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The effects of nonresonating hot ions on the spectrum of magnetohydrody(hiiz) waves and
instabilities in tokamaks are studied in the limit when the width of the hot ion drift orbits is much
larger than the radial scale length of the MHD perturbations. Due to the large magnetic drift
velocities the hot ions cannot contribute to the MHD perturbations directly, but two main effects of
the hot ions, the hot-ion density-dependent effect and the hot-ion pressure-dependent effect,
influence the MHD perturbations indirectly. The physics of both effects is elucidated and it is shown
that both these effects can be described in MHD approach. A new code, MISHKMIEHKA
including the hot-ion indirect effecksis developed as an extension of the ideal MHD code
MISHKA-D [Huysmanst al, Phys. Plasma8, 4292(2002]. Analytical benchmarks for this code

are given. Results of the MISHKA-H code on Alfvespectrum in a shear-reversed discharges with
ion-cyclotron resonance frequen@RF) heating are presented. Modeling of Alfveascades and

their transition into toroidal Alfve eigenmodes in shear-reversed tokamak equilibrium is
considered. The hot-ion effect on the unstable branch of the MHD spectrum is studied for the test
case of ann=1 ideal MHD internal kink mode, which is relevant to short-period sawteeth in
low-density plasmas observed in Joint European T@¥&S) [Rebutet al, Proceedings of the 10th
International Conference, Plasma Physics and Controlled Nuclear Fusion, Lofidttnational
Atomic Energy Agency, Vienna, 1985V0l. I, p. 11] experiments with high-power ICRF heating.

© 2004 American Institute of Physic§DOI: 10.1063/1.1690303

I. INTRODUCTION ion effect studied in Ref. 6 is the dependence of this effect on
the density gradient of hot ions. Therefore, this hot-ion effect

A significant population of hot ions with large drift orbits . . )
is typical of present-day tokamak experiments in which high-Can be called théot-ion density-dependent effeche main

power ion-cyclotron resonance frequerégRF) heating is goal of the present work is the development of a MHD code
applied in plasmas with low central currénor in low- for numerical simulations of the large-orbit hot-ion effects

density plasmaé.New magnetohydrodynamiMHD) phe- and employment of this code tq JET-relevant problems. The
nomena were revealed in such regimes, e.g., upwarather goals are the understanding of the physics of the phe-

frequency-sweeping phenomena named Alfveascades nomena considered and formulating analytical benchmarks

(ACs) in discharges with nonmonotonic safety factor onfOr the numerical simulations.

Joint European Toru¢JET)®* and on JT-60U, and short- In the code development, a modification of the existing
period sawteeth on JET. MISHKA"® code is performed. The MISHKA-type codes

Analytical study and numerical simulations of these phe-\Were designed to include notlonly the standard MHD effects,
nomena are both required in assessing their physics. The firgtich as incorporated, e.g., in the CASTOR cttlbut to

step in the analytical study has been made in Ref. 6, wheraccommodate a variety of effects described in Ref. 9. These
the JET experiments exhibiting the ACs have been intereffects are the finite ion Larmor radius effect and the electron

preted. It has been found in Ref. 6 in the drift kinetic ap-and ion drift effects as well as the effects of neoclassical
proach that nonresonant hot ions with drift orbit width largerbootstrap current, neoclassical ion viscosity, and the colli-
than the width of the MHD perturbation can nonperturba-sionless skin effect. However, the effects of hot ions were out
tively alter the structure of the Alfwespectrum and give rise of the scope of this initial program on the MISHKA codes,

to a new type of Alfve eigenmodes in a strong shear- since a general approach to the hot ion effects requires MHD
reversed equilibrium. These modes are essentially associaté@atment of specifically kinetic effects such as the wave-
with the minimum value of the safety factoy,, and they particle resonant interaction. Such kinetic effects are essen-
possess all the main properties of the experimentally obtial, for instance, for the energetic particle modes

served Alfven cascade3An important peculiarity of the hot- (EPMs.*"*However, in the frame of the standpoint of Ref.
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9 the incorporation of the resonant interaction effectin MHD  The magnetic-well effect is known to be important for
codes is problematic. MHD instabilities with characteristic mode growth rates and
In this connection, a question arises whether the hot-iofrequencies much smaller than those of the Affvmodes
effect studied in Ref. 6 can be included into the MHD codeS(see, e.g., Chaps. 5-15 of Ref. 18 and references therein
The mechanism of the hot-ion density-dependent effect wagperefore, the hot-ion density-dependent effect is of interest,

not considered in Ref. 6 in the MHD approach in order t0g o of all, for the problem of the Alfve modes, while the

answer tr_ns quesnon. Meanwhile, the notion of .th'§ ef-feCthot—ion pressure-dependent effect is of interest for the prob-
was applied in Ref. 14 to the theory of magnetic islands .
1em of MHD instabilities.

where it was explained that the effect considered is in fac In ohvsics t the hot-i d dent effect i
caused by electrons compensating the equilibrium charge of .n physics erm.s',,' € hot-ion prgssure— epe.n entefiectis
the hot ions. Due to their cross-field motion in the electricSIMilar to the stabilizing effect of high energy ions on bal-

field of perturbations, these compensating electrons lead t§0ning modes considered in Ref. 19. According to Ref. 19,
the drift (convective contribution into the current continuity —this stabilizing effect can give limiting beta values exceeding
equation, thereby resulting in an electron term proportionathe values predicted by the standard theory of ballooning
to the density gradient of the hot ions. modes(see Ref. 19 for details

Since an incorporation of the hot-ion density-dependent ~ An important step in the theory of Alfveeigenmodes in
effect in the MISHKA-type codes means in fact an accomo-shear-reversal discharges has been made recently in Ref. 20.
dation of additional terms governing theectrondrift, the  The subject of Ref. 20 is an analytic description of the hot-
effect studied in Ref. 6 can be incorporated into thejon density-dependent effect and its competition with a tor-
MISHKA codes. Evidently, this effect should be Cons'deredoidicity effect, which can cause a discrete Alfveigenmode

a?f a?'n?'Leit. effseﬁ tof hOtI'On?th%nEaStbto thedlrg(cjt dassociated withgin In @ weak shear reversal plasma. The
cliects of ot lonsthe example ot which has been ConsIderelessence of this paper is commented on in more detail below

in Refs. 11-13. see Sec. Il
The mechanism of the hot-ion density-dependent effec% N . L
Looking at the above-discussed hot-ion indirect effects

is somewhat similar to that of the Varma—Shukla effect . i
studied in the theory of dusty plasma. In such plasma‘,"”th the standpoint of the program stated in Ref. 9, one can

charged dust particles have a very large mass and are n@fte that the pressure-dependent effect can be included in the

involved in perturbed dynamics, also revealing the crossMISHKA-type codes by redetermination of the equilibrium

field effect of noncompensated electrons or ions. parameters. On the other hand, the density-dependent effect
In general, the hot-ion density-dependent effect can essan be incorporated by adding an electron drift term similar

sentially alter both the stable and the unstable spectrum ab the ion drift terms allowed for in the MISHKA-D code.

MHD eigenmodes. Meanwhile, for some equilibria the con-Therefore, it is possible to include both these effects in the

sequences of this effect are more profound. In particular, iMHD approach used in the MISHKA codes. We have devel-

tokamal_< equilibr.ia with a strongly reversed magnetic shearoped such a code and call it the MISHKA{MISHKA in-

the hot-ion density-dependent effect leads to the appearaneg,ing the hot-ion indirect effects described above

of a new type of Alfve eigenmodewhich essentially differs Section 1l is addressed to the physics treatment of the

from the toroidal Alfven eigenmodegTAES). These new . o o

. o . . large-orbit hot-ion indirect effects. In Sec. Ill a description of
eigenmodes with eigenfrequencies outside the TAE-gap 1‘ret—h MISHKA-H del and it ical thod is ai
quency and with a single dominant poloidal harmohase € -H model and Its numerical method 1S given.

revealed in shear-reversal experiments as the 'vaeSection IV yields analytical benchmarks for Alivesigen-
cascades. modes. In Sec. V numerical results on these eigenmodes
In addition to the density-dependent effect, an importanfcomputing the Alfve cascadesare presented. Section VI
pressure-dependent indirect effect of the large-orbit hot iongemonstrates the pressure-dependent effect in the problem of
on MHD perturbations occurs naturally as the hot ions dcthe Bussac internal kink mod&2* Conclusions are given in
contribute in equilibrium diamagnetic current but fail to con- Sec. VII.
tribute in the perturbed pressure of the MHD eigenmodes. It In addition, the paper contains Appendices A—F. In Ap-
is known that for the MHD instabilities in the case of van- pendix A, we collect equilibrium relations necessary for the
ishingly small ion orbits, a mutual compensation occurs bephysics treatment of the hot ion effects. In Appendix B, the

tween the magnetic-well effect caused by the plasma diagqilibrium relations necessary for the code development are

magnetism and the perturbed parallel magnetic field eﬁecéiven. In Appendix C, we derive the perturbed current con-
caused by the perturbed plasma pressaes, e.g., Ref. 16,

Chap. 1 of Ref. 17, and E¢C.15 of Appendix Q. Since the ';nwt)lll eguatlogf ngcgdls the brﬁls(;or_an?Iyssfperforrlne;Jll |.rc11
large-orbit hot ions are not involved in the perturbed dynam- ec. 1l. Appendix L addresses the derivation of a singie-ilul

ics, they can not contribute into the last effect and, as Anomentum equation allowing for the hot-ion indirect effects.
result, these ions lead to a noncompensated additional coflNiS equation is the basis for constructing the MISHKA-H
tribution into the magnetic well. This contribution is propor- model of Sec. Ill. Appendix E collects relations explaining
tional to the pressure gradient of hot ions. Respectively, thighe single-fluid description of the perturbed quantities that
indirect effect can be called theot-ion pressure-dependent are necessary for the code. Appendix F is a mathematical
effect supplement to the Introduction.
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II. PHYSICS OF INDIRECT EFFECTS OF HOT IONS

WITH LARGE ORBITS Pe=—1i C—Ey %. (7)
Bow X
A. Current continuity equation N
] . o ) In addition, we take
Following a routine derivation(see Appendix ¢ we B B
represent the current continuity equation to the problem in  E, =—-V, ¢, ©)]
the form ~
5 5 where ¢ is the perturbed electrostatic potential. As a result,
VHj”+VL-j'+Hp+ H,=0. (1)  we obtain from Eq(5) the local dispersion relation
Here], is the perturbed parallel currer, is the inertial ) 1 kf, dpon dpoc
= — . 9
current, and o ImpoB2 K2 dx dx 9
c
szmbo-[VbchpOh], (2 One can see from Eq9) that if the hot ion pressure
B0 gradient is directed along the pressure gradient of the core
H,=—e,Ve-Vng,, ©) ions,
and the remaining definitions are given in Appendix C. dpon dpoc 10
The termsH, andH,, describe the two effects that de- dx dx ' (10

pend on the pressure and density gradients of the hot ions,
respectively. The density-dependent effect was studied in th } X
kinetic approach in Ref. 6, while the pressure-dependent ef2Pposite case, 1.e., for
fect was studied in kinetic approach in Ref. 19. dpon dPoc

dx dx<'

e effect of the magnetic well is stabilizing?>0. In the

11)

B. Physics of pressure-dependent effect . . o . ) o
this effect is destabilizing, i.e., one obtains a magnetic hill in

In order to understand the physics of the effect repretpis case.

sented by(2) let us turn to Appendix C. The first term in the | order to estimate when the hot-ion magnetic well be-
brackets on the right-hand side of EE11) describes the comes important, one can compare the estimate for the mode
magnetic well due to the diamagnetism of the core plasmayequency Eq.(9) with the characteristic frequency of the
When the hot ions with large orbits are absent, the diamagyte instability in tokamakgsee, e.g., Sec. 9 of Ref. p2
netic well is compensated by the effect of the perturbed par- 5
allel magnetic field,. Then, one arrives at the well-known 2 Ky o dpoc
result(see, e.g., Ref. 2@hat no magnetic well appears in the e 2 ’

(see, e.g., ] g pp k? poR§ dx
case of the equilibrium magnetic field with straight field ) ) ) ) )
lines. However, since the hot ions contribute in the diamagHerero is the radial coordinate labelling the magnetic sur-
netic effect and do not contribute in®,, this noncompen- face at which the mode is localized, aft} is the major

sated effect of the hot ion diamagnetism causes a magnetiEﬁ‘diuS of the.torus. Comparing E4S) gnd(12) we conclude
that the hot ion effect on the magnetic well should be taken

(12

well effect. . . L . .
In order to determine the sign of the magnetic-well effectiNtO account in addition to the standard magnetic well, if
induced by hot ions, we consider the perturbations in the g >r /(x,R2). (13

form f(x)exp(—iwt+ikx+iky), where w is the mode fre- . ) o
quency,k, andk, are the respective projections of the WaveThls.estlmate was _made for the flute-type modes with high
vector, f(x) is a slowly varying amplitude, anftiInf/dx ~ Poloidalm and tor0|d§1In mode numbers,rﬁ,n)»_l. In the
<k,. For simplicity, we keep only the inertial term in E) ~ ¢@se of then=n=1 kink mode(the Bussac modét should

and the term with the magnetic well. In this case be modified(see Sec. Vi

(4)
C. Physics of density-dependent effect

so that Eq(1) reduces to One can see from E@3) that the density-dependent ef-

~ . kyPc dpon fect is related to the cross-field motion of electrons that com-
pow(k, -E)—i 4mcB, dx (5 pensate the electric charge of the hot ions. Even though this
charge is relatively small, the electron cross-field motion can

Here, k, =(Kyky), po=ming; is the equilibrium mass den- e egsentially stronger than the inertial motion of the core
sity, andm; is the core ion mass. The main contribution in ;5o Using Egs(4) and (8), we estimate

the perturbed plasma pressiig is due to the cross-field
convection, i.e., it is determined by the equation powC

2

Vii=—s5K9, (14)
el ot +Ve- V=0, () Bt
so that while, according to Eq(3),
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ANon CKy~ effects Ieading,to the appearance of eigenmodes with finite

X By @, (19  in both the Alfven cascade theory and in the theory of MHD
instabilities can be called&-dependent magnetic well.” The

so that the density-dependent effect is comparable to the itsym of both the %-dependent magnetic well” and the

H,=e,

ertial effect for “zero-w magnetic well” naturally lead us to a concept of a
o e, 1 dng, k “finite-frequency magnetic well.”
— = (16 In the scope of such concept, it is important to delineate

the parts of the w-dependent magnetic well” due to the hot
wherewg;=€,By/(m;c) is the core ion cyclotron frequency. ions and due to the core plasma. Calculations of both parts of
This condition holds for Alfva eigenmodes studied in Ref. the “w-dependent magnetic well” were presented in Ref. 20.
6. The results of Ref. 20 are described in Sec. IVD.

D. Relative role of pressure-dependent and density- Ill. THE MISHKA-H MODEL
dependent effects

Using Eqgs.(2), (7), (8), and(15), we obtain

A. General comments on the MISHKA codes

The codes of the MISHKA seriés’ are a continuation

Hpl  Noi (I+ 7w,y 1 of the CASTOR codésee Ref. 10 and references thejei
H, = "Mngp, © : (17 key feature of the CASTOR code is to use the vector poten-
where tial of the perturbed electromagnetic field. The main differ-

ence between the MISHKA series and the CASTOR code
o, pi=Ky(CTo;/€Bg)d In pg; /dx (18  lies in the use of optimized variables characterizing the vec-
tor potential and the plasma velocity, and in an optimized

'E the dlgmagnetlg drift frequency of core 1ons, and form of linearized MHD equations. The optimized variables
=T/ Ty is the ratio of electron and core ion temperatures. . o .
used in Ref. 7 are the “radiallacross the equilibrium mag-

It follows from Eq. (17) that high-frequency modesy netic surfaces and the “parallel” (along the equilibrium

>w, pi,» Similar to those studied in Ref. 6, are not affectedma netic fieldB,) projections of the vector potential and
by the effect of the hot ion pressure gradient. On the othe{heg ertlurt;ed Olas?ma{ velloci and t\ée radigl corTI1 onents
hand, low-frequency modes=w, ,;, are significantly af- of thpe vector P ducts of Mdv ith B led b
fected by the pressure gradient of the hot ions if . ; bro uc? an wit S0 called conven-
tionally the “binormal” projections(see in detail Appendix
Br=Non/Ng; - (19 E). The essence of the optimization of the MHD equations is
the use of, first, the radial and parallel projections of the
vector plasma motion equation as well as the vector product
of this equation with the field,, and, second, the similar
projections of the vector Ohm’s law. In making the choice of
the optimized variables, and in optimizing the projections of
the vector equations, one should also allow for the difference
Below we analyze the density-dependent effect orbetween the contravariant and covariant projections. Such
Alfvén eigenmodes representing the stable part of the MHDptimization allows one, on the one hand, to eliminate the
spectrum(waves, and the hot-ion pressure-dependent effecnumber of variables and equations in analyzing reduced
on the Bussac modé,which is an example of the unstable problems, such as the ideal MHD modesd their stabiliza-
MHD mode. It appears to be important to study both thetion by the w, ;-effect® and, on the other hand, to augment
Alfvén eigenmodes and the MHD instabilities under a simul-the standard MHD equations by relatively simple terms de-
taneous influence of the both hot-ion effects. The pressurescribing the non-MHD effects.
dependent effect on the Alfmeeigenmodes can be essential The CASTOR cod¥ allows for resistivity and com-
when the eigenfrequencies of these modes are not too higdressibility. It deals with seven variables: three components
due to a small value of the effective parallel wave numberof plasma velocity, three components of the vector potential,
Kimin- On the other hand, if one investigates not only theand the perturbed plasma pressure. Formally, the CASTOR
thresholds of MHD instabilities but their growth rates,as  code includes the eighth variable as well, the perturbed
well, then the density-dependent effect proportional to theplasma density, but the simultaneous considering of both the
mode frequencyw =i+ can be essential. A somewhat similar perturbed pressure and density is insignificant in practice if
evaluation of “frequency-dependent” effects on MHD insta- one neglects the thermal conductivity. In contrast to the
bilities has been recently presented in Ref. 23 where th€ASTOR code, the MISHKA-1is designed for the analysis
plasma compressibility effect on the growth rates of the in-of the ideal MHD modes in an incompressible plasma, and it
stabilities was studied. solves a set of four equations for four variables: two compo-
In the theory of MHD instabilities, all the effects causing nents of the vector potential, both the radial and binormal
an appearance of a discrete spectrum of unstable eigenmoda®jections. Such a simplification is a result of that, within
can be associated with a magnetic well of “zesd-since  the scope of this code, the parallel projection of the vector
the eigenmodes considered at the threshold have vanishingpotential is excluded due to a vanishing parallel resistivity,
small frequencies. In this context, the frequency-dependerthe parallel plasma velocity is “thrown away” due to ne-

Condition (19) implies that the hot ions are super-Alfvie,
V1= Va(my/my) Y2 whereVyy, is the characteristic velocity
of the hot ions.

E. Concept of “finite-frequency” magnetic well
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glecting the compressibility, while the perturbed plasma & F

. . K . . RZ(O)_ _ G—
pressure is expressed in terms of the binormal projections of 477 A7RZC 99
the vector potential. At the same time, in the development of
the MISHKA-1 code, an additional simplifying circumstance c Py IV J leéi
has been used. The matter is that, due to the vanishing per- _gl2n_ %Jrgzz% o
pendicular resistivity, the velocity is algebraically expressed 0 0
in terms of the vector-potential, being the product of this 27
potential and the mode growth rate, and, in addition, the  The values; and &, are introduced as follows:
left-hand side of each projection of motion equation is the

<9A1
&S( q 2)

Poﬁ

product of the velocity and the growth rate, while the right- a1=4—WJ(j§B3—JOBZ)— [J(M BLl+NB?)]
hand side is a linear functional of the vector potential. There- c
fore, the four equations for four variables, each containing =
the first degree of the growth rate, are reduced to two equa- + —Z( )[J(LBl+ M BZ)] (28
tions for two variablegtwo velocity projectionscontaining qR <9¢
the squared growth ratsee in detail Ref. )7 A =

The starting equations of the MISHKA-D coflayhich =—JJOBl+ =2 (9¢>[J(M B1+NB?)]. (29

allow for the w ;-effect, are similar to those of MISHKA-1.
There are four equations for four variables: radial and binorThe coefficientd, M, N, andG are defined by
mal components of both the vector potential and the per- _ _

turbed fluid velocity. However, the right-hand sides of the L=0u/d, M=gilJ,
motion equation of MISHKA-D contain in contrast to N=gx/J, G=g33/J=F/fq,
MISHKA-1 both the vector potential and velocity, and the
set of four equations cannot be reduced to two equations a5
in MISHKA-1. Therefore, studying the o, -effect,
MISHKA-D uses four equations for four variables.

(30

wheref, g, R, andF are given by Eqs(B4)—(B6), andg;,

ith (i,k)=(1,2,3) are the metric tensor components.
The valuesR'™ and R*M describing the hot-ion

density-dependent effect are given by

A JPon R? dpoc 9Pon ;
2 9s TE2 5s s 2

R<1“>——n v2+—
Cc

B. MISHKA-H model

(31
According to Appendix E, the MISHKA-H model is de- R
; ; A1 /2 ;i e ~. JA, 9
scribed by th_e four variables, , A,, V-, andV~ interrelated R2(M = _ —hnhqu1+ e pOh_ (32)
by the equations c 9y ds
) The functionsB*, B2, andB® in Egs.(28) and(29) are
A=V, (20 the contravariant projections of the perturbed magnetic field
N _ B. They are expressed in termsAf andA, by Eqgs.(E5)—
)\A2:_Vl, (21) A =
(E7) for A;=0.
L1=RMO+RMM, (22)
L 2= R2(0) 4 g2() 23) C. Description of numerical method
We make Eq(E11) dimensionless as follows:
Here A,p!
~ T i
Npol V4 —5Box V| —2
B2 n
1_ 1, 912¢, 0 0
L =)\Po<911V +WV ) (24) -
== VPc+H+ 1pp[ VX Bo]+EnPcVon, (33
5 <1 O22c, by normalizing the space coordinate, the magnetic field, the
L“=Npo| g12V"+ WV ) (25  density, the pressure, and the velocity:
d R* = 5 B* = E * ﬁ p* _ p
an Ro’ Bo’ P Po’ EOT1
. (34)
a F o d R dA \Y, tV
w_"__" 7152 _ w_ L gk VA _Pn
R 47 47R? as(G 75 (10A2) &1‘}“ v Vy' t Ry’ PH oy
c Pl oV '\"/lpé_) whereRy, By, pg, andV, are the major radius, magnetic
I I - . - . .
— | —Oy— == +0g—| — field, density, and Alfv locity at th t f th -
poefq O11 Ny 99 G125 ne || ie ensity, an e velocity at the position of the mag

netic axis. The thermal ion drift effect is governed by the
(26)  dimensionless parameter=V,/(wgiRp), while the hot-ion
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density-dependent effect is governed by the dimensionless \X,=—X;. (48)

lotron f f the hot ions:
cyclotron frequency and energy of the hot ions By multiplying Eqgs.(43) and(44) by X%, andX} , respec-

TH= WBKTA (35 tively, and integrating the results oves, {, ¢) we obtain

EHETh/(thi) (36) )\N3: M31 (49)
In the numerical scheme, the variabkésg, X,, X3, andX, ANg=My. (50)
are introduced instead of*, V2, A;, andA,: The expressions fdX;, N4, M3, andM, are given in Ref.

< N . A 8. Let us correct a misprint in the expression fdy, in Ref.
- 1 —i2 - —
Xi=faVh Xp=iVS Xg=iAs, Xe=fah:. (370 g it should be writtenA(4,1)=1 instead of Eq(A13e) of
These four unknown functions are Fourier expanded in botfRef. 8.
the toroidal and poloidal angle; their structure in the radial

coordinates is described in Hermite finite elemenit§(s),

i.e., the same discretization as used in the CASTORCsgle V. ANALYTICAL BENCHMARKS FOR ALFVE N
employed: EIGENMODES GOVERNED BY HOT-ION DENSITY-

DEPENDENT EFFECT
+o0 N

X = eMeind z eimf}E (X)) H(S), (39) A. Starting mode equation
e vt Using Eg. (8), one reduces Eq(3) for the density-
whereX is any function from the four functions above. Fol- dependent effect to
lowing the approach described in Ref. 7, the weak form is ec
constructed by multiplying Eq$22) and (23 by (V)* and Hy=— Ehf Bo-[VéX Vngp]. (51)
(V3)*/(fq) correspondingly and integrating over the volume 0
dr=Jdsddd¢, where the star denotes the complex conju-In neglecting the pressure-dependent effelgtgiven by Eq.
gate. The resulting equations are then solved in their weakbl), Eg. (1) takes the form
form.2° Since the equilibrium does not depend on the toroidal

~ ~  epc ~

angle, the ¢-integration can be done trivially. The weak VHjH+VL.j'—Ehz—Bo[Vd)anOh]:O. (52
forms of Egs.(22) and(23) are obtained then as follows: 0

ANy =M, + Mg, (39) In addmorl, wg neglect thg cor.e ion dn:t gffe(?t. According to

Eq. (C9), in this case the inertial currept is given by
_ h

AN,=M,+M5. (40 o xﬂ -

Here,N;, N,, M, andM, are given in Refs. 7 and 8. The J EOZ 0" ot |’

h h e r
weak formsM7 and M3 describing the hot-ion effects are with V determined by the right-hand side of EGS).

defined by ) ~ .
We take the time-space dependencebah the form
M*I=f [X3 XoA(1,2) + X5 X,A"(1,4) D~exp(—iot+imI—ine)d(r), (54)
+ X X,AN(1 4)] dsdo, (41) Wherem andn are the poloidal and toroidal mode numbers,
respectively.
Mng X3 X,AN(2,1) dsdd. (42)

B. Large-aspect ratio tokamak

Th trix el t ding to the hot-i ffect .
e matrix elements corresponding to the hot-ion effects are Using Eqs.(53) and (54), by the standard approach pre-

. . _ R? sented in Secs. 7.1 and 29.1 of Ref. 18, ) reduces to

AN(L=AN2D)=—iTupug . 43 (compare with Ref. B
2 2 2
d 9 /R? RE. d d d (w S| dp| Mo 5 4me o M dngy,

h __Endpu 0 (R R En QPoc dpn gz K |5 |~ Tz | gz ki | et T
A (1,9 fq ds as( = )+ F?fq ds ds’ 449 or|lvi ar | rri\va cBy r dr

. RZEH de :01 (55)
A A)=- fqF ds’ (45) wherek; is the parallel wave vector given by

2 1| m
hio m pu R°Ey k =—[—— 56

According to Refs. 1, 2, and 6, the problem of Alfve
cascade$ACs) is relevant when thg-profile has a minimum
g=0min at the pointr=rg,, so that in the vicinity of this
AX3=Xs, (47) point

In order to generate weak forms of Eq420) and (21), we
represent these equations in the form
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(r—rp)? ”
q(r)=dmint 2 min »

(57)

n ”

where qp,,=(d’0/dr®),_, is positive, qp,>0. Allowing for
Eq. (56), for such ag-profile, the functiorkﬁ is given by Eq.
(6) of Ref. 6, i.e., by

k2(r)=k?2 .(1—ﬂx2> (58)
H I/ min MRK minGmin /|
where
e[l s
R p— —-n ,
[I'min RO Armin
Xx=m(r—rg)/rg. (60
Using EQq.(58), one has
w? F2Ky min Qi
2 0™ min Mmin o
——ki= X+9S), 61
AR oY
where
w?= w/zx mF"Oq%inkll min
S= 2 2.1 ’ (62)
wp roqmin
@p=|Kj minlVa. (63
Allowing for Egs. (60) and(61), Eq. (55) reduces to
do
_ 2 _ —S—x)) b=
g (x°+9) g™ +(Q—S—x%)¢=0, (64)
where
4meRy0%, @ dn
- h qum Oh (65)

CBol oGminK) min 1

The mode equatioii64) is in correspondence with Eq.

(7) of Ref. 6. The difference in the signs &f given by Eq.
(65) and by similar equation of Ref. 6 is explained by tlie

¢)-dependence ofp in the form expimd—ing) [see Eq.
(54)], in contrast to expe—imd) taken in Ref. 6.

C. Analyzing the mode equation

We are interested in localized solutions of E8¢). Such
solutions are possible only if

Q>0. (66)

Sharapov, Mikhailovskii, and Huysmans

M>N0min (70
or

Ky min>0. (71)
In the contrary case, when

M<N0min (72
or

Kj min<<O, (73
the acceptable solutions are of “sub-Alfvie” type,

w?<wa. (74)

Turning to Eq.(65) and allowing fordng, /dr <0 in Eq.(66),
one finds that the super-Alfm& modes should have a nega-
tive frequencyw,

w<0, (75

while the frequency of the sub-Alfwéic modes should be
positive,

w>0. (76)

Thus, the numerical code should predict both the super-
Alfvénic and the sub-Alfveic eigenmodes. Both types of
eigenmodes can be excited with an external antenna tech-
nique. However, modes which can be excited by high-energy
ions with a monotonic density profile are selected by the sign
of the diamagnetic drift frequency of the hot ions, ,,,

m V%h dlnngp
Wy W=~ — ~ y
N Qn or

(77)

where O, =¢e,By/(m,c) is cyclotron frequency of the hot
ions, andm,, is the mass of the hot ion. A mode can be
excited by the hot ions only if its frequency is of the same
sign as that of the diamagnetic drift frequeney,w, ,>0.
Since, according to Eq77), the value ofw, |, is negative,
we conclude that only the super-Alfvie modes are relevant
to the ACs.

The mode equatior(64) has the same mathematical
structure as that describing the Suydam modes of a finite
growth rate considered in Sec. 5.1 of Ref. 18 and references
given therein. Therefore, one can use the approach of Ref. 18
in analyzing Eq.(64).

The possibility of the existence of localized solutions of

At the same time, in order to eliminate strong continuumEd: (64) is determined by behavior of the functighin the
damping, we consider the localized solutions to be acceptMost remote region ok where the terms witl§ are not

able only if
S>0. (67)

Turning to Eq.(62) and allowing for Eq.(59), one can
see that, for a positiven, m>0, the condition given by Eq.
(67) is satisfied for

(@?= ©3)(M=NGi) >0. (69)
Thus, the acceptable solutions are “super-Atfig”

0?> w3, (69)
for

important. For this region Eq64) reduces to

d¢

3

d

2
—| X
oX

>+(Q—x2)¢=o. (79

The condition for localized solutions {see also Ref. )6

Q>1. (79
Under the conditior(79) the function¢ is given by
d~x" VK (%), (80)

where K;, is the Bessel function of second kind with an
imaginary argument,
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a=(Q—1/42 (81) Q-S Q
- . _ f)=—g——gx* (92)
Substituting Eq.(65) into Eq. (79) and using Eq(63),
one finds that the threshold density gradient of the hot ionsthen Eq.(89) reduces to the equation for the linear oscilla-
|dnon/dr[crit » is given by tor,
1 |dnon 179 0dmn€ C PP (Q—S Q
— = == —— 82 +| = 2 x?|®=0. 92
No| or |, 4 Ro a3, en wp 62 w2 s S ©2
Here wp;=(4me’ny /m;)*? is the core ion plasma fre- The solution to this equation is
quency. o d~exp(—wW2)H,(w), 1=0,1,2,..., (93
For small deviations from the threshold value of the hot-
ion density gradient' i.e., for WhereH| are the Hermite pOIynomials, and
Q- 1«1, (83) w=xQUYs"2. (94)

the eigenvalueS can be found analytically in the following The eigenvalues are given by
way. In addition to the remote region, one should solve Eq.  s—Q—(1+21)Q%2 (95)

(64) in a region of sufficiently smalk neglecting the small o )
terms withx? and S in the second bracket on the left-hand For nottoo large, | <Q™42, Eq.(95) reduces approximately

side. Then Eq(64) reduces to to
, adb S~Q. (96)
X x°+9) X +Q¢=0. (84) Turning to Eq.(64), one can see that this result corresponds

. . . to the local approximation for=r.
| ?OIUUO':]S olf dEg(84) are ;:.[)rcsselr:ted mf;}pp:jenq;)r(] Ii.hThesle It follows from Egs.(96), (62), and(65) that in this case
solutions should be asymptotically matched wi € SOlUne frequency of the eigenmodes is defined by

tions determined by E80). As a result of such matching,

one obtains w?’— wo,— w3=0, (97)
- % 27 } @5 where
=XaeXp — =13
A (Q_1/4)1 my ro 1 dngp
a)h:—Qh— - . (98)
where m - "mng dr
Xp=2%exp — C+ w/2)=43.2, (86) Equation(97) is similar to the local dispersion relation

) o for the drift-Alfvén waves[see, e.g., Eq3.44 of Ref. 21],
and;~0.577 is the Eulgr constant. Sgbstltutlﬁgrom Ed. in which, instead ofoy,, one hasw, »; given by Eq.(18). In
(62) into Eg. (85), one finds an explicit expression for the order of magnitude
mode frequency

wz—wi ) 2
I R B R

> wp 1 ehLC %

r i = )
0%min (87) wepi Kypi eiln Noc

2 .
M RoGminK) mi _ _ : _
_ . . minmin o wherep; is the ion Larmor radius of core ions, ahdandL,
According to Eq.(85), the eigenvalues increases with in-  are the characteristic scale lengths of the gradients of the
creasingQ. However, forQ=1 the above-presented ap- core ion pressure and hot ions, respectively. It follows then

proach to analyzing the mode equati@) is invalid. Then  that one can neglect the, ,-effect if the hot ion density is
one can follow an alternative approach valid for the limiting high enough

caseQ> 1. In this case it is convenient, instead &fto use

(99

the functiond given by’ Non_ K22 &Ly (100
2\ 1/2 Noc v ehLC .
®=(S+x°)"op. (89
) For smaller values ofig, /Ny the w, i-effect should be in-
Then Eq.(64) is transformed td cluded in the analysis presented above.
P f(x)®=0 89
=2 F1x)@=0, (89
D. The role of core plasma toroidicity on Alfve "n
where cascades
S . - . .
£(x) Q 1 (90) According to Ref. 20, the Alfue cascade existence is

TS (S+xH7 determined by the potential welQ.¢, which is the sum of
the effect of the hot ionsQy, and the toroidal geometry

The functionf(x) has an extremum at the poirt=0, and effect, Q-

this function is given by the following equation in the vicin-
ity of this point: Qeit= QnotT Qior - (101
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FIG. 1. Structure of the Alfve continuum spectrurfw(s)| for n=3 in the
test case with nonmonotongyr)-profile, q,,,=1.92.

Here Q. is the same as the parame€miven by Eq.(65)

while the Q,,, is due to the core plasma alone determined byT

w? R0 qmln

go(ggt+2A7)
2 V,?.\(l_nqmin/m) r(%qgnln 1/4_(m_nqmin)2,

(102

Qo=

whereeo=ry/Ry and A, is the Shafranov shift.

For not too high plasma pressure and small shear one

can estimaté\ ;= ¢,/4 [see, e.g., Eq2.52) of Ref. 18. Then
one obtains

Qhot
Qtor

For typical JET experimental parametef,/o=1C, &,
=101, m=nqguy,, N=3, ro/Ly=1, and ng,/Ngc=103,
we arrive at the estimate
Qhot
Qtor

=g — — — 2 — |7~ (m= 2
_3Lh Noc @ msg miL" (M—=N0min) } (103

1
=20- __(m anm) (104

qmln
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FIG. 2. MISHKA-H: computed eigenmodes of AlfueCascades associated
with maximum of| w,(s)| (left, positive ) and with minimum of| wa(S)|
(right, negativew), for Qo= 0.25 (threshold, Qo= 0.4 andQy,,=1.

Figure 1 shows tha= 3 Alfvén continuum for the equi-
librium used in this test case, withy,~1.92, d2q/ds’(r
=TI min)~1.105, 1 in/Ry=~0.0523, andA’(r=r u;,)~0.013.
he MISHKA-H code was used then for a spectral analysis
and a discrete eigenmode, the Alfveascade witth=3, m
=6, was found to exist with an eigenfrequency above the
Alfvén continuum with mode structure as shown in Fig. 2.
By varying nhOt it was found that the eigenmode exists only
at N> Neoi~2.5x 103, with the eigenmode width shrink-

g at the threshold as shown in Fig. 2. The corresponding
values ofQ are given in the caption of Fig. 2, where the
threshold value found is in agreement with the analytical
estimateQ,,= 0.25.

In order to investigate the transition from Alfvecas-
cades to toroidal Alfve eigenmodes, a family of equilibria
with the same profile of the current density, but with differ-
entqmin, Was generated. Figure 3 shows the computed evo-
lution of two branches of the ACs, one with positive and the
other with negative frequency, duringcg,, decrease from
1.92 to 1.82. Formation of TAEs consisting of two dominant
harmonics is observed similar to Ref. 20. Evolution of the

This estimate shows that in typical experimental conditionsorresponding frequencies of the eigenmodes in Fig. 3 is
with high-power ICRF-heating the core plasma contributionshown in Fig. 4(cf. Ref. 20.

into Q. iIs small. However, it is important to note that the
toroidicity effect alone can also cause Alfveascade eigen-

mode in equilibrium with weakly reversed shefor a small
q” value.

V. COMPUTING ALFVEN CASCADES WITH THE
MISHKA-H CODE
A. Alfve n cascades in the presence of hot-ions

We test the hot-ion effect on Alfwecascades in a low-
shear large-aspect ratia/Ry= 0.1, equilibrium first. In such
equilibrium, the potential well due to the toroidici,,, is

very small as compared to the well determined by the hot ion
density gradient,Q,.;, for a moderate hot ion pressure.

B. Alfve n cascades in a low-shear finite-aspect ratio
tokamak

In a finite-aspect ratio tokamak/R,=0.3, the potential
well due to the toroidicityQ,,, can cause the existence of an
AC eigenmode even without the hot ion density gradient,
Qno= 0, provided the value df;, is small enough to satisfy
Eq. (79). In order to test the condition of the Alfaecascade
existence due to the toroidicity effect alone, we assume the
hot ion density to be zero and consider the condifioh

(79)]

Qef= Qtort Qnor= Qior™> 4i: (109

Therefore, the general condition of the mode existence givedetermined by toroidicity effect alone.

by Eq. (79) reduces t0Q= Qo+ Qnor=Qnot> 3, and it is
determined by the hot ion density gradient alone, v@h,;
given by Eq.(65).

A low-shear finite-aspect ratio equilibrium with,;,
~1.89, d2q/ds?(r=rm)~0.47, rmin/Ro=0.1, and A’(r
=Imin)~0.044 was tested with the MISHKA-H code for
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FIG. 3. MISHKA-H: evolution of Alfven cascades associated with maxi-
mum of |wa(s)| (left, positive w) and with minimum of|wa(s)| (right,
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negativew), at g, decreasing from 1.92 to 1.88,,,=0.7.
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FIG. 5. Structure of the Alfue continuum spectruwa(s)| for n=1 in the
test case with nonmonotong(r)-profile andQ,,,~0.4. q,,,=1.89.

C. Alfve n cascades in current hole discharges

Equilibria with zero density of the toroidal current in the
near-axis plasma region are typical for the JET low-inductive
current discharges with internal transport barriers. Alfve
cascades in such plasmas are almost always seen clearly in
such discharges and they allow diagnostics of the evolution
of qumin in such plasmas. Figure 7 shows plasma equilibrium
with the current hole reconstructed with the motional Stark
effect measurements in a typical JET discharge of this type,
with q(0)=35 andq,,,~1.8. Figure 8 shows the structure of

Qpo=0. For the equilibrium parameters above, the value othe Alfven continuum computed with the CSCAS code for
Qor €Xceeds the threshol@,,~0.4>0.25. The Alfven con-  such equilibrium.

tinuum structure as a function of minor radius is shown in The MISHKA-H code was applied then and an Alfve
Fig. 5. ForQ;,=0, we transit in fact to a version of the cascade witm=2 was obtained shown in Fig. 9. In contrast
MISHKA-D codé® with the w, -effect neglected. An Alfve  to the low-shear equilibrium described above, the AC mode
cascade associated witl},, can be easily found in such does not consist of a single poloidal harmonic anymore, but
equilibrium, with an examplen=1, m=2 AC shown in itis strongly coupled to higher harmonics close to the current

Fig. 6. hole region.
Transition of ACs to TAEs
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FIG. 6. Structure of then=1/m=2 Alfvén cascade for the Alfwe con-
tinuum spectrum shown in Fig. 5.

FIG. 4. MISHKA-H: evolution of normalized frequencywR,/V |, of
Alfvén cascades shown in Fig. 3 @, decreasing from 1.92 to 1.82.
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FIG. 7. Reconstructed equilibrium for JET current-hole dischameése 0 0.2 s 0.4 06
55609 together with the total plasma pressure profile and the safety factor
profile; gin=1.8,9(0)=35. FIG. 9. Radial structure of the poloidal harmonics of the radial displacement
of the n=2 Alfvén cascade eigenmode computed by the MISHKA-H code
for JET current-hole dischargg@ulse 55604 The eigenfrequency of this
VI. ANALYTICAL BENCHMARKS AND NUMERICAL [‘;‘L‘i‘gn'esg’ﬁo é \O’ﬁéon)nzo'zzgg’ and the dominant poloidal harmortie=4,
RESULTS ON THE PRESSURE-DEPENDENT '
EFFECT
A. Analytical benchmarks o

By analogy with Sec. 5.1 and 13.3 of Ref. 18, using Eq. KB_Asz(r )B2(ry) ’ (110
(C10, one can show that in allowing for the hot-ion 07= 910
pressure-dependent effect the growth rate of the BussaghereS is the magnetic shear ang is the mode resonant
mode is given by point satisfying the condition(ry)=1. It is assumed that in

N (106) the regionr<r, the magnetic shear is small and the core

Y- .
plasma pressure and the toroidal plasma current have para-
Here \ is the mode dimensionless growth rate and the papolic radial distributions.
rameter\y is equal to

A=A+ (1070  B. Numerical results

In order to assess the effect of hot ions on the unstable
2 part of MHD spectrum, the MISHKA-H code is applied for
NO = EAS(r )| 32— 1_3 (108 calculating the stability limit of the internal kink modéA
W PR 0 Po4g)’ toroidal equilibrium with circular cross-section ase-0.10
is analyzed. The pressure profile is chosen of the form

where

——dr, (109 p=po(1— ), (111)

4 (To dPoc IPon
(m__, 2T [
0 Jar or

and the flux surface averaged current density

1,505 . ()=jo(1=), (112

x where = ¢l ho4qeis the normalized poloidal flux. The kink

, : mode was computed up to a hot ion pressure comparable to
1138 r the thermal plasma pressure. The eigenmode structure con-
: sists of the principain=1 poloidal harmonic and two satel-
R lites m=0 andm=2 as shown in Fig. 10. In Fig. 11 the
"of’ °~75 : o growth rates of the kink mode are displayed as functions of
the hot ion pressure for the hot ion pressure profile

038§ Poh=Pon(1=0.1y), (113
R for different values of the square @,=pB(#4), where
1 E Bo(y) is defined as followgcompare with Refs. 18 and
oS0 0. 00 21):
s = (vp/ 9"
o (fp() dAY/(fdA) —p(y1)
FIG. 8. Structure of the Alf#e continuum spectrum for JET current-hole ,szz Bz(l// ) ) (114
p\¥1

discharge(pulse 55604
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0.eReVt physics. First, we deal with the extended or “generalized”
MHD which includes, in addition to the effects described by
the standard single-fluid MHD, the core-ion drift effdtte
w, i-effech and the indirect density-dependent and pressure-
dependent effects of hot ions. Second, our tespéctrum
implies all the varieties ofeigenmodesincluding Alfven
eigenmodes representing the stable part of the spectrum, and
numerous MHD instabilities in the unstable part of the MHD
spectrum. Analytical and numerical approaches are coupled
with each other, so that the analytical results are used as
benchmarks for performing the numerical simulations, while
the numerical simulations revealing some unexpected details
of a physics phenomenon help to further development of a
g more perfected analytical approach to analyzing this phe-
] nomenon.
0 02 04 0.6 0.8 1.0 In the scope of this article we have limited our studies by
two specified cases only: the Alfuecascades, and the Bus-
FIG. 10. Eigenmode of the Bussac intermat 1 kink in the presence of sgc internah=1 kink mode.
large orbit hot ions WithBho= Binermar It was explained in the Introduction that the Alfveas-
cades have an important role in the JET experiments on in-

wheredA=Jdsdd, =, is the flux whereq(#)=1 and ternal transport barriers in reversed-shear equilibrium.
Bo(y1) is the flux averaged poloidal magnetic field. As Though initially the generation of Alfiewaves by hot ions

shown in Fig. 11, the linear dependencenobn '85 allows Was perceived as a harmful phenomenon leading to a wors-

extrapolation to the marginal stability=0, but the value of ening of the hot ion energy transfer to the core plasma, this

the critical @g)cm depends on the hot ion pressure. For thetype of phenomena recently attracted attention as plasma di-

hot ion profile given by Eq(113), we obtain a reduction in agnostics. In particular, the Alftwvecascades became an im-
the growth rates and the corresponding ianeaSQBﬁ)c(n- portant tool for the MHD spectroscopy of the reversed-shear

For an inverted hot ion profile, which could occur in experi- dlschargeéz,&“ In the scope of the MH,D spectroscopy based
ments with off-axis ICRF-heating, i.e., for on the:- Alfven cascades, the deterrnlnatlorj of the temporal
o evolution of gy,n(t) from the clustering of different toroidal
Pon=Pon(1+0.1¢), (115  mode number ACs in time was performttiMoreover, a
: I I close correlation between the integey,, values, the so-
the hot ion effect becomes destabilizing as shown in Fig. lléalled ITB triggering events, and the Affvegrand-cascades
(when ACs of alln’s are excited simultaneouslyas experi-
mentally established on JE&nd is widely used for obtain-
One can see that the analytical and numerical approachésg ITBs in shear-reversed discharges.
to describing the linear MHD spectrum in this article meet at ~ Preceding numerical simulations of the Alfveascades
a “cross-road” of several trends in fusion-oriented plasmamade with the CASTOR} NOVA,? and TASK/WM® codes
were performed neglecting the hot-ion contribution into the
Alfvén spectrum. In terms of the parame@y given by Eq.

0.4

0.2

VIl. CONCLUSIONS

_Hot ion effect on n = 1 kink mode

14 (101) this means that the tern®,,; given by Eq.(65 was
.g'“" neglected compared with the ter@y,, given by Eq.(102).
12 11074(-) This relation is valid for the case of alpha-particles in Ref.
,‘(;2(1(6'.).(_) 25, but not for experimental conditions with ICRH-
10 15x10°(+) + accelerated hot ions, where the opposite relation hidde
g :}8.4;)’ X the estimate given by Eq104)]. Though the modes were
g ; ) found to exist in Refs. 24—-26, these were due to the weakly
3 4 Y X nonmonotonic q(r)-profiles considered in these papers.
E 1 \ ] However, for a broader family of equilibria with larger val-
$ X ues of negative magnetic shear, the hot ion contribution is
4 i ] crucial for the mode formation as the cross-field motion of
¢ electrons compensating the equilibrium charge of the hot
7 $ ions, the Qy term, is essentially stronger than the core
o - . . g plasma inertia leading to th@,,, term(see in detail Sec. )
0 0.05 0.10 0.15 0.20 The Bussac mode, the=1 internal kink mode, has

2
o been long recognized as a linear trigger for sawtooth
FIG. 11. Growth rates of the Bussac mode as functionsf,ofin the pres- OSCI||at|0n52. The new type of short-perlod sawteeth, which

ence of large orbit hot ions with profilgs,,(0)(1—0.14) [marked with ~ Were observed in JET low-density dischargesith high-
(—)] and pre(0) (1+0.13) [marked with(+)]. power ICRF heating and witf8,,= Bcore. Could not be in-
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terpreted in a perturbative approach with small orbit wiith. APPENDIX A: EQUILIBRIUM RELATIONS FOR THE
The accomodation of the indirect pressure-dependent effe@HYSICS TREATMENT OF THE INDIRECT

in the MISHKA-H code seems to be a relevant approach foEFFECTS OF THE HOT IONS

understanding the physics of the short-period sawteeth in the

future. The equilibrium pressure of the coféherma) plasma

and of the hot ions is assumed to be isotropic and described
The MISHKA-H code was tested as follows. The thresh—by scalar functiongiee and pgy, which only depend on a

olddcharﬁcter (.)f t'?.e agpez?\rance of thedcomput_etg ﬁ:h@s radial coordinate labeling the equilibrium magnetic flux sur-
cades shown in Fg. 2 1S In correspondence wi € DENChe, ces. Evidently, such an assumption is a model for the hot
mark given by Eqs(65) and (79). The results of numerical ions

simulations of the Bussac mode presented in Figs. 9 and 18 i

: ith the benchmarks i b 5 Both the thermal plasma and the hot ions contribute to
are in agreement with the benchmarks given by Etg6)— equilibrium plasma pressumg, and the equilibrium electric

(110. ) _ ) current densityj, as follows:
A part of our numerical simulations has been performed
in neglecting the hot-ion effects corresponding to the scope  Po=Poc Poh , (A1)

of the MISHKA-D codé (see Figs. 4 and)5These simula- o .

tions, on the one hand, support the analytic theory of the Jo=locFlon, (A2)

Alfvén cascades caused by the toroidicity effect due to thevherej,. andjgy, are currents of the core plasma and of the

core plasma alon® and, on the other hand, can be consid-hot ions, correspondingly. We assume for simplicity that the

ered as an additional test for the code developed. current of the hot iongy;, has only a component perpendicu-
For the real JET discharges with low inductive currentlar to the equilibrium magnetic fielBy, so thatjy, andpgy,

and with internal transport barrier, the equilibrium with zero- are related through

density toroidal current in the central plasma region recently

became importarf‘f? Computing the current hole equilibrium jon==2[BoX Vpon]- (A3)

and studying both the Alfuecontinuum and the Alfue cas- Bo

cades in s_uch equilibrium require a hi_gh _Ievel of accuracy  Taking the equilibrium current in the form of EA2),
and consistency between the equilibrium and MHD-ye thereby take into account the hot ion contribution into the

spectrum codes involved. The capability of the MISHKA-H jnhomogeneity of the equilibrium magnetic field since
code to handle this type of equilibrium and to compute the

Alfvén cascades observed experimentally was demonstrated
in Figs. 7 and 9.

In summary, the MISHKA-H code seems to be an effec-
tive numerical tool for a routine analysis of the MHD spec-
trum in tokamak discharges with large-orbit hot ions gener-
ated at the ICRF heating of plasma. This code could be also

generalized to the case of finite-orbit hot ions most relevant )
to the fusion discharges with-particles. and Eq.(A3), the part of the perpendicular thermal plasma

currentjo., is given by

4o )
VX BOZT(JOC_HOh)- (A4)
According to the equilibrium equation,

1
0=—-Vpo+ E[jOXBo], (A5)

. c
JOCL:?[BOXVDOC]- (AB)
0
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plasma perturbations and the perpendicular inertia effect, SAPPENDIX C: DERIVATION OF CURRENT
that the resulting effect ofig,/ny; can be essential. There- CONTINUITY EQUATION

fore, we take the quasineutrality condition allowing fgy;, : We express the pressure, number density, velocity, and

€aNoe+ €iNoi +€rNon=0, (A8) the current of electrons and thermal ions as sums of their
_ equilibrium and perturbed quantitiggenoting the equilib-
wlhere ee’I &, and eﬂ are ;‘h_e electng ﬁhar_ges of the cc_)rel rium parts by the subscript zero and the perturbations by
asma electrons, thermal ions, and hot ions, respective ) _ ~ _ = _ T
b P ¥”de) pa_p0a+pav na_n0a+na1 Va_VOa+Va1 Ja

andng is the equilibrium number density of electrons. L= . . - .
oe g Y =joat]« (@=e,i), and introduce similar notations for the

magnetic and electric field3=B,+B and E=E. The per-

turbed densities of core ions and electrons are described by
APPENDIX B: EQUILIBRIUM RELATIONS USED INTHE  the continuity equations:

MISHKA-H CODE

Mgl t+V - (,Voa+NoaVe) =0, C1
We use the coordinate systan?, ¢ related to the mag- “ (MeVoa+ MooV €D

netic surfaces with straight magnetic field lines similar towherea=(g,i).

Ref. 7: It is assumed that the orbit width of the hot ions is infi-
N nitely large and that the orbit time is much shorter than the
By=0, (BL)  perturbation time scalésee in detail Ref. 6 Under these

3,02 assumptions, the electric field of the perturbation acting on a
Bo/Bo=a(s), (B2) hot ion is averaged along the large orbit of the hot ion and is

where SZ(WI//edel/Z is the radial coordinate marking the negligibly small (E)—0. Thus, the hot ions are not involved

magnetic surfacesy is the poloidal coordinatep is the to- in the perturbed motion, and the quasineutrality condition for
roidal angle,B}, [i=(1,2,3)] are the contravariant compo- the perturbations takes the forfwf. Eq. (A8)]:

nents of the eql_JiIibrium. magnetic fie[Bo, anq.q is the et em =0. (C2)
safety factor. This coordinate system is specified by repre- B
senting the magnetic field in the form Similarly, the total perturbed electric currgnts given by
Bo=VopXVy+FVao, B3 ~ .
0=VoXVy+FVe (B3) = (C3)
where = i/(s) and F=F(s) are the functions characteriz- amel
ing the poloidal and toroidal magnetic fluxes, correspondwhere
ingly. According to Eq.(B3), - -
ja: ea(ﬁaVOa+ nOaVa) . (C4)
Bo3ZF, (B4) .. . . .
By combining the continuity equation&1) for electrons
B3=1f/J, (B5)  and for the core ions, one obtains
whereB,; is the ¢-covariant component dB,, f=dy/ds, VitV Gletin=0, (CH

andJ is the Jacobian of the coordinate system.

In accordance with the choice of the toroidal angle wherej, ¢ and], ; are the perpendiculdwith respect tdBo)

perturbed electric currents of electrons and core ions]’@'m
g933=R?%, g®¥=1/R? (B6) the parallel perturbed electric current.
In order to find the contribution of, . in Eq. (C5), we

whereR is the radial coordinate in the cylindrical coordinate : :
use the equation for the electron motion,

system R,Z,$), andgs; andg®® are the corresponding com-
ponents of the metric tensay;, of the coordinate system
(s,9,¢) and of the inverse metric tensgi¥. According to 0=—Vpeteen,
Egs.(B4)—(B6)

: (C6)

1
E+ [VexB]

from which we obtain by linearizing and by neglecting the

B5=9%Bos=F/R%. (B7)  magnetic field curvature
Using Egs(B3), (B5), and(B7), we find the expressions ~ ~ cby
for J and B3: VLJLe:eeVE'VnOe_B_é([vpeXVBO]
I=faRF, (B8) H[Vpoex VEy)), )
B5=F/qR*, (B9)  whereby=B,/B,, Bj=b,-B, and
The radial dependence of the functibris determined by the Ve= C[Ex Bo]/Bg (C9)

Grad—Shafranov equation averaged over the poloidal oscil- _ . . .
lations of the equilibrium magnetic field. This equation canis the cross-field velocity due to the MHD perturbation with
be found in Refs. 7 and 9. a perturbed electric fiel&.
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In order to find the contribution df, ; into Eq.(C5), we dv; m
use the equation for the core ion motion, P gt +v ”A_’M’OVEJF [BOXV(VE'VpOi)]'
dv; (D3)
Pac —Vpi+en| E+ — [V XB]|=V-7,, (C9
£ Besides, allowing for Eqs(A8) and (D2), one has in the

where 7, is the gyroviscosity tensdrd/dt=g/dt+V;-V,  linear approximation

andp is the plasma mass density. One obtains then
eh oh

(einj+ecne) E— [VEX Bol- (D4)

Vi =V ' +eVe Vg — ?([VpiXVBo]
0

Similarly, in accordance with the discussion in Appendix C,

+[Vpoix VBy]), (C10
where]j' is the inertial part of the perpendicular current with ~ [(eT1i) XB]—=[jXBo]+[joc X B]. (D5)
the gyroviscosity included. )
Substituting Eqs(C7) and (C10) into Eq. (C5), we ob-  Allowing for Egs. (A2) and(A3), we express
tain the current continuity equation given by Ed), where
chy - [ioeXB]=[joxB]— _BIIVJ_ Pon (D6)
Hp=— 5z ([VPcX VBo]+[VPocX VBy]), (C1y
0
and use Eq(C16) in order to reduce EqD1) to
Hn=VEg-V(eenget€ing;), (C12
andp. is the perturbed pressure of core plasma given by ApoVe=— VPe+ - [JOXB]+ [J X Bo]— [Bo
Pc=PetDi - (C13
. . . . Aqr p
Since the hot ions do not take part in the perturbed motion, X (Ve Vpo)l+ Vpon+ nh[VxBO]
one has
Pc=P, (C14 (D7)

wherep is the total perturbeg plasma pressure. The perturbed  without the two last terms on the right-hand side, Eq.
plasma pressure is related By through the perturbed pres- (D7) coincides with the single-fluid momentum equation of

sure balance equation:

v Bibo 5 |- 0 (C15
4 Pe '
so that
By=—47P./Bo. (C16)

Using Egs.(A7) and(C16), we reduce Eq(C1]) to Eq.(2)
while Egs.(A8) and(C12) give Eq.(3).

APPENDIX D: DERIVATION OF SINGLE-FLUID
MOMENTUM EQUATION

We sum Eqs(C6) and (C9) and obtain

dv;,

i
P at +V. ’7TA— V(pe+pi)+g[(]e+]i)cXB]

+(ene+en;)E. (D1)

Ref. 8. On the other hand, applying the operdiprV to Eq.
(D7) and neglecting the curvature effects, one arrives at Eq.
(1) with H, andH,, given by Egs.(2) and(3). This shows
that the single-fluid momentum equati@b7) allows for
both the pressure-dependent and density-dependent effects.

APPENDIX E: SINGLE-FLUID DESCRIPTION OF
PERTURBED QUANTITIES

We express the magnetic and electric fields of the MHD
perturbations in terms of the perturbed vector-potertial

B=VXA, (ED)
E=—\Alc, (E2
which is characterized by the covariant componéqntsA,,

andA;. The perturbed fluid velocity vectdr is character-
ized by the contravariant componeMms, V2, andV?3. Intro-

Using Eq.(C8) we express the perpendicular electric field ducing “optimized” variables similar to Ref. 7, i.e.,

E, in terms ofVg:

Ez—%[T/Ex B]. (D2)

A,=[AXB]"/Bj, As=A-Bo=A)/By, (E3)

VZ=[VxBol;, V3=V-B,/Bj=V,/By, (E4)

The time dependence of the perturbed values is taken in the

form exp{t), so thath = —iw.
In linear approximation, one has

we relate the perturbed magnetic field compondits B?,
andB3to A;, A,, andA; by (cf. Ref. 7)
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gi_l| s IR > ia—1+2' 29(1 ! F3
IS 2l = lal//()llfz, (F3
1 . d d A la _ 3
=3|- %-}-q% ) 7] =1t2ie2u) -yl ]|, (F4)
d Qop 9\, wherey(t)=T"(t)/T'(t) is the psi-function. It hence follows
9 qRZ d¢ As|, ES  that the eigenvalueS=S. of the even and odd modes are
given by[cf. Egs.(5.36 and(5.37) of Ref. 2(
B 1[‘%\1 (1A >} E9) |
= 7| = - 2 1 27T
Jld¢p ds S+=28exr{—7—2c+ﬂ' , (F5)
8=2| L (tqhy) ﬁAl} (E7)
=71 52 T0A2) — — |, 27l
J|os a0 S =28 ex;< I 2C— Tr) , (F6)
while the perturbed velocity components are
0 (e ~3 wherel=1, 2, 3,....
<, F Ve gipo,| FV
Vi= s | T o2 =7 (E8)
gRB5\ f gR gR
s F2 <922A 5 - F\A/3 1C. D. Challis, X. Litaudon, G. Tresset, Yu. F. Baranov, A. Becoulet, C.
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