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The theory of variances of equilibrium reconstruction is presented. It complements existing
practices with information regarding what kind of plasma characteristics can be reconstructed, how
accurately, and what remains beyond the abilities of diagnostic systems. The �-curves, introduced
by the present theory, give a quantitative assessment of quality of effectiveness of diagnostic
systems in constraining equilibrium reconstructions. The theory also suggests a method for aligning
the accuracy of measurements of different physical nature and for improvements of numerical
algorithms used in reconstruction. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2977480�

I. INTRODUCTION
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gives the most basic information on the magnetic configura-
tion, which is necessary for all physics models of the toka-
mak plasma. Here, r ,� ,z, are cylindrical coordinates reflect-
ing axisymmetry of tokamak plasma, � is the poloidal
magnetic flux, B� is the toroidal magnetic field, p is the
plasma pressure, and j� is the toroidal current density.

Equation �1� is two-dimensional, and its solution �̄�r ,z�
is determined by the shape of the plasma boundary and by

the two one-dimensional functions T��̄� , P��̄� on the right-
hand side �RHS� representing the current distribution inside
the plasma. Correspondingly, the variances in the magnetic
configurations are related to uncertainties in the plasma

boundary and in two profiles T��̄� , P��̄�. The present paper
gives the theory that allows the evaluation of these variances
in equilibrium reconstruction.

Determination of the plasma boundary from external
magnetic measurements can be considered as a separate
problem, not directly related to the GSh equation. Its recon-
struction is linked in a straightforward way with the accuracy
of external magnetic measurements, which can be improved
upon necessity. We have intentionally neglected �except for

one example� the discussion of boundary reconstruction in
order to focus on the more challenging problem of recon-
struction of plasma profiles.

If the plasma boundary is reconstructed in some manner,
the measured distribution of the magnetic field Bpol along the
plasma boundary restricts the choice of the two functions
P ,T in the right-hand side of the GSh equation. This effect,
evident in equilibrium calculations of noncircular plasmas,
motivated the first equilibrium reconstruction as early as
1973 �Ref. 2� in an attempt to recover the current density
�and magnetic configuration� from information on the mea-
sured Bpol outside the plasma. At present, reconstruction is a
standard tool for interpreting the geometry of magnetic con-
figurations due to the wide use of the EFIT code �Refs. 3 and
4� and its modifications.

Nevertheless, having only external measurements in to-
kamaks, the two unknown functions in the right-hand side of
Eq. �1� can be reconstructed only in a limited way. Thus, in
tokamaks with a circular cross section �in a high aspect ratio
approximation� only integral parameters such as plasma cur-
rent Ipl, internal inductance li, and Shafranov’s � j �Ref. 6�
can be determined from external magnetic measurements
�which include the diamagnetic loop�. An outstanding ex-
ample of a noncircular configuration with the same property
of “hiddenness” was theoretically described by Bishop and
Taylor in 1985 �Refs. 7 and 8�. On the other hand, all equi-
librium calculations show a distinctive effect of the current
distribution on the external magnetic fields in noncircular
plasmas, indicating that the shaping helps to retrieve more
information about internal plasma profiles from external
measurements.

But in any case, internal measurements are necessary.
Because of the extreme importance of the equilibrium infor-
mation, different diagnostics are being developed to provide
additional information for reconstruction of the current dis-
tribution inside the plasma. Examples include kinetic mea-
surements of electron and ion temperatures, plasma density,
contribution of the fast particles to the plasma pressure, po-
larimetry, measuring the line integrated Faraday rotation of
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polarized light from the laser beam,9,10 or spectral lines,11–13

signals related to motional Stark effect14 �MSE�, position of
resonant surfaces from internal magnetohydrodynamic
modes, etc.

Still, up to now, even with additional internal measure-
ments the objective assessment �see, e.g., Ref. 15� of the
value of equilibrium reconstruction has not been possible
and the reconstruction itself remains a sort of “art” in nu-
merical simulations rather than a science. One of the most
advanced techniques, based on the accumulation of the data
base of equilibria and singular value decomposition �SVD�
analysis of it, was developed for the National Compact
Stellarator project in Ref. 16.

In addition, it was noticed a long time ago �sometimes
with confusing statements, e.g., Ref. 5� that although it is not
possible to reconstruct the current density on the right-hand
side of the GSh equation, the important integral parameters
�� j and li, introduced by Shafranov in the early 1960s as
measurable ones� can be obtained with sufficient accuracy
from the equilibrium reconstruction even for plasmas of non-
circular cross section �see, e.g., Refs. 3 and 4�.

Here, we describe a rigorous method, based on analysis
of linear perturbations of equilibria, which allows assessment
of uncertainties in equilibrium reconstruction, its overall
value, and the contribution of measurements of different
physical nature to the reconstruction. The same approach
makes possible the quantitative evaluation of the quality of
the diagnostic systems on existing and future machines. For
practical use, the theory was implemented into ESC �Equilib-
rium and Stability Code� �Ref. 17�, which is intrinsically
based on linearization of the GSh equation as a method of its
solution.

Section II describes the reduction of the problem of vari-
ances in equilibrium reconstruction to a matrix problem,
which can be solved using the SVD technique �Ref. 18�.
Section III introduces the definition variances in equilibrium
reconstruction and �-curves. Section IV gives �-curves for
characteristic equilibrium configurations. Section V demon-
strates the crucial role of internal measurements for recon-
struction using the line polarization �MSE-LP� signals from
the motional Stark effect as an example, relevant to the ITER
diagnostics. Section VI outlines the possibility of aligning
the accuracy levels of different measurements. Section VII
addresses the issue of solving the nonlinear, ill-posed prob-
lem of reconstruction for the GSh equation. It gives a rigor-
ous practical recipe, based on �-curves, on how to perform
the actual reconstruction in a stable and accurate manner.
Section VIII outlines the possible applications of the theory
of variances and its extension to other types of reconstruc-
tions of either one- or two-dimensional sources of signals.

II. THE FORMULATION OF THE PROBLEM
OF VARIANCES

The theory of variances assumes that the reconstruction
has been already performed and has generated a plasma

shape and reconstructed functions T��̄� , P��̄�. The question
to answer is what kind of other equilibria are possible within
the given accuracy of diagnostics.

This problem is reduced to solving the linearized equi-
librium problem

�̄ = �̄0�a� + 	, �*	 + T
�̄
� 	 + P

�̄
� 	 = − 
T�a� − 
P�a�r2

�3�

for N possible perturbations of the plasma boundary �, and
the functions T, P, 
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where 0�a�1 is the square root of the normalized toroidal
flux, used throughout this paper as a flux coordinate, and  is
the poloidal angle on magnetic surface. The trigonometric
basis functions fn�a� are used here as a particular choice for
representing profile perturbations.

Instead of functions T��̄� , P��̄� and their perturbations


T��̄� , 
P��̄�, most of results in this paper are presented
using an equivalent pair of current densities j̄s�a� , j̄p�a� and
their perturbations

j̄�a,r� =
R0

r
j̄s�a� + 	 r

R0
−

R0

r

 j̄p�a�,

�6�

j̄p�a� � R0P, j̄s�a� �
T

R0
+ R0P ,

where R0 is the radius of the magnetic axis. Figure 1 shows
an example of the background current density profiles
j̄s�a� , j̄p�a� and the basis functions fn�a�.

The displacement �, used here, specifies the plasma
boundary perturbation 
r�� , 
z�� in the following form:

r�a + �,� = r�a,� + ra��, z�a + �,� = z�a,� + za��,

�7�

r�� = ra������a=1, 
z�� = za������a=1.

The displacement � defined in this way is related to the so-
lution of the linearized GSh equation �3�,

� = − � 	

�̄0�
�

a=1

. �8�

A numerical code, such as ESC �Ref. 17� can solve the
linearized GSh equation �3� for each particular perturbation
either of the plasma boundary or of the plasma profiles

T ,
P. The signals on diagnostics for each of N solutions 	
can be calculated in a straightforward way. The linear rela-

tionship between the vector X� of coefficients of perturbation
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�9�

and the vector 
S� of measured signals

�10�

can be written in matrix form,


S� = AX� , A = AM�N,

�11�
M � M� + MB + MS, N � N� + NT + NP.

Here, M� is the number of flux �saddle� loop signals, MB is
the number of signals from the local pickup coils, measuring
poloidal magnetic field, MS is the number of other signals
�including the diamagnetic loop signal, MSE signals, and all
other signals used for equilibrium reconstruction�, while M is
the total number of signals. Typically, M �N.

The response matrix A, calculated for a representative
set of perturbations for a given magnetic configuration, is the
final product of equilibrium calculations in the theory of
variances. After this step, the analysis of the matrix problem
�11� is applicable to other reconstruction problems, reduced
to inversion of the response matrix.

III. VARIANCES IN EQUILIBRIUM RECONSTRUCTION

After calculation of the response matrix A, it is neces-

sary to make a transition to a working matrix Ā, which
weighs each signal 
Sm in accordance with its accuracy �m

�assumed to be known a priori�,

�Ā�m
0�n�N �

1

�m
�A�m

0�n�N, 
S̄m �
1

�m

Sm, ĀX� = 
S̄� .

�12�

Using the singular value decomposition �SVD� technique

�Ref. 18�, the matrix Ā should be presented as a product of
three matrices,

Ā = U · W · VT, U = UM�N, W = WN�N, V = VN�N,

�13�

where U is a rectangular matrix with orthogonal columns,
normalized to unity,

UT · U = I, Ii
k = 
i

k, �14�

I is the identity matrix, W is a diagonal matrix containing the
eigenvalues wk of the problem

Wi
k = wk
i

k, �15�

and the columns of V contain the normalized eigenvectors of
the problem

VT · V = I , �16�

as it is described in Ref. 18. The expansion �13� is always

possible and unique given the matrix Ā.
Each eigenvalue, determined by this procedure, is asso-

ciated with an eigenvector X� k of coefficients �9�, defined in
terms of columns of the matrix V as

X� k � �kVk. �17�

The factors �k scale each physical perturbation to the char-
acteristic value of plasma perturbation �max1, or the cur-
rent densities j̄s,max , j̄p,max �whatever is the most limiting
one�.

(a)
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FIG. 1. �a� Background current den-
sity profiles j̄s�a� , j̄p�a�, and �b� trigo-
nometric expansion functions fn�a�.
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Calculation of standard deviations �or root mean square

�RMS�� of the signals 
S̄�k generated by each eigenperturba-

tion X� k,


S̄�k = ĀX� k = �kwkU� k, � 1

M
�
m=0

m�M

�
S̄m
k �2 =

�kwk

�M
, �18�

allows the introduction of variances �̄k in reconstruction of
each eigenperturbation as

�̄k �
�M

�kwk . �19�

Variances �̄k in Eq. �19� specify uncertainties in the recon-
struction of the plasma boundary �k and current density

Tk ,
Pk for each eigenperturbation in an explicit form, i.e.,

�20�

�k = �̄k �
n=0

n�N�

An
k�n��, 
Tk = �̄k �

n=0

n�NT

Tn
k fn�a�,

�21�


Pk = �̄k �
n=0

n�NP

Pn
k fn�a� .

The amplitude of the uncertainties is proportional to the vari-
ances �̄k. Because of the normalization of the matrix equa-
tion �12�, the characteristic value of �̄k=1 corresponds to a
perturbation of the plasma boundary and current density in a
magnetic configuration which is comparable to their back-
ground values, and still marginally visible by the diagnostics.
The importance of variances �̄k is related to the following
statement.

Perturbations X� k with �̄k�1, �log10 �̄k�0� are essen-
tially invisible to diagnostics with a given level of accuracy.
The number of variances �̄k�1 in the spectrum of �̄k, de-
fined by Eq. (19), serves as a quantitative measure of quality
of diagnostic systems for equilibrium reconstruction.

In this paper, the perturbations with �a� �̄k

�0.1, log10 �̄k�−1 are qualified as “well detectable,” with
�b� 0.1��̄k�1,−1� log10 �̄k�0 called “barely visible,”
and �c� with 1��̄k ,0� log10 �̄k called “invisible.”

The distinction between these three kinds of perturba-
tions becomes obvious with the use of �-curves, which are
plots of log10 �̄k as a function of k �assuming ascending or-
dering in �k�. The intersection of the �-curves with the zero
level separates visible perturbations from those which cannot
be reconstructed with a particular diagnostic system.

Based on an explicit solution �̄0+	k of the linearized
equilibrium equation for each eigenperturbation, it is pos-
sible to calculate uncertainties in reconstruction of any
physical quantity or plasma profile related to equilibrium. It
is practically impossible to achieve good reconstruction of

the current density profile, which would provide a full infor-
mation on equilibrium. At the same time, such important
profiles as q- and p-profiles can be reconstructed much bet-
ter. Accordingly, it is possible to introduce variances �̄q

k , �̄p
k

for q- and p-profiles,

�̄q
k ���

0

1

�
qk�2da, �̄p
k ���

0

1 	 
pk

pnorm

2

da , �22�

all related to basic variances �̄k �Eq. �19��. In Eq. �22�, pnorm

is the normalization value of plasma pressure, suggested here
as

pnorm,MPa �
IMA

2

20Sm2
. �23�

This value corresponds to the average plasma pressure with
� j =1 in Shafranov’s definition

� j =
20�pMPadSm2

Ipl,MA
2 , �24�

where IMA is the plasma current, and Sm2 is the plasma po-
loidal cross section.

The variances in integrated profiles �such as q- and
p-profiles� are typically smaller than �̄k, and these profiles
can be reconstructed with a better certainty than, e.g., the
current density. In the situation when q- and p-profiles can-
not be reconstructed it is still possible to expect that, at least,
such important quantities as plasma thermal Wth and mag-
netic Wpol energies can be reconstructed with a reasonable
accuracy. In a dimensional form they can be replaced by
parameters � j

V and li defined by the following relationships:

Wth,MJ �
3

2
� pdV, � j

V �
2
3Wth,MJ

0.1�Rext,mIpl,MA
2 ,

�25�

Wpol,MJ =
1

2�0
� Bpol

2 dV, li �
Wpol,MJ

0.1�Rext,mIpl,MA
2 ,

where Rext,m is a reference major radius of the plasma. The
associated �̄

�j
V

k and �̄li
k are defined as

�̄�j
V

k � 
�� j
V�k, �̄li

k � 
li
k, �26�

where variances 
�� j
V�k and 
li

k are associated with a particu-

lar eigenvector X� k of perturbations.
The next section gives examples of �-curves for some

equilibrium configurations.

IV. SIGMA-CURVES FOR RECONSTRUCTION BASED
ON MAGNETIC MEASUREMENTS

The ESC code17 has been slightly modified in order to
calculate wk and variances in the current density, q-,
p-profiles, and in � j

V and li for different kinds of tokamak
equilibria. They are presented in the order of complexity. In
all examples the expansion functions fn�a� are taken in the
trigonometric form �5� illustrated in Fig. 1�b�.

For examples of this section, which rely only on mag-
netic field information, it was assumed that the poloidal mag-
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netic field Bpol�� was “measured” at 64 equidistant positions
at the plasma surface with absolute accuracy of 1% of its
average value, the poloidal magnetic flux 
��� is measured
with the accuracy of 1% of its value inside the plasma, and
the accuracy of the diamagnetic signal �� is 0.1% of the
toroidal magnetic flux � inside the plasma. In addition, the
relative accuracy of 1% was introduced into uncertainties of
the signals. Figure 2 shows four equilibrium configurations
with circular �Fig. 2�a��, elliptic �Fig. 2�b��, and D-shaped
�Figs. 2�c� and 2�d�� cross sections as well as two configu-
rations for spherical tokamaks with a moderate �Fig. 2�e��
and a high �Fig. 2�f�� beta. In all configurations the safety
factor at the magnetic axis is close to unity, q01.

The sigma curves, i.e., log10 �̄k as functions of the eigen-

value number k, for these six cases are shown in Fig. 3. In all
examples in Fig. 3 it is assumed that the plasma shape is
already known, 
���=0 �fixed boundary case�, and the
problem is in reconstruction of the plasma interior. The effect
of the unknown plasma boundary is illustrated separately.

The solid curve in each frame represents the basic
�-curve for reconstruction of the right-hand side of the GSh
equation �1�. This �-curve determines the quality of recon-
struction of magnetic configuration.

Two �-curves labeled “p” and “q” represent log10 �p and
log10 �q as functions of k as defined by Eq. �22�. In addition,
two �-curves labeled “�V” and “li” for integral parameters
� j

V and li, defined by Eq. �25�, are shown in each case. These
two curves are important for assessment of quality of recon-

(a)

Z PlVac
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-2

-1

0

1

2

(b)

Z PlVac

R2 2.5 3 3.5 4
-2

-1

0

1

2

(c)

Z PlVac

R2 2.5 3 3.5 4
-2

-1

0

1

2

(d)

Z0 PlVac

R02 2.5 3 3.5 4
-2

-1

0

1

2

(e)

Z PlVac

R0 .5 1 1.5 2
-2

-1

0

1

2

(f)

Z PlVac

R0 .5 1 1.5 2
-2

-1

0

1

2

FIG. 2. �Color online� �a� Large aspect ratio R /a=5 equilibrium with a circular cross section. �b� Equilibrium with an elliptic cross section �elongation 2 and
aspect ratio R /a=3�. �c� D-shaped up-down symmetric equilibrium �elongation 2, R /a=3�. �d� D-shaped up-down asymmetric equilibrium �elongation 2,
R /a=3�. �e� Low aspect ratio equilibrium �elongation 2, R /a=1.25� with �=0.13. �f� Low aspect ratio equilibrium �elongation 2, R /a=1.25� with �=0.31.
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struction of plasma thermal and magnetic energies.
Two horizontal lines separate “invisible” eigenperturba-

tions �log10 ��0� from “barely visible” �−1� log10 ��0�
and “well detectable”�log10 ��−1�.

As expected, the circular cross section �Fig. 3�a�� repre-
sents the worse case for reconstruction based on magnetic
measurement. Only three eigenvectors of variances fell into
categories of “well detectable” or “barely visible.” All other
eigenvectors cannot be reconstructed based on magnetic
data.

It seems to be surprising from �-curves in Fig. 3�a� that,
in contradiction with the classical Shafranov theory, even � j

V

and li appear to be impossible to reconstruct. The reason for
this paradox is that the �-curves are calculated assuming that

the signals of eigenperturbations fit the accuracy of measure-
ments. Because of this normalization, the resulting amplitude
of eigenperturbations can exceed the background level of the
current density, as happens for all “invisible” eigenperturba-
tions �with log10 �k�0�. At the same time, any additional
information �even imprecise�, which can limit the amplitude
of the current density variances will resolve the paradox. In
the present technique of variances such information can be
introduced in a formalized way simply as another “signal.”

Shaping of the plasma boundary makes equilibrium re-
construction based on magnetic measurements much more
certain. In all shaped cases in Fig. 3 the reconstruction of six
eigenperturbations in the RHS of the GSh equation is pos-
sible. The p- and q-profiles are reconstructed better than the

(a)

sigma-curves for j,q,p,gbV,li

k0 5 10 15
-3
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-1

0
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(b)
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sigma-curves for j,q,p,gbV,li

k0 5 10 15
-3

-2

-1

0

1

2

q

li

p

βV

(e)
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(f)

sigma-curves for j,q,p,gbV,li

k0 5 10 15
-3

-2

-1
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1

2

q
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p

βV

FIG. 3. �Color online� Numerically calculated �-curves for six equilibria of Fig. 2 with known plasma boundaries: log10 �̄k �solid lines� is variance in
reconstruction of the right-hand side of the GSh equation, log10 �̄p

k �“p”-labeled long-dashed lines� is the variance in p-profile, log10 �̄p
k �“q”-labeled dashed

lines� is the variance in q-profile, log10 �̄
�j

V
k �“�V”-labeled dashed-dotted lines� is the variance in � j

V, and log10 �̄li
k �“li”-labeled short-dashed-dotted lines� is the

variance in li. The type of vertical lines in frame �a� is linked to the index k of eigenperturbations. These types of lines are used later on for plots specific for
each eigenperturbation �e.g., Fig. 6�.
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RHS. For spherical tokamaks �Figs. 3�e� and 3�f�� the � j
V

parameter and corresponding thermal energy of the plasma
can be well �better than 10%� reconstructed for a wide range
of the eigenperturbations. The last two frames also illustrate
the fact that the �-curves are not sensitive to equilibrium
reconstructed. They are much more sensitive to the diagnos-
tics used.

Figure 4�a� illustrates the effect of free boundary on re-
construction of the spherical tokamak equilibrium in Fig.
3�e�. In this case it is assumed that 
��� is known in 16
points around the plasma with the accuracy of 1% of poloi-
dal flux inside the plasma. Accordingly 16 perturbations of
the plasma boundary have been included in the variances of
the equilibrium. The major effect of the “free” boundary is
the extension of the “visible” part of the spectrum of eigen-
values, which is almost horizontal on the basic �-curve for
the RHS of the GSh equation. This behavior is expected,
because the reconstruction of the plasma boundary is essen-
tially determined by the accuracy of external measurements.
The improvement in accuracy shifts all �-curves vertically,
thus allowing improvements in plasma boundary reconstruc-
tion. On the other hand, the steep part of the �-curves, which
is related to reconstruction of the internal profiles, cannot
be affected significantly by improvement of the accuracy
of signals. Instead, for better reconstruction of internal pro-
files some additional information or internal diagnostics is
necessary.

Because the effect of a “free” boundary, although impor-
tant in practice, is straightforward, for the purposes of this
paper it was dropped from consideration.

Figure 4�b� gives the �-curves for the same case as in
Fig. 3�e�, but when the diamagnetic signal was excluded
from consideration. The significant deterioration of the re-
construction of � j

V and li is rather obvious from the behavior

of the �-curves, which confirms the importance of the dia-
magnetic signal for equilibrium reconstruction.

The effect of the nonmonotonic q-profile is illustrated in
Fig. 4�c�, which shows rather significant increase in vari-
ances of the q-profile.

V. POSSIBILITY OF COMPLETE RECONSTRUCTION
WITH INTERNAL MEASUREMENTS

This section illustrates the crucial effect of internal mea-
surements on equilibrium reconstruction. As an example, the
ITER configuration �Fig. 5� with the plasma current
Ipl=15 MA is considered.

The external magnetic diagnostics is assumed to be the
same as described earlier. In addition, it is assumed that the
internal line polarization signals of the motional Stark effect
�MSE-LP� provide the pitch angle values arctan�Bz /Btor� �the
ratio of the vertical and toroidal magnetic fields� in 21
pickup points. The relative and absolute accuracies are 1%
and 0.1°, correspondingly.

Figure 6 provides the comparison of �-curves and vari-
ances in p- and q-profiles with and without MSE-LP mea-
surements.

With no internal measurements, not more than seven
eigenperturbations in the RHS of the GSh equation can be
considered detectable. The parameter � j

V is reconstructed
pretty well in the extended spectrum of perturbations k�13.
The q- and pressure p-profiles can be reconstructed well for
only six eigenperturbations.

The additional information on the plasma profiles makes
a crucial impact on reliability of equilibrium reconstruction,
as is seen from Figs. 6�d�–6�f�. Thus, two integral parameters
� j

V and li are not sensitive to the entire range k�16 of per-
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FIG. 4. Effect of free boundary, diamagnetic signal, and q-profile on reconstruction of the spherical tokamak case �see Fig. 3�e�� with a moderate �=0.13. �a�
Sigma-curves in the case of free plasma boundary and enhanced range of eigenvalues. �b� Sigma-curves for the case of the absence of the diamagnetic signal.
�c� The equilibrium with a nonmonotonic q-profile �q0=4.5, qmin2, qedge=13�. The labels on the curves are the same as in Fig. 3.
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turbations. In addition, both p- and q-profiles can be well
reconstructed essentially in the twice larger range of eigen-
perturbations �k�15� than without MSE-LP measurements.

For the case of ITER, the line shift signals from the
motional Stark effect �MSE-LS� have been proposed in Ref.
19. The analysis of variances for this case was performed in
Ref. 20. It has confirmed that also in the case of MSE-LS,
the internal measurements of plasma profiles have a pro-
found effect on reduction of variances.

VI. ALIGNMENT OF SENSITIVITIES OF SENSORS

The presented theory of variances allows the use of sig-
nals of different physical nature in the process of reconstruc-
tion. Even the transport calculations, which restrict the range
of plasma profiles, can be included in the reconstruction as
additional signals. The normalization of the working matrix
using the sensitivity value of every signal takes into account
the contributions of signals independently of the nature of
the signal.

At the same time, the contribution of different signals
into reconstruction is different. It is important that the pre-
sented theory of variances provides the way of an objective
assessment of the role of each signal in the reconstruction.
This is illustrated here using the example of the combination
of MSE-LP and magnetic measurements.

Figures 7�a� and 7�c� show the normalized signals cal-
culated from eight eigenperturbations. As it was pointed out,
that eigenvalues ��-curves� are normalized in a way that the
signals from variances is within the error bars of measure-
ments �in the RMS sense�. The first 64 signals on these fig-
ures, represent the poloidal magnetic field measurements,
while the last 21 ones are the MSE-LP signals from eigen-
perturbations.

It is evident that the load on MSE-LP and Bpol diagnos-
tics is not uniform. The MSE-LP measurements make larger
contribution to the reconstruction. Because of this, there is
room for optimization of the entire diagnostic system. For
example, the accuracy of MSE-LP measurements can be re-
duced, while the accuracy of Bpol measurements should be
enhanced.

The general recipe for the optimal use of diagnostics of
different physical nature is to align the sensitivity of sensors

in such a way that the signals 
S̄m
k from eigenperturbations

fill up the band �
S̄m
k ��1 uniformly.

As an example, Figs. 7�b� and 7�c� show �-curves and
signals for the same set of measurements, but twice better
accuracy in Bpol measurements and four times worse accu-
racy of MSE-LP signals. Because of better balance of the
accuracy of the diagnostic, the resulting �-curves are essen-
tially the same, despite the significant reduction of require-
ments to the MSE diagnostics.

VII. USE OF �-CURVES FOR OPTIMAL
RECONSTRUCTION

Besides the assessment of the final reconstruction, the
�-curves can provide information for optimal organization of
the iterative solving of the GSh equation in the process of
fitting its solution and the current distribution to the measure-
ments.

The problem is in making a compromise between the
goal of the most accurate reconstruction and stability of it-
erations. The �-curves can be calculated at every iteration,
and then the current distribution could be composed from the
eigenperturbations, whose k-spectrum is limited by the con-
dition of elimination of “invisible” perturbations
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FIG. 5. �Color online� �a� Cross section of the ITER magnetic surfaces. Black dots point out the 21 MSE-LP pick-up points. �b� js-profile and �c� jp-profile,
which are used in equilibrium calculations.
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log10 �̄k � − r , �27�

where the constant r is in the range 0.5�r�1. The left
boundary here should be determined experimentally from the
marginal stability of iterations.

In this way, reconstruction with a poor set of signals,
e.g., containing only external measurements, would be per-
formed with a small set of free parameters leading to large
variances and a reconstruction of limited value �which still
could be very useful, e.g., for assessing the thermal energy
ofplasma�. On the other hand, in the case of good diagnos-
tics, the stability of reconstruction will be provided even for
the most accurate reconstruction possible.

The practical implementation of this algorithm is left for
future development.

VIII. CONCLUSIONS

Calculation of �-curves for variances of physical quan-
tities using the SVD technique solves the problem of evalu-
ation of uncertainties left in equilibrium reconstruction. The
associated technique can be implemented into existing equi-
librium reconstruction codes in order to generate information
on variances in different plasma characteristics remaining af-
ter equilibrium reconstruction has been performed. In this
regard, the theory covers the plasma numerical parameters
�like � , li�, plasma profiles �e.g., p ,q� or two-dimensional
characteristics �e.g., the neutron sources� as soon as the ef-
fect of eigenperturbations can be calculated.

The capability of calculating variances, now developed,
has essentially completed the theory of equilibrium recon-
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FIG. 6. �Color online� Variances in reconstruction of the ITER equilibrium example assuming a fixed plasma boundary. �a� �-curves for reconstruction based
on magnetic measurements. �b� Variances in q-profile corresponding to the first seven eigenperturbations. �c� Corresponding seven variances in the p-profile.
The correspondence of the type of the curves to the index of eigenperturbations k is specified in Fig. 3�a� plasma. �d� �-curves for reconstruction based on
magnetic and MSE-LP measurements. �e� Variances in q-profile corresponding to the first 15 �!� eigenperturbations. �f� Variances in the p-profile for the first
15 eigenperturbations.
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struction. In particular, the quantitative evaluation of the
quality of diagnostic systems on existing and future ma-
chines can be done based on the spectrum of “visible” per-
turbations and �̄-curves. The theory confirms that internal
measurements of the magnetic field are crucial for recon-
struction. In this regard, either MSE-LP �line polarization� or
MSE-LS �line shift� signals from the plasma in addition to
external measurements allow potentially for a complete re-
construction of both q- and p-profiles. The presented tech-
nique can be used to optimize the diagnostic set on any to-
kamaks. Contribution of any signal can be evaluated in a
rigorous way and unambiguously.

This theory, which was illustrated here using a “tradi-
tional” set of signals, is, in fact, not limited to it. Any signal,
pointwise or distributed �like Faraday rotation�, as well as
results of numerical simulations can be included as contribu-
tors into reconstruction.

In addition, the raw, rather than postprocessed, signals
can be used in the reconstruction scheme based on this
theory. This would take into account the “error propagation”
effect in a formalized and self-consistent manner.

Implementation of the theory should be focused on real-
istic simulation of signals used in reconstructions and on
developing working algorithms, based on �-curves, for accu-
rate and stable iterative solution of the GSh equation for
reconstruction purposes.
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measurements. �c� Signals generated by eigenperturbations for the case �b�.
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