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Core localized Alfvén eigenmodes in DIII-D �J. L. Luxon, Nucl. Fusion 42, 614 �2002�� and Joint
European Torus �JET� �P. H. Rebut and B. E. Keen, Fusion Technol. 11, 13 �1987�� plasmas are
driven by deuterium neutral beam ions traveling well below the Alfvén speed. Modes are observed
in reverse magnetic shear discharges with deuterium ion velocities as low as 0.23 and 0.16 of the
Alfvén speed parallel to the magnetic field in DIII-D and JET plasmas, respectively.
Ellipticity-induced Alfvén eigenmodes in DIII-D and toroidicity-induced Alfvén eigenmodes in JET
are excited by deuterium ions traveling well below the fundamental passing ion resonance
condition, indicating the role of high-order resonances in driving these modes. NOVA-K analysis
reveals many high-order resonances as contributing to the mode drive at high central safety factor
due to the correspondingly large poloidal orbit width and the decrease in the perpendicular scale
length of the modes. © 2008 American Institute of Physics. �DOI: 10.1063/1.2839286�

I. INTRODUCTION

In a future burning plasma device such as ITER,1 the
partial pressure of alpha particles born from deuterium tri-
tium reactions and other sources of suprathermal ions such as
radio frequency heating and neutral beam injection �NBI�,
will form a significant fraction of the central plasma pres-
sure. This is particularly the case in enhanced confinement
steady-state regimes with reversed magnetic shear and el-
evated magnetic safety factor.2 Simulating the collective ef-
fects of such a population of energetic ions in these advanced
configurations is a major goal of the international fusion ef-
fort and several methods are used to attempt such simula-
tions. Foremost among these is the radio frequency accelera-
tion of deeply trapped minority ions in the MeV range of
energy,3–5 or the use of very high energy neutral atoms in-
jected in the direction of the plasma current.6 In these meth-
ods the interaction between energetic ions and plasma waves
is principally through the precessional motion of deeply
trapped ions or the transit motion of untrapped ions in the
direction of the plasma current.

For low energy neutral beam ions �Eb�120 keV� in-
jected in the direction of the plasma current, it is generally
assumed that the toroidal magnetic field must be sufficiently
low in order to excite Alfvén instabilities, based on the fun-

damental passing particle resonance condition, where the
beam ion velocity is typically a large fraction of the Alfvén
velocity.7–10 In particular, no significant effort has been in-
vested in attempting to excite modes below the fundamental
resonance condition for toroidal Alfvén eigenmodes11

�TAEs�, the ellipticity-induced Alfvén eigenmode12 �EAE� or
any other Alfvén eigenmode.

New results presented in this paper demonstrate clearly
the excitation of Alfvén eigenmodes well below their funda-
mental resonance condition for passing ions. These results
indicate the importance of multiple high-order resonances in
the excitation of Alfvén eigenmodes and reveal that a large
fraction of the fast ion population can be resonant with these
modes when the central safety factor is high. Experimental
observations of beam ion driven Alfvén eigenmodes at high
toroidal field in DIII-D13 and Joint European Torus14 �JET�
are presented in Sec. II. Profile analysis and NOVA calcula-
tions are used to identify the modes in Sec. III. Section IV
presents the results of stability analysis for EAEs in DIII-D
and TAEs in JET using the NOVA-K code to identify the role
of high-order resonances in mode excitation. The implica-
tions of many high-order resonances on particle transport are
discussed in the conclusion.

II. OBSERVATIONS

Figure 1 displays spectra of Alfvén eigenmode activity
observed during neutral beam injection in the DIII-D toka-
mak. The modes are excited early in the discharge by deute-
rium atoms injected into the plasma in the direction of the
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toroidal current. These atoms ionize in the plasma core with
an initial pitch angle V� /Vb�0.65, corresponding to �
=V� /Vb�0.75 and energy Eb�75 keV, where Vb is the par-
ticle speed and V� is the velocity parallel to the magnetic
field line. The mode activity is most intense in the initial
phase of the discharge when the minimum magnetic safety
factor is highest �qmin�3�. The distribution of the beam ions
in both pitch angle and energy is expected to spread due to
Coulomb collisions and this spreading is calculated using the
TRANSP code.15

The dominant Alfvénic modes driven by neutral beam
ions in DIII-D are the reverse shear Alfvén eigenmodes
�RSAEs, also known as Alfvén cascades� and toroidal Alfvén
eigenmodes �TAEs�.16–18 The properties of these modes in
DIII-D �frequency, radial structure, magnitude� have been
well documented in recent years.19–21 For the present study,
we focus on the observation of higher frequency ellipticity-
induced Alfvén eigenmodes �EAEs� because these modes
typically require higher fast ion velocities for their excitation
relative to the RSAE and the TAE. The spectra of CO2 laser

interferometer data22 in Fig. 1�c� reveals modes in the EAE
frequency range very early in the discharge and these modes
persist for only 0.3 s before disappearing. The EAE is ex-
pected to occur at about twice the TAE frequency. The EAE
is also observed on electron cyclotron emission measure-
ments from the plasma core. From Fig. 1, at t=0.4 s the TAE
frequencies occur in the range 75–95 kHz �Fig. 1�d��,
whereas the EAE frequency is close to 160 kHz �Fig. 1�c��.

The EAEs are observed on the central electron cyclotron
emission �ECE� channels in the region r /a=0.2–0.4 and are
not observed on the magnetic sensors �Fig. 1�d��, indicating
that they are highly core localized. The magnetic sensors are
sensitive to poloidal magnetic oscillations at the plasma
edge. Modes that do not extend to the edge of the plasma
will not be observed on the magnetic sensors, even if they
are of large amplitude in the plasma core. Another example
that highlights the different sensitivity of the interferometer
and magnetic sensors is for the RSAE and TAE. In Fig. 1�d�
we can observe very strong magnetic signals associated with
TAE modes that are not well observed on the interferometer
chord in Fig. 1�c�. From the external magnetic measure-
ments, the toroidal mode numbers for the TAEs are in the
range n=2–5. Conversely, the RSAEs �rapid frequency
chirping modes� are well observed on the interferometer sig-
nal �Fig. 1�c�� but are not particularly strong on the magnetic
sensors. Nonetheless, the magnetic sensors reveal low-n
modes corresponding to the most radially extended RSAEs.20

At the highest operating toroidal field, the 75 keV deu-
terium beam ions travel near 0.35 of the Alfvén velocity
�VA�, while the component of the ion motion in the direction
of the magnetic field corresponds to V� /Vb�0.23. For the
experiments discussed in this paper, only the tangential
beams were employed. However, even for the tangential
beams the pitch angle to the magnetic field lines is signifi-
cant in the plasma core as noted above. This is also similar
for the JET tangential beams. Coulomb collision will spread
the pitch angle distribution to some extent, particularly at
low energies; however, the dominant component of the dis-
tribution at the injection energy will be at or near the injec-
tion pitch angle.

From Fig. 1�b�, the ratio of the beam ion to Alfvén ve-
locity in the early phase of the discharge is �0.35, corre-
sponding to V� /VA�0.23 in the interval between 0.3 and
0.6 s, for a range of normalized minor radii ��
=0.2,0.4,0.6� spanning the region where the core localized
mode activity is expected to occur. This is well below the
usual resonance condition for passing particle excitation of
EAEs, given by V� = �0.5VA. To understand how excitation
can occur below the fundamental resonance condition, we
introduce a general expression for wave-particle resonance
given by

� = ��m − nq� + p��� + n�pr, �1�

where ��=V� /qR is the poloidal particle transit frequency, �
is the mode frequency in the plasma frame, �pr is the particle
toroidal precession frequency, m and n are the poloidal and
toroidal mode numbers, respectively, q is the magnetic safety
factor, R is the major radius, and p is a nonzero integer. For
deeply trapped ions, the resonance condition is determined

FIG. 1. �Color� Evolution of plasma parameters and Alfvén eigenmode ac-
tivity in DIII-D discharge #128556. Shown are �a� evolution of plasma
current IP and neutral beam power PNBI; �b� ratio of deuterium beam ion
velocity Vb to Alfvén velocity VA during the neutral beam injection phase
for three normalized minor radii corresponding to �=0.2,0.4,0.6; �c� spec-
trum of density fluctuations taken with the radial midplane CO2 laser inter-
ferometer; and �d� the spectrum of magnetic fluctuations received on mag-
netic pickup loops at the vacuum vessel wall on the outer midplane. Plasma
parameters at t=0.5 s are BT=2.0 T, Ip=0.8 MA, ne�0�=2.3�1013 cm−3,
Te�0�=1.8 keV, Ti�0�=2.1 keV, and qmin�3.5.
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by the precession frequency ��n�pr, whereas for passing
ions the primary contribution is from the poloidal transit fre-
quency.

The fundamental passing particle resonance condition
�p= �1� represents the strongest channel of wave-particle
interaction when k��b	1, where k��nq /r is the perpen-
dicular wavenumber of the mode, r is the minor radius, and
�b is the beam ion Larmor radius. For EAEs, m−nq= �1
and ��VA /qR, so that the fundamental particle resonance
condition is given by V� � �0.5VA.23 In this limit of k��b,
the drive from fast ions drops off dramatically once the in-
jection velocity falls below 0.5VA. However, for k��b�1 we
expect many higher-order resonances to play a role, leading
to a significant reduction in the resonant velocity for interac-
tion with the modes. We return to this point when discussing
the stability analysis in Sec. IV.

Figure 2 shows a similar discharge obtained on the JET
tokamak for beam driven TAEs excited below the fundamen-
tal resonance condition. A key difference between the JET
and DIII-D experiments is the use of lower hybrid current

drive in JET for raising the central safety factor in the core
and creating strongly reversed magnetic shear discharges for
the investigation of advanced confinement and steady-state
regimes.24 The dominant modes in JET are the RSAEs; how-
ever, weaker higher frequency modes in the TAE range of
frequency are observed with deuterium beam ion injection.
One difference between the JET and DIII-D experiments is
that JET neutral beams typically operate in the range Eb

=115–140 keV. The deuterium beams are injected in the
direction of the plasma current, as in the DIII-D experiments.
In a systematic scan of the beam injection energy, TAEs were
observed for Eb as low as 115 keV in a 3.45 T discharge
corresponding to Vb�0.25VA at the time of interest �t
=3.4 s�, as shown in Fig. 2�b�. This corresponds to V� /VA

�0.16. This is well below the fundamental resonance condi-
tion V� =1 /3VA.25 Figure 2�c� shows the spectrogram of den-
sity fluctuations taken using an O-mode reflectometer system
that operates as a radial midplane interferometer for reflec-
tion from the back wall of the vacuum vessel.4 Activity in the
TAE and RSAE range of frequency is simultaneously ob-
served on external magnetic sensors �Fig. 2�d��, where mode
number identification is possible, at least for the lowest tor-
oidal mode numbers �n=2–5� corresponding to the most ra-
dially extended modes.

III. NOVA ANALYSIS

The NOVA code26 is used to identify the EAE and TAE
modes and their radial structure based on the available ex-
perimental data from DIII-D and JET, respectively. Figure
3�a� shows a high resolution plot of the interferometer spec-
trum in Fig. 1�c� during the period of EAE activity. Also
shown is the evolution of the EAE frequency fEAE

=VA /2
qR, based on the evolution of the plasma density
and magnetic safety factor at �=0.4. This location for the
estimate of the EAE frequency is based on the NOVA analysis
of the mode location, shown in Fig. 3�b�. The NOVA analysis
for the EAEs is performed at t=0.5 s. At this time, the
plasma q-profile is indicated in Fig. 3�b� with qmin�3.5 from
motional Stark effect �MSE� measurements.27

The radial displacement for three eigenmodes in the el-
lipticity induced gap in the shear Alfvén spectrum are shown
in Fig. 3�b� corresponding to three different toroidal mode
numbers: n=3,4 ,5. The absence of magnetic fluctuations
outside the plasma prevents a definitive identification of the
mode numbers. The observed frequency separation in the
data is about 7 kHz, which is very close to the separation of
frequencies in the NOVA analysis and is also close to the
charge exchange recombination spectroscopy28 measurement
of the impurity rotation in these plasmas. The strong central
peaking of the eigenmodes confirms the absence of magnetic
fluctuations at the plasma boundary.

The NOVA solutions for the EAEs possess several poloi-
dal mode harmonics, but the dominant modes are two poloi-
dal harmonics m and m+2, which couple through the plasma
elongation, where m�nq. For qmin�3.5, we expect very
high poloidal mode numbers in the range m=11–18 for n
=3–5, consistent with the range calculated by NOVA. For a
75 keV injected beam ion with Larmor radius �b�2.0 cm

FIG. 2. �Color� Evolution of plasma parameters and Alfvén eigenmode ac-
tivity in JET discharge #67674. Shown are �a� evolution of plasma current
Ip, lower hybrid power PLH, 115 keV deuterium neutral beam power PNBI;
�b� ratio of deuterium beam ion velocity Vb to Alfvén velocity VA for three
normalized minor radii �=0.2,0.4,0.6; �c� spectrum of density fluctuations
taken with the radial midplane O-mode interferometer; and �d� the spectrum
of magnetic fluctuations received on magnetic pickup loops at the vacuum
vessel wall on the outer midplane. Plasma parameters at t=3.4 s are BT

=3.45 T, Ip=1.5 MA, ne�0�=1.3�1013 cm−3, Te�0�=6.3 keV, Ti�0�
=1.9 keV, and qmin�3.5.
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and minor radius r�20 cm, we have k��b�1–2, well in the
range where higher-order resonance �p��1 can significantly
contribute to the mode drive.

The NOVA code26 is also used to identify TAEs in JET.
Figure 4�a� shows a higher resolution plot of the magnetic
spectra in Fig. 2 during the period of TAE activity around t
=3.4 s. The TAE frequency, i.e., fTAE=VA /4
qR, is close to
the observed frequency range near �=0.4 for qmin�3.5, ob-
tained from MSE measurements. The location of the TAEs,
inferred from NOVA, are in the range �=0.2–0.6, shown in
Fig. 4�b�. Unlike the case for EAEs in DIII-D, the TAEs in
JET are detected on both the interferometer and magnetic
diagnostics, allowing for a definitive identification of their
toroidal mode number. From Fig. 4�a�, the dominant toroidal
mode numbers are in the range n=2–4 with a frequency
separation �6 kHz. The NOVA analysis in Fig. 4�b� agrees
closely with the measured mode frequencies for the same
range of toroidal mode numbers and accurately recovers the
frequency separation between the modes due to toroidal
rotation.

The NOVA solutions for the TAEs also possess several
poloidal mode harmonics but the dominant modes are two
poloidal harmonics m and m+1, which couple through the
plasma toroidicity, where again m�nq. For qmin�3.5 we
again expect very high poloidal mode numbers in JET as

with DIII-D, in the range m=11–18 for n=3–5, consistent
with the range calculated by NOVA. However, the size of the
plasma and the toroidal magnetic field strength are both
higher in JET, so that k��b is expected to be lower. For Eb

=115 keV, BT=3.45 T and r�40 cm at the mode location
we obtain k��b�0.4–0.8.

IV. STABILITY ANALYSIS

The stability of EAEs in DIII-D and TAEs in JET are
studied using the linear stability code NOVA-K, which takes
into account the realistic beam ion distribution including
beam anisotropy, collisional broadening, and the slowing
down distribution.29 This code uses the ideal magnetohydro-
dynamic �MHD� solutions generated by NOVA and calculates
the drive and damping using a perturbative procedure incor-
porating the fast ion distribution based on TRANSP analysis30

in addition to various damping terms such as ion and elec-
tron Landau damping. The NOVA analysis reveals that the
mode drive is more than sufficient to overcome the damping
for these core localized modes in DIII-D and JET, consistent
with our observations. However, until recently, the NOVA-K

code has not been used to resolve the dominant order of the
resonant interaction responsible for mode excitation. Such
resonance investigations have been carried out on JET using
the HAGIS code for deeply trapped minority ions.31 The ex-
periments performed with co-injected neutral beam ions in
JET and DIII-D that are described in this paper makes clear
that the fundamental resonance condition is not satisfied for
passing ions so the NOVA-K code has recently been modified

FIG. 3. �Color� Evolution in DIII-D of �a� EAE density fluctuations from
CO2 laser interferometer measurements overlayed with the expected EAE
frequency calculated near �=0.4 and �b� normalized radial displacement for
n=3,4 ,5 EAEs calculated using the NOVA code for the equilibrium profile
taken at t=0.5 s with q-profile shown. The mode displacement for each
toroidal mode number and for a range of poloidal mode numbers are shown
in red �n=3�, green �n=4�, and blue �n=5� vs poloidal flux coordinates �pol

1/2.

FIG. 4. �Color� Evolution in JET of �a� TAE edge magnetic fluctuations
overlayed with the measured toroidal mode numbers and �b� normalized
radial displacement for n=3,4 ,5 TAEs calculated using the NOVA code for
the equilibrium profile taken at t=3.4 s with q-profile shown. The mode
displacement for each toroidal mode number and for a range of poloidal
mode numbers are shown in red �n=3�, green �n=4�, and blue �n=5� vs
poloidal flux coordinates �pol

1/2.
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to include additional diagnostics in order to resolve the rel-
evant resonant interactions.

Figure 5�a� displays a plot of the analytical beam ion
distribution generated for 75 keV beam ions at the time of
interest for the plasma in Fig. 1 �see Ref. 29� together with
the boundaries representing different classes of orbits. The
contours represent beam ion density plotted in terms of nor-

malized fast ion invariants of the motion �=�2B0 /B
��2R /R0 and P /�W, where �=V� /Vb is the pitch angle,
P=V�B0 /B−�pol�r� is the canonical momentum, �pol�r� is
the usual poloidal magnetic flux at minor radius r, �W is the
poloidal flux at the last closed flux surface, B is the local
magnetic field strength, B0 is the magnetic field strength on
the magnetic axis.32 The advantage of this representation is
that it readily identifies the class of particle orbits �deeply
trapped, co- or counter-passing, potato or stagnation, nearly
trapped, etc.� that make up the distribution of the ions at a
given energy. Most of the beam ions are deposited in a small
region of phase space for co-moving ions with weak colli-
sional broadening into other orbit classes.

From an experimentalist’s perspective, the map in Fig.
5�a� can be interpreted as follows. Moving up the vertical
axis, the pitch angle ��� of the particle relative to the mag-
netic field line increases so particles are deeply passing at
low values of the vertical axis ��� and deeply trapped at the
upper range. Along the horizontal axis, particles are moving
in the direction counter to the plasma current to the far left
and move in the direction of the plasma current toward the
right, with an offset determined by the magnetic flux at the
particle location. The regions of passing and trapped orbits
are indicated in Fig. 5�a� by the red lines for 75 keV deute-
rium ions; however, these boundaries do not change signifi-
cantly over a wide range of energies. Region �i� corresponds
to passing particles traveling in the direction of the plasma
current and the right hand side of this region represent well
confined passing ion orbits. A small fraction of the ions at
75 keV are scattered into trapped confined orbits �region iv�,
potato orbits �v�, and counter-passing orbits �ii�. Region �iii�
represents lost trapped orbits and region �vii� represents a
mixture of lost co-going and confined counter-going orbits.

Figure 5�b� displays a map of all the relevant contribu-
tions of fast ions to the n=4 EAE mode drive in DIII-D
together with the boundaries representing the different
classes of orbits as in Fig. 5�a�. The color contours represent
the strength of contribution to the EAE mode drive from a
particular region of the fast ion distribution including all par-
ticle energies, plotted against the normalized fast ion invari-
ants of the motion. The advantage of this representation is
that it readily identifies the class of particle orbits �deeply
trapped, co- or counter-passing, potato or stagnation, nearly
trapped, etc.� that contribute most strongly to the mode drive.
The figure clearly shows bands of contribution to the mode
drive and each of these bands corresponds to a particular
combination of high-order resonances represented by the pa-
rameter p in Eq. �1�. The large perpendicular energy of the
resonant particles in Fig. 5�a� confirms the large value of
k��b�1–2 attributed to these modes.

Figure 5�b� shows a strong contribution to the mode
drive coming from the region where 75 keV beam ions are
injected into the plasma �Fig. 5�a��. The distribution broad-
ens and spreads at lower energies, accounting for the contri-
bution to the mode drive at pitch angles away from the in-
jected value. In addition, there is a surprisingly strong
resonant contribution from counter-passing confined ions
with large pitch angles. This is clear from the fact that in
regions �ii� and �vii� there are strong bands of contribution to

FIG. 5. �Color� Contribution of beam ion distribution to the linear growth
rate for an n=4 EAE in DIII-D calculated using the NOVA-K code. �a� Con-
tours of the beam ion distribution at 75 keV vs pitch angle variable �
=�2B0 /B, �=V� /Vb and normalized canonical momentum P /�W with
trapped passing particle boundaries for 75 keV ions indicated by the red
curves. The particle orbit regions correspond to co-passing ions �i�, counter-
passing ions �ii�, trapped lost ions �iii�, trapped confined ions �iv�, potato
orbits �v�, co-lost orbits �vi�, a mixture of counter-passing and co-lost orbits
�vii�, co-lost and counter-confined orbits �viii�, and counter-lost orbits in
�ix�. The beam ions are injected into the co-passing region with large per-
pendicular energy. �b� Contours of linear growth rate on the same coordi-
nates. The dominant contribution to the mode drive comes from the co-
going orbits, with significant additional contribution from counter-going
particles in region �vii� from scattered ions. �c� The total contribution to the
linear growth rate is shown for each resonance p for the case of deuterium
�blue� and for an artificial particle with the same deuterium beam ion dis-
tribution and mass but with charge z=100 �dashed red line� in order to
remove finite orbit width and precessional effects. The value of p is esti-
mated by assuming m�nq in NOVA-K, valid for modes with high nqmin. The
peak contribution to the drive clearly shifts to high-order resonances when
finite orbit effects are included.
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the mode drive. It is instructive to observe that there is al-
most no contribution from trapped confined ions that exhibit
the usual banana orbits �region iv�; however, there is a con-
tribution to the drive from the trapped potato orbits �region
v�. Region �iii� represent lost trapped orbits, so it is comfort-
ing that no drive is computed to arise from this region. Just
below region �iii� there is a dense band of resonances con-
sisting of counter-going confined orbits that is very close to
the counter-passing trapped lost orbit boundary �iii�. The fact
that the counter-going orbits in �vii� are so close to the loss
boundary �iii� suggests that perturbations of the particle or-
bits in this region could readily lead to large losses.

Passing orbits with large pitch angle to the magnetic
field, and hence low velocity along the magnetic field, can
only interact with the mode through high-order resonances
and this is in fact revealed by the NOVA-K analysis. Figure
5�b� shows for each resonance band the order of the wave-
particle resonances p that contributes most to the drive. The
dominant resonance clearly shifts to higher orders as the
pitch angle increases, consistent with a reduction in the par-
allel velocity of the ions with increasing pitch angle. To bet-
ter understand the structure of the resonances in Fig. 5�b�, we
refer to Eq. �1�, and for simplicity ignore the role of preces-
sion. Assuming �=k�VA and k� =1 / lqR for shear Alfvén
waves, we obtain

V�

Vb
= 	VA

Vb

 1

lp � 1
, �2�

and for �=V� /Vb, then

�2 = 1 − 	VA

Vb

2 1

�lp � 1�2 � 0, �3�

where Vb is the beam ion velocity. In the following we note
that �2 is qualitatively similar to � and V� /Vb is qualitatively
similar to P /�W. From Eq. �3�, as p increases, the pitch
angle � rapidly approaches unity for constant particle energy.
This can be understood by noting that from Eq. �2�, V� must
decrease as the order of the resonance increases for constant
Vb in order to maintain resonance. A consequence is that the
particle pitch angle must increase as p increases. Note that
the red boundary curve on the right of region �i� denotes
orbits of constant energy �75 keV�. As � increases along this
curve, the dominant order of the resonance p also increases
until the resonances blur together at large pitch angle. This
same accumulation of high-order resonances at large � oc-
curs for negative V� /Vb, but in this case the dominant reso-
nant orders are negative, not positive. This can be understood
by noting from Eq. �2� that p must reverse sign when V� /Vb

reverses sign in order to maintain resonance.
For a given p, then we obtain a range of energies that

can satisfy the resonance condition, each with a different �,
marking out the resonant arcs seen in Fig. 5�a�. For a given
value of p corresponding to one of the arcs in Fig. 5�b�, then
from Eq. �3�, the pitch angle increases toward unity with
increasing energy. This is again a simple consequence of Eq.
�2�, where V� is constant for a given p and thus the pitch
angle must increase with energy in order to maintain the

resonance. Detailed analysis of the NOVA-K output confirms
this prediction.

One outstanding question is why there is a strong con-
tribution from high-order resonances �p�5� in the first
place, as the coupling to higher-order resonance is expected
to be weak. The blue curve in Fig. 5�c� shows the total inte-
grated contribution to the linear growth rate for each reso-
nance. The figure clearly shows that the peak contribution is
from p=−4, +7. It is likely that the dominance of the higher
order resonances is due to finite orbit width effects.33 In or-
der to test this hypothesis, we repeated the stability analysis
using ions with the same mass and velocity distribution as
the deuterium but with charge Z=100 for the particle electric
charge. The net effect of this charge increase is to dramati-
cally reduce the particle orbit width. The result is shown by
the red dashed curve in Fig. 5�c�. Unlike the original case
where full orbit effects are included, the dominant resonance
moves down to p=3,4 with a rapid falloff at higher orders,
as is expected for cases where k��b	1. The dominant reso-
nance for this case corresponds to the lowest-order deeply
passing ion resonance accessible to the beam ions, confirm-
ing the role of finite orbit effects in shifting the dominant
resonance to higher orders.

Figure 6 shows a similar example calculated for JET for
the n=4 TAE in Fig. 4�b�. The distribution and spread of
115 keV beam ions in Fig. 6�a� is very similar to the DIII-D
case in Fig. 5�a�. The principal difference between the JET
case for the TAE and the DIII-D case for the EAE is that in
JET, NOVA-K computes a dominant interaction through only
two high-order resonances corresponding to p=4,5, which
provides �10� greater contribution to the drive than the
next strongest resonance. For this reason the contour plot in
Fig. 6�b� is shown in log scale, unlike the linear scale in Fig.
5�b�. Injected beam ions in JET have a similar pitch angle to
DIII-D, so from the above argument, the parallel velocity is
close to V� /VA�0.16 at the time of interest, t=3.4 s. From
Fig. 6�a� we observe that the dominant contribution to the
drive comes from high-order resonances close to the injected
pitch angle. The lowest accessible resonance for the beam
ions is p=3; however, this is not the dominant contribution
to the drive. The phase space distribution of the resonant
particles contributing to the drive and the sequence of in-
creasing high-order resonances with increasing � are quali-
tatively similar to the case of DIII-D, indicating that the ba-
sic mechanism of mode excitation is the same. Namely, the
dominant contribution to the drive comes from passing beam
ions with relatively high pitch angle.

It is striking that the contribution of higher-order reso-
nances to the TAE drive in JET �Fig. 6�c�� is similar to the
resonance contribution from beam ions to the EAE drive in
DIII-D �Fig. 5�c�� in the case where the orbit width was
reduced by increasing the particle charge. This leads us to
suspect that the orbit width effect in beam ion excitation of
Alfvén eigenmodes in DIII-D is considerably stronger than
in high field JET plasmas for tangentially injected beam ions.
An interesting distinction between the JET and DIII-D beam
ion orbits is that in JET the orbit width effect is expected to
be smaller than in DIII-D due to the higher toroidal field and
larger scale. For a larger plasma, we expect k��nq /r to
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decrease for the same q, n. In addition, the higher toroidal
field will decrease �b, with some modest increase from the
higher beam ion energy �115 keV in JET versus 75 keV in
DIII-D�. The reduction in k��b from 1–2 in DIII-D to 0.4–
0.8 in JET for these plasmas may be sufficient to account for
the reduced range and number of resonances in the NOVA-K

analysis for TAEs on JET.
Note that for large p we have for the resonance condition

V� ��qR / p for passing ions, where � is the mode frequency.
This is instructive because it points to a qualitative change in
the resonance properties of waves at high and low orders.
For a given high-order p, and for gap modes �=VA / lqR,
where l is an integer, the resonant parallel velocity of passing
ions simply scales as V� =VA / lp. For TAEs l=2 and for
EAEs l=1, so the resonant parallel velocity simply differs by
a factor of two between the two modes. More generally, for a

given q, the resonant V� scales linearly with the mode fre-
quency at high p.

The ultimate effect of these high-order resonances is to
destabilize Alfvén eigenmodes for beam injection energies
well below those corresponding to the fundamental reso-
nance condition. The calculated mode drive versus beam ion
injection energy is evaluated using the NOVA-K code for the
case of the n=4 EAE in DIII-D �Fig. 7�a�� and the n=4 TAE
in JET �Fig. 7�b��. In both cases, the energy corresponding to
the fundamental resonance and the beam injection energy are
indicated by the vertical arrows. In both DIII-D and JET the
fast ion drive ��b /�� is calculated to be large �of order 1%–
2%�. Indeed, for the EAE in DIII-D the mode drive is calcu-
lated to peak near the 75 keV and reduction of the beam
energy to 50 keV �at constant fast ion beta� is only expected
to increase the mode drive. In JET the mode drive appears to
be decreasing with decreasing beam injection energy in the
range 50–140 keV. In fact, carefully controlled experiments
on JET indicate that reducing the beam ion energy from

FIG. 6. �Color� Contribution of beam ion distribution to the linear growth
rate for an n=4 TAE in JET calculated using the NOVA-K code. �a� Contours
of the beam ion distribution at 115 keV vs pitch angle variable �=�2B0 /B
and normalized canonical momentum P /�W with trapped passing particle
boundaries for 115 keV ions indicated by the red curves, as in Fig. 5�a�. �b�
Contours of linear growth rate on the same coordinates. The dominant con-
tribution to the mode drive comes from the co-going orbits, with significant
additional contribution from counter-going particles in region �vi� from scat-
tered ions. �c� The total contribution to the linear growth rate is shown for
each resonance p. The value of p is estimated by assuming m�nq in NOVA-

K, valid for modes with high nqmin.

FIG. 7. �Color online� Linear beam ion drive ��b /�� computed using NOVA-

K vs beam injection energy for the n=4 EAE in DIII-D �a� and the n=4 TAE
in JET �b� for modes shown in Figs. 3�b� and 4�b�, respectively. The deute-
rium beam injection energy is scanned keeping the fast ion pressure con-
stant. The energy corresponding to the fundamental resonance for passing
ions �V� /VA=1 /2 for EAEs in �a� and 1 /3 for TAEs in �b�� are indicated by
the vertical arrows. Total mode damping in both cases is dominated by
collision electron damping and is of the order 0.1%, or roughly 10% of the
peak beam ion drive.
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115 to 80 keV, while maintaining similar discharge condi-
tion and fast ion beta, yields no observable TAEs. Calcula-
tion of the mode damping rate ��d /�� in DIII-D and JET
using NOVA-K code yields negligible ion Landau damping
and dominant electron collision damping34 of the order 0.1%,
or roughly 10% of the calculated beam ion drive. These cal-
culations are consistent with the observation of Alfvén eigen-
modes driven by beam ions traveling well below the Alfvén
velocity in both JET and DIII-D.

V. CONCLUSION

Deuterium neutral beam injection into high magnetic
field DIII-D and JET discharges reveal the excitation of
EAEs and TAEs with beam ion velocities well below the
fundamental resonance condition for passing ions. Both
TAEs in JET and EAEs in DIII-D are core localized based on
the observed mode features and comparison to ideal MHD
NOVA analysis. NOVA-K calculations of the mode stability
based on TRANSP analysis of the beam ion distribution re-
veals strong mode drive coming from passing ion orbits with
pitch angles larger than the injection angle. Analysis was
performed using an artificially high deuterium charge in or-
der to reduce the precession and orbit width effects. This had
the effect of shifting the peak contribution to the lowest order
accessible resonances with smaller pitch angles. This reveals
the key role of finite orbit width in shifting the peak drive to
high-order resonances.

An interesting observation is that large drive arises from
beam ions scattered into counter-going orbits. These orbits
are relatively fragile in that they are very close to loss bound-
aries. It is hypothesized that these counter-passing orbit par-
ticles may readily be removed from the plasma by interaction
with instabilities or other nonuniform fields. An important
test of the validity of these resonance calculations would be
to look for particle losses at larger pitch angles than those
injected into the plasma. Enhanced beam ion loss at large
pitch angle during significant Alfvénic activity would indi-
cate the importance of higher-order resonances in the excita-
tion of these modes by toroidally injected beam ions.

A key outstanding question is what the dominant reso-
nant interactions are expected to be for isotropic alpha par-
ticles and anisotropic beam ions in advanced steady state
operating regimes in ITER. The peak drive for alpha particle
driven instabilities in ITER is expected to be in the range
k����1 for passing ions. This is similar to k��b in DIII-D
for beam ions. The dominant drive in ITER is expected to be
through the passing particle resonance, as with the modes
observed in JET and DIII-D. However, a significant distinc-
tion is that the fundamental resonance condition is expected
to be satisfied in ITER, corresponding to V� /VA�1 for
TAEs and 0.5 for EAEs. A key question for future analysis is
whether the higher-order resonances will play a significant
role in the excitation of Alfvén eigenmodes in burning plas-
mas even when the fundamental resonance is satisfied. Fu-
ture studies will focus on the dominant resonant interactions
for beam ions injected into DIII-D and JET with initial ve-
locities that clearly satisfy the fundamental resonance condi-
tion, such as for RSAEs and TAEs in DIII-D shown in Fig. 1.

As a final point, it seems that the understanding of the
nonlinear interaction between ideal MHD modes and fast
ions must first start with a thorough analysis of all the rel-
evant resonant interactions. Subtle issues affecting fast ion
transport may arise according to whether one dominant low-
order resonance or many high-order resonances are involved
in the linear mode drive. In the future, more detailed analysis
of the full range of resonant interactions between fast ions
and Alfvén eigenmodes needs to be performed experimen-
tally and theoretically.
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