
Magnetic drift kinetic damping of the resistive wall mode in large aspect
ratio tokamaks

Yueqiang Liu,1 M. S. Chu,2 C. G. Gimblett,1 and R. J. Hastie1

1Euratom/UKAEA Fusion Association, Culham Science Centre, Abingdon, OX14 3DB, United Kingdom
2General Atomics, San Diego, California 29186, USA

�Received 18 June 2008; accepted 5 August 2008; published online 16 September 2008�

An analytical, large aspect ratio, calculation of the drift-kinetic energy perturbation is carried out for
the resistive wall mode, due to the mode resonance with the magnetic precession drifts of trapped
thermal ions and electrons. Four asymptotic cases are identified and analyzed in detail. Generally,
a partial stabilization of the mode is possible thanks to the kinetic correction to the perturbed plasma
energy. A complete stabilization can occur only in a narrow space of the plasma equilibrium
parameters. Kinetic destabilization of the mode is also possible due to a finite pressure correction to
the precession drift frequency. © 2008 American Institute of Physics. �DOI: 10.1063/1.2978091�

I. INTRODUCTION

It is well known that advanced tokamaks1 have good
transport properties in the plasma core region, but suffer
from a pressure limit set by pressure-driven external kink
modes, which are especially vulnerable to instability for a
plasma with a broad current profile and a rather peaked pres-
sure profile.2 A surrounding, highly conducting wall reduces
the growth rate of the external kink to a time scale of the
vertical field penetration time through the wall, resulting in
the so-called resistive wall mode �RWM�, which needs to be
stabilized for a steady-state operation of advanced scenarios,
for example, the Scenario-4 �Ref. 3� designed for the ITER.4

Stabilization of the mode by plasma rotation, due to
various damping physics, has been a subject of extensive
research in recent years, in both theory5–17 and
experiments.18–28 In particular, recent experiments,25–28 car-
ried out on the DIII-D �Ref. 29� and JT-60U �Ref. 30� toka-
maks, show that the RWM is stable at a very slow plasma
rotation, or even in the absence of rotation at some radii.
These results cannot be explained with ideal MHD theory
involving only the Alfvén continuum damping17 or the sound
wave damping.6,7,13 While some of the experimental obser-
vations, where the plasma has a finite negative toroidal rota-
tion at the plasma edge, can be explained by toroidal simu-
lations involving a semikinetic damping model,10,25,27 using
MARS-F,31 the same model seems to be incapable of predict-
ing other experimental data, where the plasma rotation is
slow everywhere across the whole plasma column. A thor-
ough understanding of the recent experimental results, and a
confident prediction for the ITER, require a detailed investi-
gation of the RWM damping physics under various plasma
conditions.

At extremely slow plasma rotation, the semikinetic
damping model10 will not be adequate since this model is
based on an assumption of the mode resonance with the main
ions at bouncing/circulating frequencies. A more probable
candidate of the damping model should be based on the
mode resonance with particle drifts at even lower frequen-
cies, such as, the magnetic precession drift frequencies of
trapped particles studied in Refs. 14 and 15. In fact the latter

seems to give a qualitatively correct prediction of the recent
experimental observations.

In this work, we carry out an analytical calculation of the
drift-kinetic energy perturbation, based on the thermal par-
ticle resonance at magnetic drift and electron collision fre-
quencies. We do not consider the contribution from fast par-
ticles, which have higher precession drift frequency, hence
less resonance with low frequency modes such as the RWM
at slow plasma rotation. We follow a similar procedure as in
Ref. 10, assuming a large aspect ratio plasma with a circular
cross section. The final results clarify various physical effects
of the damping.

The stability of the RWM is determined by a dispersion
relation generalized from9

�� + in�E�2K + �Wp +
�Wv

b��
w
* + �Wv

�

��
w
* + 1

+ �Wk = 0, �1�

where � is the growth rate of the mode, n is the toroidal
mode number, �E is the �uniform� plasma fluid rotation fre-
quency, K is the kinetic integral of the plasma inertia, �Wp is
the perturbed fluid potential energy of the plasma, and �Wv

b

and �Wv
� are the vacuum energy with and without an ideal

conducting wall, respectively. �
w
* characterizes the wall time

of a resistive wall, and �Wk represents the additional energy
perturbation term according to the kinetic energy principle
theory.32–37 The goal of this work is to compute �Wk analyti-
cally.

The dispersion relation �1� does not include any damping
terms arising from kinetic layer contributions, such as, the
shear Alfvén damping, which is kinetically enhanced, and
does contribute to the mode stabilization normally at fast
plasma rotation.17 This term is naturally absent in the cylin-
drical model considered in this paper, due to the lack of
rational surface inside the plasma.

In Sec. II, we discuss the general assumptions and for-
malisms associated with the drift-kinetic energy calculation.
We carry out the detailed integrations in Sec. III. In Sec. IV,
we apply the calculated kinetic energy to estimate the RWM
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stability for a cylindrical plasma model with a flat equilib-
rium current density profile. The work is summarized in
Sec. V.

II. PERTURBED DRIFT KINETIC ENERGY IN LARGE
ASPECT RATIO PLASMAS

Our calculation is based on the perturbed kinetic energy
term, derived by solving analytically the drift kinetic equa-
tion in a perturbative manner35–37

�Wk =
1

2�
e,i

�
l
� d3x� d��−

�f0

�E �Ql	
e−i�l+�nq��btHL�	2,

�2�

where the integration is taken in both the real space x and the
velocity space �. The summation is performed over the
plasma species �electrons and ions�, and over the Fourier
harmonic l while decomposing the perturbed particle distri-
bution function along the unperturbed particle bounce orbit.
f0 is the equilibrium particle distribution function, which we
assume to be a Maxwellian

f0�E� = N� M

2�T
�3/2

e−E/T,

with N the density, M the mass, and T the temperature of the
particles. The particle energy E=Ek+e	=Mv2 /2+e	 con-
sists of the kinetic and potential parts �	 is the equilibrium
electrostatic potential�. Ql represents the mode-particle reso-
nance condition

Ql =
n�*N + �Ek/T − 3/2�n�*T + n�E − �

�l + �nq��b + n�d − i
eff + n�E − �
, �3�

where �*N and �*T are the diamagnetic drift frequencies due

to the density and temperature gradients, respectively. �b de-
notes the bounce frequency of trapped particles ��=0� or the
transit frequency of passing ones ��=1�. �d is the bounce-
orbit-averaged particle precession drift frequency. q is the

equilibrium safety factor. �E is the E� �B� plasma fluid rota-
tion frequency, and � the mode frequency in the laboratory
frame, with n�E−� being the mode frequency in the plasma
frame. n is the toroidal mode number of the mode. Note that
generally �= i� is a complex number, with Re����0 if the
RWM is a growing mode. 
eff is the collision frequency as-
sociated with a simple model of the collision operator in the
drift kinetic equation. HL is the perturbed particle energy in
the Lagrangian frame

HL = Mv�
2� · ��� + ��Q� + �B · ���� ,

where v� is the unperturbed parallel velocity of the particle, 

is the magnetic curvature vector, ��� is the perpendicular
component of the plasma displacement, with an exp�in��
dependence on the toroidal angle �, �=Mv�

2 /2B is the mag-
netic moment, and B is the equilibrium magnetic field am-
plitude. Note that we neglect the particle energy term asso-
ciated with the perturbed electrostatic potential, though we
keep the equilibrium electrostatic potential which drives the

E� �B� fluid flow.

The averaging operator 
·� in Eq. �2� refers to the time
average over the unperturbed particle bounce orbit, with t
being the time moment in this bounce motion. We notice that
in Eq. �2�, all the frequencies except �E and �, as well as
quantities, such as, Ek ,T ,HL, are defined for each particle
species, respectively. To avoid excessive indices, we do not
put an indicator to distinguish them. The same convention is
held in all derivations that follow, except in places where
confusion can arise without an explicit indication.

For a large aspect ratio plasma with a circular poloidal
cross section, consider a toroidal coordinate system �r ,� ,��,
with r being the minor radius of the torus, � and � the
poloidal and toroidal angle, respectively. The integration in
real space is converted to

� d3x = 2�� Rrdrd� , �4�

where R=R0�1+� cos �� is the major radius of the torus, with
�=r /R0 the inverse aspect ratio. We assume that the plasma
minor radius is normalized to 1, so that R0 represents effec-
tively the aspect ratio of the torus.

The integration over the velocity space is carried out
conventionally over the particle kinetic energy and the mag-
netic moment

� d� =
2�

M
�
�
/

dEkd�
B

2M�Ek − �B�
, �5�

where �=sign�v��.
The equilibrium magnetic field, in the large aspect ratio

approximation, can be written as

B� =
B0

1 + � cos �
�̂ +

�

q

B0

1 + � cos �
�̂ . �6�

To the lowest order in �, B= 	B� 	 �B0�1−� cos ��. This allows
a simplification of the particle energy integration

� d� =
2�T3/2

B0M3/2 �
�
/

dÊkd�
Êk

1/2B

1 − � + �� cos �
, �7�

where Êk�Ek /T, and ���B0 /Ek is defined as the particle
pitch angle.

In a cylinder, the perturbed particle Lagrangian is well
approximated10 by

HL � −
Ek

R
�2 − ���R, �8�

where �R is the plasma displacement along the major radius.
Substituting Eqs. �4�, �7�, and �8� into Eq. �2�, and car-

rying out the integration over the poloidal angle �, we arrive
at

�Wk = �3/2�
e,i

�
l

�
�
� dr�PCl

2� d�
�2 − ��2

F

�� dÊkÊk
5/2e−ÊkQl, �9�

where P is the equilibrium plasma pressure due to each
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species, Cl�r ,���	
e−i�l+�nq��bt�R�	. F�� ,�� is a function de-
fined by Eq. �A1�. Following Ref. 10, we first neglect the
pitch angle dependence of Cl. Inclusion of the pitch depen-
dence in Cl will be discussed in Sec. IV.

In a large aspect ratio approximation, all the drift fre-
quencies can be calculated analytically. A brief derivation is
given in the Appendix, and the results are summarized below

�b =
vth

R0

��1

q
Êk

1/2F , �10�

�d = �2
�L

r

vth

R0
qÊkD , �11�

�*N = �2
�L

r

vth

R0

1

4�
�− r

N

dN

dr
� , �12�

�*T = �2
�L

r

vth

R0

1

4�
�− r

T

dT

dr
� , �13�

where vth�2T /M is the particle thermal velocity,
�L�vth /�c is the Larmor radius of the particle gyromotion,
with �c�eB0 /M. The parameter �1=1 for passing particles,
and �1=� /2 for trapped ones. The parameter �2=1 for ions
and �2=−1 for electrons. The normalized magnetic drift
D�� ,� ,s�, with s being the magnetic shear, is defined by Eq.
�A8�. The normalized bounce F and magnetic drift D fre-
quencies are determined by the equilibrium magnetic geom-
etry and the particle pitch angle.

Note that since vth
e �vth

i , we have �b
e�max��b

i ,��. The
electron bounce motion is generally not in resonance with
the RWM, hence the electron contribution to �Wk can be
neglected in this case. However, since both ions and elec-
trons experience precessional or diamagnetic drifts at the
same frequency range �the latter is in fact a fluid drift�, both
species contribute to the perturbed kinetic energy.

Because of the �L /r scaling, the precession or diamag-
netic drift frequencies are normally much smaller than the
bounce frequency. Hence, in the resonance condition �3�, the
precession drift can be neglected as soon as �l+�nq��0, and
the diamagnetic drift can be neglected if the plasma rotation
frequency is much higher than the diamagnetic frequencies.
These are the assumptions made in Ref. 10. �Note that ac-
cording to Eqs. �10� and �11�, �d can exceed �b for particles

with very high energy �Êk�1�. However, the fraction of such

particles �the exp�−Êk� factor in Eq. �9�� is small�.
In the opposite case, when �l+�nq�=0, the particle

bounce motion does not participate in the resonance. In ad-
dition, the effect of the diamagnetic drift is included if its
frequency is comparable to or greater than the plasma rota-
tion frequency. The above two are the assumptions made in
Ref. 14 as well as in the analytical derivations presented
below. The condition �l+�nq�=0 is satisfied either for pass-
ing particles ��=1� at rational surfaces only, or for trapped
particles ��=0� with the bounce harmonic number l=0.
Since the former occurs only in certain radially very narrow
regions, and is unlikely to give a significant contribution to
�Wk, the precession drifts of passing particles will not be

considered. We focus on the resonance contributions only
from the trapped ions and electrons, for a specific bounce
harmonic l=0.

The resonance operator is now written as

Q =
n�*N + �Êk − 3/2�n�*T + n�E − �

n�d − i
eff + n�E − �
, �14�

and the kinetic integral is simplified to

�Wk = 2�3/2�
e,i
� dr�PCl=0

2 � d�
�2 − ��2

F
I�r,�� , �15�

where a factor of 2 appears after summation ��, Cl=0

= 	
�R�	 is the bounce orbit average of the displacement along
the major radius, and

I �� dÊkÊk
5/2e−ÊkQ . �16�

In the next section, we first evaluate �Wk, Eq. �15�
in various limits, then make a calculation under general
conditions.

III. KINETIC ENERGY DUE TO PRECESSION DRIFTS
OF TRAPPED PARTICLES

A. Very slow plasma rotation

In this limit, we consider a collisionless plasma with
rotation frequency much smaller than the particle preces-
sional frequency, i.e., max�
eff , 	n�E−� 	 �� 	�d	. The reso-
nance operator becomes

Q�a� =
Êk�*T + ��*N − 3/2�*T�

ÊkCdD
, �17�

where Cd��2q��L /r��vth /R0�. Note that since both preces-
sional and diamagnetic frequencies depend on the sign of the
particle charge, Q�a� has the same sign for both ions and
electrons. The integration over the particle energy Eq. �16� is

performed by substituting the variable Êk→u2, and using the
identity

�
0

�

u2pe−u2
du =

��p + 1/2�
2

, p = 0,1,2, . . . .

We obtain

I�a� = −
3�
16

R0

qD

d ln P

dr
,

and

�Wk
�a� =

3�2

8 �
i,e
�

0

1

drCl=0
2 r

q
�−

dP

dr
�G�r� , �18�

where the factor G represents the final integral over the par-
ticle pitch angle
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G�r� � �
1/�1+��

1/�1−��

d�
�2 − ��2

FD
. �19�

Equation �18� shows that the perturbed kinetic energy is pro-
portional to the equilibrium pressure gradient, as a result of
inclusion of the diamagnetic drifts. Note that for a general
q-profile, G is a function of the minor radius r rather than the
inverse aspect ratio �.

We need to pay special attention to the pitch angle inte-
gral Eq. �19�. Equation �A8� shows that D��min�1 / �1+���
=−0.5 / �1+���0, and D��max�1 / �1−���=0.5 / �1−���0,
independent of the choice of the magnetic shear. Hence at all
minor radii, there is a pitch angle �0� ��min,�max�, such that
D��0�=0. Near the root �0, D��� is approximated by

D��� = D���0��� − �0� + ¯ ,

where the derivative D���0� generally does not vanish, and
rapidly becomes large with increasing magnetic shear. The
integration of the 1 /x type of function in Eq. �19� yields an
imaginary part

Im�G� =
�2 − �0�2

F��0�
����

	D���0�	
, �20�

where the � sign depends on how we go around the pole in
performing the integration. The above approach for comput-
ing Im�G� is ambiguous from the physics point of view. A
rigorous procedure, given in Sec. III E, will show that this
imaginary part comes from the Landau resonance damping,
and the sign of Im�G� changes when we switch from ions to
electrons. Consequently, the imaginary parts of �Wk

�a� from
ions and electrons cancel each other. A complete cancellation
occurs when Ti=Te. The real parts of the contributions from
ions and electrons do not cancel according to Eq. �18�.

The normalized integral over the velocity space G is
affected by the magnetic shear via the D factor, see Eq. �A8�.
Figure 1 shows the radial profile of the real and imaginary

parts of G, respectively, for one particle species and for three
types of the equilibrium q profile, defined analytically as

q = 1.5 + Cqr2�1 − r� + 2r4.

Three choices of the parameter Cq=2,0 ,−2 give the corre-
sponding q profiles shown in Fig. 2. We notice that the
imaginary part of the kinetic energy is as large as the real
part, both reaching a maximum around the middle of the
plasma minor radius. The shape of the G profile depends
sensitively on the magnetic shear. In particular, the q profile
with a reversed central shear shrinks both the real and the
imaginary parts of the G profile. Close to r=0, G�r��r1/2 for
both the real and imaginary parts.

B. Very fast plasma rotation

In this limit, we assume 	n�E−� 	
�max�	�*N 	 , 	�*T 	 , 	�d 	 ,
eff�. This can be viewed as the

Kruskal–Oberman high-frequency limit32 for trapped ions
and electrons �for bounce harmonic l=0 only�. It is trivial to
show that

Q�b� = 1, I�b� =
15

8
� ,

and

�Wk
�b� =

15�2

4
�

0

1

drCl=0
2 �PeqS�r� , �21�

where Peq� Pi+ Pe is the total equilibrium pressure, and

S��� � �
1/�1+��

1/�1−��

d�
�2 − ��2

F
. �22�

We note that �Wk
�b� is real, positive, proportional to the total

equilibrium pressure Peq, and independent of the safety fac-
tor q or the magnetic shear s. The radial dependence of the
factor S is plotted in Fig. 3, showing a monotonic increase
with �, and S��1/2 at � near 0.
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FIG. 1. �Color online� The radial profiles of the normalized integral over the
velocity space G, corresponding to the three q profiles of Fig. 2. Only the
positive branch of Im�G� is plotted. A major radius R0=3 is assumed.
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FIG. 2. �Color online� Analytical q profiles q=1.5+Cqr2�1−r�+2r4, with
Cq=2,0 ,−2, respectively.
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C. Slow but finite plasma rotation

In this limit, we assume
max�	�d 	 ,
eff�� 	n�E−� 	 ��	�*N 	 , 	�*T 	 �. Neglecting the

precession drifts in Eq. �14�, we obtain

Q�c� = 1 +
Êkn�*T + n��*N − 3/2�*T�

n�E − �
, �23�

and

I�c� =
15�

8
�1 +

n��*N + 2�*T�

n�E − �
� . �24�

We further assume that the ions and electrons have the same
equilibrium temperature profile, and introduce a fraction pa-
rameter Cp such that

Ti = CpTeq � Cp�Ti + Te�, Pi = CpPeq.

The identity

�
j=e,i

Pj��*N
j + 2�

*T
j � = �1 − 2Cp�

1

2re

d�PeqTeq�
dr

helps us to derive the final expression for the perturbed drift
kinetic energy

�Wk
�c� = �Wk

�b� + �1 − 2Cp�
15�2

8

1

eR0

��
0

1

drCl=0
2 n

n�E − �

d�PeqTeq�
dr

S�r� . �25�

Note that the second term on the RHS of Eq. �25� van-
ishes at Cp=0.5 �i.e., Ti=Te�, due to the exact cancellation of
the kinetic contribution between ions and electrons. Other-
wise, this term is inversely proportional to �n�E−��, and
hence tends to be large when the plasma rotation becomes
slow �yet still faster than the particle precessional drifts�. If
the RWM is a growing mode, i.e., Im����0, the second
term also provides a pure damping contribution �the imagi-

nary part of �Wk
�c�� to the mode stabilization. Finally, we

notice that the second term presents a FLR correction to the
first one.

D. Collisional plasma limit

Here we assume max�	�d
e 	 , 	n�E−� 	 ��
eff

e , which is
most likely valid in the plasma edge region, where both the
plasma rotation speed and the temperature are low. Consid-
ering only the electron collisions, since the ion collision fre-
quency is much smaller, we have

Q�d� = i
Êkn�*T

e + n��
*N
e − 3/2�

*T
e �


eff
e . �26�

Generally, 
eff=
 /� is a function of the particle energy. Ne-
glecting the energy dependence of 
eff

e , we can make a crude
estimation for

I�d� � i
15�

8

n��
*N
e + 2�

*T
e �


eff
e , �27�

and for the perturbed kinetic energy

�Wk
�d� � i�1 − Cp�215�2

8

1

eR0
�

0

1

drCl=0
2 n


eff
e

d�PeqTeq�
dr

S�r� ,

�28�

which represents a pure damping on the mode. This kinetic
contribution is inversely proportional to the electron collision
frequency, which in turn is proportional to NTe

−3/2.

E. General case

Without any ordering of the terms, the resonance opera-
tor Q of Eq. �14� can be rewritten as

Q =
Êk�*

b + �*
a + �n

Êk + �n

, �29�

where we have introduced

�n =
n�E − � − i
eff

nCdD
, �*

a =

n�*N −
3

2
n�*T + i
eff

nCdD
,

�*
b =

n�*T

nCdD
.

The energy integral �16� is carried out analytically �again
neglecting the particle energy dependence of 
eff

e �,

I =
15�

8
�*

b + 2���n + �*
a − �n�*

b �

��3

8
−

1

4
�n +

1

2
�n

2 + i
1

2
�n

5/2Z�i�n
1/2�� , �30�

where Z is the plasma dispersion function42
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FIG. 3. �Color online� The radial profile of the S factor. A major radius
R0=3 is assumed.
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Z�y� =
1

��−�

� e−u2

u − y
du .

In Eq. �30�, for an unstable mode Im����0, we always
choose the branch of �n

1/2 that lies in quadrants I or IV of the
complex plane. The perturbed drift kinetic energy �Wk is
computed by substituting Eq. �30� into Eq. �15�.

In the limit when �n=0 and 
eff=0, we recover the
case A

I =
15�

8
�*

b +
3�

4
�*

a � I�a�.

Now we derive rigorously the Landau damping term in this
limit. For simplicity we shall assume 
eff=0 ,�E=0 and al-
low a very small but finite real �. For definiteness, we as-
sume that ��0,n=−1. The resonance condition �29� re-
quires �n�0, which is satisfied for those ions with pitch
angle �� ��min,�0�, where �0, as before, is the root
of D���=0. For electrons, the resonance occurs for
�� ��0 ,�max�. In either case, we introduce a new variable
y=−�n. The Landau resonance in the particle energy space
yields an imaginary part for the energy integral factor I fol-
lowing Eq. �16�,

Im�I� = − �e−y2��1 +
�*N − 3/2�*T

�
�y7 +

�*T

�
y9� ,

where we have used the fact that

Im�Z�y�� = �e−y2
.

Performing the pitch angle integration of Im�I�y����� on
��min,�0� for ions, or on ��0 ,�max� for electrons, and allow-
ing �→0, we eventually obtain expression �20�, where we
take the � sign for ions and � sign for electrons.

Case B is recovered by assuming �n→� and applying
the asymptotic expansion of the Z function

Z�y� = i��3e−y2
−

1
� �

p=0

��	y	2�

��p + 1/2�y−�2p+1�, 	y	 � 1,

where �3=1 if y is real, and �3=1−sign�Im�y�� otherwise.
We can obtain the case C if we set 
eff=0 and allow

�n ,�*
a ,�*

b all to approach infinity while keeping their ratio

�*
a

�n
=

n��*N − 3/2�*T�

n�E − �
,

�*
b

�n
=

n�*T

n�E − �
.

In this case the lowest order term in the asymptotic expan-
sion of the I factor becomes

I =
15

8
��1 +

�*
a

�n

� +
105

16
�

�*
b

�n
� I�c�.

In case C, the second term in Eq. �25� vanishes when
Cp=0.5, i.e., when the ion and the electron equilibrium tem-
peratures become equal. Since this is an important case rel-
evant to ITER plasmas, let us consider the next order FLR
correction term to �Wk

�c�, using a better asymptotic for the I
factor calculated in Eq. �30�,

I
�

=
15

8
+

15

8

�*
a

�n
−

105

16

1 − �*
b

�n
−

105

16

�*
a

�n
2 +

945

32

1 − �*
b

�n
2

+ ¯ ,

min�	�n	, 	�*
a 	, 	�*

b 	� � 1.

Neglecting the plasma collisions, putting together the ion and
electron contributions, and after cancellation of the first order
terms at Cp=0.5, we arrive at

Ii + Ie

�
=

15

4
−

105

8

�
*i
a

�ni
2 −

945

16

�
*i
b

�ni
2 �31�

=
15

4
−

105

8

n2

�n�E − ��2Cd
i D��

*N
i + 3�

*T
i � . �32�

Substitution of Eq. �32� into Eq. �15� gives

�Wk
Cp=0.5 = �Wk

�b� +
105�2

32

1

e2R0
2B0

2

� �
0

1

drCl=0
2 n2

�n�E − ��2

q

r

d�PeqTeq
2 �

dr
Y�r� ,

�33�

where

Y�r� � �
1/�1+��

1/�1−��

d��2 − ��2D

F
. �34�

Note that the second term on the RHS of Eq. �33� is in-
versely proportional to �n�E−��2. The factor Y�r� is plotted
in Fig. 4 for various q profiles. No qualitative change of the
Y profile is observed over a rather significant variation of the
q profile. This factor generally increases from the plasma
center towards the edge.

The trapped particle precession drifts can be strongly
affected by the plasma equilibrium pressure gradient,41
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FIG. 4. �Color online� The radial profiles of the Y factor, corresponding to
the three q profiles. A major radius R0=3 is assumed.
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which in turn modifies the normalized integrals G and Y over
velocity space in the kinetic energy terms. According to the
large aspect ratio calculation in Ref. 41, the normalized mag-
netic drift D, defined in Eq. �A8�, is corrected by the addi-
tional diamagnetic terms

DP = D − �P�� 1

4q2 +
2

3� Ê�kt�

K̂�kt�
�2kt

2 − 1� + �1 − kt
2��� ,

�35�

where �P=−�2�0R0 /B0
2�q2�dPeq /dr�. The consequence of

these new terms on the kinetic modification of the RWM
stability is clarified in the next section.

IV. APPLICATION TO A CYLINDRICAL PLASMA

A. Brief description of the fluid model

We consider a cylindrical plasma equilibrium with circu-

lar cross section and a flat current density J� =J0ẑ.43 In the
cylindrical coordinate system �r ,� ,z�, the equilibrium mag-
netic field is

B� = B0ẑ + B��̂ ,

where B�=�0J0r /2 inside the plasma, 0�r�1. The q pro-
file is also flat, with q�r�=q0�2B0 / ��0R0J0�, and R0 effec-
tively defines the aspect ratio in a toroidal geometry. The
equilibrium force balance condition determines a parabolic
pressure profile

Peq�r� = P0�1 − r2� ,

with P0=�0J0
2 /4. The normalized plasma pressure

�N���%� / �I�MA� /a�m�B0�T��=20 / �q0R0�, with �=�Peq

�v / �B0
2 /2�0�, and 
·�v denoting the average over the plasma

volume.
Assuming further a flat plasma density ��r�=�0, it is

well known that the current-driven ideal kink of form
exp�im�+ inz /R0� has a growth rate44

���A�2 =
2q0

2

�m + nq0�2� 


m + nq0
−

1

1 − b−2�� , �36�

where �A=�A
−1��0�0R0 /B0 ,��	m 	 ,
=m /�, and �m ,n�

are the poloidal and toroidal mode numbers, respectively. b
is the radial position of an ideal conducting wall, normalized
by the plasma minor radius.

In the presence of a resistive wall at the radial position b,
the ideal kink becomes a RWM, with the growth rate �ne-
glecting the plasma inertia�

��w = − �
1 − 
�m + nq0�

1 − 
�m + nq0� − b−2� , �37�

where �w is defined as the field penetration time for the
m=1 wall mode: �w=�0�rwd /2, with � the wall conductiv-
ity and d the wall thickness.

We wish to estimate the drift kinetic modification of the
RWM stability using the dispersion relation �1�, which, after
neglecting the plasma inertia term, can be rewritten as

��
w
* = −

�Wf
� + �Wk

�Wf
b + �Wk

, �38�

where �Wf
���Wp+�Wv

� ,�Wf
b��Wp+�Wv

b are the perturbed
fluid energy of the ideal kink mode with and without an ideal
wall, respectively. Knowing the growth rate of the ideal kink
Eq. �36�, the fluid potential energies are easily calculated via
the energy principle for ideal kink modes

�2�K + �Wf = 0, �39�

where �K is the kinetic energy associated with the plasma
inertia

�K =
1

2
� dx3�	���	2. �40�

For an equilibrium with flat current and density profiles, the

eigenfunction for the plasma displacement �� is expressed by

�� = ��� � ẑ , �41�

where �=−i /F0, and  �r�=r� is the eigenfunction for
the perturbed magnetic flux inside the plasma, F0

��m+nq0�B� /r=B0�m+nq0� / �R0q0�. Substitution of Eq.
�41� into Eq. �40� yields

�K = 2�2R0�A
2 �

�0

q0
2

�m + nq0�2 , �42�

in which we have neglected terms associated with higher
order large aspect ratio expansion. Note that the cylindrical
���A�2 scaling of the inertial energy is due to the absence of
rational surfaces. In a toroidal plasma, internal resonance
layers will most likely give a dominant contribution to an
ideal mode, that scales as ���A�. However, for the RWM,
where the plasma inertia normally plays a minor role, �K
does not enter into the final dispersion relation �38�. The only
purpose that we compute �K here is to evaluate the potential
energy, which is finally obtained by combining Eqs. �36�,
�39�, and �42�,

�Wf
� = − 4�2R0

�

�0
� 


m + nq0
− 1� , �43�

�Wf
b = − 4�2R0

�

�0
� 


m + nq0
−

1

1 − b−2�� . �44�

In the absence of the drift kinetic effects, it is easy to verify
that

��
w
* = −

�Wf
�

�Wf
b = −

1 − 
�m + nq0�
1 − 
�m + nq0� − b−2� �1 − b−2��

= ��w�1 − b−2��/� , �45�

where we identify �
w
* =�w�1−b−2�� /�.

B. Drift kinetic modification of the RWM stability

In the presence of the drift kinetic effect, the growth rate
of the mode is modified according to Eq. �38�, in which we
shall use the �Wk calculated in the previous section. Note
that we are combining �Wk calculated for a large aspect ratio
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toroidal plasma, with �Wf for a cylindrical equilibrium.
Therefore, strictly speaking, our calculation for the RWM
stability using Eq. �38� is consistent only at an infinite aspect
ratio limit. It is possible to consider a more consistent, toroi-
dal model with a truly pressure driven RWM.45–47 Neverthe-
less, our approach here provides a simple, quantitative esti-
mation of the drift kinetic effects on the growth rate of the
mode. In a future work, we will perform full toroidal drift
kinetic computations, without any approximations, using the
updated MARS-F code.

The simple mode eigenfunction in a cylinder allows us
to make an accurate calculation of the quantity Cl=0= 	
�R�	 in
Eq. �15�. Indeed, for a given single Fourier harmonic m, we
have �R=�r cos �−�� sin �= �m /F0�r�−1ei�m−
��, hence


�R� = �
−�t

�t

�R
d�

	v�	
��

−�t

�t d�

	v�	
�−1

=
m

F0
r�−1�

p=0

m−
 � p

m − 

��1 − kt

2�m−
−p�2ikt�pKp, �46�

where kt=�1−�+��� /2�� �see the Appendix�, and

Kp = �
0

�/2

�sin !�p�1 − kt
2 sin2 !�p−1d!/K�kt�,

p = 0,1,2, . . . ,

where K�k� is the complete elliptic integral of the first
kind. We notice that Kp=0=1,Kp=1=K−1�kt�. Equation �46� is
valid for m−
"0. For m−
�0, we can use 
�R�m−
�0

= �
�R�	m−
	�*.
We write Cl=0

2 = �mr�−1 /F0�2Cm
2 and consider two specific

examples. If m=2 is the unstable RWM, we have 
=1,m
−
=1, and

Cm=2
2 ��,�� = Cm=2

2 �kt� = �1 − kt
2�2 + 4kt

2K−2�kt� .

If m=3 is the unstable RWM, we have 
=1,m−
=2, and

Cm=3
2 ��,�� = ��1 − kt

2�2 − 4kt
2K2�2 + 16�1 − kt

2�2kt
2K−2�kt� .

Figure 5 shows effectively the pitch angle dependence of
the factor Cm

2 for m=2 and 3. For deeply trapped particles
�kt=0�, Cm

2 =1. For particles at the passing-trapping boundary
�kt=1�, Cm

2 =0. We have assumed Cm
2 ����1 in defining the

pitch angle integrals G ,S ,Y in Eqs. �19�, �22�, and �34�,
respectively. We define a new factor G by including the pitch
angle dependence of Cm

2 ,

Gm��� � �
1/�1+��

1/�1−��

d�Cm
2 �2 − ��2

FD
. �47�

Figures 6�a� and 6�b� show the real part of the Gm���
profiles under different assumptions, for m=2 and m=3, re-
spectively. The curves with thick solid line include the full
pitch angle dependence of Cm

2 , whilst the thick dashed curves
correspond to the normalized integral G over velocity space,
as defined in Eq. �19� �different from Fig. 1, the magnetic
shear here vanishes across the whole plasma�. Neglecting the
Cm

2 factor results in a reduction of the calculated drift kinetic
energy by roughly 40%. This modification is quantitative
rather than qualitative. The thick dashed-dotted curves in the
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FIG. 5. �Color online� Pitch angle dependent factor after the bounce orbit
average of the displacement eigenfunction, for the ideal kink mode from the
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figures show the effect of including the finite pressure cor-
rection to the precessional drift. This effect will be discussed
following Fig. 7.

The thin dashed curves in Figs. 6�a� and 6�b� correspond
to analytical approximations of the Gm factors as defined in
Eq. �47�, using the formula

Gm
ana��� = G0�

�G, �48�

where G0=3, �G=0.36 for m=2, and G0=3.3, �G=0.39 for
m=3. Substituting the analytical expression �48� into Eq.
�18�, and performing analytical integration over the minor
radius, we obtain the real part of the perturbed drift kinetic
energy for the asymptotic case A,

Re��Wk� =
3�2

4

G0

�0q0

m2

2� + 1 + �G

1

�m + nq0�2

1

R0
�G

. �49�

In the case of Cp=0.5, the imaginary part of �Wk vanishes
due to the exact cancellation of the contributions between
ions and electrons. Therefore, the stability of the kinetic
RWM is determined by comparing Eq. �49� with Eq. �43�,
according to Eq. �38�. The RWM is fully stabilized by
the drift kinetic effects of trapped particles, for a plasma
satisfying

R0
1.36q0�m + nq0��1 − �m + nq0�� # 0.21, �m = 2� ,

R0
1.39q0�m + nq0��1 − �m + nq0�� # 0.25, �m = 3� .

Figure 8 plots these critical curves for the unstable n=−1
modes with m=2 and m=3, respectively, along with the cal-
culated data points after numerical evaluation of Eq. �18�.
These curves of course become inadequate for small aspect
ratios R0. Nevertheless, they show that the plasma equilib-
rium parameter space, for which the kinetic RWM is stable,
is very small and particular. A generic RWM will be unstable
under the kinetic correction. The predicted stable region is
even smaller if we do not consider the pitch angle depen-
dence of 
�R�.

The stable region in the R0-q0 plane practically vanishes
if we take into account the finite pressure correction to the

precessional drift frequency, Eq. �35�, where �P=4� for our
plasma model. A comparison between D and DP is shown in
Fig. 7, for an example with �=0.2 and q0=2.2. A distinctive
feature is that these diamagnetic effects tend to shift the nor-
malized magnetic drift D downwards, making it more nega-
tive. �This is also observed in toroidal calculations using
MARS-F.� Because of the � scaling ��P=4��, the effect is
stronger towards the plasma edge. As a result, inclusion of
DP in the Gm evaluation, Eq. �47�, switches its sign in a wide
region close to the plasma edge, as shown by the thick
dashed-dotted curves in Figs. 6�a� and 6�b�.

Clearly this leads to a negative value for the �Wk accord-
ing to Eq. �18�. Hence, in this case we have a destabilization
of the mode by the drift kinetic effects. This is shown in
Figs. 9�a� and 9�b�, for a static plasma with q0=2.2,
Cp=0.5 and an unstable m=3, n=−1 RWM. We have also
assumed �w=104�A, 
eff=0, �ci=102�A. The marginal ideal
wall position for the ideal kink stability is bc /a=1.31. The
amplitude of both diamagnetic and precession drift frequen-
cies is about 10−3�A �except �*N=0 since we assume a flat

density profile�. Figure 9 shows the ratio of the kinetic modi-
fied growth rate �38� to the fluid one �45�, versus the radius
of the resistive wall, under three assumptions. The solid
curves present a reduction of the RWM growth rate by the
kinetic resonances, if we do not include the finite pressure
modification to the precession drift frequency. The opposite
case is presented by the dashed curves. In the former case,
we obtain a partial stabilization of the mode. In the latter, the
mode is destabilized by the kinetic effects due to the finite
pressure modification to the drift frequency. If in addition to
this, we include the fluid growth rate of the mode ��= i� f� in
the resonance condition �14�, we obtain the third curves
�dashed-dotted�, which show slight destabilization for least
unstable RWM, and a weak stabilization for more unstable
modes. Comparing cases �a� and �b�, we notice that both
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stabilizing and destabilizing effects are amplified by decreas-
ing the aspect ratio R0.

In Fig. 10, we perform a rotation scan of the growth rate
for the kinetic RWM, assuming the same plasma parameters
as in Fig. 9, except that we now consider only �=0,
b=rw /a=1.2, and without the finite pressure correction to
the precession drifts. We choose three configurations for
the ion/electron temperature ratio, corresponding to
Cp=0.5,0.8,0.2. As a reference, we also indicate the fluid
growth rate of the mode with no rotation. At the very slow
rotation limit, we recover the asymptotic case A as described
in Sec. III. Note that at this limit, with Cp�0.5, the mode
gains a finite frequency from the drift resonances, even in the
absence of the plasma rotation. This is because of the finite
net imaginary part of �Wk, which remains after cancellation
between the ion and the electron contributions. At the limit
of very fast plasma rotation, we recover the asymptotic case
B �high frequency limit�, which does not depend on the
choice of the values for Cp. Note that generally there is no
symmetry between the cases Cp=0.8 and Cp=0.2. This is not

surprising, since the rotation shifts the precession drifts in
different ways for ions and electrons, plus the fact that the
normalized magnetic drift D��� is not symmetric about its
root.

V. SUMMARY AND DISCUSSIONS

We have performed an analytical, large aspect ratio, cal-
culation of the perturbed kinetic energy, due to the RWM
mode resonance with the magnetic precession drift motion of
the trapped thermal ions and electrons. This has allowed us
to isolate and illustrate the various physical effects that can
occur in such a complex, multiparameter system. The analy-
sis shows that both ion and electron resonances contribute to
the kinetic energy perturbation. Four asymptotic cases are
considered in detail.

At the limit of very slow plasma rotation �much lower
than the precessional drifts�, the drift kinetic energy is pro-
portional to the plasma pressure gradient, associated with the
particle diamagnetic drifts. The real parts of the contribution
from ions and electrons add up, whilst the imaginary parts
cancel between ions and electrons. The radial profile of the
pitch angle integral G strongly depends on the magnetic
shear.

At the opposite limit, when the plasma rotation is much
higher than the precessional and diamagnetic drifts �but can
still be lower than the ion bounce motion�, we partially re-
cover the Kruskal–Oberman high frequency kinetic term,
which is proportional to the total plasma equilibrium
pressure.

If the plasma rotation frequency is comparable to the
diamagnetic frequencies, but much higher than the preces-
sion drift frequency, we obtain a first order FLR correction to
the Kruskal–Oberman term. The correction term disappears
if both ions and electrons have the same temperature, follow-
ing an exact cancellation of their contributions. The next
order correction term does not cancel between ions and elec-
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trons, and is inversely proportional to the square of the rota-
tion frequency. The radial shape of this contribution is not
sensitive to the magnetic shear.

Finally, in the limit of a plasma with large electron col-
lisionality, the drift kinetic energy, due to the electron reso-
nance contribution, becomes inversely proportional to the ef-
fective collisionality coefficient, and proportional to the
gradient of the product of the plasma equilibrium pressure
and temperature. This is a pure damping term.

Considering a cylindrical plasma model allows us to
scan the RWM growth rate modified by the kinetic terms, we
found that a complete kinetic stabilization of the mode can
occur only in a very narrow plasma equilibrium parameter
space. Moreover, this stabilization is lost, or eventually
switches to destabilization by including the finite pressure
correction to the particle precession drifts, due to the fact that
the pitch angle dependent factor D of the precession fre-
quency becomes more negative, leading to a destabilizing
kinetic energy contribution.

Analytical calculations show that this finite pressure cor-
rection to the precession drifts becomes more pronounced
close to the plasma edge. If the RWM eigenfunction is modi-
fied by the kinetic effects in such a way that the displacement
is pushed towards the edge, then it is easier to obtain a total
negative drift kinetic energy contribution, which will cause
destabilization of the mode. In this work, following the per-
turbative approach, we do not assume a kinetic modification
of the fluid kink eigenfunction. A nonperturbative toroidal
approach is in progress to include the drift kinetic terms self-
consistently into the MHD equations.
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APPENDIX: PARTICLE DRIFT FREQUENCIES

Here we define or briefly calculate various drift frequen-
cies due to the particle bounce motion, magnetic precession,
and the plasma diamagnetic effects. We assume a large as-
pect ratio plasma with a circular poloidal cross section, as
described in Sec. II.

The diamagnetic drift frequencies due to the plasma den-
sity and temperature gradients are defined, respectively, as

�*N = −
�2T

2reB0

d ln N

dr
= �2

�L

r

vth

R0

1

4�
�−

r

N

dN

dr
� ,

�*T = −
�2T

2reB0

d ln T

dr
= �2

�L

r

vth

R0

1

4�
�−

r

T

dT

dr
� ,

where T is the plasma temperature for ions or electrons, each
having the same amount of charge e, and the same density
distribution N�r�. vth�2T /M is the particle thermal veloc-
ity, �L�vth /�c the Larmor radius of the particle gyromotion,
with �c�eB0 /M. The parameter �2=1 for ions and �2=−1
for electrons.

The bounce �transit� frequency of a passing particle is
defined as

�b
pass = 2��� dl

v�

�−1

,

where dl�R0qd�, �� �−� ,��. Using the lowest order ap-
proximation for the equilibrium field B=B0�1−� cos ��, a
straightforward integration yields10

�b
pass =

vth

R0

�

q
�Ek

T
�1/21 − � + ��

K̂�kc�
,

where K̂�k�=2 /��0
�/2d! /1−k2 sin2 ! is the normalized

complete elliptic integral of the first kind,
kc=2�� / �1−�+��� and �=sign�v��.

The bounce frequency of a trapped particle is

�b
trap = 2��� dl

v�

�−1

� ���
−�t

�t

R0q
d�

	v�	
�−1

,

where �t=arccos���−1� /��� is the turning point of the
trapped particle. Assuming kt=sin��t /2�=�1−�+��� /2��
and ktt=sin�� /2� �with t replacing the integration variable ��,
we obtain

�b
trap =

vth

R0

1

2q
�Ek

T
�1/22��

K̂�kt�
.

Defining a normalized bounce frequency F

F =�2��/K̂�kt� , �trapped particles�

1 − � + ��/K̂�kc� , �passing particles� � �A1�

we get a combined expression of �b for both passing and
trapped particles

�b =
vth

R0

��1

q
�Ek

T
�1/2

F ,

where �1=1 for passing particles, and �1=� /2 for trapped
ones.

The derivation of the magnetic precession frequency �d

is slightly involved, though well known for trapped
particles.38–40 We list here some key steps and a final expres-
sion, valid also for passing particles. We start with the defi-
nition
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�d = 
v�d · ��� , �A2�

where �=q�−�, and 
·� means average over the particle
bounce orbit. The particle drift velocity v�d,

v�d =
�2

eB
b̂ � �� � B + Mv�

2� � �
�2

eB0R0
��B + Mv�

2�Ẑ ,

consists of the �B drift and the curvature drift. Since ��

= r̂�q�+ �̂q /r−��, and Ẑ= r̂ sin �+ �̂ cos �, we obtain

v�d · �� =
�2q

eB0R0r
��B + Mv�

2��cos � + s� sin �� , �A3�

where s=rq� /q is the magnetic shear.

We first perform the orbit averaging of the terms in Eq.
�A3� associated with the �B drift. Following the procedure
similar to the �b calculation, we derive


B cos �� = B0��2Ê�kt� − K̂�kt��/K̂�kt� , �trapped particles�

�2Ê�kc� − �2 − kc
2�K̂�kc��/�kc

2K̂�kc�� , �passing particles� � �A4�

where Ê�k�=2 /��0
�/2d!1−k2 sin2 ! is the normalized com-

plete elliptic integral of the second kind. The averaging over
the �� sin �� term is performed in a similar way


B� sin �� = B0�4�Ê�kt� + �kt
2 − 1�K̂�kt��/K̂�kt� , �trapped�

4�Ê�kc� − 1 − kc
2�/�kc

2K̂�kc�� . �passing� �
�A5�

Next we consider the terms in Eq. �A3� associated with
the curvature drift. For trapped particles, it can be easily
shown that 
v�

2 cos �� and 
v�
2� sin �� result in terms O���

smaller than those due to the �B drift. Therefore, we neglect
the contribution from the curvature drift for trapped particles.
However, for circulating particles, the curvature drift terms
cannot be neglected due to a cancellation of the leading order
terms in Eqs. �A4� and �A5�. For these particles, we have


Mv�
2 cos �� =

4��Ek

kc
2K̂�kc�

��1 −
2

kc
2�Ê�kc� +

2

kc
2Ĥ�kc�� ,

�A6�


Mv�
2� sin �� =

16��sEk

3kc
4K̂�kc�

�Ĥ�kc� − �1 − kc
2�3/2� , �A7�

where Ĥ�k�=2 /��0
�/2d!�1−k2 sin2 !�3/2.

Equations �A2�–�A7� lead to a final expression for the
particle precession drift frequency

�d =
2�2qEk

eR0B0r
D = �2

�L

r

vth

R0
q�Ek

T
�D

where we have introduced a factor D �normalized magnetic
drift�

D =� ���2s + 1�Ê�kt�/K̂�kt� + 2s�kt
2 − 1� − 1/2� , �trapped�

��1 − � + ���/2����2s + 1 + 2��1 − 2/kc
2��Ê�kc�/K̂�kc� + �4�/kc

2��1 + 2s/3�Ĥ�kc�/K̂�kc� + �kc
2/2 − 1� − 2s1 − kc

2�1 − 4�/3 + 4�/3kc
2�/K̂�kc�� . �passing� �

�A8�

The precession frequency �d depends upon, among other
variables, the particle energy Ek, the pitch angle �, and
the magnetic shear s. At the trapped-passing boundary,
kt=kc=1, �=1 / �1+��, D=−1 /2�1+�� is the same for both
trapped and passing particles, as expected. We also note that
D=1 /2�1−�� for trapped particles at kt=0��=1 / �1−���, and
D=s for passing particles at kc=0��=0�. At the cylindrical
limit �→0, D=s�1−� /2� for passing particles.
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