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Kinetic effects of trapped energetic particles (EPs) on stability of the external kink mode with a
resistive wall are investigated in detail, on the basis of the theory model developed in a previous
paper [G. Z. Hao, A. K. Wang, Y. Q. Liu, and X. M. Qiu, Phys. Rev. Lett. 107, 015001 (2011)].
The results indicate that, when the perpendicular beta b of the trapped EPs exceeds a critical value
bc , a bursting fishbone-like mode (FLM) instability, with external kink eigenstructure ,can be
triggered, which rapidly grows with increasing b ð> bc Þ, and eventually becomes a dominant
instability. Detailed physical analyses are carried out, comparing radial profiles of the EPs kinetic
energy for both the FLM and the conventional resistive wall mode (RWM). On the other hand, a
mode conversion between the FLM and RWM can directly occur. This work also presents a
systematic investigation of effects of various physical parameters on the FLM instability. An
interesting new finding is the existence of multiple critical points in b , for the FLM triggering.
The number of critical points depends sensitively on the trapped EPs pitch angle. In addition, it is
found that there can be a critical value of the pitch angle, beyond which the critical bc ,
for triggering the FLM, jumps from a large value to a small one. The FLM instability, with the
C 2012 American Institute of
m=n ¼ 3=1 mode structure, can also be triggered by the trapped EPs. V
Physics. [http://dx.doi.org/10.1063/1.3692185]
I. INTRODUCTION

Future advanced tokamak devices (such as ITER) need to
operate in high-b regions, where b is the ratio of the plasma
pressure to the magnetic pressure. However, the achievable
bN (normalized b) is often limited by global magnetohydrodynamic (MHD) instabilities, such as the external kink
mode, which can be stabilized by an ideal conducting wall
placed close enough to the plasma surface. In practice, the
wall has finite resistivity, and hence converting the fastgrowing ideal kink mode into a slowly growing mode, the socalled resistive wall mode (RWM). The RWM is unstable
nowall
< bN < bideal
and bideal
denote
when bnowall
N
N , where bN
N
the beta limits without and with an ideal wall, respectively.
The stabilization of the RWM is an essential issue for the
tokamak configuration aiming at long-duration steady discharges over the no-wall beta limit. Theory models have
shown that when the plasma toroidal rotation speed exceeds a
critical value, the RWM can be completely suppressed by the
continuum damping from the resonance interaction between
the mode and stable waves inside the plasma, such as the
Alfven wave and the sound wave.1–10 In addition, the plasma
resistivity and viscosity may also lead to the mode stabilization.11,12 In order to explain the experimental observations of
a very low critical toroidal rotation speed for the RWM suppression,13,14 the drift kinetic models have been proposed for
the RWM instability, which show that the resonance interaction between the mode and particle motions can contribute a
significant suppression to the RWM.15–19 In a slowly rotating
plasma, the dissipation from the mode resonance with the
a)
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precession drift of the trapped particles provides a dominant
stabilization effect. In the fast rotation regime, the kinetic
interaction between the mode and the bounce motion of
trapped particles, or the transit motion of passing particles,
becomes significant.20 Recent observations in DIII-D tokamak have shown that the resonant interaction between the
RWM and the thermal particles may be responsible for the
improved plasma stability at very low plasma rotation.21
The kinetic effect of energetic particles (EPs) on the
RWM instability has also been studied in both experiment
and theory. It has been shown that trapped EPs can stabilize
the RWM and can also trigger a new bursting fishbone-like
instability (FLM) at the same time.15,22–27 It should be mentioned that various names for the bursting mode have been
proposed in literatures, such as “EWM” in JT-60U (Ref. 27)
and “off-axis fishbone” in DIII-D,25 respectively. Here, this
three letter acronym FLM is introduced mainly for a convenient description of the mode’s nature, not for labeling a
“new” mode. Kinetic effects of trapped EPs on external kink
modes, in the presence of a resistive wall, have not been
fully investigated so far.28 In the present paper, on the basis
of a theory model developed in our previous paper,15 we
offer a more detailed understanding of the interaction
between trapped EPs and the RWM and FLM instabilities.
The remainder of the paper is organized as follows. Section II describes the kinetic model for the RWM and FLM,
where the kinetic effect from trapped EPs is taken into
account. In Sec. III, a physical analysis and a parametric
investigation of the trapped EPs effects are carried out for
the m/n¼2/1 modes. Section IV presents calculations for the
m=n ¼ 3=1 modes. Summary and discussions are given in
Sec. V.

19, 032507-1
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II. KINETIC MODEL FOR THE RWM AND FLM

DðxÞ  ixsw þ

The linearized MHD equations, including the perturbed

dWP þ dWV1
¼ 0;
dWP þ dWVb

(10)

$

kinetic pressure tensor (dP h ) due to energetic particles (EPs),
are written as
$

x2 qn ¼ ðJ0  dB1 þ dJ  B0 Þ  rdP  r  dP h ;
dB ¼ r  ðn  B0 Þ;
dJ ¼

1
r  dB;
l0

dP ¼ n  rP0  CP0 r  n;

(1)
(2)
(3)
(4)

DðxÞ  ixsw þ

$

dP h ¼ n?  r½P?;h I þ ðPk;h  P?;h Þbb þ dP?;h I
þðdPk;h  dP?;h Þbb;

netic field) components of the EPs pressure, while dP?;h ¼
Ð
Ð
v2
mh 2? dFh d 3 v and dP==;h ¼ mh v2k dFh d 3 v denote the perpendicular and parallel components of the EPs perturbed
pressure, respectively.29–31 mh is the mass of EPs, vk and v?
are the parallel and perpendicular velocities of the trapped
EPs, respectively. Fh and dFh are the equilibrium and perturbation of the distribution function of EPs, respectively.
The calculation of dFh is carried out following the procedures as that given in Refs. 29–31.
The total perturbed potential energy, including all of the
contributions from the core plasma ðdWP Þ, the EPs ðdWK0 Þ
and the perturbed magnetic field in the vacuum region
ðdWV Þ, can be written as

ð
1 
½n  ðr  dPh Þd 3 r;
2
ð
jdBj2 3
d r;
dWV ¼
2l0

dWK0 ¼

dWf1 þ dWK0
dWfb þ dWK0

¼ 0;

(11)

(5)

where x ¼ xr þ ic, q, l0 , and C are the mode eigenvalue,
the plasma density, the permeability of free space, and the
radio of specific heats, respectively. The variables n, dJ,
dB, and dP denote the displacement, the perturbed current,
the perturbed magnetic field, and the perturbed pressure of
the core plasma (thermal species), respectively. The equilibrium current, field, and pressure are labeled by J0 , B0 ,
and P0 , respectively. Moreover, I is the unit tensor and
b ¼ B=B. n? is the perpendicular component of the plasma
Ð
Ð
v2
displacement. P?;h ¼ mh 2? Fh d 3 v and Pk;h ¼ mh v2k Fh d3 v
are the perpendicular and parallel (to the equilibrium mag-

dW ¼ dWP þ dWK0 þ dWV ;
ð"
1 jdBj2
dWP ¼
 J0  ðdB  nÞ þ CP0 ðr  nÞ
l0
2

þðn  rP0 Þr  n d 3 r;

where dWV1 and dWVb represent the energies due to the perturbed magnetic field in vacuum region (between the plasma
surface and the wall position) with an ideal wall placed at infinity and b, respectively. When the effect of the EPs is taken
into account, the perturbed potential energy of the core
plasma in Eq.(10) (i.e., dWP ) is replaced by dWP þ dWK0 .19
Thus, the RWM dispersion relation, including the kinetic
effect of EPs, is obtained as3,15,17,18,22

(6)

(7)
(8)
(9)

Ð
where …d 3 r denotes the integration over the volume space.
It is well known that the stability of the RWM is determined
by the following dispersion relation in the absence of the
kinetic efffect32

where sw characterizes the typical wall eddy current decay
time of a resistive wall. For a circular cylinder
sw ¼ l0 rbdð1  a2m =b2m Þ=ð2mÞ, with a, b, d, r, and m being
the plasma minor radius, the wall minor radius, the wall
thickness, the wall conductivity, and the poloidal mode
number, respectively. dWf1  dWP þ dWV1 and dWfb 
dWP þ dWVb represent the perturbed fluid potential energies
without and with an ideal wall, respectively. dWK0 denotes
the perturbed drift kinetic potential energy due to trapped
EPs, which consists of a kinetic component dWk and a fluid
component dWMHD;h . The formula for dWk and dWMHD;h can
be found in Ref. 15. Here, dWk is generally a complex number, while dWMHD;h is a real number. In addition, we neglect
the inertial term in our dispersion relation, compared to
Eq. (1) of Ref. 17. This is because the inertial term is normally negligible for the RWM stability (the mode complex
frequency is very small), unless the mode is close to the
ideal-wall marginal point.
The mode-particle resonance operator entering into
dWK0 is30
R¼

1
;
xd  x

(12)

where xd ¼ K2 Eq=ðKb rxc RÞ is the bounce-averaged precession frequency of the trapped EPs. Here, the value of xd
depends on both the energy and the radial location of the EPs.
xc and E are cyclotron frequency and the energy of trapped
and Kb are defined as
EPs.
q is the safety factor. p
K2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2=ðaB0 Þð2E  KÞ=p and 2 2=ðaB0 ÞK=p, respectively.
Here, we have introduced K and E to denote the complete elliptic integrals of the first and second kinds, respectively, with the
argument kt ¼ ð1=a B0 ¼ 0:99 þ   1Þ=ð2Þ, with a B0 ¼
0:99 and  ¼ r=R being the pitch angle of trapped EPs and the
ratio of the plasma radial variable to the major radius, respectively. The constraint 0  kt  1 for the argument of elliptic
integrals yields r^ > r^min ½¼ jð1  1=a B0 ¼ 0:99ÞjR=a. This
also implies that, with the single pitch angle model for the EPs
distribution, a B0 ¼ 0:99 is a special point, in the sense that r^min
reaches zero only at this special pitch angle. Equation (12)
implies that the integration of R over the velocity space and the
volume space will result in the imaginary part ½i:e:; ImðdWK0 Þ
of dWK0 when xd  x ¼ 0, due to the Landau resonance.
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The real and imaginary parts of Eq. (11) are, respectively, written as
csw ¼

ðdWfb  dWf1 Þ½dWfb þ ReðdWK0 Þ
f½dWfb þ ReðdWK0 Þ2 þ ImðdWK0 Þ2 g

 1;

(13)

:

(14)

and
xr sw ¼

ðdWfb  dWf1 ÞImðdWK0 Þ
f½dWfb þ ReðdWK0 Þ2 þ ImðdWK0 Þ2 g

Without the EPs contribution, Eq. (13) recovers the form
given in Ref. 32. Equation (13) implies that the imaginary
part of the EPs kinetic contribution [i.e., ImðdWK0 Þ], which
comes from the resonance interaction between the mode
rotation with the precession motion of the trapped EPs,
always provides stable effects on the instability. However,
the real part ReðdWK0 Þ, induced by the non-resonant effect
of the EPs, can provide either stabilization or destabilization
effects which is determined by the balance of the perturbed
energies in Eq. (13). Furthermore, when jImðdWK0 Þj
jdWfb þ ReðdWK0 Þj, the effect of ReðdWK0 Þ on c becomes
significant. Figure 1 plots the stability contour in the
ImðdWK0 Þ versus ReðdWK0 Þ plane according to Eq. (13).33
Inside the shaped region, the RWM is unstable (csw > 0).
Otherwise, the RWM is stable. The curves labeled by different values of csw denote the contours of constant normalized
growth rate. In regions I and II, increasing jImðdWK0 Þj
always results in a decrease of csw . As ImðdWK0 Þ approaches
zero, the growth rate csw significantly depends on ReðdWK0 Þ.
Moreover, the inertia-less model, Eq. (11), also gives a singular point denoted by the circle in the figure, at which
ReðdWK0 Þ ¼ dWfb and ImðdWK0 Þ¼ 0. Near this singular
point, even a very small change of either ImðdWK0 Þ or
ReðdWK0 Þ can lead to a significant change of csw . This singularity is removed by adding the inertia term (to the RWM
dispersion relation (11)), which will become important near
the ideal wall marginal point. In regions III and IV, where
ReðdWK0 Þ < dWfb , the mode is fully stabilized independent
of the value of ImðdWK0 Þ. Finally, we mention that the effect
of the plasma viscosity, or the resonance of the mode with

stable waves in plasmas, can give a similar contribution to
the RWM kinetic dispersion relation, as the role of dWK0 .3
For the classical fishbone instability with internal kink
mode structure, the instability growth rate is mainly determined by the plasma fluid perturbed potential energy and the
real part of the EPs contribution ReðdWK0 Þ, which is not
directly related to the imaginary part of the EPs drift kinetic
energy, as described in Ref. 30. However, in our theory
model, Eq. (13) indicates that the growth rate of the mode
depends on the plasma fluid perturbed potential energy and
on both the real and imaginary parts of dWK0 . In addition,
Eq. (14) shows that the real frequency of the mode is induced
by ImðdWK0 Þ, and its magnitude depends on both ImðdWK0 Þ
and ReðdWK0 Þ, as well as on the perturbed fluid potential
energy of the core plasma. However, the real frequency of a
classical fishbone mode is determined only by the value of
ImðdWK0 Þ. The above discussions indicate one of the main
differences between the dispersion relation used for the FLM
and the classical fishbone dispersion relation presented in
Ref. 30. Another difference is in the mode eigenfunction,
used in the calculation of the perturbed energies.
For simplicity, the external kink mode eigenfunction for
a cylindrical equilibrium17 is used to calculate the perturbed
energies. The perpendicular component of mode displacer m1 ðer þ ieh Þeiðmhn/Þ =F0 with n
ment is taken as n? ¼ am^
being the toroidal mode number, F0 ¼ ðm  nqÞa=ðRqÞ and
r^ ¼ r=a. Here, we consider the case of m ¼ 2 and n ¼ 1.
Based on the above assumptions, we obtain the formula of
the EPs kinetic contribution to the RWM dispersion relation
dWK0

ða

¼ 2pcb
r^2ðm1Þ rdrdadEE5=2
rmin
9
8


ðx  x0 ÞK22
@
f
>
>
>
>
>
>
=
<
1=2
ðxd þ x0  xÞKb @E E
;





2
2
>
>
x

x
K
K
ðq

1Þ
@
f
0
>
>
2
2
>
>

;
:
xd ðxd þ x0  xÞ rxc Kb Kb rxd xc @r E1=2
(15)
where cb ¼ pNp l0 mh =ðRB0 a2 Þ and the energy is normalized
to pB2 a4 m2 =2Rl0 F20 . We have used x0 to denote the plasma

FIG. 1. (Color online) Contour plots of the stability in the plane of ImðdWK0 Þ versus
ReðdWK0 Þ, where we choose dWf1 ¼ 0:76 and
dWfb ¼ 0:22 based on the parameters given at the
beginning of Sec. III.
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rotation frequency (the Doppler shift frequency), which is
actually the toroidal component of the pEﬃﬃﬃ B flow with E
being the total electric field. f ¼ 25=2 R EF=Np is the normalized form of the EPs distribution function, with Np being
the total number of the EPs and F being the EPs distribution
function. For the case of the neutral beam heating, the normalized form of a slowing-down distribution function is
assumed f ¼ n0 E1 dðaB0  a0 B0 Þ, where n0 ¼ 25=2 Rnt =Np ,
with nt being a constant denoting the flat radial density of
EPs. It is worthy to point out that the EPs kinetic energy
dWK0 , as well as all the resonance analysis presented later on
in this paper, is carried out using the self-consistently calculated mode eigenvalue.
Following a straightforward derivation, the kinetic integral can be obtained as
ð1
WðrÞd^
r þ M;
(16)
dWK0 ¼
r^min



8p
a0 B0 2 2m2
1
Ra
Xpf r^2ðm1Þ r^1=2
WðrÞ ¼ bh
2
Aa
"
#
A^  B^
B^
;

lnð1  Xd;e =Xpf Þ 
Xd;e
Xpf  Xd;e

(17)

Ð1
r,
Xd:e  xd;e =xds ¼ Em K2 q=
where
A ¼ r^min r^1=2 Kd^
Xpf  xpf =xds ¼ icsw =ðsw xds Þ þ Xr  X0 ,
ðxds Kb rxc RÞ
with xpf ð xr þ ic  x0 Þ being the mode complex frequency in the plasma frame. We have introduced csw , Xr ¼
xr =xds and X0 ¼ x0 =xds to denote the normalized mode
growth rate, the mode real frequency, and the plasma rotation frequency, respectively. We have used xds ¼
K2 ðaÞEm q=½Kb ðaÞaxc R to label the bounce-average precession drift frequency of the trapped EPs at the plasma edge
with mh Em ð Eb Þ being the birth energy of the beam-driven
EPs. The expressions of M and the coefficients A^ and B^ are
the same as those given in Ref. 15. Due to the fact that the
value of M is much smaller than the first term in the right
hand side of Eq. (16), the M term is neglected in further calculations. The choice of different normalizations for the
mode growth rate and the mode real frequency is motivated
by the convenience of physical interpretation of the results.
Whilst the wall time sw is the convenient choice for measuring the RWM instability, the normalization of Xr and X0 ,
by the EPs precession frequency (at birth energy), better
reflects the resonant conditions in our context. In addition,
the normalized forms of the fluid potential energies dWf1
and dWfb are the same as those given in Ref. 15.
In the case of q ¼ 1 and m ¼ 1, the coefficients A^ and B^
recover those given in Ref. 34. Figure 2 shows the coeffi^ B,
^ and A^  B^ as functions of the normalized minor
cients A,
radius r^. When r^ approaches unity, A^ and B^ rapidly approach
constants. Furthermore, at relatively large r^, the value of
^ implying that the A^  B^
A^  B^ is much larger than that of B,
(together with other multipliers) term provides the dominant
contribution to WðrÞ in this situation.
We point out that our drift kinetic energy (dWK0 ) calculations implicitly assume the toroidicity condition (the large
aspect ratio expansion), which gives us trapped particles.

^ B,
^ and A^  B^ as functions of the normalized raFIG. 2. The coefficients A,
dial variable, for the EPs pitch angle parameter a0 B0 ¼ 0:99.

However, the fluid potential energy (dWf1 and dWfb ) calculations are based on a cylindrical geometry. Hence, strictly
speaking, our calculation for the RWM instability using
Eq. (11) is consistent only at an infinite aspect ratio limit.
Nevertheless, the main goal of this work is to provide a qualitative estimate of the linear interaction between trapped EPs
and external kink modes. The precise computations, including realistic tokamak effects, such as the plasma toroidicity,
the plasma shaping, and the magnetic shear, can only be carried out using numerical codes such as MARS-K, which
includes also the kinetic effects of EPs.24 Adding toroidal
(and plasma shaping) effect will certainly change the value
of the fluid energy. Instead of resorting to analytic formulas
for the fluid potential energy in a toroidal plasma, we
numerically performed a sensitivity study of our results on
the values of the fluid potential energy and found that the toroidal modification on the fluid energy did not change our
qualitative conclusions – it only changed the threshold value
bc and the corresponding initial real frequency of the mode.
The effect of the plasma shaping is more difficult to analyze
without numerical tools, and it is not considered in the present work. We point out, though, that the plasma shaping
effects (elongation and triangularity) can reduce the trapped
EPs precession drift frequency, and hence significantly
decrease the EPs b threshold for the “standard” fishbone
mode.35

III. EFFECTS OF EPS ON THE m/n52/1 MODES

We solve numerically the dispersion relation (11),
choosing the following parameters m ¼ 2, n ¼ 1, a ¼ 1 m,
R ¼ 3 m, B0 ¼ 2:3 T, the EPs birth energy Eb ¼ 85 KeV,
q ¼ 1:42, b ¼ 0:055, b ¼ 1:2a, r ¼ 106 X1 m1 , d ¼ 0:01a,
and the density n0 ¼ 1020 m3 . These operating conditions
are chosen, mainly to have a fluid unstable RWM regime in
the absence of kinetic effects. In particular, the choice of the
harmonic numbers and the q value yields an unstable fluid
RWM with dWf1 ¼ 0:76 < 0 and dWfb ¼ 0:22 > 0. Here,
we also assume a flat q-profile to simplify calculations. We
point out that the flat q-profile is consistent with our choice
of the expression for the magnetic precession frequency,
which neglects the terms associated with the magnetic shear.
The choice of the wall parameters gives a typical RWM
growth rate. The other parameters correspond to a
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FIG. 3. The growth rate of the RWM (solid curve) and the FLM (dashed
curve) as functions of the trapped EPs beta b  bh =b (the fraction of EPs
beta to the total plasma beta) for the EPs pitch angle a0 B0 ¼ 0:99 and the
plasma rotation frequency X0 ¼ 0:63.

conventional tokamak plasma, with the neutral-beam-injection induced energetic particles.
A. Stability and physics analysis for a typical case

Figure 3 plots the normalized mode growth rate versus
the normalized EPs beta b  bh =b (the fraction of EPs beta
to the total plasma beta). When b is less than a critical value
bc ¼ 0:165, only one branch of instability (the unstable
RWM with the damping effect of the trapped EPs) exists.
However, when b > bc , there are two unstable branches:
one branch (solid curve) is completely suppressed when
b > 0:25, with the corresponding real mode frequency (in
the wall frame) about 0.156. This is the conventional RWM
branch. Stabilization of this branch is achieved solely by the
mode resonance with EPs in our model, not by other damping mechanisms such as the mode resonance with thermal
particles, or with the Alfven or sound wave continua. The
other branch (dashed curve) is a bursting mode (i.e., FLM),
with initial real frequency (in the wall frame) Xr;c ¼ 1:23
(see Fig. 4). The mode growth rate csw is roughly a linear
function of b ð> bc Þ. Since all energies in Eq. (11) are calculated based on the external kink mode eigenfunction, the
FLM possesses a global eigenstructure. At b ¼ 0:2, the
FLM’s real frequency in the wall frame is xr ¼ 1:7 
104 rad=s1 or fr ¼ 2:7 kHz, as shown by Fig. 4, and the corresponding mode growth rate is c ¼ 2:5  103 s1 . These
values are qualitatively comparable with the experimental
results of frexp 3:0 kHz and cexp 1:0  103 s1 .27 The initial real frequency of the FLM instability in the plasma frame
is Xpf ;c ¼ Xr;c  X0 ¼ 1:86, where the plasma rotation fre-

FIG. 4. The real frequency of the RWM (solid curve) and the FLM (dashed
curve) versus the trapped EPs beta b for the parameters a0 B0 ¼ 0:99, and
X0 ¼ 0:63. The critical point for FLM is labeled by (bc ; Xr;c ). Here, Xr;c
denotes the FLM initial real frequency in the wall frame.

Phys. Plasmas 19, 032507 (2012)

quency is chosen as X0 ¼ 0:63. Here, the negative sign of
X0 implies that the direction of the plasma rotation is opposite to that of the precession motion of trapped EPs. In this
stability analysis, the EPs loss induced by MHD activities is
not considered. The FLM’s growth rate hence always
increases and can approach very large values with increasing
the EPs beta. In reality, the long time nonlinear interaction
between EPs and the mode will result in the saturation and
periodic changes of the FLM growth rate, as observed in
experiments.23,25
Shown in Fig. 4 are the frequencies of the FLM and
RWM as functions of b . For the RWM, the real frequency
initially increases with b , reaching a maximum value of
0.23 at b ¼ 0:14, followed by a reduction as increasing b .
This is a typical characteristic of RWM: the mode possesses
small real frequencies with respect to the wall. For the FLM,
the real frequency of the mode increases with increasing b .
Given in Fig. 5 are the imaginary and real parts of
dWK0 , as function of b , for both the FLM and the RWM.
The dWK0 is calculated using the self-consistently calculated
mode eigenvalue while neglecting the small term M in Eq.
(16). A discussion about the relation between dWK0 and the
eigenvalue of the RWM has been presented in Ref. 22. As
for the FLM, it is shown that ImðdWK0 Þ decreases with
increasing b . It is well-known that the mode growth rate
increases with decreasing ImðdWK0 Þ while fixing ReðdWK0 Þ.
In our case, ReðdWK0 Þ hardly changes while varying b , and
its magnitude is comparable to the value of dWfb . Hence, as
expected, the growth rate of the FLM increases with increasing b , as shown by the dashed curve in Fig. 3. In addition,
Fig. 5 reveals that the amplitude of ReðdWK0 Þ in the FLM
case is larger than that in RWM case at the same value of b .
At the critical point for triggering FLM, both of ½dWfb þ
ReðdWK0 Þ and ImðdWK0 Þ are very small and in the same
order of 102 . The location of the marginal point for triggering FLM in the stability diagram (Fig. 1) is indeed near the
singular point. In this situation, both the real and imaginary
parts of dWK0 can significantly affect the complex frequency
of the FLM.
In order to gain insight into the behavior of the FLM
instability, the radial profiles of the imaginary part Im½WðrÞ
and the real part Re½WðrÞ of the drift kinetic energy, for various values of b , are presented in Fig. 6. It shows that when
the value of b (¼0.166) approaches to the critical value

FIG. 5. The (a) imaginary and (b) real parts of dWK0 as functions of b for
the RWM (solid curves) and for the FLM (dashed curves). The other parameters are given as a0 B0 ¼ 0:99 and X0 ¼ 0:63.
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bc ð¼ 0:165Þ for triggering FLM, the value of Im½WðrÞ sharply
reduces at the position r^ ¼ 0:5 and almost vanishes for large
r^ð> 0:5Þ. Since at the special position r^ ¼ 0:5, the value of
coefficient A^  B^ is significantly larger than that of B^ as shown
in Fig. 2; the term associated with the resonance condition
lnð1  Xd;e =Xpf Þ, in the definition of WðrÞ expressed by Eq.
(17), is predominant. At the FLM critical point, where the FLM
growth rate is zero, the operator ð1  Xd;e =Xpf ;c Þ is a real number, where Xpf ;c ¼ 1:86 denotes the FLM initial real frequency
in the plasma frame. Since the factor Xd;e is a function of r^,
both cases of Xd;e =Xpf ;c > 1 and Xd;e =Xpf ;c < 1 are possible
depending on the minor radius as shown in Fig. 7. When
Xd;e =Xpf ;c > 1, the resonance condition lnð1  Xd;e =Xpf ;c Þ
yields an imaginary part. On the other hand, if Xd;e =Xpf ;c < 1,
the operator lnð1  Xd;e =Xpf ;c Þ only gives a real number. The
transition from Xd;e =Xpf ;c > 1 to Xd;e =Xpf ;c < 1 can result in a
sudden drop in Im½WðrÞ, which provides a significant influence on the mode growth rate. A comparison between dottedcurves with different symbols in Fig. 6 suggests that the magnitude of ImðdWK0 Þ (the radial integral of Im½WðrÞ) should
increase with decreasing b , which is confirmed by the dashedcurve in Fig. 5(a).
At b ¼ 0:166, the magnitude of Re½WðrÞ peaks at the
special position r^ ¼ 0:5, due to the fact that the value of 1 
Xd;e =Xpf is almost equal to zero at this position (see Fig. 7).
We notice that the imaginary part is mostly distributed in the
middle of the plasma column, whist the real part is more
global and tends to increase (by amplitude) with the minor
radius. Furthermore, it is expected that the integration of
Re½WðrÞ, over the minor radius, is less sensitive to the value

of b , as shown by the dashed curve in Fig. 5(b). The physics
reason for the above special radial profiles of WðrÞ will be
discussed in detail later on.
We also notice that both Im½WðrÞ and Re½WðrÞ peak at
the position r^ ¼ 0:05 at b ¼ 0:166. This is caused by the
resonance operator 1=ðXpf  Xd;e Þ in WðrÞ. At this small
minor radius, the resonant operator 1=ðXpf  Xd;e Þ is dominant over the factor lnð1  Xd;e =Xpf Þ, due to the fact that the
value of B^ is much larger than that of A^  B^ at this minor radius, as shown in Fig. 2. Because of the cancellation of the
peaks with opposite signs in the integration over the minor
radius, the singularity of Re½WðrÞ at r^ ¼ 0:05 does not give
much contribution to the value of Re½dWK0 .
Given in Fig. 7 is the radial profile of the normalized
drift precession frequency of trapped EPs with birth energy.
In the region near r^min , the sign of precession frequency
sharply changes from negative to positive along the minor
radius. Figure 7 also shows the special positions r^1 ¼ 0:05
and r^2 ¼ 0:5, where the EPs precession frequency Xd;e is
equal to the real frequency of the FLM Xpf ;r ð¼ 1:9Þ of the
r 1 ; r^2 Þ, the
case of b ¼ 0:166. At these two radial positions ð^
resonance condition ð1  Xd;e =Xpf ;r ¼ 0Þ is satisfied. In the
region between r^1 ¼ 0:05 and r^2 ¼ 0:5, the real frequency
of the FLM can resonate with the precession frequency of
trapped EPs with a certain kinetic energy (smaller than the
birth energy). However, outside this region, there are no EPs
that can satisfy the resonance condition 1  Xd;e =Xpf ;r ¼ 0
(see Fig. 11).
In order to gain detailed understanding of the kinetic
influence of trapped EPs on the RWM instability and to compare the difference between the FLM and RWM cases, the
radial profiles of WðrÞ for the RWM case, for the different
values of EPs b , are displayed in Fig. 8. The radial profile
of WðrÞ in the RWM case is rather different from that in the
FLM case. When the value of EPs beta approaches the critical value bc;rwm ð¼ 0:25Þ for a complete suppression of the
RWM, as shown in Fig. 3, there is no special radial position,
at which WðrÞ experiences sharp radial variation. At b ¼
0:1; 0:15, and 0.24, the RWM eigenvalues (normalized
to xds ) are ð0:17 þ 0:22iÞ, ð0:22 þ 0:09iÞ, and ð0:16
þ 0:0064iÞ, respectively. Figure 8 shows that Im½WðrÞ
increases along the minor radius for a fixed EPs beta. Moreover, Im½WðrÞ also increases with increasing b , for a fixed
minor radius (especially at the plasma edge). The relation
between the magnitude of Im½WðrÞ and b suggests an

FIG. 7. (Color online) The normalized precession drift frequency of trapped
EPs, Xd;e , versus the minor radius, r^1 and r^2 , denote the resonant positions
at which the precession frequency of the trapped EPs with birth energy is
equal to the real frequency of the FLM mode (at b ¼ 0:166).

FIG. 8. (Color online) The radial distribution of the imaginary and the real
parts of WðrÞ in the RWM case, for various values of b , denoted by different colors.

FIG. 6. (Color online) The radial distributions of the imaginary and the real
parts of WðrÞ for different choices of the b values. The other parameters
are given as a0 B0 ¼ 0:99 and X0 ¼ 0:63. At b ¼ 0:166; 0:17, and 0:18,
the FLM eigenvalues (normalized to xds ) are ð1:27 þ 0:004iÞ,
ð1:36 þ 0:03iÞ, and ð1:60 þ 0:11iÞ, respectively.
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increase of ImðdWK0 Þ with b in the RWM case. The magnitude of Re½WðrÞ also increases along the minor radius with
fixed b . However, the radial profile of Re½WðrÞ is less sensitive to b . For example, the shape of the curve of Re½WðrÞ
versus r^, for b ¼ 0:15, is nearly the same as that for
b ¼ 0:24. At bc;rwm ¼ 0:25, the critical real frequency (in the
plasma frame) of the RWM is Xpf ;c ¼ 0:8 and the value of
Xd;e =Xpf ;c is lager than unity over most of the profile from
axis towards edge. For the RWM case, due to the lack of a
transition from Xd;e =Xpf ;c > 1 to Xd;e =Xpf ;c < 1, the operator
lnð1  Xd;e =Xpf ;c Þ does not lead to the sharp change of
Im½WðrÞ along the minor radius as EPs beta approaching
bc;rwm . That is the main reason that results in the difference
of the Im½WðrÞ radial profile between the FLM and the
RWM, shown in Figs. 6 and 8, respectively.
The imaginary part of dWk0 mainly comes form the resonance interaction between the mode real frequency and the
EPs precession drift motion. Equation (15) shows that when
the mode’s real frequency and the EPs precession frequency
satisfy the resonance condition xr  xd  x0 ¼ 0, the kinetic effect of EPs on the plasma instability becomes crucially important. A factor <½¼ 1=ðx  xd  x0 Þ is
introduced to represent the resonance operator. At the resonance position, the magnitude of Imð<Þ increases as the
mode growth rate decreases [i.e.,Imð<Þ ¼ 1=c]. Even
though the magnitude of Imð<Þ approaches infinity as the
mode growth rate vanishes, the radial integral of < stays finite. Figure 9 displays the magnitude of Imð<Þ as functions
of the EPs energy for different values of r^, for the RWM
case with b ¼ 0:24. At r^ ¼ 1, the RWM resonates with the
trapped EPs with kinetic energy of about 67.5 KeV. However at r^ ¼ 0:15, the energy of the trapped EPs, required by
the RWM-EPs resonance, is about 12 KeV. Figure 10 displays the real part of the operator <, as a function of the EPs
kinetic energy at different minor radii. For a fixed value of r^,
as the EPs kinetic energy goes through a special value, where
the RWM-particle resonance occurs, the sign of Reð<Þ
changes from positive to negative. This leads to a cancellation of Reð<Þ in the energy space integration through the resonance point. Consequently, the singularity due to the
RWM-particle resonance does not significantly influence the
value of ReðdWK0 Þ. We point out, though, that the stabilization effect of trapped EPs on the RWM is indeed caused by
the mode-particle resonance. Here, the occurrence of the resonance interaction is related to both the EPs’ radial position

FIG. 9. (Color online) The imaginary part of the operator < versus the EPs
kinetic energy, at various minor radii. The EPs beta is chosen as b ¼ 0:24,
at which the RWM’s complex frequency (normalized to xds ) is
0:16 þ 0:006i.
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FIG. 10. (Color online) The real part of the operator < versus the EPs
kinetic energy, at various minor radii. The EPs beta is chosen as b ¼ 0:24.

and to their kinetic energy. For the FLM case, figures similar
to Figs. 9 and 10 can also be obtained.
Figure 11 scans the mode-EPs resonance in a twodimensional space: the EPs kinetic energy, mh E, and the
minor radius, r^. These are the two important parameters for
the precession drift frequency of EPs while fixing the pitch
angle. Along the curves, the resonance condition (Xr  X0
¼ Xd ) is satisfied. In the RWM case (the dashed curve), the
mode-particle resonance almost occurs along the whole minor
radius. This mode-particle resonance interaction leads to the
radial distribution of Im½WðrÞ keeping a finite value at all r^,
as shown by the dotted-circle curves in Fig. 8. Here, the value
of Im½WðrÞ is also related to the magnitude of the perpendicular displacement of the plasma in our theory model. On the
other hand, for the FLM case (the solid curve), the modeparticle resonance only occurs in the radial region between r^1
and r^2 . In the region r^ > r^2 , due to the lack of the modeparticle resonance, the amplitude of Im½WðrÞ is significantly
smaller than that of Im½WðrÞ in the region r^1 < r^ < r^2 , as
shown in Fig. 6. The resonance region becomes narrow as the
FLM’s real frequency increases. Figure 11 demonstrates why
the magnitude of ImðdWK0 Þ for the FLM is much smaller
than that for the RWM, as shown in Fig. 5(a). This significant
reduction of ImðdWK0 Þ and the increase of jReðdWK0 Þj are responsible for triggering of the FLM.
B. Parametric study of the EPs effects

The influence of the plasma toroidal rotation speed on
the RWM–EPs interaction has been studied in a previous paper.22 In this section, we mainly focus on the influence of the

FIG. 11. (Color online) The resonant curves for the FLM (solid-red curve)
and the RWM (dashed-blue curve) cases. The values of b for the FLM and
the RWM are chosen as 0.166 and 0.24, respectively. The corresponding
real frequencies, in the plasma frame for the FLM and the RWM, are 1:90
and 0:79, respectively.
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plasma parameters on the behavior of the FLM instability.
Figures 12(a) and 12(b) plot the growth rate and real frequency of the mode versus the EPs beta b, for the different
values of X0 . The calculations show that when jX0 j < 0:75,
the critical beta value bc , for the onset of FLM, increases
with decreasing the plasma rotation magnitude. A comparison between different curves (with different values of X0 )
suggests that it is hard to excite the FLM with small values
of jX0 j. Figure 12(b) also shows that the initial real frequency of the FLM decreases with increasing the magnitude
of jX0 j. However, the slopes of the curves (the FLM growth
rate and real frequency versus b) are nearly constant for different values of jX0 jð< 0:75Þ.
At the rotation frequency of X0 ¼ 0:75, the two
branches (RWM and FLM) merge to each other, as shown
by the dashed-blue curve in Fig. 12(a). This corresponds to a
direct mode conversion (MC) between two instabilities. In
other words, when the plasma rotation and the EPs beta are
close to certain values, such that a resonance condition for
the RWM-FLM resonance is satisfied, the MC between the
RWM and the FLM leads to a general situation of avoided
crossings in Fig. 3. For our case, the direct mode conversion
occurs in a approximate region of 0:12 < b < 0:14, where
the mode possesses both the RWM character (growth rate
decreasing with b ) and the FLM character (real frequency
increasing with b ). At X0 ¼ 0:78, the mode growth rate
starts with that of the fluid RWM. After a weakly destabilization phase by the EPs kinetic effects, it then reaches a minimum value under the stabilizing effect from EPs. A further
increase of the EPs beta finally causes a dramatic increase of
the mode growth rate. The mode’s real frequency is nearly a
linear function of the EPs beta, similar to the case of
X0 ¼ 0:75. It can be expected that, at a sufficiently fast
plasma rotation, the trapped EPs will provide predominantly

FIG. 12. (Color online) The normalized (a) mode’s growth rates csw and (b)
the corresponding mode real frequency Xr (in the wall frame), as functions
of the EPs b. Different colors denote different choices of the plasma rotation frequency. The pitch angle is a0 B0 ¼ 0:99. The other parameters are the
same as those presented in the beginning of Sec. III.

Phys. Plasmas 19, 032507 (2012)

FIG. 13. (Color online) The radial profile of the imaginary and the real parts
of WðrÞ for the case with the RWM-FLM mode conversion, for various
choices of the b values. The parameters a0 B0 ¼ 0:99 and X0 ¼ 0:78 are
assumed.

the destabilizing effect over the whole region of b. On the
other hand, at relatively fast rotation, other potential damping mechanisms, such as that from continuum waves, or the
kinetic damping from bounce motion of particles can
become significant. Moreover, in the presence of MC, it
should be hard to observe the periodic bursting behavior of
the FLM, as well as the coexistence of the FLM and the
RWM in experiments.
Shown in Fig. 13 are the radial distributions of Re½WðrÞ
and Im½WðrÞ for various values of b for the case with the
RWM–FLM MC. The normalized mode complex frequency,
at b¼ 0:2; 0:15; 0:14, and 0:13, are 2:06 þ 0:41i; 0:74 þ
0:07i; 0:54 þ 0:09i, and 0:41 þ 0:16i, respectively. At large
bð¼ 0:2Þ, the radial distribution of WðrÞ is similar to that of
the FLM case shown in Fig. 6. On the other hand, as the EPs
bdecreases (b¼ 0:13), the radial profile of W(r) approaches
to that of the RWM shown in Fig. 8. It is worthwhile to
notice that, with b varying from large to small values, the
radial profile of W(r) smoothly changes from the red-circle
curve to the brown-diamond curve, with no appearance of
singular points along the minor radius.
Since the wall time in ITER is about two orders of magnitude larger than that of the present day tokamak devices,
such as DIII-D and JT-60U, it is useful, for the ITER prediction, to study the dependence of the FLM instability on the
wall penetration time. Figure 14 presents (a) the growth rate
and (b) the real frequency of the mode versus b , for various
choices of the wall time sw . At a short wall time
sw ¼ 0:7sw0 (sw0 ¼ 2ms), the MC can occur. Moreover, the
critical value bc for the onset of FLM becomes larger with
increasing sw . This is because a wall with larger sw can provide more stabilization on the external instability than a wall
with smaller sw . Although the initial real frequency of the
FLM depends on the wall time, the magnitude of Xr barely
changes, while varying the wall time sw at relatively large
b ð> 0:21Þ. In other words, when the EPs beta is sufficiently
large, the mode’s real frequency is nearly independent of the
wall time.
The effect of the EPs pitch angle on the characteristics
of the FLM is shown in Fig. 15. A comparison of the cases
with a0 B0 ¼ 1:18 and a0 B0 ¼ 0:99 shows that the latter leads
to only one unstable FLM branch, with an initial real frequency (in the plasma frame) Xpf ;c ð>1Þ, as shown by the
dashed curves in Figs. 3 and 4. However, for the case with
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FIG. 14. (Color online) The (a) mode’s growth rate
and (b) real frequency (in the wall frame) as
functions of b , for various choices of the wall
time sw . Here, sw0 ¼ 2 ms is the typical field penetration time with the wall conductivity
r ¼ 106 X1 m1 .

a0 B0 ¼ 1:18, besides the FLM branch with a relatively large
Xpf ;c ð>1Þ, there is another unstable FLM branch (named the
second FLM branch), with an initial real frequency Xpf ;c
almost equal to 1. The growth rate of the second FLM branch
first increases with the EPs beta, then decreases to almost
zero at b ¼ 0:1. It is interesting to notice that the curves
with a0 B0 ¼ 1:18 and a0 B0 ¼ 1:207 indicate that there can
be many critical points for the dispersion relation Eq. (11), at
certain values of the pitch angle. In fact, there is a narrow
stable window for the FLM in the b space, for the cases
with a0 B0 ¼ 1:18 and 1:207. The characteristic of this narrow stable window is similar to the second stable region of
the classical fishbone mode.36 The critical value for the onset
of the second FLM branch, for a0 B0 ¼ 1:18, is about 0.04,
much smaller than that needed for the FLM branch with
Xpf ;c > 1. With increasing the pitch angle (a0 B0 ¼ 1:21), the
two FLM branches merge into one instability, with the initial
real frequency Xpf ;c ð¼ 1Þ. At a0 B0 ¼ 1:25, the critical value
of bc is 0.04, which is significant smaller than that at
a0 B0 ¼ 0:99. In fact, there seems exist a critical value of the
pitch angle, beyond which the critical bc , for triggering
FLM, jumps from one large value to a small value.
Since the pitch angle of EPs is often determined by the
injection angle of neutral beams, multiple critical points may
be observed in experiments, by scanning the EPs beta for
appropriate injection angles of neutral beams. It seems that
the case of an FLM with the initial real frequency Xpf ;c ð¼1Þ is
closer to the observations in the present tokamak devices.27
Figure 16 illustrates the dependence of the precession frequency of trapped EPs on the minor radius, for different choices
of the pitch angle. For comparison, the case with a0 B0 ¼ 0:99
is also plotted. At a0 B0 ¼ 1:1, the normalized precession frequency decreases along the minor radius. For this pitch angle,

the EPs in the core region of the plasma are passing particles
only. Figure 16 shows that the existence region of trapped EPs,
along the minor radius, significantly depends on the EPs pitch
angle. In other words, when the EPs distribution function is
assumed to be the delta-function of the pitch angle, the region
of trapped EPs becomes narrower in the minor radius, as the
value of pitch angle is above 1 and increases.
IV. EFFECTS OF EPS ON THE m/n 5 3/1 MODES

In order to understand how the variation of the mode
eigenfunction affects our drift kinetic analysis, additional
investigation is carried out in this section, for the m=n ¼ 3=1
mode. The EPs kinetic contribution to the RWM dispersion
relation, dWK0 [similar to Eq. (16)], can also be obtained for
the 3/1 mode
ð1
dWK0 ¼
WðrÞd^
r;
(18)
r^min

where


8pbh
a0 B0 2 2m2 2ðm1Þ 1=2
r^
r^
1
Ra
Y1 ; (19)
WðrÞ ¼
Aa
2

Y1 ¼ Xpf ½A^1  B^1  2C^1 Kb =ðK2 qÞ þ D^ 1 Kb =ðK2 qÞ


X2pf ½B^1

@
þ C^1 Kb =ðK2 qÞ
@Xpf


H

þ ðD^ 1  C^1 ÞKb =ðK2 qÞ;
H¼

1
lnð1  Xd;e =Xpf Þ:
Xd;e

(20)
(21)

FIG. 15. (Color online) The FLM growth rate versus (a) EPs beta b and (b) the real frequency (in
the plasma frame) of the mode, for various choices
of the trapped EPs pitch angle. The plasma rotation
frequency is assumed as X0 ¼ 0:63.
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FIG. 16. (Color online) The radial profile of the normalized precession frequency of trapped EPs, for various values of the pitch angle a0 B0 .

The expressions for the coefficients A^1 , B^1 , C^1 , and D^ 1 are
presented in the Appendix.
Figure 17 displays (a) the normalized mode’s growth
rate and (b) the real mode frequency, for the m=n ¼ 3=1
mode. The bursting fishbone like instability, with the m=n ¼
3=1 eigenstructure, still occurs when b exceeds a threshold
value. This confirms that the appearance of the FLM is not
sensitive to the mode number. We mention that the experimental observation in JT-60U has shown EPs-driven bursting modes possessing the 3/1 structure at the plasma edge.
Moreover, the m=n ¼ 2=1 and m=n ¼ 3=1 FLMs can couple
to each other in a torus. This coupling of FLMs with different mode numbers may provide a partial interpretation of the
bursting mode distortion, observed in the recent DIII-D
experiments.26,37
V. SUMMARY AND DISCUSSIONS

Kinetic effects of trapped EPs on the external kink
modes, in the presence of a resistive wall, are investigated,
using the kinetic RWM dispersion relation. Our results show
that, at a0 B0 ¼ 0:99 in our study, when the perpendicular
beta b of trapped EPs exceeds a critical value bc , the FLM
instability with an external kink eigenstructure is triggered,
which rapidly grows with increasing b (> bc ) and eventually
becomes a dominant instability. The real frequency of the
FLM matches the range of the magnetic precession frequency of trapped EPs. These characteristics of the FLM are
qualitatively consistent with the experimental observations
in both JT-60Uand DIII-D devices.25,27
The radial profile, Im½WðrÞ, of the imaginary part of the
EPs drift kinetic energy, in the FLM case, is rather different
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from that in the RWM case. In the FLM case, due to the disappearance of the mode-particle resonance in the larger r^
region, the radial distribution of Im½WðrÞ has a sharp reduction at a certain radial position. In the RWM case, on the other
hand, the Im½WðrÞ has a radial distribution with finite values
from the core through the edge, without singular points along
the minor radius. The significant reduction of ImðdWK0 Þ,
induced by the special Im½WðrÞ radial profile, and increase of
jReðdWK0 Þj are responsible for triggering the FLM.
We also find that a mode conversion between the RWM
and the FLM can directly occur. In the conversion region,
the mode possesses the characteristics of both RWM (growth
rate decreasing with b ) and FLM (real frequency increasing
with b ). For the case with mode conversion, the radial profile of WðrÞ is similar to that of the FLM at large values of
b . At relatively small values of b , it is similar to that of the
RWM case.
The critical value bc , for the onset of the FLM, increases
with decreasing the magnitude of the plasma rotation frequency. The value of bc becomes larger when the wall time
becomes longer. However, the real frequency of the FLM is
less sensitive to the above two quantities (the plasma rotation
and the wall time). The growth rate of the FLM is rather sensitive to the pitch angle of trapped EPs. At certain pitch angles,
e.g., a0 B0 ¼ 0:99 in our study, there are multiple critical points
for the dispersion relation Eq. (11). At sufficiently large pitch
angle, such as a0 B0 ¼ 1:21, the FLM instability occurs, with the
normalized initial frequency exactly equal to unity. We find that
there can be a critical pitch angle, beyond which the critical bc ,
for triggering the FLM, jumps from one large value to a small
value. We also find the FLM instability with an m=n ¼ 3=1
external eigenmode structure, indicating that the occurrence of
the FLM is not sensitive to the mode number.
Finally, we point out that our theory model can be
extended to include the spatial distribution of EPs, for a
more realistic investigation of the off-axis neutral beam
injection heated plasmas.
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APPENDIX: EXPRESSIONS FOR A

FIG. 17. The (a) growth rate and (b) real frequency of the m=n ¼ 3=1 FLM
(dashed curve) and the RWM (solid curve) instabilities as functions of b .
^ 1f ¼ 0:17,
The other parameters are chosen as B0 ¼ 2:3T, q ¼ 2:3; dW
1
^ b ¼ 0:029, a0 B0 ¼ 0:99, sw ¼ 2 ms, and X0 ¼ 0:6.
dW

Here, we list the expressions for the coefficients A^1 , B^1 ,
^
C 1 , and D^ 1 , appearing in Eq. (20), derived for the m/n¼3/1
mode eigenfunction
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