodifferential equa-
tion involving six phase space variables and time. However,
in many cases processes with characteristic time scales dif-
fering by several orders of magnitude are present, making
simplification of the kinetic equation possible. In particu-
lar, particles in low collisionality -tokamak plasmas un-
dergo comparatively fast motion over gyroangle, poloidal,
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and toroidal angles. This allows averaging of the equation
over “fast” variables and gives 3-D kinetic equations.”®
With additional assumptions two-dimensional (2-D) ki-
netic equations can be obtained.* "'

The expression of the kinetic equation in action-angle
canonical variables, followed by averaging over the “fast”
angular motion, has been used several times since its first.
use in Ref. 12. In this paper the averaging procedure is
applied to the nonlinear kinetic equation for low collision-.
ality tokamak plasmas with noncircular cross section, but
for noncanonical variables. These variables are usually
more convenient for numerical solution and physical inter-
pretation than canonical variables. The main aim of the
paper is to obtain a 3-D kinetic equation suitable for com-
puter modeling with consistent and strict consideration of
neoclassical effects allowing for drifts due to magnetic field
gradients and curvature and to electric fields. This equa-
tion will allow more precise study of bootstrap currents
and other phenomena arising from non-Maxwellian distri-
butions.

The approach used in this paper dlﬁ‘ers from that used
in well-known papers devoted to neoclassical theory (for
example, Refs. 13-15). The main distinction is that the
usual approach is to assume that deviations from Max-
wellians are small, solve the kinetic equation for these de-
viations, and average the resuit over the flux surfaces. In-
stead we average the kinetic equation itself, retaining
neoclassical effects, and obtain the 3-D equation to be
solved. Deviations from Maxwellians are not considered,
instead the full nonlinear kinetic problem is treated. In
order to retain neoclassical effects during the derivation of
the 3-D kinetic equation one needs to keep all terms that
lead to the bootstrap current and to neoclassical diffusion.
This can be done with a Lagrangian approach using con-
stants of the particle motion.””>!2 In this paper the results
of Refs. 7 and 8 are generalized and advanced. In partic-
ular, we present the formal averaging procedure for the
general case of noncanonical variables with consideration
of boundary conditions, including those between trapped
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FIG. 1. Cartesian and local coordinate systems.

and passing particles, and obtain formulas suitable for
computer simulations. Moreover, averaging is over trajec-
tories with no assumption that they are close to flux sur-
faces, the usual approximation. This will allow application
of the equation to experiments with fast ions (e.g., @ par-
ticles) whose trajectories do not follow flux surfaces.

The general averaging procedure using noncanonical
phase space variables is presented in Secs. II and III, re-
sulting in a 3-D kinetic equation with the Coulomb colli-
sion operator averaged over trajectories. This procedure is
valid for any three constants of the motion and any three
fast variables. In Sec. IV this general procedure is applied
to a specific example, neoclassical effects in axisymmetric
plasmas for which the drift approximation for particle mo-
tion is valid. Formulas for the coefficients in the resulting
equation, suitable for computer calculation, are also de-
rived in Sec. IV. The boundary conditions, including those
at the trapped passing boundary, are discussed in Sec. V.
The procedure for calculating neoclassical toroidal cur-
rents and transport fluxes from the solution of this 3-D
equation is described in Sec. VI. In Sec. VII we show how
the neoclassical ion particle and energy fluxes may be ob-
tained for circular, Maxwellian plasmas: this does not re-
quire solution of a kinetic equation, unlike previous
derivations,'*'* which give identical results. Appendices A
and B give a number of results convenient for computer
treatment of the equation for a suitable choice of variables.

Ii. COORDINATE SYSTEMS

A toroidal axisymmetric plasma configuration with
noncircular cross section (Fig. 1) is considered. In real
space (X,Y,Z) toroidal coordinates are used (¥,£,7),
where y is any variable that characterizes the magnetic
surface, and § and 7 are poloidal and toroidal angles (>0,
—7 < E<m,0<n < 27). A suitable choice for ¥ might be the
“flux surface radius,” which is half the width of the surface
in the equatorial plane. In velocity space (v,,0,,03) spher-
ical coordinates (v,0,¢) are used with the v, axis along the
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‘magnetic field B (Fig. 1), Here v is the speed, 0 is the pitch

angle, and @ is the gyroangle (v>0,0<0<m,0<p<2m).

The system (y,§,7,0,8,¢) is called the local coordinate sys-

tem, which, for convenient presentation of the kinetic
equation, is denoted as x:

4

—_ — — —_ 5 (O
xl=‘y, x2=§, Xzz’n, X =y, X =6, X =@,

XE(XI,X X 5-x X 9x6)

Before averaging one needs to transform into a coor-
dinate system of constants of motion and “fast” variables,
In general, suitable coordinate systems arise from the or-
dinary differential equations which describe particle mo-
tion in collisionless plasmas. Constants of the motion can
be, for example, values of variables at a given point on the
particle trajectory. These values fix the trajectory and after
averaging we obtain an equation that describes the evolu-
tion of trajectories as a whole through changes to constants
of motion due to collisions. We stress that the results of
Sec. III are valid for any three independent constants of the
motion and three fast variables.

In Sec. IV, for the consideration of neoclassical effects
in axisymmetric tokamaks, we shall use the drift approxi-
mation for particle motion to derive the coefficients of the
three-dimensional (3-D) equation. It is well known that
three constants of drift motion in axisymmetric collision-
less toroidal plasmas exist.'® These constants will be de-
noted as y,, vy, and Oy and should be chosen to give the
most convenient equation for a numerical solution. A suit-
able choice is, respectively, the flux surface radius at the
inside of the drift surface (or at the bounce point for
trapped particles), a generalized particle speed derived
from the sum of kinetic and potential energies, and the
pitch angle, where the particle crosses the equatorial plane
at the outermost point of its trajectory, which can be on the
coleg or counterleg for trapped particles, (¥pmin
<Y0<Y0,maxsVo,min<Vp < 0,0<0;<7). Details of the trans-
formation between local variables and this choice for ¥, v,
and 6, are given in Appendix A. The following notation for
the “constants of motion” coordinate system X will be used
in Secs. IIT and IV:

= D_ g B, b =5
Ty, P=E P=y, =u, D=6,

= (x\22,5.8,5).

iN. AVERAGED 3-D KINETIC EQUATION

We start from the most general Kkinetic equation with
the Landau collision operator,™®

dfa
f ZV'J[?( fa,fB)y (1)

with f, and fg the distribution functions of particle species
a and 3. The left-hand side describes changes in the dis-
tribution function due to motion of particles in a collision-
less plasma under the influence of external forces. The
right-hand side describes changes due to Coulomb colli-
sions, with the summation over B over all particle species.
Strictly speaking, we have a set of equations, one for each
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species a. The form in which Eq. (1) is written is inde-
pendent of the coordinate system. In Cartesian coordinates
and SI units the flux jg has the following components:

jB= (0,0,0’ Jf;xy jfgyy jl;;)y

where
u=(e 2p)* lnAaﬂ( 1 dgg . 1 My a_f_g\
B €5M, \mg dv; % m, 3v,- dvy dv )’

with I, k=x,y,z; In AaB is the Coulomb loganthm and e,
eg, and m,, mpg are the particle charges and masses. Sum-
mation over repeated 1nd1ces is assumed (except for « and
B). The components ji! may be expressed in terms of
Rosenbluth potgntials,l > .

% _1_ (Ukafﬁ(tyxyyszavlsv2103)

B . - d dv, dU3,
av; T J OV

(2)
821,}ﬁ 1 ‘ V2, ’ ’ ’
v, 8w f Ui p(t,%.9,2,01,03,03)dvi dv; dvs,

(3)

with u=v—v’ the relative speed, #= |u|, and §; the Kro-
necker symbol.
The left-hand s1de in Eq. (1) is transformed using

dl‘6
dr

=0,

for Hamiltonian systems, where
drg (df'  dx°\
a7 dt)’
and making use of

d’}’o dl)o deo
E—-:O, ?=O,v 'gt—=0

(Note that in this section ¥y, v, and G are. any three

independent constants of the motion.) Thus the left-hand -

side of Eq. (1) takes the form
dfe 9Afa ' ax" )
PR _22:36 Tax (‘/— dr
The rlght-hand side in- Eq. (1) in the new coordinates X
transforms to
;
ZV JB(fwfﬁ)—v' =~ Tax(\/gavi.lﬁ)

where \/E is the Jacobian of the transformation from Car-
tesian coordinates to X and the expression relating the con-
travariant components of jg in different coordinate systems,

Bald ax" .u,
f’;—av
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has been used..For convenience we introduce a normaliz-
ing Coulomb relaxation time 7, but emphasize that spatial
variations of density, temperature, etc., are treated in the
formalism:

(M V2 16nelEY? )
“\2 nZtin A
We also introduce the functlons of f (3

47TZB In AaB 8 lpﬁ

ik _

a5 ( fp)=r n.n A . dv; v’
.2 "

(47250 Aupma O

D\J I

_.nnA " mg v’

Here e is the electron charge, Z,=e¢,/ |é| , H; is a charac-

teristic density, E, is a characteristic energy (temperature),

and In A is a characteristic Coulomb logarithm. Using this

notation, the right-hand side in Eq. (1) can be expressed as
u

afa ik i
e o (G AU+ £ 200 )|

with v2=2E_./m,. Thus in the new coordinates X, Eq. (1)
can be rewritten as

ofa 1 9 ( gdx
_a;-—*_ n=§2;3,6 _@_a‘fn( \/"g dt fa) .
v ] fa «
=T_cn 1,6 Tax ‘[- ( %aﬁ(fﬁ)
a3 fB))], 4)

with 7, k=1,2,3.

We now make the assumption of low collisionality,
which is that the characteristic times for motion over
“fast” variables %2, %°, and x° (in Sec. IV these will be
poloidal, toroidal, and gyroangles) are much less than Ter

If the largest of these characterlstlc times is 7, then 7/7, is

a small parameter and, defining f=t/r,and F =t/r, we
search for the solution of Eq. (4) in the form

Fult B =LULT) + f”’(t,X,X)+( )f‘”(r,x,X)

+. (5

where X= (Yo:Ve,0p) are constants of motion and X
=(&mp) are fast variables [with d(InX y/df
~d(In f)/df]. The aim of the averaging procedure is to
find an equation for f°(£,X). One approach would be to
integrate Eq. (4) over the fast variables X, retaining terms
of the desired order. Instead- we use a more general ap-
proach, seeking an equation for F2(2,X) with the following
structure:

— T . - .
A°(X;f2)+;A<”(Xf°)+( )A<2>(Xf")+---=0,
[+ .
v - . (6)
and. choose ff,':) and A (i=0,1,2,...) to satisfy Eq. (4).
These terms A4? will be found by splitting Eq. (4) into two
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components, with one of the components independent of
X. This procedure gives identical results to direct integra-
tion over the fast variables X if all the terms in Eq. (4) are
integrablc functions. However, if the terms are not integra-
ble, then the direct integration method cannot formally be
used, but the approach used here is still valid. [For exam-
ple, the radial diffusion term arising in neoclassical trans-
port is not integrable in the trapped particle region. This is
because a term of the form 3/8y,(D3f/dy,), with D
~1/|cos 6], is to be averaged and 3/3y,(1/|cos 8| ) is not
integrable since the integration is to the reflection points
and 8/8y,(1/|cos 8]) ~1/cos? 6. The direct integration
method requires that dD/dy, is integrable, whereas the
method used here requires only that D is integrable.]
Solutions fg to Eq. (6) to zeroth-, first-,..., order ac-

curacv in 7/7. mav then be obiained hv

LLigly akl iri lay A LRI

A°(Xf°)=o,,4°(i;/‘;)+(¢/¢ YAV (X; %) =0, etc. Mul-
tiplication of Eq. (4) by Tc\/é followed by substitution of
Egs. (5) and (6) gives

qn]vmo

2

A°(f;f‘;)+1A<”(X;f?,)+(1) AP (F o)+
Te Te
_3
+\/§'a—i‘.[
2
st e
n= 236 ax" r.)

(i)
)+(f° Z 5

-

The last term on the left-hand side of the equation was
simplified using

T
f(l) ( ) (2)+ ]+_c
Te T

R

X%“ﬁ(fo-" Jr o
e ) S

S e €5 2)

n=236 V&

=f2[ dr(, n_;“ Véax (\/_df")

which follows since f is independent of X" for
n=23,6,V(dry/dt) =0 and dx"/dt=0 for n=1,4,5 (con-
stants of motion).
In the zeroth order [remembering that a ( f ) and
( f ) are linear functions of f ], the followmg expression
1mmed1ate1y follows from Eq. (7):

=0,

512 Phys. Fluids B, Vol. 5, No. 2, February 1993

ANX; 2

)+\/—-—+ > i(\@d;ﬂ é”)

n=2,3,6 ax"

=u, 24 axnl \/g 3U,kavk %Gﬁ(f‘é)

=

+f2§bg< f?;))l. (8)

In Eq. (8) there are two unknown terms, A° and S f,”:
it is convenient to define these using the following proce-
dure. Terms in Eq, (8) are split into two components: the
first independent of X and the second depending on
both X and X. The resulting two components of Eq. (8)
are each set to zero and glve A% and S, respectively.
Formally, there is no unique choice for these components:
we use the definition that ensures both that f0 is the dis-
tribution function in the space of constants of motion X,
and that the resulting equation for f9 is in the form of the
divergence of a flux in this space X. The choice of splitting
procedure is such that the coefficients in the flux will be the
appropriate diffusion and convection coefficients averaged
over the three fast variables X, thus giving the flux a clear
physical interpretation.

We define the component of any integrable function
a(x) that is independent of X as

1
(@)= (@ g =7 ng % | dn | 9@ E

where integrals are taken over the ranges of &, %, and ¢
explored by particles described by the set of constants of
motion X, and H is independent of X and has the dimen-
sions of d€ dn de. The actual value of H is unimportant, as
it will not appear in the final equation for 9. We empha-
size that the limits of integration can, in general, depend on
X. Moreover the way in which the integral is taken can
differ for different coordinates X (see, for example, the case
described in Sec. IV), If the (2} component is known then
the remaining component {a} of ¢(X) can be defined as

{a}=a g—(a).

Equating to_zero the component of Eq. (8) that is
independent of X gives

_ are
AO(X;f2)=~<1)~éf—;+vﬁ 2 (

n=145 OX"

f{)

ax™m (8» vy,

x%a,’é,{‘(f‘[;)>+f°< Ebﬁ(f‘;)))
(9)

The n=2,3,6 terms in the summation in Eq. (8) appear in
the other equation, that for £{". In deriving Eq. (9) the
following relation, valid since f° is independent of X, was
used:

afa_ afe azm

W miTas 35" Qv
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The remaining component of Eq. (8), that depending on
both X and X, determines f$" and is :

( \/;dx f“’)

=—{1}—f§+v3

n=2, 35 ax"

3. =l

‘n=14,5 dX"

a2 [ 3x" ax™
ax™\ dv; dv,

XZa;;‘(f‘,;)+f°( Zbg(fg )]

0/ 35" 05 S Ve

n=236 OX" (ax’” dv; dvy,

+f2E S sp JZ?)-

If we have a solution of Eq. (10), £ (1) then this solu-
tion plus any function of X will also safisfy Eq. (10). It is

3
=+,

(10)

most convenient to choose the solution satlsfylng,

{(fVy =0, which gives the simplest expression for 4,
Moreover, all £ for i=1,2,..., can be chosen to satisfy’
(FfPy=0 and thus (f,)= f° (1) is independent of £,
Using Eq. (9) in Eq. (6), and neglecting higher-order
terms, gives one of the main results of this paper: the av-
eraged, nonhnear 3-D kinetic equation for low collisional-
ity pIasmas,

8% v 5 13 (3f° o axm
at T n=14s (1)3 ax™ <8u, av

1 +f?,<797i' %:b;;( f‘;))),

~ where o= 19(6,%) = 1°(t,70,v0,00)- '
In principle this equation, with the appropriate bound-

ary conditions and particle and energy sources, can be
solved to produce all the fluxes (including currents) aris-
ing from neoclassical effects. It would yield a self-

E a5 f3) >

(1n)

. -

4 = ax" Ix™
:=<al)[ al)

Safcsp)
5 4nZiIn Agp 1 |37 O™
4 nnA <
-3 Z%1In Agp | 9% 3%™ ax Ox)
= InA<

with x "= (7,E M0’ 6',cp ); mum=14,5; 1,j=4,5,6 (since

c")xl/au, =0 for /=1,2,3, i=1,2,3). In the drift approxima-
tlon, YoUo,0p are independent of the gyroangle @, that is,

=X ('y,§,n,v 0') (see Appendix A) Thus the deriva-
tlves 3x"/3x" and f?,(tX ) are independent of ¢ and ¢’
giving .
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2l 5T av,-auk f J. f U,,JB[tX(x Y1v'2sin 0’ dv’ dO’ do’ >

consistent distribution function, which, if differing signifi-

cantly from Maxwellian, would give different fluxes from

those derived previously for Maxwellian distributions.
Equation (11) allows determination of fg, but with an

error O(7/7,). To,this order,

fa=Fot+0(1/1,),

but to find f° (and later f,,) with greater accuracy the
term A(l)(X fo ) in Eq. (6) must be determined. This can
be done in the same manner as for 4°(X;f2), but for con-
sideration of the terms O(7/7;) in Eq. (7). This gives

fa=fot (;})2]

where 2 is the solution of

-
T—cfél)-f-O

A (F; )+ 4D (F: ) =0

and £ is the solution of Eq. (10) with f9 the solution of
Eq. (11).

IV. COEFFICIENTS OF THE 3-D EQUATION FOR
DRIFT MOTION IN AXISYMMETRIC PLASMAS

Section IIT was devoted to a general method for the
derivation of 3-D kinetic equations. In this section this
method is applied to neoclassical processes in axisymmet-
ric plasmas. The coefficients of the resulting equation, Eq.
(11), are put in a form suitable for computer calculation,
with the help of additional assumptions appropriate to a
neoclassical description of tokamak transport. These are
that the plasma is axisymmetric and that the drift approx-
imation for particle motion is valid. This second assump-
tion means that finite-Larmor radius effects are neglected
(unlike in gyrokinetic treatments): however, we emphasize
that the banana width and inverse aspect ratio need not be
small.

The first coefficient appearing in Eq. (11), A4
given by -

s 18

B0, 9oy J Uikfg(t,x,y,z,v{,vé,vg)dv{ dv; dv§>

(12)
ZBInAaﬁ ax" dx™ N
Anm= T 2n.In A <<9x axff f U’J p(LX" )
Xsin 8" dv’ d@') , (13)
&
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where

2w Ix! 3x/

27
_ o ,
U,,:f o Bv.dm; Undpdyp'.

Moreover, d5"/3x°=0 for n=1,.
thus /,j=4,5 in Eq. (13).

In the same way, the second coefficient in Eq. (11),
B,, may be obtained,

o

Ziln Aggmy

.3 (since x6=qa), and

--3

s 2n.InA mg

<8x f J 8jg(t,X' Zsin 0 dv’ d9’> y

&n
(14)

where

_ w2 9x! axt/

Uy= f o 30, 30,
Analytic formulas for the matrix elements T, ; and 0, Jj are
given in Appendix B.

Finally, Eq. (11) can be written as

8 L S (A,,,,, %—j_z) + B,J‘;].

d
—g_— z ( >? m=14,5
(15)

The coefficients 4,,,, and B, describe radial diffusion (4,,),
pitch angle scattering (A4ss), collisional slowing down
(B,), etc., and are given by Egs. (13) and (14), with (1)
given by

(1)=21TfA§a’§fAnd'n\/§.

Although analytic formulas for T, 1j and U}j exist (Appen-
dix B), calculation of the coefficients in Eq. (15) still re-
quires considerable computer time. However, the assump-
tion of axisymmetry allows further simplification of the
coefficients through analytic integration over toroidal angle

7.

Updedy'.

We make the distinction between two groups of parti-
cles in axisymmetric magnetic configurations: passing and
trapped particles. Passing particles move in the same di-
rection [o=sgn(cos 8) =1] or in the opposite direction (o
= —1) to the magnetic field. Trapped particles “bounce”
in the nonuniform magnetic field and thus have o= =1,
Averaged quantities are calculated for the two groups of
particles in different ways. For passing particles,

(@)= f Sl Y @B dedn,  (16)
mm(X) "mll‘\
whereas for trapped particles,
a tr = fgmax(’?) J.”max (a ) d d
< >§"’7 a—-——ll ggmm(x) nmm Jé ‘E 7’
(17)
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0 L -
Yo,min Yo,mox Yo

FIG. 2. Trapped and passing particle regions in (¥, 0p) space. In the
dashed area the equation for the averaged distribution function f3(£X)
need not be solved for,

In Egs. (16) and (17), £5in(X), £5.,(X), 7%i(X), and
N%ax(X) denote the limits of phase space permitted for
particles with coordinates X, and & denotes that functions
within integrals should be considered as functions of con-
stants of the motion X with the appropriate sign of o. The
summation in Eq. (17) is required since the motions of a
trapped particle co and counter to the magnetic field
should not be ireated separately, rather the trajectory
should be considered as a whole. For axisymmetric plas-
mas, since all initial values of # are permitted for any
X%, (X) =0 and 7%,,(X) =2 Also, for up—down sym-
metric, axisymmetric  plasmas, Emin(X)=E (X)
=—Emax(X) = _gr:ax(x)'
In the case of axisymmetry, therefore, averaging over
toroidal angle % simplifies Egs. (16) and (17),

@ty=27 | (@\Bom e, (18)
Emax(X)
(aYf,=2m _Z“ . o (aB), dt. (19)

Here &, and £, are poloidal angles at the reflection
points, with, for up—down symmetry, £, = —&_... [These
angles may be derived by putting ¢=7/2 in Eqs. (Al)-
(A3) in Appendix A.]

It is important to appreciate that, because of the aver-
aging procedure described, the whole trapped particle tra-
jectory is considered as one object. For trapped particles,
there are two pitch angles where the trajectory crosses the
equatorial plane: one for the coleg and one for the coun-
terleg, with one satlsfymg 00 Tre < 90<1r/2 and the other,
/2 <6< 653 tpp- Here 80 tpp and 90 ‘pp are functions of ¥,
and vy and are the values of & at the trapped—passing
boundary (see Fig. 2). Thus, one object is described by two
values of 8;. But because the values of averaged quantities
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at these points are equal as they correspond to one and the
same object, one need only solve for fo for 6, in the range
93,%1:3 < 90<7T/2

Computer calculation of each 4,,,, and B, involves nu-
merical integration over £, v', and 8’. These coefficients are
required for every combination of vy, v, and 6, resulting
in a very large number. O(NG) arithmetic operations for
each time £, where N is the number of pomts of each vari-

able. The number of operations can be reduced to O(NS),
for each ¢ if one can find an appropriate series expansion.

for f B(X "y in, for example, the 0’ coordinate. If this is
pOSSlble, the 6’ integral can be calculated once at the be-
ginning of the program and used later for each . ‘This will
be an efficient algorithm if the number of terms in the series
can be taken small in companson “with N.

V. TRAPPED—PASSING BOUNDARY, BOUNDARY
AND INITIAL CONDITIONS

"The averaging method is not vahd for partlcles so near
the trapped—passmg boundary (TPB) that 7~17, Thus, the

phase space is cut by a narrow trans1t10n layer around the’

TPB for which special treatment i8 required (F1g 2) This
treatment is discussed in this section.  °

In the averaging procedure the trajectory of a trapped
partlcle has been cons1dered as a whole, and one need find
F2(¢,.X) only for 60 1pp < Bp<7/2. This means that we need
to describe particles entering or leaving the trapped—
passing region only through one boundary, 60— 60 1pp (see
Fig. 2). -

We proceed from the assumptlon that due to Coulomb
collisions and the absence of sources at the TPB layer, the
unaveraged distribution function f;, and the normal com-
ponent of the unaveraged flux j= 2g jp are continuous
functions of ¥ coordinates. Then for f5, with O(r/7,) ac-
curacy, it is straightforward to derive the following condl-
tions at the TPB:

fa(tX ) =fotX ) =fo(tXus),

where “-+,” “—,” and “tr'*” denote that boundary points
on the transition layer are taken from the copassing, coun-
terpassing, and trapped regions, respectively (Fig. 2).
Averaging the equations for continuity of the compo-
nent of the flux normal to the TPB, j-nypg, where
nrpg=VF/|VF| is the unit vector perpendicular to the
TPB surface, and F(X) =0 defines the TPB surface, one
can obtain with the same order of accuracy as Eq. (20),

(F (R E))* OF(X,)
|VF(X,)| ax"

n=14,5

(F(X_ X))~ dF(X_)
[VF(X_)| ax"

(F’ (£X,X) OF (X) ) “
= as VIVE(X) | ox" ’

(21)
where
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(20)

3fe
Z (Anm 5;6-35) ‘I‘“an?z .

m=14,5

o s s Ve
(FaxD== |

This section concludes with a few remarks on the condi-
tions appropriate at the boundaries of phase space. The
coeflicients 4 nm and B, in Eq. (15) vanish at the following
boundaries of X":¥o="¥g min» Vo= Vo,min (that is, for v=0: see
Appendlx A for the relation between vy and v), and 6=
and 7. This degeneracy leads to the condition that the:
boundedness of f2 is sufficient, at least for the numerical
solution of Eq. (15) (Ref. 5). The boundary condition for
vo— o depends on the problem under consideration. For
many cases,

g
i hm (A4m a{:+B4f )

Uo—’co

S is approprlate, although for electron slideaway or runaway

situations in tokamaks, for example, another condition
should be used.'® At ¥o="pmax 2 zero or Maxwellian dis-
tribution is often a suitable boundary condition.

The initial conditions (at #=0) depend on the problem
under investigation: it is often natural to take the Maxwell-
ian distribution with appropriate density and temperature
profiles.

VI. TOROIDAL CURRENTS AND “RADIAL” FLUXES

Equation (15) may be used to derive the neoclassical
fluxes and currents present in a toroidal plasma. For ex-
ample, it may bé used to examine current drive by Ohmic
or radio-frequency heating if the appropriate heating terms
are added to the equation. Even in the absence of external
heating and sources there are inherent neoclassical fluxes -
and currents in toroidal plasmas, notably the bootstrap
current,’*>!°_and Eq. (15) also allows study of these
flows. It should be emphasized that, unlike previous treat-
ments, the neoclassical flows in the presence of distribu-
tions that are not close to Maxwellian, including the effects

"of large banana width and large inverse aspect ratio, may

be calculated using Eq. (15). In this section the procedure
for calculating the currents and transport fluxes from the
distribution jﬁ(t,)? ), with X the three constants.of the
motion Yo, v and Oy, is described.

_The local toroidal current density is

jtor(ta?’,g) =£2;);-ea fw f” fgg(tr'}/!gyvsé)
0 0

X cos 6 cos B v’ sin 0 dv db, (22)

where cos 8= B,,;/B, B, i$ the toroidal magnetic field
and B is the total magnetic field. The total current through
the surface labeled v is given by

7 Jtor(t”y‘)=J~S(4 jtor(tﬂ'ag)dss

~ where S(y) is the area enclosed by the surface in the po-

101da1 plane. -
“The procedure for obtalnmg the radial particle and

- energy fluxes from the solution of Eq. (15) is now de-
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scribed. The contravariant components of the flux j in the
coordinate system X come from Eq. (15):

. 3
e B S (4 ) en

() 7 AD)| miTas ax" *
Note that the components of this flux do not vanish for
Maxwellian distributions. We require the flux j, through
the magnetic surface labeled ¥ (and not through the drift
surface), that is in the direction of the unit vector n per-

pendicular to the magnetic surface. This is given by

. < Z 6’}/ ;f"
RS s F V[

“Radial” particle and energy fluxes may be derived by in-
tegration of j, over phase space with appropriate weights.
The outward flux of particles through the surface of the
torus labeled y is

r(z,y)=~(27r)2f;d§fo°° dvf:dejl & (23)

and the flux of energy through the same surface is

ot =—qay |7 dg [“as [TasTE ) G,
(24)

with \/é the Jacobian of the transformation from Cartesian
to x coordinates.

Equations (23) and (24) give approximate expressions
for I and Q. More rigorously, one can calculate j, with
O(7/7,) accuracy using j( f,) from Eq. (4) with £, ap-
proximated by

mgv*

g 3y F(fa)
Jo=3a= n=tpas 0% VY] 7

which leads to more complicated expressions for the “ra-
dial” fluxes. However, the error in using Eq. (23) is given

by

« T T ary 2 _, \/é
21rf va- d@( e * dp ~=—d.

] 0 n=§2,4,5 ~1 axn 0 f‘ q) IVYI g
A
A e
and can be small, for example, when there is a dominant
term in the summation with [37/ dp close to 2mj %"

-2 Z

n=14,5

Vii. NEOCLASSICAL ION FLUXES

In this section we calculate the neoclassical particle
and energy fluxes for banana regime ions in a tokamak
with circular flux surfaces. We assume that distributions
are close to Maxwellian, and that deviations of trajectories
from flux surfaces and the inverse aspect ratio e=y/R are
small, so that the fluxes derived can be compared with
previous results.'*!*> Unlike previous treatments, however,
we do not need to solve a kinetic equation for the pertur-
bation to the distribution, but simply calculate the integrals
in Egs. (23) and (24) using the Maxwellian distribution.
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The local radial particle flux for ions is obtained from
Eq. (23) by omitting the integrals over toroidal and poloi-
dal angles:

] 9(2)
= —Zﬂf dvf TPB 40 j, v* sin 6.
0 ey

TPB

(25)

The pitch-angle integral has been restricted to trapped
particles as, to lowest order in €, the flux of passing parti-
cles is zero." For small deviations from flux surfaces Ji
simplifies to

. YeAu I
LELTD By
where the Maxwellian distribution is

m; \¥? mg?
fu= (5“7;?—»‘) n; CKP(—Z—Z),
with the density n; and temperature T'; taken to be func-
tions of the radial coordinate ¥ only and subscript / denot-
ing the ion species. (The coefficients 4;, and B, give zero
contributions after integration over 8, and the 4,5 coeffi-
cient multiplies df/86, which is zero for a Maxwellian.)
We now calculate the collisional radial diffusion coefficient
A;,/{1) assuming no other ion species and neglecting ion—
electron collisions, which, to lowest order in m,/m,, do not
affect the flux.!® Using Eqgs. (3) and (12) we find

Ay vz} (32' ax' ax! gx™ a2¢im,> 1

(™ n, (1’

For isotropic distributions the Rosenbluth potentials
depend only on speed'”® and Eq. (27) simplifies to

An_ 4Z; 1 (3y0\? PYion  (IV0\2] diion\ 1

- <(Bv> v’ +(ae) P db ><1>\'

For Mazxwellian distributions,’

AYion "

&~ At

(26)

(27)

VT

1 . 1
J’(ﬂ)=ﬂ€ + (2——;7)—2— erf(u),

where

erf(u)= 2 ue"s2 ds
Vr Jo

is the error function, v,= (2T ,-/m,-)‘l’ 2 is the thermal speed,
and u=uv/v, Introducing the poloidal Larmor radius,
pp=my/(Z;|e| B,) with B, the poloidal field, and remem-
bering that vy, for trapped particles is the flux surface ra-
dius at the banana tip, it is straighiforward to show that
(cf. Appendix A)

Mo ppcos 8

)
and

%— up,sin 6

3g — “PpSRE:
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These give

Ap _41rZ pl,J cos? 8 oy, 2 sin? 0 1 difign
O \ o P vdv )

where (1) has canceled on the right-hand side. For circu-

lar flux surfaces we have cos Oppp~ = +e(1+cos £) [from
the tokamak field « 1/(1+€cos £)], giving

2)
fe(Tl;’B cos? 0 sin 6 dO=0(*?)
8

and

o2) N
J-TPB sin® 6 d9~2 \e(1+cos &).
OTPB

Retaining only terms O(€'/?) in T'; gives

16w Z} pjuie'” (o 8fy v’ dion
PR [ 3, 2 e,
n., 0 dyg v dv

This reduces to

3
F = ——172' ‘V"p;EI/ZIl,

1dn; Zje|d®
(n,a’7+ T; dy)

1 dT; 7 31
+T d‘}’(3 )]’

(28)
where
I,= fw }v:(uv)u"e““2 du,
0o ..

and we have introduced the ion—ion collision frequency,

1672n,Zte* In A
3(4mep)mivy

V=

for easy comparison with results in Ref. 15. The term in-

volving d®/dy in Eq. (28) comes from the
(3v/3yp)df /3 term  in  Jfy/dy, using vi=v?
+2Z;|e|®/m;, and taking the electrostatlc potential @ a
function of radius but not poloidal angle.!*

A very similar calculation gives the local ion heat flux

s

1dn; Zje| d®
(" d?’+ T; d?’)

3
2
Qi= — 73 ViiP € V0,1

1 dT; I 3I

T dy( 2 )]
Numerical calculations give J[,=0.2361, 13—-0 3133, and
Z5=0.7050. Thus

. 0.40 ldn; Zjle| d® 71dT,~
o ”'[ ( T, dy) STy
(29)

and
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2172, 71053 Ldn; Zje|d®
Q——v,ppe n; [ ( d'y+ T, dy)
0.40 1 dT;
+ T, dv |’ (30)

. The four coefficients, 0.40, —0.07, 0.53, and 0.40,
agree with the values 0.39, —0.07, 0.52, and 0.40 obtained
by ignoring the second ion species in Eqs. (48) and (52) of
Ref. 15. The small differences are due to the equivalents of
I, in Ref. 15 being given to only two decimal places. How-
ever, it-is known that self-collisions [used to derive Egs.
(29) and (30)] do not lead to a net particle flux, because
they conserve momentum [see, for example, Eq. (27) in
Ref. 15]. Thus the radial electric field —d®/dy adjusts to
ensure that I';=0 (this effect is discussed in Sec. VIC 2 of
Ref. 14 and in detail in Ref. 20). Using the resultmg ex-
pression for d®/dy gives '

dT
Qi=—0.49v;pre'*n;—— p

(31)

Thus we have derived the neoclassical ion heat flux for
the banana regime, Eq. (31), a result identical with that
derived by other authors.!*!> This did not require the so-
lution of a kinetic equation, unlike previous derivations,
and helps confirm the validity of Eq. (15).

Viil. CONCLUSIONS

In this paper a procedure for deriving the neoclassical
low collisionality nonlinear 3-D kinetic equation (more
precisely, a set of equations) has been described. The pro-
cedure allows arbitrary deviations of particle trajectories
from flux surfaces and the distribution functions satisfying
the resulting equations, which need not be close to Max-
wellian, yield toroidal currents and “radial” transport
fluxes. The Coulomb collision term has been treated using
this procedure, together with axisymmetry and the drift
approximation for particle motion, to derive Eq. (15). The
coefficients of this equation have been given iria form con-
venient for numerical evaluation. Derivation of the appro-
priate operators for other relevant effects (particle source
terms, additional heating, magnetic field ripple, and other
transport mechanisms, etc.) using the technique described
in Sec. III is possible if a choice of “slow” and “fast”
variables that describes particle trajectories allowing for
the relevant physics can be made Work in this direction is
in progress

Ideally, one should solve for the distributions of elec-
trons and all ion species using the currents derived to give
a self-consistent magnetic field B(y,£) and imposing
quasineutrality to determine the electrostatic potential
®(7,£). In practice, it would be more tractable to impose
equilibrium fields and potentials and solve for one species
only, assuming implicitly that the behavior of the other
species maintains these fields and potentials.

We have shown that neoclassical particle and energy

fluxes for Maxwellian ions may be calculated without a

solution of the equation, and our results [Egs. (29)—(31)]
agree with those of other authors. For more complicated
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problems involving strongly non-Maxwellian distributions
and/or large banana widths solutions to Eq. (15) are re-
quired. Analytic methods are uniikely to provide these and
so computer solutions are necessary. A simplified version
of this equation, which contained only the neoclassical ra-
dial diffusion coefficient, has already been solved
numerically.?! The results of this calculation were consis-
tent with analytic results and with 2-D calculations. Pro-
grams for calculation of all the coefficients appearing in Eq.
(15) have been written and a solution of Eq. (15) with
appropriate boundary conditions is planned. This should
allow calculation of neoclassical flows associated with large
deviations from flux surfaces and with non-Maxwellian dis-
tributions, two features of alpha particles in reactors for
example.
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APPENDIX A: CONSTANTS OF DRIFT MOTION

The constants of motion ¥, vy, and 8, come from the
three integrals of the system of ordinary differential equa-
tions, which describes drift motion of charged particles in
axisymmetric collisionless toroidal plasmas.'® These inte-
grals gives conservation of the magnetic moment,

mv? sin? 6
2B(v,8)

conservation of total particle energy in stationary magnetic
and eleciric fields,

mv?

— t e, P(7,§) =const,

and conservation of generalized toroidal momentum,
mv Jgi cos 6 cos B—e () =const.

Here

=const,

By,
zp(y):f\/gmﬁ;;dr

is the poloidal flux; B, is the poloidal magnetic field;
& is the Jacobian of the real space coordinate system
(v.E:m); &2 and g5 are the components of the metric
tensor in real space; cos f= B,/ B with B, the toroidal
field; and @ (y,£) is the electrostatic potential.

Different choices for ¥4, vg, and 8, may be made by
appropriate selection of the right-hand sides in the above
expressions. A convenient choice is as follows: ¥, is the flux
surface label on the inside of the drift trajectory for passing
particles and at the bounce points for trapped particles, v,
is the speed corresponding to the total energy, and 8 is the
pitch angle at the outermost point of the drift trajectory.
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The dependence of yy, vy, and 8, on the local coordinates x
is given by a system of seven transcendental algebraic equa-
tions,

m m?
7 Tt
m(UO)Z
= 2 +€a¢’('}’o,0)
m(v)? .
=——+e.P(¥o£), (A1)
mutsin? @ m(°)?sin? 8, m(v)?sin? & o
—== (A2}

2B(r€)  2B(Y%0)

and

my B (7€) cos 0 cos B(1,€) —eh(¥)
=m® g (¥50) cos 6 cos B(1°,0) —e (%)

= mvf 252 (Yo,E") cos & cos B(Yo,E') —eth(yp). (A3)

In Egs. (A1)-(A3), ¥° is the flux surface label on the
outside and & is the pitch angle on the inside of the drift
trajectory, with 8'=1/2 for trapped particles; v° and v’ are
the speeds at the outside and inside of the trajectory; £ is
the poloidal angle at refiection for trapped particles and 7
for passing particles. For trapped particles there is indeter-
minacy in some of these definitions, particularly if the
plasma is not up—down symmetric. A convenient choice is
to take ¥, v, and £ for the upper reflection point, and
8, < 7/2, which fixes ¥°. Formulas for 35"/9x' and dx'/a%"
can then be obtained from these seven transcendental equa-
tions and used to calculate the Jacobian and the metric
coefficients.

If the following assumptions are valid, then analytic
formulas can be found for the dependence of x(x) and
x(X) by Taylor expansion of #(y°) —#(y):

[vo—7| Yo—¥

x <b (

2B(yof)

2 3B
) <t BEin-vl.

a

Here R is the major radius and ¥, is the minor radius.

APPENDIX B: FORMULAS FOR Uy and [J;

After much algebra one can show that the matrix ele-
ments U, U}, in Sec, IV can be expressed in terms of com-
plete elliptical integrals:

Upa=21{I,—I,(v—v' cos 6 cos 6’ )>+v’ sin & sin &’

X [210—v' (I, sin 6 sin 6"+ 215 cos B cos 6')]},
- 27 ) .
U55=;2-{11 —u'[sin 8 cos 8’ (I, sin 8 cos 6’

—21I3cos sin 6') 41, cos? Gsin® 8’1},

_ 2

U“:m(ll —-ISU'Z sin? '),
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Uys=Usy=—2m{v" (I sin 0 cos 6’ —I5 cos O sin 6')
2
—-=7J=-[I.~,(,sin2 8 —cos? 6)sin 6" cos 9’
+sin 8 cos O(I, cos? 8’ — I, sin® o1l
Uys=Ugy=Uss=Uss=0, ' S

Uly=2w{I; cos 8 cos 8’ 4 I sin O sin &’

+I,[vv’ —cos 6 cos 9" .

X (02402 —wv’ cos 6 cos 9’) ]—I;sin 6sin @

X (0202 —200" cos O cos 6")
+Iw' sin® @ sin? 0},

Uts=2m[ (I, sin @ sin 6’ +I¢ cos O cos 0’)/(vv’)
4+ (I,+414)sin 0 cos 6 sin 8’ cos 6’
—I5(cos? 0 sin? @’ 4-sin® @ cos® 8') ],

_ I
UéGEZ'ﬂ'(—‘—.‘_—."“—IS)’

vu’ sin O sin @’
Uss=2m{(Zssin 6 cos 6’ —I, cos 0 sin 6") /v’
+v[v(I;sin 6’ cos 0—1I; cos 6’ sin 8) /v’
+sin 6’ cos 6’ (I sin” 0—I, cos? 6)
+15 sin 6 cos O(cos? 6’ —sin® 6') ]},
U1, =2m{ (I¢sin 6’ cos 6—1I; cos & sin ) /v _
| +v'[v' (I, sin ) cosi9’—13 cos Osin ') /v
+sin 6 cos 6(1, sin? &' —1I, cos® 8")
+ I sin 8" cos 6’ (cos? O—sin? 6) 1},
Uss=Ugs=Uss=Ugs=0,

where
I = L F,
Ve {1+
fe 4 1
2_0372 1+p ’

4 1 o
— 2 —
Is—;?;m[(2+p YE—2F],
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IL=I,—-1I,, -

16
15-'37:—4‘7:5[(2+p2)F 2(14p)E]),

.4 1
Te== —s[(2+p)F—2(1+p*)E].
e Vzpz' 1+p
Here
a= v2—2v'v'vcos(9’ —0)+v"?,

_ b=4w'sin Osin ', p= \b/a,

- and F(k) and E(k) are complete elliptical integrals of the

first and the second. kind with k=p/ ,ll-}-pz. For p=0,
I+ I reduce to I,=Is=m/a*? I;=I4=0.
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