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A self-consistent kinetic model is developed to study the stability of the resistive wall mode in
toroidal plasmas. This model is compared with other models based on perturbative approaches. The
degree of the kinetic modification to the stability of the mode depends on the plasma configurations.
Both stabilizing and destabilizing kinetic effects are observed. The nonperturbative approach, with
a self-consistent inclusion of the eigenfunctions and the eigenvalues of the resistive wall mode,
normally finds less stabilization than the perturbative approach. © 2008 American Institute of
Physics. �DOI: 10.1063/1.3008045�

I. INTRODUCTION

It is well known that the pressure driven resistive wall
mode �RWM� instability may pose an operational limit to
steady state advanced tokamak scenarios.1 The n=1 RWM
has been predicted to be unstable in the ITER2 steady state
scenario-4, just beyond the target plasma pressure, unless a
sufficiently fast plasma rotation, or a magnetic feedback sys-
tem, is available.3

While the feedback stabilization of the RWM has been
well understood in theory and demonstrated in several toka-
maks and RFP devices, the physics of rotational stabilization
of the RWM is not completely resolved, partly because new
experimental evidence4,5 contradicts previous theories based
on the magnetohydrodynamic �MHD� description of the
mode.

Earlier theories of the RWM damping rely either on the
ideal6 or resistive7 MHD descriptions. In the ideal MHD
model, either sound wave6,8 or Alfvén continuum9,10 reso-
nance is suggested as the main energy-releasing channel for
the damping of RWM in the presence of a rather fast toroidal
plasma rotation. The rotation frequency required to make the
mode marginally stable was predicted to be a few percent of
the Alfvén frequency. The same range of rotation frequency
is predicted for the RWM stability in ITER,3 which is likely
to be only marginally achievable due to the large plasma
volume and the constraints on the tangential neutral beam
heating capability. The resistive model is based on the cou-
pling to the inertial layers inside the plasma, which gives rise
to resistive or viscous energy dissipation. This model pre-
dicts a different scaling of the critical rotation frequency for
mode stability.7,11

A strong viscous term simulating the parallel sound
wave damping is introduced into the MHD equations,12

which sometimes leads to a reasonable prediction of the criti-
cal rotation speed measured in experiments.13–15 A more
physics-based damping model, including the mode resonance
with bounce motions of thermal ions of the plasma, is sug-
gested in Ref. 16 and numerically implemented in the MARS-

F code.17,14 Since the kinetic terms are derived for a large
aspect ratio plasma, this model is labeled the semi-kinetic
damping model, which nevertheless predicts rather well the
RWM stability thresholds for fast rotating plasmas.13–15 In
some cases, even at low plasma rotation �much less than 1%
of the Alfvén speed�, the semi-kinetic model predicts a rota-
tion threshold comparable with the experimental value.4

Recently, a new kinetic damping mechanism is sug-
gested for RWM suppression18,19 in the regime of very slow
plasma rotation, or even in the absence of rotation. Reso-
nance of the mode with the magnetic precession drifts of
trapped thermal ions and electrons is proposed as the main
energy dissipation channel. This model predicts that the
RWM growth rate is significantly reduced and the mode is
almost fully suppressed, for a plasma close to the ITER
steady state scenario. In Ref. 18, a nonperturbative treatment
of the kinetic terms is carried out, but for a significantly
simplified assumption of the plasma configuration. In Ref.
19, a realistic toroidal plasma is used, with the kinetic terms
included in the MHD calculations in a perturbative manner.
A stabilizing contribution of alpha particles is also included
in Ref. 19, but is neglected in this work.

The perturbative approach normally uses the eigenfunc-
tion of the ideal kink mode, computed by an ideal MHD
code, as the input to further compute the kinetic energy �Wk.
The stability of the RWM is then determined by the follow-
ing extended RWM dispersion relation,20,12 derived from the
kinetic MHD energy principle

��
w
* � −

�W� + �Wk

�Wb + �Wk
, �1�

where �
w
* is the typical wall eddy current decay time, and

�W� and �Wb are the fluid potential energies without and
with a conducting wall, respectively. The fluid energy in-
cludes both the plasma and the vacuum contributions.

This dispersion relation, subject to certain normalization
of the energy terms, generally describes the RWM stability
well, without taking into account the plasma inertia effect,
which can often be neglected as long as the resistive wall
time is orders of magnitude larger than the Alfvén time.a�Electronic mail: yueqiang.liu@ukaea.org.uk.
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In this work, we describe a nonperturbative approach for
the inclusion of the drift kinetic terms into the MHD equa-
tions, in a general toroidal geometry. We compare the kinetic
effects on the stability of the RWM between the perturbative
and nonperturbative approaches. Formally, the latter differs
from the former in two essential aspects. �1� The nonpertur-
bative approach allows a self-consistent modification of the
eigenfunction of the RWM, due to the presence of the kinetic
terms. �2� The growth rate �complex frequency� of the RWM
enters self-consistently into the kinetic integrals, which
makes the eventual eigenvalue problem nonlinear.

The next section gives a detailed description of the non-
perturbative formulation, which is the basis of the recently
developed MARS-K code. Section III reports the benchmark
results of MARS-K against both analytical theory and other
kinetic codes. Computational results for an analytical, elon-
gated toroidal plasma are given in Sec. IV. Section V sum-
marizes the paper.

II. TOROIDAL SELF-CONSISTENT KINETIC MODEL

We consider the single-fluid MHD description of plas-
mas with a toroidal flow. The core equations, where the ki-
netic terms are involved, are written in the Eulerian frame

�� + in��� = v + �� · ���R2 � � , �2�

��� + in��v = − � · p + j � B + J � Q

− ��2�Ẑ � v + �v · ���R2 � �� , �3�

�� + in��Q = � � �v � B� + �Q · ���R2 � � , �4�

�� + in��p = − v · �P , �5�

j = � � Q , �6�

p = pI + p�b̂b̂ + p��I − b̂b̂� , �7�

where the variables � , v , Q , j , p represent the plasma dis-
placement, perturbed velocity, magnetic field, current, and
pressure tensor, respectively. � is the unperturbed plasma
density. The linear problem is formulated as an eigenvalue
problem, with � being the eigenvalue, which is corrected by
a Doppler shift in�, with n being the toroidal mode number,
� the plasma rotation frequency along the toroidal angle �.
The equilibrium field, current, and pressure are denoted by

B , J , P, respectively. R is the plasma major radius, Ẑ the
unit vector in the vertical direction, and I the unit tensor. A
conventional unit system is assumed with the vacuum per-
meability 	0=1.

The kinetic terms enter into the MHD equations via the
perturbed kinetic pressure tensors shown in Eq. �7�, where p
is the scalar fluid pressure perturbation, p����� and p�����
are the parallel and perpendicular components of the kinetic

pressure perturbations, respectively, and b̂=B /B , B= �B�.
The full pressure tensor p is self-consistently included into
the MHD formulation via the momentum equation �3�.

The remaining terms in the right-hand side �RHS� of
Eqs. �2�–�6� are the standard MHD operators for an ideal

plasma, and the terms associated with shear flow. We ignore
a term �1�V0 ·��V0 of quadratic order in � �V0=R��̂�,
which allows us to exclude the equation for the perturbed
plasma density �1 from consideration.

Note that the ordinary 5 /3P� ·v term is also dropped
from Eq. �5� for the perturbed fluid pressure. This term is
effectively replaced by the kinetic pressure tensors.

Equations �2�–�7� do not represent the full set of equa-
tions that MARS-K solves. For the RWM study, a set of
vacuum equations for the magnetic field Q, an equation for
the resistive wall in the thin-shell approximation and an
equation for the active feedback coils, are also included and
solved together with Eqs. �2�–�7�. These aspects are de-
scribed in Ref. 17 and will not be discussed further in this
paper. In addition, other kinetic damping models, such as the
parallel sound wave damping or the semi-kinetic damping,3

are also included in the MARS-K code, but are not described
here. The resistive term in the Ohm’s law is also dropped.

The perturbed kinetic pressure tensors are calculated fol-
lowing basically the procedures described in Refs. 21 and 22.
We list here some key steps which lead to forms for
p� and p�, which can be conveniently merged into the MHD
formalism.

We start with

p�e−i
t+in� = �
e,i
	 d�Mv�

2fL
1 , �8�

p�e−i
t+in� = �
e,i
	 d�

1

2
Mv�

2 fL
1 , �9�

where an exp�−i
t+ in�� dependence is explicitly assumed
for the perturbation, with the mode frequency 

 i�. The
integral is carried out over the particle velocity space �. M is
the particle mass, v� and v� are, respectively, the parallel and
perpendicular �to the equilibrium magnetic field� velocities
of particle bounce motion, and fL

1 is the perturbed distribu-
tion function defined in the Lagrangian frame, and satisfies

dfL
1

dt
= f�

0�H1

�t
− fP�

0 �H1

��
− efffL

1 , �10�

where f0�� ,�� is the equilibrium particle distribution func-
tion, which we assume to be Maxwellian for thermal ions
and electrons. � is the poloidal flux, 0����a, and �=�k

+Ze�=Mv2 /2+Ze� is the particle total energy, with Z be-
ing the charge number and � the equilibrium electrostatic
potential. The toroidal canonical momentum P� is defined as

P� = MR2�̇ − Ze� .

The last term in the RHS of Eq. �10� represents a simple
linear collision operator, with coefficient eff.

The quantity H1 denotes the perturbed Lagrangian H1

=−�kHL exp�−i
t+ in��, with

HL =
1

�k
�Mv�

2�� · �� + 	�QL� + �B · ���� , �11�

where �� = �b̂ ·��b̂ is the magnetic curvature, and 	
=Mv�

2 /2B the particle magnetic moment. Note that although
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it is possible to replace QL� in Eq. �11� by �� using QL

=�� ����B�, we keep QL� in the calculations for HL, in
order to avoid the radial derivatives of �� in the final expres-
sions for p� and p�.

The quantity HL can be symbolically written as

HL = �
u

Cu�s,�,��Xu�s,�� , �12�

where Cu are coefficients depending on the equilibrium
quantities and the particle pitch angle parameter �

B0	 /�k �B0 can be defined as the on-axis field amplitude�.
These coefficients are easily derived for a given curvilinear
coordinate system �s ,� ,��, where s labels the flux surface
and � is a generalized poloidal angle. The variables Xu de-
note the two components perpendicular to B of the solution
vector ��, and the parallel component of QL. These variables
are further decomposed in Fourier harmonics along the po-
loidal angle

Xu�s,�� = �
m

Xm
u �s�eim�.

A few lengthy, but straightforward steps, i.e.,

�1� substituting the form �12� for the particle Lagrangian
into Eq. �10�,

�2� integrating over time t, starting from t=−�, and assum-
ing an unstable perturbation Re�−i
��0,

�3� utilizing the standard technique of decomposing the in-
tegrand in time into periodic and secular parts, and

�4� Fourier decomposing the periodic part in particle bounce
orbit,

lead to the final expression for fL
1

fL
1 = − f�

0�ke
−i
t+in� �

m,l,u
Xm

u Hml
u �mle

−in�̃�t�+im��̇�t+il
bt, �13�

where �̃�t�=��t�− ��̇�t, �·� denotes the average over particle
bounce period, 
b is the bounce frequency, and l is the har-
monic number in the bounce orbit expansion. The factor Hml

u

is defined as

Hml
u =


b

2�
 Cu������eim�̃���+in�̃���−il
b�d� , �14�

with �̃���=����− ��̇��.
The factor �ml in Eq. �13� represents the mode-particle

resonance operator

�ml =
n�
*N + ��̂k − 3/2�
*T + 
E� − 


m��̇� + n��̇� + l
b − ieff − 


=
n�
*N + ��̂k − 3/2�
*T + 
E� − 


n
d + ���m + nq� + l�
b − ieff − 

= ��m+l, �15�

where 
*N and 
*T are the diamagnetic drift frequencies due

to the density and temperature gradients, respectively. 
E is
the E�B drift due to the equilibrium electrostatic potential.

d= ��̇� is the bounce-orbit-averaged toroidal precession
drift frequency of particles, including the 
E drift. �̂k=�k /T
is the particle kinetic energy normalized by the temperature.

�=1 for passing particles, and �=0 for trapped particles.
We point out that in the integration over the particle

bounce orbit in the above procedures, we have assumed that
the bounce orbit is not affected by the magnetic drift motion.
In other words, we have neglected the effect of finite radial
excursion width of particles across the magnetic surfaces.

Equation �15� shows that both particle bounce and mag-
netic precession drift resonances are included in this formu-
lation. However, these contributions depend on the plasma
rotation frequency and the particle species, as well as the
particle trapping. Normally, bounce resonance occurs domi-
nantly at relatively fast plasma rotation, 
E�
b. Some con-
tribution can also come from slow plasma rotation in the
plasma edge region, where 
b is small. Both passing and
trapped ions contribute. The electrons’ contribution to
bounce resonance damping is negligible. The precessional
resonance occurs at slow plasma rotation, 
E�
*. Both ions
and electrons contribute. The contribution of passing par-
ticles is small because the bounce frequency always prevails
over the precession frequency, except in narrow regions
around the rational surfaces. The contribution of trapped par-
ticles ��=0� comes mainly from the l=0 bounce harmonic at
slow rotation.

We also notice that the mode eigenvalue � enters into the
resonance operator �15� via 
= i�. This is another important
aspect of the self-consistency of the kinetic formulation.
However, this makes the eigenvalue problem nonlinear,
which requires an outer iterative loop for solving the even-
tual eigenvalue problem.

Knowing the perturbed distribution function fL
1, it is

straightforward to compute the perturbed kinetic pressures
by substituting Eq. �13� into Eqs. �8� and �9�. However, for
the numerical implementation, it is more convenient to cal-
culate directly the poloidal Fourier harmonic of p� and p�,
normalized by the Jacobian J of the curvilinear coordinate
mapping.

After decomposing the velocity space integration � ·d�
in Eqs. �8� and �9� into the integration over the particle en-
ergy and pitch angle �� ·d�̂kd�, and projecting the perturbed
pressures into the Fourier space, we obtain

�Jp��k =
1

��
�
e,i

�
m,l,u

Pe,i

B0
	 d�ImlHml

u Gkml
� Xm

u , �16�

�Jp��k =
1

��
�
e,i

�
m,l,u

Pe,i

B0
	 d�ImlHml

u Gkml
� Xm

u , �17�

where the energy factor I is obtained by integrating the reso-
nance operator over the particle energy

Iml = �
�
	

0

�

d�̂k�̂k
5/2e−�̂k�ml, �18�

where �=sign�v��. If we neglect the particle energy depen-
dence of eff, this integral can be performed analytically, with
the results expressed in terms of the standard plasma disper-
sion function.

The geometrical factor G in Eqs. �16� and �17� is ob-
tained after the Fourier projection, resulting in
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Gkml
� =

1

2�
	

�L

�U

JB�1 − �/hei���m+nq�+l�
bt���−in����−ik�d� , �19�

Gkml
� =

1

2�
	

�L

�U JB�/�2h�
�1 − �/h

ei���m+nq�+l�
bt���−in����−ik�d� , �20�

where h=B0 /B, and �L and �U the lower and upper reflecting
points for trapped particles, respectively. For passing par-
ticles, the integrals are taken from −� to �.

The integrands for both the G-factor �20� and the
H-factor �14� are singular at the turning points for trapped
particles. In the numerical implementation, these singulari-
ties are extracted analytically. Another singularity can occur
in the I-factor �18�, when the final integrals �16� and �17�
over pitch angle � are performed. A semi-analytic approach
is adopted where the singular part is numerically extracted
and integrated on a very dense and nonuniform �-grid.

It can be shown that the perturbed kinetic pressures de-
rived above yield the same kinetic energy as in Ref. 19:

�WK = �
e,i

1

2
	 d3x	 d��− f�

0��
l

�̂l��e−il
btH̃�t���2

=
��

2



B0
�
e,i
	 d�Pe,i	 d�̂k�

l
�
�

�̂k
5/2

�e−�̂k�̂l	 d��̂b��e−il
bt+in�̃�t�HL��2, �21�

where

H̃�t� = �kHLein�̃�t� = �kHLein�−in�q
bt,

�̂l =
n�
*N + ��̂k − 3/2�
*T + 
E� − 


n
d + ��nq + l�
b − ieff − 

,

and =1 /2 for trapped particles, =1 for passing particles.
�̂b is the bounce period normalized by a factor �M /2�k.

We summarize the self-consistent kinetic formulation by
listing the effects that have been neglected:

• the anisotropy of equilibrium pressure
• the perturbed electrostatic potential
• the radial excursion of particle trajectory
• the finite Larmor radius corrections to the particle orbit.

These effects normally are not important for the RWM.
Some of them are crucial to study the kinetic effects on other
MHD modes, such as the internal kink mode. Although the
formulation is presented for thermal particles, for which a
Maxwellian distribution function over the particle energy is
assumed. It is relatively easy to extend it to include, for
instance, fast ions contribution or anisotropic distribution
functions. Largely only the numerator of the resonance op-
erator �ml has to be rederived.

III. NUMERICAL TEST RESULTS

In this work, we are mostly interested in the RWM
damping at slow plasma rotation; hence, all the numerical
calculations have been performed with inclusion of the pre-
cession drift resonance effect only. The benchmark of the
newly developed MARS-K code is performed mostly for the
perturbative approach, where other codes based on perturba-
tive formalisms are available.

We emphasize that such tests cover the major part of the
numerical implementation associated with the self-consistent
approach, since the same subroutines are used to evaluate the
kinetic integrals, for both perturbative and nonperturbative
options in the MARS-K code. The fluid portion of the code,
which consists mainly of the underlying MARS-F

17 code, has
been previously extensively benchmarked.

In addition, a separate subroutine is designed to compute
the perturbed kinetic pressures at the Kruskal–Oberman
high-frequency limit, where only the fluidlike terms �kinetic
integrals are performed analytically in this limit� are present.
Internal tests within the same code have been performed to
make sure that the numerically implemented kinetic integrals
converge to the fluid terms at high frequency.

A. Test equilibrium

We consider the analytical Solov’ev equilibrium23 with
constant toroidal magnetic field F, and linear pressure profile
in the poloidal flux �:

P��� = −
1 + �2

�R0
3q0

�, F��� = 1, �22�

where � is the plasma elongation, q0 is the safety factor at
the plasma center.

The analytical solution of the Grad–Shafranov equation
is

� =
�

2R0
3q0

�R2Z2

�2 +
1

4
�R2 − R0

2�2 − a2R0
2� , �23�

with the plasma boundary specified by

R = R0�1 + 2�a cos ��1/2,

Z =
R0�a� sin �

�1 + 2�a cos ��1/2 ,

with �a
a /R0. Hence, the equilibrium is fully specified by
three parameters ��a ,� ,q0�.

For the numerical test, we choose a circularlike equilib-
rium with

�a = 0.2, � = 1.0, q0 = 1.2. �24�

No n=1 rational surfaces exist inside the plasma �qedge

=1.414�. The normalized pressure is �N=3.126. The mar-
ginal ideal wall position for the n=1 ideal external kink sta-
bility is 1.274a.
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B. Comparison with analytical results

Figures 1�a� and 1�b� compare the bounce-orbit-
averaged precessional drift frequency 
d computed by MARS-

K, with that from a large aspect ratio analytical calculation,24

where a prescribed magnetic field of the type B
=B0�1−�r cos �� is assumed for the particle orbit calculation


d
ana =

2cq�k�

eR0B0r
��2s + 1�

E�kt�
K�kt�

+ 2s�kt
2 − 1� −

1

2
� , �25�

where e is the particle charge, s=rq� /q the magnetic shear.
K�k�=�0

�/2d� /�1−k2sin2 �, and E�k�=�0
�/2d��1−k2sin2 �

are the complete elliptic integrals of the first and second
kind, respectively. kt=��1−�+��r� /2��r with �r=r /R0 the
inverse aspect ratio. The safety factor q is taken from the
Solov’ev equilibrium �23� with parameters �24�.

The drift frequency in the figures is normalized by the
particle energy E
�k and charge e, 
d / �Ec /e�. Shown is the
dependence on the particle pitch angle �. Figure 1�a� shows

the comparison for �r=0.02, corresponding to a minor radius
of r=0.1. Because of the smallness of the toroidal correction
in this case, the numerically computed drift frequency agrees
well with the theory. At a larger �r=0.08, corresponding to a
minor radius of r=0.4, the computed drift frequency shows a
significant shift. This is partly due to the higher order terms
in �r in the toroidal calculations, and partly due to a correc-
tion term from the finite equilibrium pressure,25 which is
taken into account consistently in the toroidal calculations,
but neglected in the analytic formula.

Figure 2 scans the kinetically modified growth rate of
the RWM as a function of the plasma rotation frequency 
E,
following the perturbative approach. Since a uniform rota-
tion induces effectively the mode frequency of the same
magnitude due to the Doppler shift, the results can also be
interpreted as a scan over the mode frequency 
. Three types
of plasmas are studied, with different ion-electron tempera-
ture ratios, corresponding to Cp=0.5, 0.8, and 0.2, where
Cp=Ti / �Ti+Te�. Note that at very high rotation frequency,
the kinetic effects do not come from the precession drift
resonances anymore, but rather act as the high frequency
term of the Kruskal–Oberman type.26 Nevertheless, a scan
over the full frequency range is useful for benchmark pur-
poses. We make a few interesting observations. �1� When the
ion and electron temperature is not equal �Cp�0.5�, preces-
sion drift resonances introduce a finite mode frequency even
in the absence of the plasma rotation. �2� For the given di-
rection of the plasma rotation �along the 
*i direction�,
higher ion temperature �Cp�0.5� generally leads to more
stabilization by the kinetic effects, than the higher electron
temperature �Cp�0.5�. �3� In fact, for Cp=0.2 for a certain
interval of rotation frequency, the drift resonances destabilize
the RWM compared with the static fluid description �denoted
by a single square�. All these features, as well as the shape of
the curves shown in Fig. 2, qualitatively agree well with an
analytical calculation in Ref. 27 �see Fig. 10 there�.
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FIG. 1. �Color online� Comparison of the processional drift frequency of
trapped particles computed by MARS-K, with analytical expressions from a
large aspect ratio approximation. Numerical results are obtained for the
circularlike Solov’ev plasma described by Eq. �23� with parameters �24� at
aspect ratio �a� r /R0=0.02 and �b� r /R0=0.08. Analytical results correspond
to the same aspect ratios, but for a circular flux surface with prescribed
magnetic fields.
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FIG. 2. �Color online� Eigenvalue of the RWM, modified by the kinetic
resonances, vs the frequency of a uniformly rotating plasma. The circular-
like Solov’ev plasma, described by Eq. �23� with parameters �24�, is used.
Various ratios of ion-electron pressures are assumed. The fluid growth rate
�single square� is also plotted for comparison. The wall position is at rw

=1.15a. An ion gyrofrequency at the plasma center 
ci=100
A is assumed.
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C. Comparison with results from MISHKA
plus HAGIS codes

Another set of codes has recently been used to study the
kinetic effects on RWM stability,28 following the perturba-
tive approach, where the eigenfunction of the ideal kink
mode is computed using the MHD stability code MISHKA,29

and the kinetic resonances ��Wk� are computed using the
HAGIS code,30 which follows the true guiding center orbit of
an assembly of particles. The latter makes the kinetic calcu-
lations �within the perturbative approach� more accurately
than codes like MARS-K.

We have compared the fluid energy computed by MARS-

K and MISHKA, and found very good agreement, as shown in
Fig. 3. Only the unstable modes ��Wf

b�0� are computed by
both codes. The potential energy for the stable modes is ex-
tracted from the unstable ones using an analytical fit.

Figures 4�a� and 4�b� compare �Wk computed by MARS-

K �perturbatively� and by MISHKA plus HAGIS, for the same
Solov’ev equilibrium. The kinetic energy, which comes from
the precession drift resonances of thermal trapped ions and
electrons of equal temperature, is normalized by the fluid
potential energy of the ideal kink mode with the wall at
infinity. Both codes scan a wide range of the plasma rotation
frequency with a uniform rotation profile, which is equiva-
lent to scanning the mode frequency. An excellent agreement
is obtained between the two codes, which also indicates that
for this plasma, the approximation made in the MARS-K for-
mulation concerning particle orbit �vanishing banana width
of trapped ions� is adequate.

Figures 5�a� and 5�b� compare the two codes in terms of
the growth rate of the RWM versus the plasma rotation fre-
quency. The growth rate is calculated using the fluid energy
shown in Fig. 3, the kinetic energy from Fig. 4 and utilizing
the RWM dispersion relation �1�. A wall position of rw

=1.15a is chosen. Comparing with the fluid growth rate �in-

dicated by the dashed line�, only a slight stabilization of the
RWM is achieved by the drift kinetic effects.

Figures 6�a� and 6�b� compare the growth rates of the
RWM versus the wall minor radius, for a chosen mode fre-
quency, 
=10−3
A. Two cases are considered; the first case
�dashed lines� includes the drift kinetic contribution from the
ions only, while the second case �dot-dashed� includes both
ions and electrons with an equal temperature. In both cases,
good agreement is obtained between the perturbative MARS-K

and HAGIS results. We also note that both codes predict a
destabilizing effect of the kinetic contribution from trapped
electrons. This also confirms the observation made in Fig. 2.

IV. RESULTS FOR A SHAPED TOROIDAL PLASMA

A toroidal plasma is specified by the Solov’ev equilib-
rium �23� with

�a = 0.33, � = 1.6, q0 = 1.9. �26�

This choice of q0 allows two rational surfaces, q=2 and 3,
inside the plasma �qedge=3.263�. Even though the instability
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FIG. 3. �Color online� Comparison of the fluid potential energy �Wf
b of the

ideal kink mode computed by the MARS-K and MISHKA codes, vs the radial
position of an ideal wall. The energy is normalized by the magnitude of the
no-wall kink energy �Wf

�. A circularlike Solov’ev equilibrium, described by
Eq. �23� with parameters �24�, is used.
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FIG. 4. �Color online� The �a� real and �b� imaginary parts of the drift
kinetic energy, computed by the MARS-K and the HAGIS codes, respectively,
vs the frequency of a uniformly rotating plasma, for a circularlike Solov’ev
equilibrium described by Eq. �23� with parameters �24�. The precessional
drift resonances from both trapped thermal ions and electrons, with equal
equilibrium temperatures, are included. An ion gyrofrequency at the plasma
center 
ci=121
A is assumed.
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is mainly current driven, the equilibrium pressure is reason-
ably high, with �N=2.847. The marginal position of an ideal
conformal wall is 1.21a for the ideal kink stability.

Figure 7 shows the computed kinetic energy following
the perturbative approach in MARS-K, together with the fluid
energy. All the energy is normalized by the full plasma iner-
tia. The thermal ion temperature is equal to that of the elec-
trons. We consider an ideal situation, where both the plasma
rotation frequency and the RWM �complex� frequency van-
ish, and a situation when the mode growth rate from the fluid
calculations is taken into account in the kinetic integrals, 

= i� f. The kinetic effects of these two approximations on the
RWM stability is opposite: the former leads to a negative
real �Wk meaning destabilization of the mode, while the lat-
ter gives a positive real �Wk meaning stabilization. In both
cases, since �Wk is much smaller than �Wf in magnitude, the
kinetic correction to the RWM instability is small.

The kinetic correction of the RWM growth rates is
shown in Fig. 8, for the two cases from Fig. 7, together with

the results from the self-consistent approach. The latter
shows a slight stabilization of the mode close to the marginal
wall position for ideal kink mode, and a slight destabilization
for the more stable RWM. The results of self-consistent com-
putations are different from the perturbative ones. We at-
tribute this difference to the modification of the eigenmode
structure in the self-consistent approach, as will be shown
later. The degree of kinetic �de-�stabilization of the RWM
varies with the plasma equilibria. It has been shown that, in
some cases, the mode can be fully stabilized by the drift
kinetic effects.19 Initial MARS-K calculations for a DIII-D31

plasma, using the perturbative approach, also find full stabi-
lization.

The destabilization effect of the drift resonances on the
RWM has been shown in analytical calculations,27 where the
downward shift of the precession drift frequency of ions, due
to a finite pressure correction term,25 is the main cause of this
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destabilization. A similar shift occurs in the toroidal compu-
tations for this equilibrium, as shown by Fig. 9.

The difference in the results between the perturbative
and nonperturbative approaches is partly explained by the
modification of the eigenmode structures due to the kinetic
effects. Figures 10�c�, 10�b�, and 10�c� compare the normal
displacement of the plasma for the ideal kink mode, which is
used to compute �Wk in the perturbative approach, with the
eigenfunction of the fluid RWM, as well as that from the
nonperturbative approach. Both the wall eddy currents out-

side the plasma and the particle resonances within the plasma
contribute to the modification of the ideal kink structure. The
kinetic effects generally have an effect of localizing the
plasma displacement at larger radii. Since the eigenstructure
of the ideal kink without a wall is rather different from the
true kinetic eigenfunction, a significant difference in predict-
ing the RWM stability can be expected between the nonper-
turbative approach and the perturbative approach using the
no-wall kink eigenfunction. A better way is to use the eigen-
function of the marginally stable ideal kink �with an ideal
wall�,19 which is normally close to that of the fluid RWM. By
using the eigenfunction of the fluid RWM as shown in Fig.
10�b�, we find that the value of �Wk is reduced by about 30%
compared with that from no-wall ideal kink eigenfunction.

Figures 11�a�–11�c� display the perpendicular compo-
nent of the perturbed kinetic pressure from two perturbative
�a, b� and one self-consistent calculation �c�. One observation
is that the kinetic integrals tend to generate a richer mode
spectrum for �p�, compared with that for the plasma dis-
placement. Specifically, the higher number poloidal harmon-
ics m=5,6 become dominant in these cases. This effect does
not appear strongly for the parallel component of the kinetic
pressure perturbation. Case �a� presents a peculiar feature of
�p�, which does not vanish towards the plasma edge, despite
the fact that the equilibrium pressure vanishes at the plasma
edge. It can be analytically shown that this is due to an exact
cancellation of the equilibrium pressure in the kinetic inte-
grals, in the absence of the plasma flow and the mode �com-
plex� frequency. This cancellation disappears as soon as a
finite plasma flow, or mode frequency, or collisionality is
present at the plasma edge. Case �b� presents the result when
the fluid growth rate is included in the kinetic integral for the
perturbative approach �see Fig. 8�. In the nonperturbative
calculations, due to the kinetic modification of the mode
eigenfunction, the perturbed kinetic pressure also tends to
shrink towards the plasma edge. At the same time, the outer
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rational surface at q=3 tries to separate the pressure pertur-
bation into two regions.

Figures 12 compare the two-dimensional plots of
Re��p�� at a given toroidal angle. The pressure perturbation
patterns are different between perturbative and nonperturba-

tive calculations. The up-down symmetry is well exhibited at
no plasma rotation.

Following the perturbative approach, Fig. 13 scans the
kinetic potential energy over the real mode frequency �or
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FIG. 11. �Color online� Poloidal Fourier harmonics of the perturbed perpen-
dicular kinetic pressure, computed from �a� perturbative approach assuming
vanishing mode frequency and growth rate in the kinetic integrals, �b� per-
turbative approach assuming vanishing mode frequency and fluid RWM
growth rate, and �c� self-consistent approach, for a Solov’ev equilibrium
�23� with parameters �26�. The wall minor radius is rw=1.1a. No plasma
rotation is assumed.
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equivalently, over the plasma rotation frequency with a uni-
form rotation profile if we assume that the plasma rotation
does not affect the ideal kink mode�. We notice that for
Cp�0.5, the destabilizing region �negative Re��Wk�� at
small mode frequency, as already shown in Fig. 7, smoothly
transits to the stabilizing region at higher mode frequency �or
plasma rotation frequency�. The peak stabilization �for
Cp�0.5� occurs at the frequency around 5–10�10−4
A,
which roughly corresponds to the diamagnetic frequency. In
a plasma with significantly unequal temperatures between
thermal ions and electrons, the imaginary part of the kinetic
energy can be large, and contributes to the stabilization of the
RWM at very small mode frequencies. This effect is shown
in Fig. 14, where we plot the growth rate of the RWM versus
the mode frequency. A complete stabilization of the mode is
achieved for both Cp=0.2 and 0.8, at the mode frequency
below 10−3
A.

FIG. 12. �Color online� Two-dimensional plot of the perturbed perpendicu-
lar kinetic pressure, computed from �a� perturbative approach assuming van-
ishing mode frequency and growth rate in the kinetic integrals, �b� pertur-
bative approach assuming vanishing mode frequency and fluid RWM
growth rate, and �c� self-consistent approach, for a Solov’ev equilibrium
�23� with parameters �26�. Shown is the real part of the pressure perturbation
on a selected toroidal plane. The wall minor radius is rw=1.1a. No plasma
rotation is assumed.
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Following the nonperturbative approach, Fig. 15 scans
the growth rate of the kinetic RWM over the plasma rotation
frequency, assuming a uniform rotation profile. For compari-
son, the growth rate of fluid RWM is also plotted, which is
subject to MHD continuum �Alfvén and sound waves� damp-
ing in these calculations. For this plasma, within the fluid
framework, a toroidal rotation frequency of up to 1%
A does
not result in a noticeable modification of the RWM growth
rate. The kinetic resonances with magnetic drifts of trapped
particles, however, do stabilize or destabilize the mode, de-
pending on the rotation frequency and the ion-electron tem-
perature ratio. The results generally resemble that of the per-
turbative approach �Fig. 14�, with the difference that the
kinetic RWM is less stabilized according to the self-
consistent approach; in particular, for a rotation frequency
range between 0 and 10−3
A and Cp=0.8 or 0.2, the pertur-
bative approach predicts complete stabilization, whilst the
self-consistent computations still yield positive growth rates.

The fact that the nonperturbative approach predicts less
stabilization of the kinetic RWM than the perturbative ap-
proach, can be attributed to the kinetic modification of the
eigenfunction, as shown before, as well as to the self-
consistent inclusion of the mode growth rate in the kinetic
integrals, resulting in a nonlinear eigenvalue problem. We go
through a qualitative analysis here showing this effect.

Following Eq. �1�, and introducing a new quantity
�̂=��

w
*, we have

�̂ = −
�W� + �Wk

�Wb + �Wk
=

1 − �Wk/�− �W��
�Wb/�− �W�� + �Wk/�− �W��

=
1 − C

�̂0
−1 + C


 F�C� , �27�

where we have denoted the normalized growth rate of fluid

RWM by �̂0, and introduced a normalized kinetic energy
C=�Wk / �−�W��. Examining the resonance condition �15�
for trapped particles �i.e., �= l=0�, and neglecting the plasma
rotation, we can assume that the factor C has the following
structure:

C��� = c�
*i − i�


di − i�
+


*e − i�


de − i�
� ,

where c is a constant, and 
*i,e and 
di,e represent “lumped”

diamagnetic and magnetic drift frequencies, respectively, for
ions and electrons. For a case of equal temperature between
ions and electrons �Cp=0.5�, we can assume 
*i=−
*e

=
* and 
di=−
de=
d. Further introducing a normalization

̂*=
*�

w
* , 
̂d=
d�

w
*, we rewrite

C��̂� = 2c

̂*
̂d + �̂2


̂d
2 + �̂2 .

Note that for c�0, 
̂*�
̂d�0, which is normally the case,
C is a positive and monotonically decreasing function of �̂.

In the perturbative approach, normally we assume �̂=0
in the kinetic integrals; i.e., C�0�=C1=2c
̂* / 
̂d. In the self-
consistent approach, we have to solve a nonlinear dispersion
relation �27� to find �̂= �̂2. However, independent of the so-
lution, we know that C��̂2�=C2�C1. Thanks to the mono-
tonic decreasing behavior of the function F�C�, we obtain
�̂2��̂1, i.e., the growth rate of self-consistent calculation is
always larger than that of the perturbative approach, under
the assumptions made in the above derivations. Finally, in-
troducing the growth rate �̂3 from the perturbative approach,
where the fluid eigenvalue �0 is used in the kinetic integral,
we obtain a relation

�̂1 � �̂2 � �̂3 � �̂0.

It should be noted that this is not an absolute proof because
changes to the eigenfunction structure between the perturba-
tive and self-consistent approaches could affect the
conclusion.

V. SUMMARY AND DISCUSSION

We have developed a toroidal kinetic model for the
RWM, where the drift kinetic terms are included self-
consistently into the ideal MHD equations with plasma flow.
This allows us to study the effects of kinetic modification of
the mode eigenfunction on the stability of the RWM, and
compare the results with the perturbative approach, where
the eigenfunction of an ideal kink mode is used to compute
the perturbed kinetic energy.

A new version of the MARS code, MARS-K, has been de-
veloped and benchmarked against both analytical results and
other numerical codes using a perturbative approach.

In the perturbative calculations, we find that the preces-
sional drift kinetic resonances can contribute to either stabi-
lization or destabilization of the RWM, depending on the
plasma equilibrium and the toroidal rotation. The destabili-
zation can occur at very small rotation/mode frequency, as a
result of the finite pressure correction to the particle preces-
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precession drift resonances of thermal trapped particles, vs the plasma rota-
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self-consistent approach is considered for various ratios of ion-electron pres-
sures. The growth rate of fluid RWM is also plotted for comparison. The
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assumed.
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sion drifts. A complete stabilization is possible even for a
current-driven RWM, due to a large imaginary part of the
kinetic energy, in a plasma with unequal equilibrium tem-
peratures between thermal ions and electrons.

The nonperturbative calculations normally predict less
stabilization than the perturbative ones. We observe a modi-
fication of the mode eigenfunction by the kinetic resonances,
which pushes the plasma displacement �and the perturbed
kinetic pressure� towards the plasma edge. This modification
can be large in some cases. Self-consistent inclusion of the
mode growth rate in the kinetic integrals can also contribute
to the destabilization effect compared with the perturbative
approach.

In a future study, we will apply the MARS-K code to
experimental plasma configurations, as well as to the ITER
steady state scenarios.
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