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Drift ballooning instabilities in tokamak edge plasmas
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The linear stability of high-toroidal-number drift-ballooning modes in tokamaks is investigated with
a model that includes resistive and viscous dissipation, and assumes the mode frequency to be
comparable to both the sound and diamagnetic frequencies. The coupled effect of ion drift waves
and electron drift-acoustic waves is shown to be important, resulting in destabilization over an
intermediate range of toroidal mode numbers. The plasma parameters where the assumed orderings
hold would be applicable to the edge conditions in present day tokamaks, so these instabilities might
be related to the observed quasicoherent edge-localized fluctuations. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1612499#
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I. INTRODUCTION

Recent observations1 of a localized instability~the qua-
sicoherent mode! in the edge pedestal of some H-mode d
charges in the Alcator C-Mod tokamak appear to be inc
sistent with linear stability predictions for ideal balloonin
modes, because the local pressure gradient in the ped
may be insufficient to drive the ideal-magnetohydrodynam
~MHD! instability. Resistive drift ballooning modes migh
however, explain the observations. Several recent stud
both linear2–4 and nonlinear,4–6 have been devoted to thi
topic. In much of this work, a complex set of two-flui
Braginskii7 equations is solved numerically, sometimes in
complicated equilibrium containing or simulating the pro
imity of a magnetic separatrix and scrape-off layer. Insta
ity is generally found, but there has been little discussion
a stability threshold. However, the experimental observati
on Alcator indicate that there is a stability threshold whi
separates ‘‘edge-localized-mode~ELM! free’’ H-mode be-
havior, in which the edge plasma is fluctuation free, fro
‘‘enhancedDa’’ ~EDA! behavior, in which the quasicohere
mode is present in the edge pedestal. In addition, at hig
levels of auxilliary heating power, the quasicoherent mod
replaced by a broad spectrum of grassy ELMs.8 It is possible
that these observations may be explained by a linear stab
threshold, with initially a single mode~one toroidal mode
numbernw) becoming unstable, followed by an increasi
spectrum of unstablenw values. Although ideal-MHD bal-
looning modes might be near their stability threshold, el
tron, and ion diamagnetic corrections are likely to be imp
tant, as are interactions with acoustic waves. Dissipa
effects~especially resistive effects! are also likely to be im-
portant.

In this paper we investigate the linear stability of dr
ballooning modes using a simple model for the plasma e
librium ~the s–a model9!, but including a variety of non-
4401070-664X/2003/10(11)/4405/8/$20.00
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ideal physical effects. We derive a simple eigenmode eq
tion for drift ballooning modes by considering an optim
ordering in which v;vs;v* j;mk'

2 ;h ik'
2 ;h'k'

2 ,
wherev is the mode frequency,vs5cs /Rq is the frequency
for sound propagation over a connection length, withcs

2

5(Ti1Te)/mi , q is the safety factor, andR is the major
toroidal radius,v* j5(k3B)•¹pj /(neB2) is the diamag-
netic frequency for speciesj , m50.3n i i r i

2 is the classical
perpendicular viscosity withr i5@Timi /(e2B2)#1/2 the ion
Larmor radius, andh i andh' are the longitudinal and trans
verse Spitzer resistivities. Thes–a equilibrium model with
s5rq8/q and a522Rp8q2/B2;O(1) is employed and a
two length scale averaging formalism is developed, us
v/vA!1 as the expansion parameter, wherevA is the Al-
fvén frequency,vA5cA /Rq with cA

25B2/(nmi). The result-
ing eigenvalue equation contains the following physical
fects:~1! ideal-MHD instability drive~through the boundary
condition!; ~2! resistive diffusion leading to resistive ba
looning modes;~3! sound wave propagation;~4! two-fluid
diamagnetic effects which modify sound waves into elect
drift-acoustic modes and introduce ion finite-Larmor-rad
~FLR! effects;~5! perpendicular ion viscosity. The two dif
ferent classes of resistive ballooning modes, namely th
driven locally in radius by the geodesic curvature~the
Carreras–Diamond modes10! and those driven by the idea
MHD energy@characterized by the stability indexDB8 ~Refs.
11–13!# are both described by the eigenmode equation.

In Sec. II the linear theory of dissipative drift balloonin
modes is developed from a set of linearized two-flu
equations.14,15 These fluid equations are appropriate for t
short mean-free path conditions of the edge plasma in A
tor C-Mod. They describe isothermal ions and electrons i
strong magnetic field toroidal equilibrium without temper
ture gradients. This linearized system contains four first
der ballooning equations: continuity, parallel momentu
5 © 2003 American Institute of Physics
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Ohm’s law, and vorticity. Eliminating the parallel ion flow
ṽ i i , and the parallel component of the perturbed magn
vector potential,Ãi , generates a pair of coupled second
der ordinary differential equations~ODE!, describing shear-
Alfvén and sound waves. This system is then specialize
the s–a equilibrium model. In Sec. III a perturbative solu
tion of the fourth order ballooning system is developed
means of a two-scale analysis. This yields a second o
resistive layer equation on the long scale of the balloon
variable su@1. The relevant dispersion relations are o
tained by matching the resistive layer solution to the solut
in the ideal-MHD regionsu;1. In Sec. IV the stability of
FLR-modified ideal-MHD modes is discussed. This diffe
from previous analyses16,17by including the coupling to elec
tron drift-acoustic modes. The main consequence is that
FLR stabilization of ideal ballooning modes is complete
suppressed at intermediate values of toroidal mode num
nw . In Sec. V the stability of drift resistive ballooning mode
is discussed and in Sec. VI the effects of perpendicular
viscosity are outlined. Finally, a summary and overview
drift ballooning stability is presented in Sec. VII.

II. TWO-FLUID EQUATIONS FOR DISSIPATIVE DRIFT
BALLOONING MODES

In this section, starting from a set of linearized two-flu
equations for isothermal ions and electrons and using
s–a equilibrium model to describe the edge pedestal reg
of a tokamak, we derive the appropriate eigenmode eq
tions for drift ballooning modes whose frequencies a
growth rates are sub-Alfve´nic. A simple reduced set of two
fluid equations has been given in Refs. 14 and 15. Taking
linearized version of Eqs.~31!–~36! of Ref. 15 with v
5 i ]/]t, and further simplifying these equations by assum
that the equilibrium ion and electron temperatures are c
stant and equal, and ions and electrons are isothermal
following system of ballooning equations is obtained for t
four dimensionless perturbed fieldsn̂5ñ/n, f̂5ef̃/Te , v̂ i

5 ṽ i i /cs , and ĉ5eÃics /Te , where ñ, ṽ i i , f̃, and Ãi are
the perturbed density, parallel ion flow, electrostatic pot
tial, and parallel component of the vector potential, resp
tively,

vn̂2v* ef̂5~2vk2vk'
2 r i

2!~f̂1n̂!1cskiv̂ i2 ih'k'
2

cs
2

cA
2 n̂,

~1!

v v̂ i1v* eĉ5cskin̂24imk'
2 v̂ i , ~2!

~v2v* e!ĉ5cski~f̂2n̂!2 ih ik'
2 ĉ, ~3!

vk'
2 r i

2~f̂1n̂!54vkn̂1
cA

2

cs
ki~k'

2 r i
2ĉ !2 imk'

4 r i
2~f̂1n̂!.

~4!

Here we have introducedvk5pi(k3B)•k/(neB2), k
5@(B/B)•¹#(B/B) being the magnetic curvature. The pe
pendicular viscous stress terms and the transverse pa
diffusion (}h') in these equations do not appear in Ref. 1
and these terms were taken from Ref. 14. Equation~1! is the
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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ion continuity equation, Eq.~2! is the parallel momentum
equation, Eq.~3! is the generalized Ohm’s law, and Eq.~4! is
the vorticity equation. These equations are to be conside
valid in leading order of the short-perpendicular-wavelen
ballooning expansion,ki /k';r /(nwq2R)!1, for the bal-
looning representation variables. Therefore,ki52 i¹i is a
differential operator butk' is just a function of the spatia
variables. Eliminatingv̂ i and ĉ from these equations, we
arrive at a pair of second order ODE ballooning equations
the new dependent variables

U5f̂2n̂, ~5!

and

V5
v

v* e
n̂2f̂, ~6!

describing the coupling of shear-Alfve´n waves and drift-
acoustic waves.

Next we specialize the ballooning equations to thes–a,
large-aspect-ratio, circular tokamak equilibrium model.9 In
this equilibrium, the parallel gradient operator becom
icski5vsd/du, whereu is the ballooning extended poloida
variable, 2`,u,`. The perpendicular wave number
k'5(nwq/r ) k̂'(u), with k̂'

2 (u)511(su2a sinu)2. The ra-
tio between the curvature and diamagnetic frequencie
vk /v* i5@2vs

2q2/(vA
2a)#g(u) with g(u)5cosu1(su

2a sinu)sinu, and the ion Larmor radius is related to th
diamagnetic frequency and MHD variables throughr i

2

58@vsv* i r /(vA
2nwa)#2. We also define the resistive an

viscous frequenciesvh[h i(nwq/r )2 and vm[m(nwq/r )2.
Then the shear-Alfve´n equation takes the form

d

du
F ~v2v* e!k̂'

2

v2v* e1 ivhk̂'
2

dU

du
G1

~v2v* i !~v1 ivmk̂'
2 !

vA
2

k̂'
2 U

52ag~U1V!1
2v* i~v1 ivmk̂'

2 !

vA
2

k̂'
2 V, ~7!

and the drift-acoustic equation takes the form

d2V

du2
1

~v2v* e!~v14ivmk̂'
2 !

vs
2

V

5F24q2~v14ivmk̂'
2 !S g

vA
2a

1
2vv* ek̂'

2

vA
4a2 D

1
ivhk̂'

2 ~v1 ivmk̂'
2 !

vA
2~v2v* e!

G @~v2v* i !U22v* iV#

1F ivhag

v2v* e

2
h'

h i

ivhk̂'
2 ~v14ivmk̂'

2 !

vA
2 G ~U1V!

1
d

du
@ ln~v14ivmk̂'

2 !#F ivhk̂'
2

v2v* e1 ivhk̂'
2

dU

du
1

dV

du
G.
~8!
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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By setting m→0, v* j /v→0 and h'→h i these equations
reduce to the isothermal single fluid resistive MH
equations.18

III. TWO-SCALE AVERAGING OF THE DRIFT
BALLOONING EQUATIONS

Under plasma conditions of interest for magnetic fusio
including tokamak edge conditions, the characteristic re
tive diffusion timeth is orders of magnitude longer than th
characteristic Alfve´n time tA51/vA . Therefore we can in-
troduce the natural dimensionless resistivity parameter

eh[S vh

vA
D 1/3

5S h inw
2q2

r 2vA
D 1/3

5~nwq!2/3S tA

th
D 1/3

!1, ~9!

and use it as the basic small expansion parameter for a
turbative solution of our drift ballooning equations. Th
growth rates of resistive modes typically fall within th
‘‘drift ordering,’’ being comparable to the diamagnetic dri
frequency but much less than the Alfve´n frequency, g
;v* j!vA . In order to also take into account the sou
wave effects, we will carry out our perturbative solution a
suming the maximal orderings

v;vs;v* j;ehvA . ~10!

Besides, we assume that the viscosity is smaller than or c
parable to the resistivity,

vm&vh[eh
3vA . ~11!

Accordingly, we define the normalized dimensionless f
quencies v̂[v/(eh vA), v̂s[vs /(eh vA), and v̂* j

[v* j /(eh vA), as well asm̂[vm /vh5m/h i . It follows
that the resistivity, the viscosity and the inertia only beco
important at large values of the ballooning variable:su
;eh

21@1. In this domain, to be termed the resistive layer,
the frequencies,v, vs , v* j , h ik'

2 .vh(su)2, and mk'
2

.vm(su)2, are comparable and of the order ofeh vA .
For su;1 hencek̂'

2 (u);1, a domain to be called th
ideal-MHD region, the effects of the resistivity, the viscos
and the inertia are negligible. Here, to zeroth order ineh , the
drift-acoustic equation is simply

d2V0~u!

du2 1
v~v2v* e!

vs
2 V0~u!50, ~12!

whose only solution that can be continued through the re
tive layer in such a way that it vanishes at infinity isV0(u)
50. Then, also to zeroth order ineh , the shear-Alfve´n equa-
tion reduces to

d

du F k̂'
2 ~u!

dU0~u!

du G1ag~u!U0~u!50, ~13!

whose solution isU0(u)5U ideal(u;v250), the ideal-MHD
solution in the absence of inertia. Its asymptotic behavio
large uuu is

U0~ uuu→`!5U ideal~ uuu→`;v250!5
1

DB8
1

1

suuu
~14!

for an even parity mode or
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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U0~ uuu→`!5U ideal~ uuu→`;v250!5
sign~u!

DB8
1

1

su
~15!

for an odd parity mode. The constant 1/DB8 is proportional to
the incremental ideal-MHD potential energy,dW, associated
with the ballooning perturbation so that positive, zero a
negative values of 1/DB8 correspond to ideal-MHD stability
marginality and instability, respectively.

In the resistive layer, i.e.,su;eh
21@1, we carry out a

two-scale perturbation analysis, introducing the slow va
able Z5ehsu in the secular terms of the ballooning equ
tions and reserving theu notation for the fast variable in the
periodic terms. Thus we write

d

du
→ ]

]u
1ehs

]

]Z
, ~16!

k̂'
2 ~u!→11~Z/eh2a sinu!2, ~17!

g~u!→cosu1sinu~Z/eh2a sinu!, ~18!

and expand the linearized ballooning equations with

U~u,Z!5U0~u,Z!1ehU1~u,Z!1eh
2U2~u,Z!1¯ ,

~19!

V~u,Z!5ehV1~u,Z!1eh
2V2~u,Z!1¯ . ~20!

With this ordering, the shear-Alfve´n equation yields in zeroth
order

]

]u F Z2

11 iZ2/~v̂2v̂* e!

]U0

]u G50, ~21!

whose solution isU05U0(Z). In first order we solve for
U1(u,Z) andV1(u,Z) to obtain

U1~u,Z!5
a sinu

Z S 11
iZ2

v̂2v̂* e
DU0~Z!, ~22!

V1~u,Z!

5Z sinu
4q2~v̂2v̂* i !~v̂14i m̂Z2!/a1 ia/~v̂2v̂* e!

12~v̂2v̂* e!~v̂14i m̂Z2!/v̂s
2

3U0~Z!. ~23!

In second order a pair of equations forU2(u,Z) andV2(u,Z)
is obtained. The condition for solubility of the equation f
U2(u,Z) in the fast scale variable, yields the following sec
lar equation that determines the leading order eigenfunc
U0(Z):

s2
d

dZ F Z2

11 iZ2/~v̂2v̂* e!

dU0

dZ G1~v̂2v̂* i !~v̂1 i m̂Z2!Z2U0

1aZ^ sinu~U11V1!&u2
a2

2
U050, ~24!

where ^¯&u indicates the average over the fast, period
variableu. This equation is subject to the boundary con
tions

U0~Z→`!50, ~25!

as required by the ballooning representation, and
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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U0~Z→0!5
1

DB8
1

eh

Z
, ~26!

to match the solution~14! or ~15! in the ideal-MHD region.
The solution of this boundary problem yields the sought a
dispersion relation for our dissipative drift ballooning mode
Transforming to a newly normalized secular variableX2

5 iZ2/(v̂2v̂* e), the resistive layer eigenmode equation c
be cast in the form,

s2
d

dX S X2

11X2

dU0

dX D2@X2Q~X2!1X4T~X2!#U050,

~27!

where

Q~X2!5 i v̂~v̂2v̂* i !~v̂2v̂* e!@112q2P~X2!#

2
a2

2
@12P~X2!#, ~28!

T~X2!5 i m̂~v̂2v̂* i !~v̂2v̂* e!
2@118q2P~X2!#, ~29!

and

P~X2!5
v̂s

2

v̂s
22~v̂2v̂* e!@v̂14m̂~v̂2v̂* e!X

2#
. ~30!

Equation~24! @or equivalently~27!# describes the cou
pling of visco-resistive ballooning modes to drift-acous
waves. The novel feature of the foregoing two-scale anal
lies in the orderingv/vs;1. In much previous analyses
eitherv/vs!1 or v/vs@1 was assumed. As a result of th
v/vs!1 ordering,V0(Z)Þ0 and a fourth order coupled se
of averaged equations is obtained.12,19 In this limit, the geo-
desic curvature drive for the Carreras–Diamond resis
ballooning mode~the term proportional toa2 in the expres-
sion forQ) is lost and only resistive ballooning modes whi
are driven byDB8 are found. Withv/vs@1, sound wave
propagation is neglected and the resistive ballooning mo
of the Carreras–Diamond-type are found.10,12,20–22Our equa-
tions provide a bridge between these two extremes, not o
for studying resistive ballooning modes but also for inves
gating FLR effects on ideal ballooning modes.16,17 These
problems will be revisited in the next sections.

IV. EFFECT OF DRIFT-ACOUSTIC WAVES ON FLR
STABILIZATION OF IDEAL BALLOONING MODES

The above two-scale formalism can be used to st
diamagnetic drift and drift-acoustic effects on ideal mod
For this purpose, we will consider in this section an ide
MHD unstable equilibrium, i.e.,DB8,0, where resistive and
viscous dissipation are negligible. Then, in the limith→0,
m→0 Eq. ~24! becomes

s2
d

dZ
S Z2

dU0

dZ
D 1~112q2P0!v~v2v* i !

Z2

vA
2eh

2 U050,

~31!

where
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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P0[P~m50!5
vs

2

vs
22v~v2v* e!

. ~32!

Its solution decaying at infinity is

U0~Z!5
eh

Z
expS 2@2~112q2P0!v~v2v* i !#

1/2
Z

svAeh
D ,

~33!

and imposing the matching condition~26! asZ→0 we obtain
the dispersion relation for compressible, dissipation-free b
looning modes in the presence of diamagnetic drift effec

2
svA

DB8
5@2~112q2P0!v~v2v* i !#

1/2, ~34!

or

2v~v2v* i !@~112q2!vs
22v~v2v* e!#

5S svA

DB8
D 2

@vs
22v~v2v* e!#. ~35!

The quantity21/DB8 is a measure of the ideal-MHD en
ergy,2dW, available to drive the ballooning instability. It i
convenient to characterize this energy in terms of the ide
MHD growth rate

g I52
svA

~112q2!1/2DB8
~36!

which would be obtained in the incompressible lim
vs /g I→`, in the absence of diamagnetic effects. So,
right-hand side of Eq.~35! contains the ideal-MHD instabil-
ity drive while the left-hand side indicates the presence
three waves: an ion drift wave,v5v* i , and a pair of toroi-
dally modified electron drift-acoustic waves,v(v2v* e)
5(112q2)vs

2 . The effect of the electron drift-acousti
waves is lost in both thevs→` and vs→0 limits: for
vs /v→` we have2v(v2v* i)5g I

2 , and for vs /v→0
we get2v(v2v* i)5g I

2(112q2). These standard FLR re
sults are illustrated in Fig. 1, where thevs5` and vs50
growth rates are plotted versus the toroidal mode num

FIG. 1. FLR-modified growth rate of ideal ballooning modes as a funct
of toroidal mode number,nf . Plasma parameters ares52, q55,
v* i /nfvA52v* e /nfvA50.02, DB85250 ~corresponding toa51.185
51.01acrit). TheO(1/n) correction to the ideal-MHD quantity,DB8 has been
neglected. The solid curve is forvs /vA50 and the dashed curve is for th
incompressible limit,vs /vA→`.
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nw , for the choice of parameterss52, q55, v* i /(nwvA)
52v* e /(nwvA)50.02 andDB85250 which corresponds
to a51.18551.01 acrit . All short wavelength modes with
nw above the critical value such thatuv* i u/2 exceedsg I in
the vs5` case, org I(112q2)1/2 in the vs50 case, are
stabilized.

The standard FLR results are dramatically modifi
when we consider the complete dispersion relation~35!, in-
cluding the coupling to electron drift-acoustic waves at fin
vs . Now, instead of the simplified quadratic dispersion re
tions of the standard FLR treatments, we have a quartic
persion relation with two more roots associated with the t
branches of electron drift-acoustic waves, some of wh
may yield a new positive growth rate. This is illustrated
Fig. 2, where the growth rate is again plotted vsnw for the
same parameters used in Fig. 1, but nowvs50.05vA .
Here, in contrast to Fig. 1, both low and highnw modes are
FLR stabilized but an island of instability appears at int
mediatenw values. This occurs in the neighborhood of th
nw at which the ion drift wave is resonant with a branch
the drift acoustic waves:

v* i~v* i2v* e!5~112q2!vs
2 . ~37!

At this nw value, the electron drift-acoustic waves have f
quenciesv52v* e andv5v* i , and the quartic dispersio
relation ~35! has two roots close tov* i , one of which de-
velops a positive growth rate:

v5v* i6 i
2q

)
g I1OS g I

2

v* i
D . ~38!

Thus, at this resonant value ofnw there is no FLR stabiliza-
tion, i.e., wheneverDB8,0 there exists an unstable mod
whose growth rate is actually enhanced, for smallg I /v* i ,
by a factor 2q/) above the value it would have in the a
sence of diamagnetic effects.

V. DRIFT RESISTIVE BALLOONING MODES

In this section we shall consider an ideal-MHD stab
equilibrium, i.e.,DB8.0, and investigate drift resistive mode
in the inviscid limit. Settingm50, Eq. ~27! becomes

FIG. 2. FLR-modified ideal ballooning growth rate, versusnf for vs /vA

50.05. Other parameters are as in Fig. 1.
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s2
d

dX S X2

11X2

dU0

dX D2Q0X2U050, ~39!

with

Q0[Q~m50!5 i v̂~v̂2v̂* i !~v̂2v̂* e!@112q2P0#

2
a2

2
@12P0#, ~40!

and P0 given by Eq. ~32!. Equation ~39!, subject to the
boundary conditions

U0~X→`!50 ~41!

and

U0~X→0!5
1

DB8
1S i

v̂2v̂* e
D 1/2eh

X
~42!

to match the solution~14! or ~15! in the ideal-MHD region,
has the form of the canonical resistive ballooning equat
considered for instance in Ref. 18, only the expression of
coefficientQ0 being different from the standard ones. Th
solution to this boundary problem~in terms of confluent hy-
pergeometric functions! is therefore known, and we ca
write the general dispersion relation for drift-resistive b
looning modes,

ehDB852S v̂2v̂* e

i
D 1/2 Q0

1/4

8s1/2

G@~Q0
1/2/s21!/4#

G@~Q0
1/2/s15!/4#

. ~43!

These modes can be driven unstable by a positiveDB8 or, for
even negligibleehDB8 but finite pressure gradient, by thea2

term in Q0 . Two limits of this dispersion relation are o
interest. The first one isehDB8@1, i.e., close to the ideal
MHD instability threshold, where it yields

Q05s2. ~44!

The second one isehDB8!1, i.e., away from the ideal-MHD
instability, where the dispersion relation reduces to

Q052F2G~5/4!

G~3/4! G4 s2~ehDB8 !4

~v̂2v̂* e!
2 . ~45!

The general expression~43! provides a continuous transitio
between these two limits.

The approximate dispersion relationQ05s2, valid in the
vicinity of the ideal-MHD instability threshold whereehDB8
→`, can be written as

iv~v2v* i !~v2v* e!@~112q2!vs
22v~v2v* e!#

5vhvA
2@s2vs

22~s21a2/2!v~v2v* e!#. ~46!

Similar to the previous section discussion after Eq.~35!, the
left-hand side of Eq.~46! indicates now the presence of fou
waves: one ion and one electron drift waves plus the t
toroidally modified electron drift-acoustic waves. The effe
of the electron drift-acoustic waves is lost in both thevs

→` and vs→0 limits. In the incompressible limit (vs

→`) Eq. ~46! reduces to a dispersion relation analogous
that found in the theory of internal kink modes near t
ideal-MHD marginal point,11,23
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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iv~v2v* i !~v2v* e!5
vhvA

2s2

112q2 . ~47!

In the absence of diamagnetic effects this has the solu
v5 i @vhvA

2s2/(112q2)#1/3, which has two damped root
and one unstable root with a strong resistive growth r
proportional to vh

1/3vA
2/3. Finite v* j diamagnetic effects

mitigate this resistive instability, yielding instead tw
damped modes with real frequencies in the vicinity ofv* i

andv* e , respectively, and one unstable mode with real f
quency close to 0 and a weak resistive growth rate prop
tional to vhvA

2v
* i
22 . Analogous results hold in the limitvs

→0, substitutings21a2/2.0 for (112q2)21. The cou-
pling to the electron drift-acoustic waves at finitevs intro-
duces two new roots of Eq.~46!, one of which develops a
strong resistive growth rate when the resonance condi
~37! is satisfied. At this point, the new drift-acoustic ro
with real frequency around 2v* e is damped, but one of the
two nearly degenerate roots with real frequencies aroundv* i

has a strong resistive growth rate proportional
vh

1/2vAuv* i u21/2.
Away from the ideal-MHD instability threshold, i.e., fo

the range of equilibrium parameters where 0<DB8&1, we
haveehDB8!1 and the approximate dispersion relation~45!
holds. This can be written as

iv~v2v* i !~v2v* e!@~112q2!vs
22v~v2v* e!#

52F2G~5/4!

G~3/4! G4 vh
3vA

2s2DB8
4

~v2v* e!
2 @vs

22v~v2v* e!#

2
a2

2
vhvA

2v~v2v* e!. ~48!

Similar to the previously discussed dispersion relations~35!
and ~46!, the right-hand side of Eq.~48! contains the insta-
bility drive. Here the two different resistive ballooning driv
ing mechanisms, namely the global ideal-MHD energy dr
represented by the term proportional toDB8

4, and the local
pressure gradient and geodesic curvature drive represe
by the Carreras–Diamond term proportional toa2, are ex-
plicitly shown. In the absence of these driving terms,
left-hand side of~48! would yield the ion and electron drif
waves and the pair of electron drift-acoustic waves. The
fect of the electron drift-acoustic waves as well as thea2

drive are lost in the incompressible limit: takingvs→`, Eq.
~48! reduces to

2 iv~v2v* i !~v2v* e!
35F2G~5/4!

G~3/4!
G4 vh

3vA
2s2DB8

4

112q2 .

~49!

This is the generalization, including finite diamagnetic dr
frequencies, of the resistive ballooning mode dispersion
lation derived in Refs. 11–13. For vanishingv* j , this pre-
dicts an instability whose growth rate follows the ‘‘tearin
mode scaling,’’ being proportional tovh

3/5vA
2/5DB8

4/5.
For plasma parameters of interest at the edge of h

performance H-mode tokamak discharges, thea2 drive is the
dominant one. Thus, neglectingDB8 , we get the simplified
dispersion relation
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
n

e

-
r-

n

e

ted

e

f-

t
e-

h-

2 i ~v2v* i !@~112q2!vs
22v~v2v* e!#5

a2

2
vhvA

2 ,

~50!

or Q050. This dispersion relation generalizes the results
Refs. 10 and 22 by including the effect of sound wave pro
gation and coupling to the electron drift-acoustic waves
we neglect the sound wave propagation, i.e., settingvs50 in
Eq. ~50!, we recover the result of Ref. 22:

iv~v2v* i !~v2v* e!5gCD
3 , ~51!

where gCD5(a2/2)1/3vh
1/3vA

2/3 is the single-fluid Carreras–
Diamond growth rate.10 Like in the analysis of modes nea
the ideal-MHD instability threshold, we see, as noted in R
22, that the diamagnetic drift terms mitigate the strong sin
fluid resistive instability leaving only a weak resistive inst
bility with near-zero real frequencyv. ia2vhvA

2/(2v
* i
2 ).

However, our complete dispersion relation~50! shows that
the growth rate of this instability is strongly enhanced wh
the low-frequency branch of the drift-acoustic mode is d
generate with the ion drift wave according to the resona
condition~37!. At this point, due to the previously discusse
mechanism responsible for the loss of FLR stabilization
ideal modes, a strong resistive instability

v.v* i6~ i 21!
a

2)
S vhvA

2

uv* i u
D 1/2

~52!

is again found. This resonant peak of the resistive grow
rate is shown in Fig. 3, where Im(v) is plotted vsnw , for the
same plasma parameters used in Fig. 2, except that noa
51.0,acrit ; the magnetic Reynolds number is taken to
S[vAr 2/h i51.25 105 andDB8 is neglected. The dependenc
of the mode frequency onnf is shown in Fig. 4, where the
ion diamagnetic frequencyv* i is also shown.

VI. VISCORESISTIVE BALLOONING MODES

Perpendicular viscous effects enter Eq.~27! in two ways.
The termT contains the viscous drag on the perturbed p
pendicular velocity and agrees with results in Refs. 23 a
24. The factorP contains the viscous drag on the paral
flow and introduces, as noted in Ref. 25, a strong toroi
enhancement of the viscosity in the limitvs→`. Assuming

FIG. 3. Growth rate of the drift-resistive ballooning mode@from Eq. ~50!#
against toroidal mode number,nf . Parameters ares52, q55, v* i /nfvA

52v* e /nfvA50.02,a51.0, S51.253105.
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that the perpendicular viscosity is given by its classi
value, we havem̂50.15be(mi /me)

1/2 and, typically,m̂!1.
In this case we can linearizeP(m̂;X2).P01m̂P1(X2), and
Eq. ~27! becomes

s2
d

dX S X2

11X2

dU0

dX D2~Q0X21T0X4!U050, ~53!

with P0 andQ0 given by Eqs.~32!, ~40!, and

T05 i m̂~118q2P0
2!~v̂2v̂* i !~v̂2v̂* e!

2

12m̂a2P0
2@~v̂2v̂* e!/v̂s#

2. ~54!

Moreover, forehDB8!1, i.e., away from the ideal-MHD in-
stability threshold, the magnitude of bothQ0 andT0 is much
less than unity. Thus, restricting ourselves to this case,
can solve Eq.~53! in two asymptotic regions. First, an inne
region uXu;1, where it reduces to

s2
d

dX S X2

11X2

dU0
I

dX D 50, ~55!

and has the following solution satisfying the ideal-MH
matching condition:

U0
I 5

1

DB8
1ehS i

v̂2v̂* e
D 1/2S 1

X
2XD . ~56!

Then, an outer regionuXu@1, where it reduces to

s2
d2U0

II

dX2 2~Q0X21T0X4!U0
II 50, ~57!

and whose solution is subject to the matching condit
U0

II (X→0)5U0
I (X→`). Now we can obtain a variationa

form of the viscoresistive dispersion relation using the tr
function

U0
II ~X!5X1/2K1/4~sX2!H 1

DB8
2FehS i

v̂2v̂* e
D 1/2

2
~s/2!1/2G~3/4!

DB8G~5/4! GXJ , ~58!

whereK1/4 is the modified Bessel function ands is a varia-
tional parameter. This choice of trial function satisfies ide

FIG. 4. Frequency of the drift-resistive ballooning mode against toro
mode number,nf . The linear dependence of the ion diamagnetic frequen
v* i , is also shown by the dashed line.
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tically the matching condition toU0
I (X) besides the decay

condition at infinity, and reproduces the exact eigenfunct
in the inviscid limit T050. For negligibleDB8 drive, the re-
sulting variational dispersion relation is

Q012.46~sT0!2/350. ~59!

The numerical solution of this variational viscoresistive d
persion relation is displayed in Fig. 5, for the same para
eters used in Fig. 3 andm̂50.003. It shows that the viscosit
reduces the growth rate of the drift resistive ballooni
mode, especially at very large toroidal mode numbers, bu
does not affect much the growth rate peak at the reson
value ofnw .

VII. CONCLUSIONS

By making use of thes–a equilibrium description of a
tokamak, a simple differential eigenvalue equation desc
ing linear resistive ballooning instabilities has been deriv
This equation@Eq. ~27!# is appropriate for collisional plasm
conditions in the edge pedestal region of a tokamak. T
extends the original analyses10,22 of resistive ballooning
modes, by describing the effects of matching to the id
region, of coupling to electron drift-acoustic modes, and
perpendicular viscosity. Whena.acrit ~the critical value for
ideal-MHD,nf→`, ballooning instability! coupling to drift-
acoustic waves removes ion FLR stabilization of ideal-MH
modes at a particular range of wavelength, i.e., a partic
toroidal mode number. In addition, whena,acrit and ideal
modes are no longer unstable, the same coupling mecha
causes the growth rate of drift-resistive ballooning mod
~drift-RBM! to peak in this range of wavelengths. In pra
tice, however, for parameters typical of the edge pedesta
Alcator C-Mod, (vs /vA;0.02,v* i /nfvA;0.05,q55)
these effects are predicted to appear at very low value
nf52 or 3. In the absence of ion viscous damping a bro
spectrum of unstable drift-RBMs is predicted to be unsta
so that the transition between ELM-free H-mode and
EDA-mode in Alcator C-Mod~in which a single quasicoher
ent eigenmode withnf;20 appears in the pedestal regio!
cannot be explained within the context of linear drift-RB
theory.

Addition of perpendicular ion viscous effects has be
studied in a variational formalism. This indicates that t

l
,

FIG. 5. Effect of perpendicular ion viscosity on the drift-resistive ballooni
mode growth rate. Solid curve is form̂50.003, dashed curve is form̂50 ~as
in Fig. 3!. Other parameters are as in Fig. 3.
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unstable spectrum of RBMs may be truncated by viscos
with shorter wavelength modes being stabilized asm is in-
creased. But viscous effects cannot expain the appearan
a relatively short wavength (nf;20) mode before othe
wavelengths, as the H-mode pedestal steepens.

The foregoing drift-RBM analysis might be consider
to be relevant to the, so-called, ‘‘washboard modes’’26 which
have been observed in the edge of Joint European T
~JET! plasmas as the H-mode pedestal re-establishes i
following its collapse in a Type I ELM event. ‘‘Washboar
modes’’ have toroidal mode numbers in the range 1<nf

<10 and may therefore coincide with the truncated spect
~see Fig. 5! predicted when ion perpendicular viscosity
added to the drift-RBM analysis. However, they are repor
to propagate in the direction of the electron diamagne
drift, whereas, as shown in Fig. 4, the drift-RBMs of th
present analysis are ion modes.

ACKNOWLEDGMENTS

We thank Peter Catto for very helpful discussions a
encouragement.

This work was supported by the U.S. Department of E
ergy Grant No. DE-FG02-91ER-54109 at M.I.T.

1A.E. Hubbard, R.L. Boivin, R.S. Granetzet al., Phys. Plasmas8, 2033
~2001!.

2S.V. Novakovskii, P.N. Guzdar, J.F. Drake, C.S. Liu, and F.L. Waelbroe
Phys. Plasmas2, 781 ~1995!.

3J.R. Myra, D.A. D’Ippolito, X.Q. Xu, and R.H. Cohen, Phys. Plasmas7,
4622 ~2000!.
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
y,

of

us
elf

m

d
c

d

-

,

4B.N. Rogers and J.F. Drake, Phys. Plasmas6, 2797~1999!.
5X.Q. Xu, R.H. Cohen, T.D. Rognlien, and J.R. Myra, Phys. Plasmas7,
1951 ~2000!.

6B.N. Rogers and J.F. Drake, Phys. Rev. Lett.79, 229 ~1997!.
7S.I. Braginskii, inReviews of Plasma Physics, edited by M.A. Leontovich
~Consultants Bureau, New York, 1965!, Vol. 1, p. 205.

8D.A. Mossessian, P.B. Snyder, M. Greenwald, J.W. Hughes, Y. Lin,
Mazurenko, S. Medvedev, H.R. Wilson, and S. Wolfe, Plasma Phys. C
trolled Fusion44, 423 ~2002!.

9J.W. Connor, R.J. Hastie, and J.B. Taylor, Phys. Rev. Lett.40, 396~1978!.
10B. Carreras, P. Diamond, M. Murakamiet al., Phys. Rev. Lett.50, 503

~1983!.
11H.R. Strauss, Phys. Fluids24, 2004~1981!.
12J.W. Connor, R.J. Hastie, T.J. Martin, A. Sykes, and M.F. Turner, inPro-

ceedings of the 9th IAEA Fusion Energy Conference~International Atomic
Energy Agency, Vienna, 1983!, Vol. III, p. 403.

13J.F. Drake and T.M. Antonsen, Phys. Fluids28, 544 ~1985!.
14J.W. Connor and R.J. Hastie, Plasma Phys. Controlled Fusion27, 621

~1985!.
15A. Zeiler, J.F. Drake, and B. Rogers, Phys. Plasmas4, 2134~1997!.
16W.M. Tang, R.L. Dewar, and J. Manickam, Nucl. Fusion22, 1079~1982!.
17R.J. Hastie, P.J. Catto, and J.J. Ramos, Phys. Plasmas7, 4561~2000!.
18D. Correa-Restrepo, Z. Naturforsch. A37a, 848 ~1982!.
19A.H. Glasser, J.M. Greene, and J.L. Johnson, Phys. Fluids18, 875~1975!.
20O.P. Pogutse and E.I. Yurchenko, inReviews of Plasma Physics, edited by

M.A. Leontovich ~Consultants Bureau, New York, 1965!, Vol. 11, p. 65.
21T. Hender, K. Grassie, and H. Zehrfeld, Nucl. Fusion29, 1459~1989!.
22P.H. Diamond, P.L. Similon, T.C. Hender, and B.A. Carreras, Phys. Flu

28, 1116~1985!.
23G. Ara, B. Basu, and B. Coppi, Phys. Fluids22, 672 ~1979!.
24B. Coppi and F. Porcelli, Phys. Rev. Lett.57, 2272~1986!.
25V.P. Lakhin and A.B. Mikhailovskii, Phys. Lett. A191, 162 ~1994!.
26P. Smeulders, G.D. Conway, B. Alper, B. Balet, D.V. Barltett, D. Borba,

Deliyanakis, T.C. Hender, and O.J. Kwon, Plasma Phys. Controlled Fu
41, 1303~1999!.
ense or copyright; see http://pop.aip.org/about/rights_and_permissions


