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Electron kinetics in a cooling plasma
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The distribution function of suprathermal electrons in a slowly cooling plasma is calculated by an
asymptotic expansion in the cooling rate divided by the collision frequency. Since the collision
frequency decreases with increasing velocity, a high-energy tail forms in the electron distribution
function as the bulk population cools down. Under certain simplifying assumptstms cooling,
constant density, Born approximation of cross secpiottge distribution function evolves to a
self-similar state where the tail is inversely proportional to the cube of the velocity. Its practical
consequences are discussed briefy2@4 American Institute of Physics

[DOI: 10.1063/1.1812759

I. INTRODUCTION scrape-off layer after an edge-localized mdde.

Some of the most important and interesting phenomena. In this paper, we c_alculate the distribution function of
in plasma physics involve a sudden or gradual cooling of thd'i9h-energy electrons in plasmas such as these, where the
plasma electrons. For instance, in a solar flare the plasma €9y l0ss channel mostly involves thermal electrons, so
a coronal loop is first heatethy means that are hotly de- that suprathermal particles lose energy primarily through col-
bated and then cools down by heat conduction to the photolisions with the thermal population. As is appropriate for the
sphere and by emission of radiation. The latter mechanism i@Pplications just mentioned, the cooling is assumed to occur
dominant if the temperature is low enough, and results in #n a time scale longer than the collision time, so that the bulk
temperature evolution given approximately d¥/dte<-T«  of the electron distribution remains approximately Maxwell-
with a=-1/2 in the most important temperature rafigey  ian. However, since the collision frequency decreases with
that increasing energy, fast electrons lose energy less quickly than

T(t) = To(1 - t/tg) 2. (1) slower ones and a high—ene.rgy tail therefore develops as the

plasma cools down, even if the plasma were Maxwellian
In laboratory plasma physics, tokamak discharges are frepefore it started to cool down. It is found that, after an initial
quently terminated by a disruptive instability, whereupon thetransient, the structure of the high-energy tail becomes inde-
plasma interacts with the wall and impurity ions enter thependent of initial conditions and evolves to a universal, self-
plasma, causing a catastrophic loss of energy due to the eXimjlar shape if the bulk temperature evolves according to
citation and ionization of these oAt is likely that heat  gq (1). At high energies, the distribution function follows a
conduction along open field _Ilnes connectlng the pl_asma t?)ower law, f o< 3. The presence of the high-energy tail can
the wall can also play an |mpqrtar_1t role in pool|pg the affect important properties of the plasma. In the solar con-
p!asma, but we do not co?5|der this sﬂuat)t?'n.an idealized text, for example, the part of the emission spectrum caused
picture of this so-called “thermal quench,” the temperatureoy the tail is sensitive to its structure, which has obvious

evolution can be expected to follow E@L) approximately. . .
o . X . . observational consequences. The electrical and thermal con-
This is because the differential cross sections for excitation

and ionization by electron impact are inversely proportional.duCtIVItIes of the plasm'a along the magnetic field can also
to the electron energy in the Born approximation where thidncrease substantially since the current and heat flux are car-
energy far exceeds the relevant threshdlds. long as the rled.by particles of relatively h'gh energy. In tokamak dis-
temperature is high enough and the density remains approxjuPtions, the presence ?f the ta|’|, can lead to a highly en-
mately constant, the energy loss rate from the plasma is thi@nced production of “runaway” electrons. The primary
proportional toT-Y2 and the temperature follows Eql). ~ unaway electron generation rate is proportional to the num-
This scaling also agrees with the general expression for theer of electrons in the tail of the distribution function. It is
energy loss rate of fast charged particles moving througfiherefore normally exponentially small in the electric figfd,
matter*® Other examples of laboratory plasmas with coolingbut would be very much enhanced in a cooling plasma. Be-
electrons include laser plasmas after the laser has beeides spontaneous disruptions, this could also be important in
switched off® and tokamak or stellarator plasma that hasfast plasma shutdown events caused by gas or pellet

been expelled from a hotter into a colder region, such as thimjection!**3
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II. EXPANSION OF THE KINETIC EQUATION
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The calculation proceeds from the pitch-angle averaged

kinetic equation for fast electrons in a homogeneous

plasma-*
of f/eev13—0( Té’f) 19
Tt O s — 2 )+ S (1 p™D), 2
ot Y mv dv VZ&V(VeZV ) @

wherev(t)=[2T(t)/m]*?is the thermal speed corresponding
to Eq.(1) andvee=ne* In A/4mesmi3 the collision frequency

at that speed. The last term describes energy loss due
inelastic collisions involving ionization and excitation of im-
purities. For simplicity, we have written this term in the

Fokker—Planck approximation where the energy lost in eac
ionization or excitation event is small relative to the energy
of the impacting electron. The time and velocity dependenc

of the frequencyr.(v,t) depends on the impurity content

and distribution over charge states, but always decays at higafgn

energies as,.{v) = v > in the Born approximation mentioned
above. As we shall see, this implies that this term only has

small effect on the high-energy tail of the electron distribu-

tion function.

It is convenient to normalize time t&,> by writing ds
=7.4t, the velocity tov by writing x=v/ v, and the distri-
bution function by writingf=f1273/2/n,, so that the kinetic
equation(2) becomes

f  ~ g 14 ~ 14f
— +35f+ Sx—=S—([1+r(xt)]f+ —— 3
PV XZ&X([ (x,)] 2xax> (3
with
3
F(x,1) = e
Vee
and
_ idInT
20 dt

When the temperature evolves according to El, & is

independent of time and can be written in terms of the initial
where we have rescaled the time variable by writisig

collision frequency and the cooling time ass
=1/[30.d0)t;]. The temperature then evolves aKt)
=T(0)e 2%,

As indicated above, we solve E@) in the limit of small

e

Region | x~1. A straightforward regular perturbation
expansion,
F=fotofy+ e, (4)

. 2
givesfy=e™ and

2X5 X
2
5 0

[8r s— o, As expected, the distribution is almost Maxwellian

and the cooling has the effect of enhancing the relative num-
ber of high-energy particles. However, the teréf; is

fi r(x’ ,c>c)x’dx’>e"<2

I§maller thanf, only for x< 85, and the expansion breaks

down for higher energies. A different procedure is thus re-
quired for calculating the distribution function at these ener-
gies.

Region It x~ &5, To treat this region we introduce
appropriately stretched velocity variablexs'® and note
that the Maxwellian

a

112/ 52/5
fO:eu/é‘2

is not expandable in a power series®fAn expansion of the
type (4) is therefore of no use, so instead we consider the

equation forF:In~f, which is nonlinear,
ar/ax) . 5()( L>_
X2 x?/) ox

( 1 \oF 1{(%)2 aZF]
1- — — +—2 ,
ox)  ox

—+
23
and expand
).

JF
—+ 5(3 —
s

dF

1
=

) ax (5

F:#(F% SIOFL+ - 6)

In lowest order we then obtain

=

ou

gF0  10F° 1
—_— 4+ —
s uwau 208

(7)

=6%5%s. This choice of “maximal” ordering is dictated by the
need to make the derivative appear in the same order as the
leadingu derivatives. The solution of Eg7) is the Maxwell-

5, so that the plasma is assumed to cool down slowly relativéan, F%(u,s’)=-u?, as expected, and in next order an equa-

to the collision time. For simplicity, we also take the initial
condition to be Maxwellianf(x,0)=e"‘2, but as we shall see

the final state is independent of this assumption. The pertur-
bation analysis proceeds along the lines of a famous calcu-

tion for the tail is obtained,

10F'

2u2.
u? au

1
s’

lation by Kruskal and Bernstein of runaway electron\ypen the initial distribution function is Maxwellian, so that
generat|or?,wh|ch involves matching asymptotic expansions Fl(u,0)=0, the solution is

in five separate regions of velocity space. The number of

regions and their character is similar although their location
in velocity space is somewhat different, but, unlike that cal-

5

5

2
Fi(u,s')=— - g(u3 -35)%3g(u® - 39'),

culation, the present problem is soluble to lowest order in all

five regions(at least for the final state, see beljov com-
plete analytical solution for the asymptotic lindit< 1 is thus
available.

where# is the Heaviside step function. This indicates that the
final stateF*(u,«)=2u°/5 is reached in a finite timg. The
time this takes increases with velocity,
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sl =u¥3, 0f

because of the velocity dependence of the collision operator.
Note that, in contrast to Region I, the number of high-energy
particles is enhanced significantly in Region Il because __

Fral — oF! 10 < -
f/eX =€ can be large althougR'<F°. =
The expansioii6) relies ons?>F* being smaller thaf®,
which is true only forx< 673, Again, the validity range of -15
the expansion is limited and the solution has a different
structure at higher energies. -2t
Region llt  x=< 613, To analyze the regiorn~ 63 we
again rescale the velocity, this time by writing=x5'3. 0 0.2 0.4 ZO'6 0.8 :
Equation(5) then becomes
= = FIG. 1. Shape of the potentip(z). The time it takes for the final state to be
f + 0_ +3- é r&_ + ﬁ reached at the positianis equal to the time required for a particle to travel
or ay y2 ay from 0 tozif its total energyE=2%/2+p(z) vanishes. This time is infinite for
z>2/5 since the particle then comes to rest at the top of thezsil2/5.
1 PR\ oF B3| (oF\? &#F
=2\ 57 ) v o oy ) Tl (®)
y 2y°)ay 2y’ \dy ay
where we have writter=s6, so that the leading terms with dh dh ,
derivatives with respect to time and velocity again appear in + 9z =-p'(@, (13

the same order. Expanding the solution in powers%t
which is the equation of motion for a one-dimensional invis-
F= i(Fo+ PRE + -1, (9) cid fluid with pressurep(z). This is mathematically equiva-
53 lent to particle motion in the potentigl(z), see Fig. 1. The
fluid velocity h(z,7) is equal to the velocity of a particle
moving in this potential and arriving at the positiarat the
oFo ( 1 )aFO 1 (aFO)2 time 7, if its initial velocity wash(zy, 0) andz, was the initial
or )7_ E+2_y3 E (10) position. In other words, the solution of E(¢L3) can be
found by constructing the particle trajectory determined by
Thus, unlike the Kruskal-Bernstein runaway calculafiove .
obtain a nonlinear equation in this region. Analytically, we  Z(7) =-p'(2),
can only determine the full time dependence implicitly, but

gives in lowest order

the final state is easily calculated by lettifig,/ 97=0, which Z(0) =z, (14)
gives the two solutions
25 2(0)=h(z,0),
Foly,®) = -y*+ == (11) o _
S where the overhead dots denote derivatives with respect to
and For givenz and 7, if z, is chosen so thaZ(7)=z then the

solution of Eq.(13) is h(z,7)=Z(7). Because the energy
. - . 2 h*(2,0)

It would appear that only the first solution is relevant since  E(z) = > +p(2) = >
only this solution matches to the lower-energy regions. How-

while the second one holds fgr>1. To see this, we write  giyen implicity by

Fo(y,) = const. (12

+p(20)

yz y5 z dz
2 V2[E(Z0) = p(2)]
so that whereE=2(5z,/2)*® since
ig 1((99)2 2 1/5
n_y@), B o[ ) (2)", 5
ar 2\dz h(z,0) Jz Jz\ 2 " 5 5z * 2

. — /512
with z=2y"*/5 and if the initial distribution function is MaxwellianFq(y,0)

1[(2\¥ 5z]? =-y2.
p(z) =~ > (5_z> 5| These relations determine implicitly the solution of Eq.
(10), and imply that the final state E¢L1) is reached in the
Hence it follows thah(z, 7)=-dg/ 9z satisfies time = given by 7(z,0), i.e.,
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@ J e (16 ° / Region]
T+(Z) = YN Tt — Region
o (2/82) 5712 1Y ~ - Region Il & III
This is because a particle released in the potemiial at ‘.\'- ! *= Region v
Z,=0 has zero energg=0 and will therefore arrive at at ‘._\‘. ! — Region V
the time = with the velocity\-2p(z). This implies that —4r W\ oL Maxwellian
2 1/5 57 F
h(z,7(2) = || =— -—1, 17 6!
(z,7(2) ‘(52) > (17 6
so that _s}
2y°
Foly,7) = —y*+ =
-10}
as in Eq.(11). The time(16) is finite if z<2/5, so that the
final state Eq(11) is reached in finite time i <1, just as in -12
Region II. In contrast, foy> 1 it takes infinite time to reach 0 2 4 6 8 10
the final state since in E¢15), X (norm. velocity)
lim 7(2,20) =® FIG. 2. Asymptotic distribution function in the various regions fér
%—0 =0.035.

if z>2/5, see Fig. 1.

The regiony>1 is also different fromy<<1 in another
way. Because of the absolute value taken in &), the
final state which is reached as—« in Eq. (15) is not Eq.
(12) but Eq.(12). In lowest order, the distribution function
approaches a constantyit> 1. In next order, one finds from ad ~ o 1af
Eq. (8 —+3f+ty—=—=—.

g.(8) a7 PR,
F1(y,) :{ 5 (18)  This equation cannot be used to calculate the time evolution
—In(y’-1), y>1. from the initial, Maxwellian state, which is not expandable in

The singularity ay=1 indicates that the perturbation expan- & but gives the final state as
sion (9) breaks down in a narrow region arouget1l. The - Cs
expansion is initially valid everywhere, but a boundary layer =3 1 (19
aty=1 develops ag— . y
Region IV x= &3 The width of the boundary layer in agreement with Eq.18). The integration constant is cho-
is set by the requiremerif,/ gy> 6°9F,/dy in the expan- sen to match the— +o limit of Region 1V,
sion (9), which is violated fory—1~ &3 Thus writingy
=1+6"3w gives in lowest order

that a regular perturbation expansion holds. Changing the
independent variables in E3) to y and 7 gives in lowest
order

0, y<1

T AN ~ — analytical asymptote
e\ fres - )=57 % — numerical solution

Jw

and it follows that the final state, which is calculated by
settingdf/9s=0, is =5t

f(w, ) =[c; -, erf(w\f'g)]e&“z, E

wherec; andc, are integration constants. Requiring the so-
lution to vanish forw— + and to match thg— 1" limit of
Eq. (12) for w— — gives -10f

1 3
clzczziex —5?/3 )

so that the solution in this region becomes -15

10 20 30 40

~ 2_ 203 =
f(w,) = 265777 erfqw\3). X (norm. velocity)

i 1/3 i i
Region Vx> &~ On this side of the boundary layer, FIG. 3. Comparison of a direct numerical solution of E) and the

the solution given by Eqs§12) aHQ(18) holds. .These €qua-  asymptotic end state given by E@O) for 5=0.05. The numerical solutions
tions show that the solution varies slowly with velocity, so are, from left to right, given at the normalized times0, 20, 40, 60, and 80.
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SU3( 3\1/2 3 y=€" corresponds ta=(2T,/m)25713 which is the speed
C3= 7(_) P(‘ 5?5) at which the collision time equals the cooling tirpwithin a
factor of order unity. The collision frequency in the region
Equation(19) represents the asymptotic state corresponding> e is thus so small that the particles have still not had
to 7— o but does not extend to arbitrarily high energies attime to react to the cooling of the bulk plasma.
fixed 7. It cannot, of course, since this distribution contains  Figure 2 shows how the different asymptotic expressions
infinitely many particles at high energies. An estimate of thederived in this section for the final sta&®;~~, match up to
upper velocity limit of Eq.(19) can be obtained by evaluat- produce an overall smooth distribution function. In this fig-

™

ing Eq. (15) for smallz, and largeZ, ure, the slopes to do not match exactly because of the finite
2 4 value chosen fob, but the match becomes entirely smooth in
M2z) =5INZ-35In 7. the limit 5— 0.

In Fig. 1, this is the time it takes for a particle to travel from
72,<<2/5 to Z>2/5. It follows that for > (2/5)Inz=Iny
the distribution function is given by Egél2) and(18), i.e., The perturbation analysis in the preceding section shows
by Eq. (19), while in the opposite limity<<Iny, the distri-  that the distribution function of electrons in a plasma cooling
bution function is still in its initial state. Indeed, the velocity down according to Eq1) is given approximately by

[lI. CONCLUSIONS

( 1 2y°
o~ - 2| v
3/2
f(y,t) = n(ZmT> <1exp{ 52/3((y 1)2- )] (‘3(5{,31)), y—1~ 6" (20)
1/3 1/2
57(5) exp( 552/3> vt
\

for larget. Here the first three regions are represented by &lectrons during tokamak disruptions. The number of run-
single expression in lowest order. This fin@lut still self- aways generated in these events is largely determined by the
similarly evolving state does not depend on the initial dis- high-energy tail of the electron distribution function, which
tribution function, but in the case that the plasma is initiallyis likely to be enhanced for plasmas typical of present and
Maxwellian, the final state is reached in the finite time givenfuture experiments, even under very moderate assumptions.
by Eq. (16) for y<1. Equation(20) agrees very well with This effect has been the subject of numerical simulations in
direct numerical solutions of E¢3). An example is shown connection with “killer pellets” experiment§;"* where a
in Fig. 3. The agreement is remarkable given that the exparburst of runway production occurs as the plasma cools down.
sion parameter, which i$%°=0.3 in Region Il andé?® It may be especially important for disruptions in the Interna-
=0.14 in Region IIl, is not very small. The numerical solu- tional Thermonuclear Experimental Reactbrwhere the
tion was found by straightforward discretization of E§)  projected electron temperature is around 20 keV and the col-
and was checked by comparing with a similar simulationlision time is therefore not very much shorter than the ex-
using theARENA Monte Carlo codé® pected duration of the thermal quench in a disruption. Of
The distribution function given by Eq(20) is self- course, the electron temperature does not necessarily follow
similar in the sense that although its height increases and ifsg. (1) during a tokamak disruption where the impurity con-
width shrinks as the plasma cools down, its shape does né¢nt changes rapidly with time, but the qualitative behavior
change with time when the distribution function is expressedf tail formation should be similar, as indeed found in Refs.
in rescaled velocity variables, as we have done. The possitO and 11. Quantitatively reliable results can only be ob-
bility of self-similar cooling was noticed in Ref. 16, where tained from a numerical solution of the kinetic equation, but
the solution of a slightly more general kinetic equation wasthe analytical solution presented here provides a useful ap-
found by numerical means and it was pointed out that théroximate estimate as well as a rigorous benchmark on the
non-Maxwellian nature of the distribution function can havenumerics. This and other issues specifically connected with
a dramatic effect on parallel transport. As remarked in thdunaway generation will be discussed in a forthcoming paper.
Introduction, it can also affect the radiation emitted by a
cooling plasma, which could be of importance for the inter-
pretation of observational data from solar flares. This work was funded by EURATOM under association
Another important effect of the enhanced population ofcontracts with Sweden and UK, and by the UK Engineering
high-energy electrons may be on the generation of runawasind Physical Sciences Research Council.
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