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The linear stability of the tearing mode (TM) in a plasma column is investigated in the presence of

viscosity and finite equilibrium current density gradients (i.e., asymmetries). It is shown that for low

b, both effects are essential in order to properly describe the mode behaviour close to marginality. In

particular, the theory introduces a critical threshold for the destabilization, such that the perturbation

grows only if D0 > D0cr . The value of D0cr depends on the equilibrium configuration and on the plasma

parameters. Most importantly, D0cr can take negative values, thus allowing unstable tearing modes for

D0< 0 (even in the absence of bootstrap current). [doi:10.1063/1.3660410]

I. INTRODUCTION

Magnetic reconnection is a pervasive phenomenon in

both natural and experimental plasmas1 through which large

amounts of magnetic energy are converted and released in

the form of kinetic and thermal energy. In magnetically con-

fined plasmas, it can lead to the appearance of structures that

can reach a macroscopic scale, the magnetic islands, and

limit the performance of the experiment or even cause dis-

ruptive events, with a sudden loss of the confinement.

In the comprehensive work by Furth et al.,2 the instabil-

ity at the origin of the magnetic island was identified as the

tearing mode (TM). In its classic formulation, this is a resis-

tive linear perturbation driven unstable by current (and also

pressure) gradients. The smallness of the island with respect

to the equilibrium scale allows a perturbative treatment of

the problem, and the stability of the mode is determined

through a matching technique. The external MHD region is

connected to the thin resistive layer through a stability

parameter, D0, a positive value of which implies instability

(a second parameter, A, is introduced in asymmetric cases3).

Unfortunately, the evaluation of this parameter is everything

but straightforward, as proved in several works.4–6

However, it was soon recognized7 that, despite its use-

fulness in understanding the instability threshold, the linear

theory breaks down for extremely small island widths (com-

pared to the scale of the confined plasma) and is, therefore,

inadequate to properly describe the dynamics of the TM in

magnetic fusion devices. To overcome this problem, an ele-

gant and fully nonlinear treatment, based on the decoupling

the magnetic and velocity fields and on the smallness of D0,
was introduced by Rutherford.7 The scalar relation derived

in Ref. 7 and representing the evolution of the magnetic

island width in its nonlinear phase is commonly known as

Rutherford equation (RE).

Throughout the years, several relevant physical effects

were included in the model in the form of extra terms in the

so-called generalized Rutherford equation (GRE). A particu-

larly important addition was the introduction of the effect of

the Bootstrap current,8,9 which provides a destabilization

mechanism directly driven by the pressure gradients. This

has strong consequences for magnetically confined plasmas,

since to avoid the presence of magnetic islands, the tailoring

of the current density profile is not sufficient and it has to be

combined with pressure control. This, in turn, implies that b
(the ratio between kinetic and magnetic pressure), which is a

measure of the plasma performance, has to be limited. This,

of course, is a cause of major concern for the next generation

tokamaks, such as ITER (Ref. 10) and DEMO, which will

need active control techniques. However, this new instabil-

ity, renamed neoclassical tearing mode (NTM), has a meta-

stable nature as it is linearly stable and is excited only in the

presence of a finite size seed island, which could be caused

by turbulence, or other instabilities such as sawteeth, ELMs

(Edge Localized Modes), or fishbones.

Recent experimental observations in DIII-D (Ref. 11)

operating in ITER like conditions cast some doubts on the

general validity of the standard NTM model. Indeed, the

appearance of an island was reported to depend on the cur-

rent density rather than on the pressure profile, implying that

the magnetic instability could be triggered by a classical

mechanism (i.e., the bootstrap current contribution might not

be essential). These results suggest that a better understand-

ing of the NTM as well as the TM theory is required. Indeed,

several aspects of the problem are not fully clarified and

some basic questions remain open.

The aim of this work is to shed some light on the specific

issue of the combined effect of the asymmetry and the viscos-

ity on the linear phase of the TM. In particular, the asymme-

try that we are describing arises from the finite gradients of

the equilibrium current density at the resonant surface, which

introduce new terms in the model equation and break the par-

ity of the solutions. These terms naturally occur in toroidal

and in cylindrical geometry, where the equilibrium current
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density has typically finite gradients everywhere but on the

magnetic axis (excluding advanced scenarios). In this paper,

we focus on the cylindrical configuration, i.e., we assume a

straight tokamak approximation in which mode coupling is

avoided. Several inviscid theoretical models have established

that these geometrical effects modify both the linear growth

rate of the mode (by changing the dispersion relation in low b
cases)3 and its nonlinear evolution (by adding extra terms in

the GRE).12–14 Here, we study how these results are affected

by a small but finite viscosity.

II. MODEL AND EQUATIONS

In our investigation, we use the reduced resistive and vis-

cous magneto-hydrodynamic model.15 Its equations are appro-

priate to describe low b¼ 4pnT/B2 plasmas with small

pressure gradients and evolve the normalized electric poten-

tial, /, which also represents the stream function of the

plasma and the normalized magnetic flux, w. These scalar

fields are related to the normalized magnetic and velocity vec-

torial fields through: B¼ ezþ!w� ez and V¼!/� ez.

Here, ez is the unity vector along the ignorable coordinate

(i.e., the axis of the cylinder in cylindrical geometry). The

magnetic field, the velocity, and the lengths are normalized

with respect to the value in the z direction, B0, the Alfven

velocity, vA ¼ B0=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pnmi

p
, and an equilibrium length scale

L, respectively. As a consequence, the magnetic flux is nor-

malized with respect to B0/L and the electric potential with

respect to vAB0L/c (c is the speed of light). Finally, we assume

that the equilibrium is axisymmetric and that the parallel ve-

locity is always negligible (i.e., the velocity is given only by

the E�B drift). The model equations, representing quasi neu-

trality (!�J¼ 0) and the parallel component of Ohm’s law

are

@r2
?/
@t
þ V � rðr2

?/Þ ¼ B � rJ þ lr4
?/; (1)

@w
@t
þ B � r/ ¼ �gðJ � JeqÞ: (2)

Here, g is the normalized resistivity (i.e., the inverse mag-

netic Reynolds number) and l is the normalized viscosity

such that l¼Pg where P is the magnetic Prandtl number.

The system is closed by Ampere’s law, which relates the

normalized parallel current density, J, to the normalized

magnetic flux

J ¼ �r2w: (3)

In cylindrical geometry, the above operators become:

V �!¼ r� 1(@r/@h� @h/@r), B � !¼�r�1(@rw@h� @hw@r)

þ @z, and r2 ¼ r�1@r r@rð Þ þ r�2@2
h , where r and h are the

radial and angular coordinates.

The equations can be linearised around an axisymmetric

equilibrium without electric drift flows: weq¼weq(r), /eq¼ 0

with a perturbation in harmonic form ~wðr; h; z; tÞ
¼
P

m;n Wm;nðrÞectþi½mh�ðn=RÞz�. Here, c, m, and n are the

growth rate and the two mode numbers while, assuming that

L is the minor radius and R is the aspect ratio of the cylindri-

cal tokamak (remember that we are working with dimension-

less variables). In the following, we drop the subscripts m
and n for the sake of simplicity. It is well known that the

resistivity is important only in a thin layer around the reso-

nant surface, rs, which is formed where F(rs)¼ 0, with

F(r): (m/r)dweq/drþ n/R. Using the Fourier representation

of the perturbations, the previous equations become

cr2
s

g
W 1þ i

x�
c

� �
þ F̂ðvÞðNþ ik

c
NÞ

� �

¼ W00 þ W0

1þ v
� m2

ð1þ vÞ2
W; (4)

c2

k2
N00 þ N0

1þ v
� m2

ð1þ vÞ2
N

" #

¼ F̂ðvÞ W00 þ W0

1þ v
� m2

ð1þ vÞ2
� m

1þ v

J0eqðvÞ
kF̂ðvÞ

" #
W

( )

þ lc
k2r2

s

r4N; (5)

where we have defined v: (r� rs)/rs, N:�ikU/c (the

plasma displacement), k: ns/R [s: r(dq/dr)/q is the mag-

netic shear and q:�r/(Rdweq/dr) is the safety factor], F̂ðvÞ
¼ Fðrs þ rsvÞ=k, and the prime represents a derivative with

respect to v. Finally, we define the operator r4N
� NIV þ 2N000= 1þ vð Þ � 1þ 2m2ð ÞN00= 1þ vð Þ2þ 1 þ 2m2ð Þ
N0= 1þ vð Þ3þ m2 � 4m4ð ÞN= 1þ vð Þ4:

The problem can be made more tractable by solving

simplified equations valid in different (but overlapping)

regions of the plasma. In particular, we define the “outer”

region as the part of the integration domain that is suffi-

ciently far from the resonant surface so that the plasma can

be considered ideal. Outside the non-ideal layer, but in prox-

imity of the resonant surface, the equation for the outer solu-

tion can be obtained by expanding Eq. (5)

W00 þ ð1� vÞW0 � k̂2 � a

2
þ 3

2
a2 þ a

v

� �
W ¼ 0; (6)

with the coefficients k̂2 � m2 þ bþ a� 2a2, a � ðJ0eq=JeqÞ
ð1� 2=sÞ, and b � ðJ00eq=JeqÞð1� 2=sÞ (evaluated at the

rational surface) determined only by the equilibrium configu-

ration of the parallel current density. Similarly, Eq. (4) reads

vN ¼ �Wþ c
gr2

s

� ��1

½W00 þ ð1� vÞW0 � m2W�; (7)

where we allow for vanishing growth rates, which implies

that the dominant balance could be given also by the second

term on the right-hand side (note that N scales inversely with

c). Note also that F̂ðvÞ ffi v for v ! 0 was used on the left-

hand side.

Equation (6) is now a single second order ordinary dif-

ferential equation (ODE), the solution of which can be
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Downloaded 07 Feb 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



obtained in terms of Froebenius series (the equation is singu-

lar at v¼ 0): W ¼
P1

k¼0 ½akvk þ bkv
k logðjvjÞ�. Substituting

this expression in Eq. (6) gives

W6 ¼ 1þ av logðjvjÞ þ ða2 � aÞ v
2

2
logðjvjÞ þ k̂2v2

2

(

þ � � �þA6D0

2
vþ ða� 1Þv2

2
þ � � �

� ��
W0: (8)

Due to the singularity, the solution consists of two independ-

ent branches to the left and to the right of the resonant surface,

which we have indicated as Wþ and W�. A solution can be

obtained assuming that both branches reach the same value

W0 from the left and from the right of the singularity. The

remaining two boundary conditions are set once the

parameters D0 and A are assigned (in order to do that, a full nu-

merical solution of the equation B � !J¼ 0 is necessary). To

avoid confusion, it is useful to remark that our D0 is normal-

ized, so that D0 ¼ rsdðlog WÞ=drjr
þ
s

r�s
. A more detailed deriva-

tion of the outer solution in the presence of asymmetric terms

(i.e., a and A different from zero) can be found in Ref. 13.

Once the magnetic flux in the outer region is obtained, it is

trivial to calculate the plasma displacement using Eq. (7).

We move now to the inner region, where the non-ideal

effects dominate the plasma dynamic. The thin layer around

the resonant surface has a width of order d, which is typically

small as it is proportional to some power of the resistivity,

depending on the regime considered. The inner region is,

therefore, better described once the perpendicular coordinate

is rescaled with respect to d, z: v/d. The relevant equations

thus become

cd2r2
s

g
½ŵþ zn� ¼ ŵ00 þ dð1� dzÞŵ0 � d2m2ŵ; (9)

cd2r2
s

g
n00 ¼ cd2r2

s

g
d2k2

c2
z ŵ00 þ dð1� dzÞŵ0 � d2
n

� m2 þ b� a2

2
þ a

2
þ a

dz

� �
ŵ

�
þ l

g
nIV ; (10)

where n¼ dN/W0, ŵ ¼ W=W0, and the prime now represents

derivatives with respect to z.

The global solution is determined once the inner and the

outer solutions are matched. In particular, the dispersion

relation is obtained through the condition

dD0 ¼ 1

W0

ð1
�1

@2W
@z2

dz; (11)

where the right-hand side is calculated with the fundamental

harmonic of the inner magnetic flux perturbation.

III. LAYER SOLUTION

In this section, we investigate how the viscosity affects

the linear dispersion relation in the presence of an asymmet-

ric equilibrium. Grasso et al.16 showed that, in symmetric

equilibria, the viscous term generates a critical threshold for

the excitation of the mode, i.e., D0 has to exceed a certain

value (typically, but not necessarily greater than zero) in

order for the tearing mode to become unstable. Similarly,

Militello et al.3 have shown3 with an inviscid calculation

that close to marginality the equilibrium asymmetries signifi-

cantly change the dispersion relation of the mode. In the fol-

lowing, we combine the two theories in order to produce a

visco-asymmetric theory of the linear tearing mode.

Our starting point are Eqs. (9) and (10), from which we

can obtain an expression for the plasma displacement as a

function of the magnetic flux only (i.e., without its derivative)

P̂nIV � Q̂n00 þ z2n ¼ Â� z 1� B̂
� 	
 �

ŵ: (12)

Here, P̂ ¼ P=R, Q̂ ¼ Q=R, Â ¼ ad=Q, B̂ ¼ d2ðb� a2=2

þa=2Þ=Q, and P¼ l/g is the Prandtl number, Q ¼ cd2r2
s =g

and R ¼ Q2d2k2=c2. Equation (12) can be simplified if

appropriate orderings are identified.

In the classic treatment,2,17 the equilibrium terms Â and

B̂ are neglected and we obtain the resistive tearing mode

when P	 Q and the visco-resistive tearing mode in the op-

posite limit. In the former case, the dominant balance is

between the second and the third term on the right-hand side

of Eq. (12), so that d
 (cg)1/4/(rsk)1/2: dg, while in the lat-

ter, the balance is between the first and third term, which

gives d 
 ðlgÞ1=6=ðr2
s kÞ1=3 � dl. In both cases, we limit our

attention to slowly growing modes for which Q	 1 (i.e.,

perturbations relatively close to marginality), so that the

(resistive or ideal) kink instabilities are excluded from our

treatment. Using the matching condition, Eq. (11), together

with Eq. (9) and the constant-w approximation,2 it is easy to

obtain that c 
 D0gr�2
s d�1. Hence, for the resistive and visco-

resistive regimes, we retrieve the standard dispersion rela-

tions: c 
 g3=5D04=5k2=5r�6=5
s � cg and c 
 g2=3P�1=6D0r�4=3

s

k1=3 � cl, respectively. Replacing the former expression in

the resistive layer width gives: dg 
 g2=5D01=5r�4=5
s k�2=5 (dl

does not depend on c).

We can now evaluate when the terms proportional to Â
and B̂ become important. In order to do that, we approximate

ŵ using Eq. (8), a technique already used in Ref. 3 and that

will be rigorously justified in the following. We thus find

that Âŵ 
 d log d=D0, while B̂ŵ 
 d=D0, implying that Â
generally dominates over B̂. From this observation, we can

expect that the asymmetric terms will significantly affect the

linear threshold, which will differ from that predicted in Ref.

16, where only the b contribution of the term B̂ was consid-

ered. We, therefore, find that the asymmetric equilibrium

terms have to be taken into account when D0 
 d log d for

both the resistive and visco-resistive regime.

A proper treatment of the tearing mode close to margin-

ality must, therefore, include the effect of the asymmetries.

At the same time, it is easily verified that for small growth

rates, the plasma is in the visco-resistive regime. Indeed,

when P&Q, which can be rewritten as c.P2=3g1=3k2=3r�2=3
s ,

the viscous effects become important. These observations

lead to the conclusion that, within our model, a realistic pre-

diction of the linear threshold can be obtained only in the

framework of the visco-asymmetric regime.
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Downloaded 07 Feb 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



In order to obtain a dispersion relation in this limit, we

employ an extended version of the constant-w approximation

introduced in Ref. 3. We, therefore, assume that the structure

of the inner solution resembles that of the outer solution (see

Eq. (8)), so that

ŵ ¼ 1þ dlzfc1 þ c3½logð1þ z2Þ þ 2 log dl�g
þ d2

lz2fc2 þ c4½logð1þ z2Þ þ 2 log dl�g þ ŵ1ðzÞ; (13)

where c1 : A/2, c2 � k̂2=2þ Aða� 1Þ=4, c3 : a/2, c4

: (a2� a)/4, and ŵðzÞ is a small correction of order O(dlD0)
which smoothly matches to the outer solution. Replacing

Eq. (13) in Eq. (12) and keeping only the lowest order contri-

butions in dl, we find

nIV þ z2n ffi �zþ a

D
þ zFðzÞ dl

D
; (14)

where

FðzÞ � b� a2

2
þ a

2
þ aA

2
þ a2 log dl þ

a2

2
logð1þ z2Þ; (15)

we have used the fact that P̂ ¼ 1 when d¼ dl, and we have

defined D � cdlr2
s =g as it scales like D0 when the equilib-

rium terms are not included in the calculation.

The solution of Eq. (14) can be written as:

n¼ n1þ n2þ n3, where

n̂IV
1 þ z2n̂1 ¼ �z; (16)

n̂IV
2 þ z2n̂2 ¼ z logð1þ z2Þ; (17)

n̂IV
3 þ z2n̂3 ¼ 1; (18)

where n̂1 � n1=½�1þ ðdl=DÞðb� a2=2þ a=2þ a2 log dlÞ�,
n̂2 � n2=½ðdl=DÞa2=2�, and n̂3 � n3=ða=DÞ. Note that n1 and

n2 are odd functions of z, while n3 is even. This observation

is important since only the odd part of the displacement

plays a role in the matching with the outer solution and,

therefore, in the definition of the dispersion relation. Indeed,

using Eq. (13), the matching is automatically obtained for

most of the terms and Eq. (11) reduces to: dD0 ¼
Ð1
�1 ŵ001dz.

This expression can be rewritten in a more convenient form

by employing Eq. (9)

D
ð1
�1
ð1þ znÞdz� dl

ð1
�1
FðzÞdzþ dlpa2 ¼ D0: (19)

If we now split n, we find that its even part, n3, does not con-

tribute to the integral, while the remaining terms give the dis-

persion relation

a1

cr2
s

g
¼ D0

dl
þ a1

Aa

2
þ a2 log dl � a2 a2 þ p

a1

þ b� a2

2
þ a

2

� �
;

(20)

where, similarly to Ref. 3, we define a1 �
Ð1
�1 ð1� zn̂1Þdz

and a2 �
Ð1
�1 ð� logð1þ z2Þ þ zn̂2Þdz:

The value of a1 and a2 could be obtained integrating

Eqs. (16) and (17). However, since no straightforward analyt-

ical solution for these equations is possible, we use other sim-

ple arguments to complete the calculation. First, we notice

that in the absence of the equilibrium terms (i.e.,

A¼ a¼ b¼ 0), the dispersion relation Eq. (20) reduces to the

standard visco-resistive solution, discussed in detail in

Ref. 17, which implies that the coefficient a1 � 2.103.17 The

last coefficient, a2 � 5.483 was obtained by fitting Eq. (20) to

numerical solution of the system 4-5 (see Sec. IV). Note that

the dispersion relation, Eq. (20), can be easily extended to

include the effect of the density gradients (see the Appendix).

Apart from the value of the coefficients a1 and a2,

Eq. (20) is identical to the dispersion relation in the resistive

regime,3 once dl is replaced with dg. The definition of the

layer width significantly affects the structure of the equation

since d depends on the growth rate c in the resistive regime,

while it does not in the visco-resistive regime. This has the

important consequence that while the equilibrium terms only

modify the growth rate of the mode (with respect to the

standard Furth et al. solution of Ref. 2) in the resistive re-

gime, they can introduce a threshold in the visco-resistive re-

gime. Indeed, it is easily seen that for the growth rate to be

positive, D0 > D0cr , where

D0cr � �dla1

Aa

2
þ a2 log dl � a2 a2 þ p

a1

þ b� a2

2
þ a

2

� �
:

(21)

Bell shaped equilibria used for modelling baseline scenario

configurations19 give a positive D0cr although, in principle, it

is not impossible to obtain negative values for this parame-

ter. In particular, for a given equilibrium (i.e., fixed a, b, and

A), D0cr is negative if

dl > exp 4:601� bþ ðAþ 1Þa=2

a2

� �
: (22)

This means that, in principle, for every equilibrium configu-

ration, it is possible to have negative D0cr , as long as the resis-

tivity or the Prandtl number are sufficiently large. It is

interesting to notice that, if a is small and b has the right

sign, the condition 22 is easily met even for small values of

the dissipative parameter. In the absence of asymmetric

terms (i.e., A¼ a¼ 0), the dispersion relation and D0cr reduce

to those obtained in Ref. 16, where the viscous threshold was

first identified.

IV. NUMERICAL RESULTS

It is useful, at this point, to introduce model equilibria,

which can represent realistic current density profiles and

allow an estimate of D0cr . We use here two standard classes

of equilibria, given by the expression

Jeq ¼
J0

ð1þ 16r2�Þ1þ1=�
; (23)

with �¼ 2 for the “rounded” profile and �¼ 4 for the

“flattened” profile.19 The coefficient J0 is used to modulate
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the total current and to change the equilibrium parameters

(i.e., D0, A, a, and b). We choose to investigate the modes

characterized by m¼ 2, n¼ 1 and m¼ 3, n¼ 2 as they are

the most commonly observed experimentally. Taking

R¼ 10, we have used a shooting code that solves for the

ideal outer solution and provides D0 and A as an output (the

other equilibrium parameters can be obtained analytically in

a straightforward way). Assuming g¼ 10�7 and varying the

Prandtl number, we have estimated D0cr using Eq. (21) and

the results are shown in Fig. 1. For both the “rounded” and

“flattened” profiles, the (3,2) modes have a higher D0cr than

the (2,1) modes. If only the symmetric term is used to deter-

mine D0cr, as in Ref. 16, the threshold value is underestimated

by an order of magnitude (for comparison, we plot it in

Fig. 1 for m¼ 3, n¼ 2, and the rounded profile).

Finally, we compare the prediction of the analytic dis-

persion relation with numerical solutions of the linear equa-

tions obtained with an eigenvalue code. The resolution of the

simulations (1051 radial points) is such that the singular

layer is well resolved as confirmed by a convergence study.

The numerical solutions allowed us to identify the constant

a2 by tuning it in such a way to minimize the error between

the predictions of the dispersion relation, Eq. (21), and the

numerical data. Obviously, this minimization process was

done considering only the data that fall within the limit of

validity of the theory. In order to ensure a precise evaluation

of a2, we have generated numerical solutions in disparate

equilibrium and plasma conditions [e.g., all the equilibrium

parameters vary greatly between “rounded” and “flattened”

profiles and between (2,1) and (3,2) modes].

In particular, we have studied the (2,1) mode for

g¼ 5� 10�8 and g¼ 10�7 in both “rounded,” Fig. 2, and

“flattened” equilibria, Fig. 3. In both cases, the agreement

between the theory and the numerical data is excellent. It

should be noted that the only small disagreement is observed

when P is small and, at the same time, D0 is large (compare

the circle markers, for which P¼ 0.001, in the upper-right

part of Figs. 2–4). This, however, is easily explained in the

framework of the theory we developed, since for those points

P.Q (or alternatively, D0&P=dl), which implies that the

inertial contribution in Eq. (12), which we neglect, should be

taken into account.

Figure 4 shows a similar very good agreement between

theory and numerics for the (3,2) perturbation. For this

mode, D0cr is pushed to relatively large values, in particular

in the “rounded” model. This could explain why the predic-

tions do not exactly match the simulations for the points in

the lower right part of the upper frame in Fig. 4. In these

cases, the Prandtl number is approaching unity (P¼ 0.05 for

the triangles, P¼ 0.1 for the stars, and P¼ 0.5 for the

inverted triangles), which implies a larger dl. As a conse-

quence, the ŵ1 contribution, which scales like D0dl, might

FIG. 1. (Color online) D0cr for different modes and equilibria as a function

of the Prandtl number, assuming g¼ 10�7. D0cr calculated in Ref. 16 is

shown for comparison.

FIG. 2. (Color online) Growth rate of the (2,1) tearing mode as a function of

D0 for different values of the resistivity. A “rounded” equilibrium current

density profile is assumed (Eq. (23)). The markers represent the numerical

solutions for P¼ 0.001 (circles), P¼ 0.005 (squares), P¼ 0.01 (diamonds),

P¼ 0.05 (triangles), P¼ 0.1 (stars), and P¼ 0.5 (inverted triangles). The

dashed lines represent the theoretical predictions for each Prandtl number

obtained with Eq. (20).

FIG. 3. (Color online) Same as Fig. 2 with “flattened” equilibrium current

density.
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become comparable to the other terms in Eq. (13). The break

up of the extended constant-w approximation in this regime

would then invalidate our treatment. Overall, once applied

within its limit of validity the theory generates predictions

that match the numerical data with very good precision.

V. SUMMARY AND CONCLUSIONS

We have developed a theory for the visco-resistive tear-

ing mode in the presence of asymmetric equilibria. This

regime is crucial in the definition of the linear stability of the

mode as it becomes dominant close to marginality if b is

low. Similarly to the symmetric case (which is a limiting

case of our theory), the viscosity introduces a finite threshold

for D0, above which the perturbation becomes unstable. We

have shown that the asymmetry in the equilibrium current

density profile can enhance this effect and push the threshold

to much higher (absolute) values. In addition, particular

asymmetric equilibria can allow for negative thresholds,

which implies that the tearing mode can naturally become

unstable for D0< 0. In the Appendix, the theory was

extended to include the effect of finite density gradients.

The major limitation of our model is the assumption of a

collisional plasma. At high temperature, relevant for modern

fusion experiments, the plasma enters the semi-collisional re-

gime and our model no longer applies. This occurs when the

layer width becomes of the order of (x*g)1/2/q, where q is the

ion sound Larmor radius or the ion Larmor radius depending

on whether the ions are cold or not. In the semi-collisional

regime, other threshold mechanisms were identified by several

authors. These fall into two major categories: (1) the damping

of the mode is associated with the coupling with the parallel

ion acoustic waves20,21 or (2) the electron temperature gra-

dients coupled with the parallel thermal conduction stabilizes

the mode.22,23 The value of D0cr associated to these physical

effects scales like b(Ls/Ln)1/2/q for (1) and like g2
eb Ls=Lnð Þ2=q

for (2). Here, Ls is the magnetic shear length, Ln is the equilib-

rium density scale length, and ge : (d log neq/dx)/(d log Te,eq/

dx). In both these cases, D0cr is much larger than the one

obtained with the visco-asymmetric theory presented here.

Finally, it is worth noticing that in toroidal configurations,

another stabilizing threshold appears24,25 which is however

smaller than (1) and (2).

As a consequence, the threshold mechanism described

here is dominant only for low temperature plasmas, i.e., for

sufficiently small magnetic Reynolds number. These plasma

conditions can occur in magnetic reconnection experiments

such as MRX (Magnetic Reconnection eXperiment) (Ref. 26)

or in numerical simulations, where the resistivity is artificially

increased in order to reduce the computational time.
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APPENDIX A: EFFECT OF FINITE DENSITY
GRADIENTS

The visco-asymmetric dispersion relation can be straight-

forwardly extended to include finite density gradients. This

can be achieved by replacing g with g/(1þ ix*/c) in Eq. (20)

(see Ref. 18 for a similar calculation with the standard con-

stant-w approximation). Here, x*¼ (m/rs)cTL/(vAeBLn) is the

normalized electron diamagnetic frequency (c is the speed of

light, e is the electron charge, and Ln is the equilibrium density

scale length). It can easily be seen that for finite x*, the mode

acquires an imaginary frequency (i.e., it rotates in the drift

plane). As the plasma temperature increases, the growth rate

falls below the drift frequency, < cð Þ < x�, and the instability

becomes a drift-tearing mode.27 In this case, the viscous re-

gime described in our work is relevant only if x� 	 P2=3

g1=3k2=3r�2=3
s . With finite density gradients, Eq. (20) thus

becomes

a1

cr2
s

g
1þ i

x�
c

� �
¼ D0

dl
1þ i

x�
c

� �1=6

þ a1

Aa

2
þ a2 log

dl

1þ i x�
c

� 1=6
� a2 a2þ p

a1

þ b� a2

2
þ a

2

2
64

3
75:

(A1)

The validity of Eq. (A1) is further restricted by the condition

that the broadening of the layer width is limited:

dl;� � dl 1þ i x�
c

� �1=6
����

����	 1 (otherwise, the asymptotic

matching would not be possible). The solution is, therefore,

FIG. 4. (Color online) Growth rate of the (3,2) tearing mode as a function of

D0 for different equilibrium current density models. In both cases, the resis-

tivity is g¼ 10�7. The meaning of the symbols is the same as in Fig. 2.
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breaking up close to marginality, when the growth rate,

< cð Þ, vanishes and the mode rotates at the diamagnetic fre-

quency: = cð Þ � �x�. As a consequence, in this regime, we

cannot provide a simple expression for the critical D0, the

evaluation of which is left for future work.
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