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The kinetic effect of trapped energetic particles (EPs), arising from perpendicular neutral beam

injection, on the stable low-n peeling modes in tokamak plasmas is investigated, through numerical

solution of the mode’s dispersion relation derived from an energy principle. A resistive-wall

peeling mode with m=n ¼ 6=1, with m and n being the poloidal and toroidal mode numbers,

respectively, is destabilized by trapped EPs as the EPs’ pressure exceeds a critical value b�c , which

is sensitive to the pitch angle of trapped EPs. The dependence of b�c on the particle pitch angle is

eventually determined by the bounce average of the mode eigenfunction. Peeling modes

with higher m and n numbers can also be destabilized by trapped EPs. Depending on the wall

distance, either a resistive-wall peeling mode or an ideal-kink peeling mode can be destabilized

by EPs. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4811382]

I. INTRODUCTION

In tokamak plasmas, a finite large current or current gra-

dient at the edge can drive kink mode peaking at the plasma

edge, the so-called peeling mode.1–3 Experimental observa-

tions and numerical calculations confirm that the low-n peel-

ing/kink modes often lead to the bursting edge-localized

mode (ELM), which usually reduce the confinement per-

formance at the plasma edge. Large ELMs can induce signif-

icant heat load onto the plasma facing components and can

potentially damage the materials.4–7

In theory, the nonlinear evolution of peeling modes is

proposed as a reason for Taylor relaxation.8 The peeling

modes may result in edge harmonic oscillations in the toka-

mak quiescent H-mode.9 Recently, the stable low-n (n¼ 1)

peeling mode response to external magnetic field is proposed

as a candidate for resonant field amplification peaking events,

observed in JET device.10 It is shown that the response of

low-n peeling mode to the external magnetic field is not sensi-

tive to the plasma rotation nor to the kinetic effect from the

thermal particles. Numerical results show that the ideal peel-

ing modes can be completely stabilized by the separatrix with

an X-point in the divertor discharge.11 The plasma resistivity

can lead to an additional instability with peeling-tearing struc-

ture in the presence of an X-point.12 The stabilization of the

peeling mode in the presence of an X-point has also been ana-

lytically studied.13 Recently, experimental observations indi-

cate that the energetic particles (EPs) may have strong

influence on the edge instabilities of tokamak plasmas.14

One key assumption in this work is that there is sufficient

number of EPs located near the plasma edge region, which

can interact with the peeling mode. In reality (in particular in

present day tokamak devices), due to the large orbit width,

fast ions located near the edge are often quickly lost.

Therefore, a sufficient amount of EPs can be maintained near

the edge, only by a continuous flux of fast ions either from the

direct neutral beam injection, or from the particles transported

from the core by MHD events (e.g., fishbones or off-axis fish-

bones) or by background turbulences. Of course, there are

also confined particles whose banana centre is located rela-

tively farther inside the plasma, but travel across the plasma

edge region due to the large orbit effect. These particles can

also interact with the edge localized peeling mode.

In the present work, we carry out an analytic investiga-

tion of the stability of the ideal peeling modes in the pres-

ence of trapped EPs and a resistive wall. Drift kinetic effects

of EPs on the stability of the peeling mode is studied using a

formulation similar to that developed for the resistive wall

mode (RWM).15–17 It is found that a stable, ideal, low-n,

high-m, peeling modes can be destabilized by trapped EPs.

The dispersion relations for the resistive-wall peeling

mode and for the ideal-kink peeling mode are proposed in

Sec. II. In Sec. III, the kinetic effect of trapped EPs on the

resistive-wall peeling mode is studied. Section IV presents

calculations of trapped EPs on the ideal-kink peeling mode.

Conclusion is drawn in Sec. V.

II. ANALYTIC FORMULATIONS

Since the peeling mode is localized near the plasma

edge, a resistive wall has limited effect on the stability of the

mode, unless the wall is located very close to the plasma

boundary. In the latter case, we have an effectively RWM,

which we call the resistive-wall peeling mode. If the wall is

located beyond the marginal point of the ideal-wall ideal

kink-peeling instability, we have an effectively ideal kink

mode, but strongly localized near the plasma boundary. In

the following, we consider these two cases separately. We

begin with the resistive-wall peeling mode case.

A. Dispersion relation for the resistive-wall peeling mode

The dispersion relation of the resistive-wall peeling

mode, including the kinetic contribution from trapped EPs,

can be written as15–21
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D xð Þ ¼ �ixs�w þ
dW1f þ dWK0

dWb
f þ dWK0

¼ 0; (1)

where xð¼ xr þ icÞ is the complex frequency of the mode.

For a circular cylinder, s�w ¼ l0rbdð1� a2m=b2mÞ=ð2mÞ
defines the typical wall time of a thin resistive wall (b� d),

with l0, a, b, d, r, and m being the permeability of free

space, the plasma minor radius, the wall minor radius, the

wall thickness, the wall conductivity, and the poloidal mode

number, respectively.22 Even though only a geometrically

thin wall condition is listed here, we generally require that

the wall is also electromagnetically thin for our model, i.e.,

that the wall thickness is much smaller than the skin depth of

the magnetic perturbation with a given frequency. The thin

wall limit requires d=b� jxjsw � b=d with sw ¼ l0rbd.

dW1f and dWb
f represent the perturbed fluid potential ener-

gies (including contribution from vacuum space) without

and with an ideal wall, respectively. dWK0 denotes the per-

turbed drift kinetic potential energy due to trapped EPs,

which is generally a complex quantity. In the absence of the

kinetic contribution, Eq. (1) reduces to the elegant form of

the RWM dispersion relation, by means of the variational

principle first derived in Ref. 23. We point out that, in the

present work, the typical wall time and the fluid potential

energy (dW1f and dWb
f ) are obtained based on a cylindrical

geometry. However, the drift kinetic energy (dWK0) calcula-

tion implicitly assumes a finite toroidicty (the large aspect

ratio expansion), which validates the presence of trapped

particles. Strictly speaking, the results in this work are only

valid at the limit of infinite aspect ratio. Nevertheless, the

main objective of this work is to provide a qualitative esti-

mate of the influence of trapped EPs on the peeling mode.

More quantitatively consistent results, in realistic tokamak

geometry, can be obtained using numerical codes such as

MARS-K.24 In Eq. (1), we neglect the inertial term in our

dispersion relation, due to the fact that this term is normally

negligible for the RWM stability (the mode’s complex fre-

quency is small compared to the Alfven frequency). The

exception is the situation where the mode’s stability is close

to the ideal-wall marginal point. In this case, the inertia-free

assumption is not anymore valid.

The real and imaginary parts of the dispersion relation

(1) can be separately written as

cs�w ¼
ðdWb

f � dW1f Þ½dWb
f þ ReðdWK0Þ�

½dWb
f þ ReðdWK0Þ�2 þ ImðdWK0Þ2

� 1; (2)

xrs
�
w ¼

ðdWf
b � dWf

1ÞImðdWK0Þ
½dWf

b þ ReðdWK0Þ�2 þ ImðdWK0Þ2
; (3)

where ReðdWK0Þ and ImðdWK0Þ label the real and the imagi-

nary parts of dWK0, respectively.

Equation (2) implies that the stability of the mode

depends on the balance between the energy components

dWb
f , ReðdWK0Þ, and ImðdWK0Þ. In particular, for an unstable

mode, the imaginary part of the kinetic energy, jImðdWK0Þj,
always reduces the growth rate c of the mode. On the other

hand, if the fluid peeling mode is stable (e.g., c< 0), the

amplitude of the damping rate depends on the sign of

dWb
f þReðdWK0Þ. For a positive (negative)

dWb
f þReðdWK0Þ, jImðdWK0Þj stabilizes (destabilizes) the

stable peeling mode. In all cases, jImðdWK0Þj can signifi-

cantly affect the growth/damping rate of the peeling mode,

only when jImðdWK0Þj is larger than or comparable to jdWb
f

þReðdWK0Þj. In contrast, the growth rate of the mode is

mainly determined by dWb
f þReðdWK0Þ.

We consider a cylindrical plasma equilibrium with a cir-

cular cross section and a flat plasma density qðrÞ ¼ q0.20,25

In the cylindrical coordinates (er; eh; ez), the equilibrium cur-

rent, magnetic field, and plasma pressure are assumed as

J ¼ J0ez, B ¼ B0ez þ Bheh, and P ¼ P0ð1� r2Þ, respec-

tively, with Bh ¼ l0J0r=2 inside the plasma and P0 ¼
l0J2

0=4 being the plasma pressure at the magnetic axis. The

above cylindrical model gives a flat q(the safety factor) pro-

file. For the given equilibrium, the perpendicular component

of the mode displacement is taken as n? ¼
mw0

Fa ðer þ
iehÞr̂m�1eiðmh�n/Þ with F ¼ ðm� nqÞB0=ðRqÞ and r̂ ¼ r=a,

where r, R, h, /, and n are the radial coordinate, the plasma

major radius, the poloidal angle, the toroidal angle, and the

toroidal mode number, respectively. Here, w0 labels the per-

turbed magnetic flux at the plasma edge. Given the mode

eigenfunction, the perturbed drift kinetic energy, dWK0, for a

large aspect ratio toroidal plasma, can be calculated as shown

in Sec. II C. We emphasize that our calculations for the peel-

ing mode stability is strictly consistent only at infinite aspect

ratio limit. Nevertheless, we follow this approach for finite

aspect ratio cases, aiming at qualitative study of the kinetic

effect of EPs on the peeling mode stability. Here we write

down the fluid potential energy perturbations, which are nor-

malized to pw2
0B2

0m2=2Rl0F2. The normalized forms of the

fluid potential energy, without and with an ideal wall (at the

minor radius b), are given, respectively, as1,20

dW1f ¼ �4p
ðm� nqÞ2

mq2

1

m� nq
� 1

� �
(4)

and

dWb
f ¼ �4p

ðm� nqÞ2

mq2

1

m� nq
� 1

1� ðb=aÞ�2m

" #
: (5)

Equations (4) and (5) are valid for a circular cylindrical

plasma with a uniform current density.

B. Dispersion relation for the ideal-kink peeling mode

For an ideal-kink peeling mode, the plasma inertia can-

not generally be neglected. In this case, the full dispersion

relation should be used17

ð�ix=xds � inX0Þ2dK þ dWp þ
dW1V � ixs�wdWb

V

1� ixs�w
þ dWK0 ¼ 0; (6)

where X0 � x0=xds is the plasma rotation frequency, normal-

ized by the toroidal precession drift frequency of energetic par-

ticles at the birth energy xds ¼ ð2E� KÞqEm=ðKxcrRÞjr¼a.

062502-2 Hao et al. Phys. Plasmas 20, 062502 (2013)
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Here, Em and xc are the birth energy of the trapped EPs and

the cyclotron frequency of the trapped EPs, respectively. K

and E are the complete elliptic integrals of the first and second

kinds, respectively. The normalized inertial term dK, the per-

turbed potential energy of the bulk plasma dWp, the perturbed

magnetic energy in the vacuum with an ideal wall (dWb
V) and

without wall (dW1V ) are given, respectively, as26

dK ¼ 2p
m

s2
Ax2

ds; (7)

dWp ¼ �4p
ðm� nqÞ2

mq2

1

m� nq
� 1

2

� �
; (8)

dWb
V ¼ 4p

ðm� nqÞ2

mq2

1þ ðb=aÞ�2m

2½1� ðb=aÞ�2m�
; (9)

and

dW1V ¼ 2p
ðm� nqÞ2

mq2
; (10)

where sA � R
ffiffiffiffiffiffiffiffiffiffi
l0q0

p
=B0.

Note that the sum of the perturbed plasma potential

energy, Eq. (8), and the no-wall vacuum energy, Eq. (10),

recovers the total fluid energy without wall, Eq. (4).

Similarly, Eq. (5) is recovered by the sum of Eqs. (8) and

(9), in the presence of an ideal wall. When the resistive wall

is placed at infinity, Eq. (6) converts to the following disper-

sion relation for an ideal kink mode, including the kinetic

effect from trapped EPs:

ð�ix=xds � inX0Þ2dKþ dWpþ dW1V þ dWK0¼ 0: (11)

For an ideal kink mode (in our case, the kink-peeling mode),

the effect of the resistive wall is normally negligible. This

motivates our choice of the dispersion relation (11) for the

kink-peeling branch.

Separating the above equation into the imaginary and

real parts, we obtain two equations

c ¼ ImðdWK0Þ
2ðXr þ nX0ÞdK

xds (12)

and

ðXrþnX0Þ2�
½ImðdWk0Þ�2

4ðXrþnX0Þ2dK
�dWpþdW1V þReðdWK0Þ

dK
¼0;

(13)

where Xr ¼ xr=xds. Equation (12) indicates that the growth

rate of the ideal kink-peeling mode is proportional to

ImðdWk0Þ, but is inversely proportional to the real frequency

of the mode in the plasma frame. Since both the mode

growth/damping rate and frequency is unknown, Eq. (12) is

a nonlinear equation for the mode eigenvalue. It is worth-

while to note that the sign of the mode growth rate (stable or

unstable) depends on the sign of the imaginary part of the

drift kinetic energy perturbation, as well as on the sign of the

Doppler-shifted mode frequency. Equation (12) is valid only

when the contribution of the trapped EPs is included in the

ideal-kink peeling mode dispersion relation. In the absence

of the trapped EPs (i.e., dWK0 ¼ 0), Eq. (11) cannot be

rewritten as Eqs. (12) and (13) anymore, and it reduces to

ð�ix=xds � inX0Þ2dK þ dWp þ dW1V ¼ 0: (14)

Then, the mode’s complex frequency relates to the sign of

dWp þ dW1V , when dWp þ dW1V >0, there exists a marginally

stable mode with real frequency Xr ¼6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdWp þ dW1V Þ=dK

p
�nX0; when dWpþdW1V <0, there is an unstable/stable mode

with growth/damping rate c¼6xds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdWpþdW1V j=dK

p
, real

frequency Xr ¼�nX0.

Equation (13) can be further written as

ðXr þ nX0Þ2 ¼
1

dK

½dWp þ dW1V þ ReðdWK0Þ� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½dWp þ dW1V þ ReðdWK0Þ�2 þ ½ImðdWK0Þ�2

q
2

: (15)

Note that, if ImðdWK0Þ¼ 0, the quadratic dispersion relation

(11) predicts an either purely growing mode, or a marginally

stable mode with a finite real frequency. No other branches

are possible. Depending on the sign of ImðdWK0Þ, either a

growing or a damping mode can exist, with finite mode fre-

quency determined by Eq. (15).

C. Calculation of the drift kinetic energy dWK 0

due to EPs

In the case of neutral beam injection heating, the pitch

angle of the trapped EPs is determined by the magnetic field

at the ionization position and the injection angle of the beam.

In the large aspect ratio approximation, all of the trapped

EPs have the same pitch angle k ¼ v2
?B0=v2B, with v and v?

being the total velocity and perpendicular velocity of EPs,

respectively. Due to the drag effect of the background elec-

trons, the trapped EPs’ normalized distribution function

depends on the EPs’ energy as a form f / E�1, where E ¼
v2=2 is the kinetic energy (with the particle mass normalized

to unity). The normalized distribution function, with a single

pitch angle, is written as27

f � n0dðk� k0ÞE�1; (16)

where n0 is a constant related to the radial density of EPs.

B ¼ B0ð1� r cos h=RÞ is the toroidal magnetic field in the

plasma (with a large aspect ratio approximation). Following

a similar derivation as presented in Ref. 27, the normalized

perturbed kinetic energy from trapped EPs is calculated

062502-3 Hao et al. Phys. Plasmas 20, 062502 (2013)
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dWK0¼
12pbb�ð1�k0=2Þ2

Kð1� r̂
3=2
minÞ

R

a
½Xð ~AN1� ~BN3Þþ ~CN2�; (17)

where X ¼ ðx� x0Þ=xds and r̂min ¼ j1� 1=k0jR=a. Here

x0 is the plasma rotation frequency. A key parameter is

introduced here b� ¼ bh=b as the normalized beta of EPs,

with b and bh being the volume averaged bulk plasma pres-

sure and the EPs’ (hot ion’s) pressure, respectively, normal-

ized by the magnetic pressure. In the present tokamak

devices (e.g., DIII-D and JT-60U), b� is in the order of the

inverse aspect ratio a=R. However, in the future ITER opera-

tional parameter regime, b� will exceed current experiment.

In this work, we assume that the density of the EPs is much

smaller than the bulk MHD density, but the EPs bh is in the

order of the bulk plasma b (i.e., b� � 1).28

To obtain Eq. (17), only the precessional drift resonance of

trapped hot ions with the peeling mode is included. The preces-

sion drift frequency is analytically calculated for a large aspect

ratio circular plasma, and expressed via the elliptic integrals of

the first (K) and the second (E) kinds, respectively, with the

argument kt
2 ¼ ð1� kþ k�Þ=2k�. We point out a major dif-

ference in the derivation of dWK0, compared with that from

Ref. 27: in this work, the eigenfunction of the mode is assumed

to be edge localized peeling mode, requiring a choice of high m
poloidal mode number. In fact, our derivation here assumes an

arbitrary poloidal harmonic number, though certain simplifica-

tions can be achieved at the large m limit, as will be shown

soon. The factors N1, N2, and N3 in Eq. (17) are defined as

N1¼
1

2ðm�1Þþ1=2
r̂2ðm�1Þþ1=2ln 1� 1

Xr̂

� �
j1r̂ min

� 1

2ðm�1Þþ1=2

	 2
ffiffiffî
r
p X2ðm�1Þ�1

k¼0

r̂2ðm�1Þ�1�k

f2½2ðm�1Þ�1��2kþ1gXkþ1

����
1

r̂min

8<
:
�X�2ðm�1Þ�1=2ln

1þ
ffiffiffiffiffiffi
Xr̂
p

1�
ffiffiffiffiffiffi
Xr̂
p

����
1

r̂ min

)
; (18)

N2 ¼
1

2ðm� 1Þ þ 1=2

�
1� r̂min

2ðm�1Þþ1=2
�
; (19)

N3 ¼ 2
ffiffiffî
r
p X2ðm�1Þ

k¼0

r̂2ðm�1Þ�k

½2ð2m� 2Þ � 2k þ 1�Xkþ1

����
1

r̂min

þ X�2ðm�1Þ�3=2ln
1þ

ffiffiffiffiffiffi
Xr̂
p

1�
ffiffiffiffiffiffi
Xr̂
p

����
1

r̂min

: (20)

Similar to the classical fishbone theory, the imaginary part of

the drift kinetic energy, ImðdWK0Þ, mainly arises from the

log-functions in N1 and N3. These log-functions reflect

the mode-particle resonance, and eventually contribute to the

complex frequency of the mode. At the marginal stability

point (c ¼ 0), ImðdWK0Þ is solely induced by the mode-

particle resonance. The other coefficients ~A, ~B, and ~C in Eq.

(17) are functions of the particle pitch angle k0 only. They

are defined/calculated by the following set of formulae:

~A ¼ Â � B̂ þ D̂ � 2Ĉð Þ 2E� K

Kq

� 	
r̂¼1

; (21)

~B ¼ B̂ þ Ĉ
2E� K

Kq

� �
r̂¼1

; (22)

~C ¼ D̂ � Ĉð Þ 2E� K

Kq

� 	
r̂¼1

; (23)

Â ¼ � K

2k0

K1 �
1

2k0

K
@K

@kt
2
; (24)

B̂ ¼ � 1

k0

K2K
2E� K

@

@kt
2

E

K

� �
; (25)

Ĉ ¼ KK
2E� K

ð1� 2kt
2ÞK @

@kt
2

E

K

� �
� ð2E� KÞ

� 	
; (26)

D̂ ¼ 1� 2kt
2

2
K1K� 1

2
KKþ 1

2
ð1� 2kt

2ÞK @K

@kt
2

� �
þ KKð2m� 2Þ: (27)

In the drift kinetic calculations, the peeling mode eigenfunc-

tion eventually enters into dWK0 in the bounce averaged

form (shown by the top bar below), via the following factors:

K ¼ cos m̂h
2 ¼ Iffiffiffi

2
p

Kðk2
t Þ

" #2

; (28)

K1 ¼
@

@k2
t

cos m̂h
2 ¼

ffiffiffi
2
p

cos m̂h
I0K� IK0

K2
; (29)

where m̂ ¼ m� 1.

At sufficiently large m̂, the factor I, as well as its deriva-

tive I0 with respect to k2
t , can be well approximated by ana-

lytic formulae shown below

I ¼
ðhb

0

cos m̂hdh

ðcos h� cos hbÞ1=2

 24=5

cos m̂hb �
p
4

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m̂ sin hb

p (30)

and

I0 

�24=5 sin m̂hb �

p
4

� �
m̂

ffiffiffiffiffiffiffiffiffiffiffi
sin hb

p
þ cos m̂hb �

p
4

� �
cos hb=2=

ffiffiffiffiffiffiffiffiffiffiffi
sin hb

p� 	

kt

ffiffiffiffî
m
p

sin hb cos
hb

2

; (31)
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where hb ¼ 2arcsinðktÞ denotes the poloidal angle of the

turning point of trapped EPs. The above approximation sig-

nificantly facilitates the analytic calculation of the kinetic

energy dWK0. Numerical evaluation of the integral in

Eq. (30) confirms the accuracy of the analytic approximation

at high m̂. One example is shown in Fig. 1 for m̂ ¼ m� 1

¼ 5. Except for the regions near the boundaries of hb

(i.e., hb ¼ 0 and hb ¼ p), the analytical approximation

re-produces very well the numerical results. Note that we

have precisely treated the singularity point h ¼ hb in the

numerical integration. The periodic behavior of I versus hb is

due to the bounce average of cos m̂h, which is a periodic

function of hb for a given m̂. In the present study, the value

of hb is in a range from 0.2 to 2:2. In this range, the analytic

approximation, Eq. (30), is reliable.

III. DESTABILIZATION OF RESISTIVE-WALL PEELING
MODE BY EPs

We numerically solve the normalized form of the disper-

sion relation (1), choosing the following parameters m ¼ 6,

n ¼ 1, a ¼ 1 m, R ¼ 3 m, B0 ¼ 2:3T. The EPs’ birth energy

is Eb ¼ mhEm ¼ 85 KeV. The value of the safety factor,

which is a constant in our analytic equilibrium model, is

q ¼ 6:05. A close-fitting wall is located at b ¼ 1:05a, result-

ing in a resistive-wall peeling mode. The wall conductivity

is assumed to be r ¼ 106X�1 m�1, and the wall thickness is

d ¼ 0:01a. The plasma density is n0 ¼ 1020 m�3. Here, mh

denotes the mass of EPs. These plasma and wall parameters

are chosen mainly to have a fluid-wise stable peeling mode

in the absence of kinetic effects. In particular, the choice of

the harmonic numbers and the (flat) q value yields positive

(i.e., stable) fluid potential energy both with and without an

ideal wall, with dW1f ¼ 0:003 > 0 and dWb
f ¼ 0:0032 > 0.

We note that dWb
f is only slightly larger than dW1f , indicat-

ing a weak stabilization effect of the ideal wall on a stable

peeling mode. Because the peeling mode has a large poloidal

number, the field perturbation, caused by the mode, decays

fast in the vacuum region outside the plasma. Therefore, the

wall can hardly provide a significant influence on the peeling

mode stability, unless the wall is placed very close to the

plasma boundary. Even though our analytic calculations

assume a large aspect ratio approximation, we choose typical

parameter ranges corresponding to a conventional tokamak

plasma, bearing in mind that the results presented in this

work provide more qualitative than quantitative conclusions.

The birth energy of the EPs follows typical values in the

present day devices with neutral beam injections.

Figure 2 plots the normalized growth rate and the real

frequency of the resistive-wall peeling mode as a function of

the normalized EPs’ beta b�. Note that we assume a finite

plasma rotation frequency here, with X0 ¼ �1:8. This rota-

tion frequency (as well as the real frequency of the peeling

mode) is normalized by the nominal precession frequency of

trapped EPs. This rotation frequency corresponds to a value

of 3.6%, when normalized by the Alfven frequency.

Since dWb
f and dW1f are both positive, at b� ¼ 0(with-

out the kinetic effect from trapped EPs), the peeling mode is

stable. With increasing b�, the initially stable peeling mode

becomes less stable, approaching the marginal stability as

the normalized beta approaches a threshold value. As the

beta value exceeds the threshold (b� > b�c ¼ 0:445), the

peeling mode enters into the unstable domain. And the

growth rate of the mode slowly increases with b�. This

shows that trapped EPs can destabilize a stable peeling mode

at a sufficient fraction of hot ion pressure. It is worth to point

out that the mode’s frequency, including the below results in

this section, keeps consistent with the thin wall assumption,

which is an important assumption to obtain dispersion rela-

tion (Eq. (1)). We also mention that, in order to obtain a con-

tinuous crossing of the eigenvalue through the marginal

stability, the phase of log-functions from Eqs. (18) and (20)

is defined in the range of �3p to p.

The destabilization of the peeling mode can be under-

stood in terms of the drift kinetic energy perturbation. As

shown in Fig. 3(a), the ReðdWK0Þ is negative and its ampli-

tude increases with b�, resulting in a decrease of

ReðdWK0Þ þ dW1f . At the marginal point b� ¼ b�c ,

ReðdWK0Þ roughly equals to �� dW1f , and jImðdWK0Þj is

much smaller than jReðdWK0Þ þ dWb
f j as shown in Fig. 3(b).

Therefore, near the marginal point b�c , Eq. (2) can be approx-

imately written as

cs�w ¼ �
dW1f þ ReðdWK0Þ
dWb

f þ ReðdWK0Þ
; (32)

which implies that an instability can occur if ReðdWK0Þ is in

the region from �dWb
f to �dW1f , with �dWb

f ¼ �0:0032

FIG. 1. Comparison of the numerically

computed (dashed line) and analyti-

cally approximated (solid line) factor

I, defined in Eq. (30) and associated

with the bounce average of the peeling

mode eigenfunction. hb is the poloidal

angle of the turning point of the

trapped banana orbit. Shown is a case

with m̂ ¼ 5.
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and �dW1f ¼ �0:003 for the case studied here. When

b �>b�c , jImðdWK0Þj increases with b�, and finally becomes

comparable to jReðdWK0Þ þ dWb
f j. Both the real and imagi-

nary parts of the drift kinetic energy perturbation results in

the dependence of the mode’s growth rate on b�, as the curve

in the unstable domain in Fig. 2(a). In addition, calculations

show that the marginal stability always occurs when

ReðdWK0Þ � �dW1f and jImðdWK0Þj � jReðdWK0Þ þ dWb
f j.

Equation (3) suggests that the real frequency xr of the mode

is proportional to jImðdWK0Þj. In the region b�<b�c , xr

almost vanishes (Fig. 2(b)), due to the small value of

jImðdWK0Þj, and the dependence of denominator of Eq. (3)

on b� is mainly determined by ReðdWK0Þ. In the region

b�>b�c , xr is roughly proportional to EPs’ beta, which is

determined by both jReðdWK0Þj and jImðdWK0Þj.
The threshold beta value b�c of EPs, for destabilizing the

resistive-wall peeling mode, depends on the particle pitch

angle k0 in a complicated manner, as shown by Fig. 4(a).

There are multiple windows in terms of k0, in which the

peeling mode can be destabilized as b�>b�c . The value of b�c
reaches its local minimum at certain values of k0. This pecu-

liar dependence of b�c on k0 is eventually due to the periodic

behavior of the bounce average of the peeling mode

eigenfunction with a high-m number. This is illustrated by

the coefficients K and K1 shown in Fig. 4(b). The fact that

these two coefficients are periodic functions of the pitch

angle k0 follows from the analytic estimates (30) and (31), in

which the trapped particle turning point poloidal angle is

directly related to k0. Next, we show that that this periodic

behavior in K and K1 propagates into b�c via the drift kinetic

energy perturbation. We find that, at the marginal stability

point b�c , ImðdWK0Þ is small and dWK0 is roughly equal to

ReðdWK0Þ � �dW1f . Since |K|� |K1| as shown in Fig. 4(b),

the value of dWK0 is mainly determined by the K1 factor.

Equations (17) and (21)–(27) suggest that dWK0 has a

roughly linear dependence on K1 through the terms ~A and ~C.

Therefore, at the marginal point, dWK0 � �dW1f is roughly

proportional to the product K1b
�
c . Since �dW1f is a fluid

term and thus independent of k0, b�c is roughly inversely pro-

portional to K1. The sign of K1 is also important here–only a

negative K1 gives a negative ReðdWK0Þ, which is required to

cancel the positive dW1f in order to obtain a marginal stabil-

ity. Put together the above discussions, as well as the de-

pendence of K1ðk0Þ on k0 as shown in Fig. 4(b), we find that

the smallest b�c should occur at smallest (negative) K1, which

in turn occurs at k0 � 1.01, 1.26, 1.47. This explains the

FIG. 3. (a) The ReðdWK0Þ(solid line)

and ImðdWK0Þ (dashed line) versus b�;
(b) the energy combinations

ReðdWK0Þ þ dWb
f , ReðdWK0Þ þ dW1f ,

and ImðdWK0Þ as functions of b�. The

vertical lines label the threshold beta

value, b�c , for EPs. The same parame-

ters set, b ¼ 1:05a, q ¼ 6:05,

k0 ¼ 0:99, and X0 ¼ �1:8, as in Fig.

2, are used.

FIG. 2. (a) The growth/damping rate normalized by the resistive wall time and (b) the real frequency normalized by the nominal toroidal precession frequency

of trapped EPs, of the m=n ¼ 6=1 resistive-wall peeling mode versus the normalized EPs pressure b�. Other parameters are assumed as b ¼ 1:05a, q ¼ 6:05,

k0 ¼ 0:99, and X0 ¼ �1:8.
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local minima of b�cðk0Þ at these values of k0. We point out

again that the physics associated with this periodic behavior

is bounce average of the peeling mode eigenfunction, with a

specific poloidal periodicity cosðm̂hÞ.
In addition, the b�c rapidly increasing at some k0 points

means that b�c is sensitive to the value of the EPs’ pitch angle

k0. As discussed above, b�c is roughly inversely proportional

to the value of K1. Hence, when K1 approaches zero at some

typical points, the value of b�c rapidly increases. Here, K1 is

related to the derivation of the bounce average of the peeling

mode eigenfunction with respect to the quantity kt
2

¼ ð1� kþ k�Þ=2k� as defined by Eq. (29). In fact, the rapid

increase of b�c at some points is mainly related to the bounce

average of the peeling mode eigenfunction.

We also carry out a sensitivity study of the critical beta

b�c on the plasma equilibrium parameter q, which dictates the

stability of the peeling mode in the fluid approximation. The

results are shown in Fig. 5. We fix the EPs’ pitch angle k0

¼ 0:99 and the plasma rotation frequency X0 ¼ �1:8 as in

Fig. 2. Figure 5 shows that b�c is roughly proportional to q.

As the (edge) q value exceeds an integer number (6 in our

case), the fluid peeling mode becomes more stable with

increasing q. The results in Fig. 5 indicate that the excitation

of a more stable resistive-wall peeling mode requires a larger

fraction of trapped EPs.

Another type of sensitivity study is shown in Fig. 6. Here,

we consider peeling modes with higher mode numbers

(m=n ¼ 12=2 and m=n ¼ 18=3) in Fig. 6(a). The safety factor

q ¼ 6:05 is fixed, which gives us fluid-wise stable peeling

modes with m=n¼6=1, m=n¼12=2, and m=n¼18=3. In these

calculations, the re-normalized frequency X¼ðx�nx0Þ=
nxds has been used in Eq. (17). A robust destabilization of the

modes is obtained, at sufficiently high pressure of EPs. We

also consider peeling modes with higher poloidal mode num-

bers (m=n ¼ 10=1 and m=n ¼ 15=1) while fixing the toroidal

mode number. The results are shown in Fig. 6(b). In order

to have fluid-wise stable peeling modes, q ¼ 10:05 and
q ¼ 15:05 are chosen for the cases of m=n ¼ 10=1 and

m=n ¼ 15=1, respectively. Stable peeling modes with higher

poloidal mode numbers can also be destabilized by trapped

EPs, as the EPs’ pressure exceeds threshold values b�c that

depend on the mode number. Generally, at the marginal stabil-

ity point dWk0 
 ReðdWk0Þ � �dW1f . Here, dW1f is deter-

mined by m=n and safety factor q. But ReðdWk0Þ displays a

complicated dependence on the poloidal mode number through

the terms shown in Eqs. (17)–(23). Consequently, the critical

value b�c for destabilizing peeling mode is also a complicated

function of the poloidal mode number. It is noteworthy that the

predicted numbers for the threshold EPs’ pressure, for destabi-

lizing peeling modes, should not be taken too quantitatively,

due to quite a few simplifying assumptions in the calculations.

This work mainly provides qualitative conclusions.

Physically, a peeling mode with higher m is more local-

ized near the plasma edge as shown in Fig. 7. This leads to

less interaction between the trapped EPs and the mode in the

configuration space. Indeed, we realize that dWk0 is eventu-

ally the radial integration of the product of the perpendicular

displacement of the mode, with the gradient of the kinetic

perturbed EPs’ pressure.

IV. DESTABILIZATION OF IDEAL KINK-PEELING
MODE BY EPs

In this section, we place a wall at the radial position of

b ¼ 1:3a. We consider a plasma with vanishing toroidal

FIG. 4. (a) The threshold beta value,

b�c , for destabilizing the resistive-wall

peeling mode, as a function of k0; (b)

the coefficients K (solid line) and K1

(dashed line), as defined in Eqs. (28)

and (29), respectively, versus the parti-

cle pitch angle k0. The other parame-

ters set as in Fig. 2 are used.

FIG. 5. The critical beta value, b�c , for destabilizing the resistive-wall peel-

ing mode, versus the edge q-value. The other parameters are, b ¼ 1:05a,

k0 ¼ 0:99, and X0 ¼ �1:8.
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flow. A plasma with a finite rotation, as that studied in

Sec. III, does not change the qualitative results shown

here. The other parameters are the same as those specified

at the beginning of Sec. III. This results in the fluid poten-

tial energy of dWb
f ¼ 0:00301 and dW1f ¼ 0:00300. The

fact that dWb
f 
 dW1f implies that the ideal (resistive) wall

has negligible effect on the stability of the peeling mode.

In this case, the eigenvalue of the kink-peeling mode is

determined by the dispersion relation (11), which we

numerically solve.

Figure 8 shows the growth/damping rate and the real

frequency of the mode as functions of b�. At b� ¼ 0

(dWk0 ¼ 0), Eq. (11) has a pair of complex roots sharing the

same growth rate cð¼ 0Þ. The normalized real frequencies

are Xr ¼ 6½ðdWp þ dW1v Þ=dK�1=2
, labeled by symbols “o”

in Fig. 8(b). At finite b�, another root of Eq. (11) appears,

FIG. 6. (a) The growth/damping rates of the resistive-wall peeling modes, with m=n ¼ 6=1(solid line), m=n ¼ 12=2(dashed-dotted line), and m=n ¼ 18=3(dot-

ted line), respectively, as functions of the normalized pressure of EPs, b�. q ¼ 6:05 is used for all three cases. The particle pitch angle of k0 ¼ 1:43 is chosen

to allow destabilization of the resistive-wall peeling mode for all three cases. Here, s�w0 is the typical wall time corresponding to m ¼ 6. The other parameters

set as in Fig. 2 are used; (b) the growth/damping rates of the modes, with m=n ¼ 6=1(solid line), m=n ¼ 10=1(dashed-dotted line), and m=n ¼ 15=1(dotted

line), respectively, as functions of b�. The particle pitch angle of k0 ¼ 1:3 is chosen. The safety factor values of q ¼ 10:05 and q ¼ 15:05 are chosen for the

cases of m ¼ 10 and m ¼ 15, respectively.

FIG. 7. The eigenfunctions (normal-

ized radial displacement) of the

peeling modes with m=n ¼ 6=1,

m=n ¼ 12=2, and m=n ¼ 18=3, respec-

tively, used for computing the per-

turbed drift kinetic energy due to

trapped EPs.

FIG. 8. (a) The normalized growth/

damping rates (cs�w) and (b) the nor-

malized real frequency (Xr), of the

ideal-kink peeling mode, as a function

of the EPs’ pressure b�. Other parame-

ters are k0 ¼ 1:05, X0 ¼ 0, and

b ¼ 1:3a.
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labeled by branch 3 in Fig. 8(a). This root results from the

non-linear dependence of the drift kinetic energy dWK0 on

the mode eigenvalue. At small b�, the growth rate of branch

1 is almost not affected by trapped EPs, but its real frequency

decreases with increasing b�. As b� approaches a threshold

value of b�c ¼ 0:58, the growth rate rapidly increases with

b�. The marginal stable branch 1 becomes unstable. In the

region near b�>0:46, two complex frequencies (branch 1

and branch 3) form a pair of complex conjugates, sharing the

same real frequency Xr. The other branch, branch 2, is

always stable, and is hardly affected by EPs. This branch can

be labeled as the plasma mode in the conventional RWM

theory. The above calculation mainly provides a qualitative

conclusion that the ideal kink-peeling mode can be driven by

trapped EPs.

Further calculations show that the appearance of an

unstable branch of Eq. (11), as well as the critical value of b�

for destabilizing the kink-peeling mode, is not sensitive to

the plasma rotation and to the wall position bð>1:3aÞ.
Figure 9 displays the energy analysis for the branch 1

(the destabilized branch) from Fig. 8. The ReðdWk0Þ is nega-

tive. Its amplitude is roughly proportional to b�, leading to a

decrease of the mode rotation frequency Xr with increasing

b�, as shown in Fig. 8. The decrease of Xr in turn results in

an increase of c as indicated by Eq. (12). The coupling

between the real and imaginary part of the mode eigenvalue

is of course non-linear. The full eigenvalue eventually

affects ImðdWk0Þ through the log-functions in Eqs.

(18)–(20). This non-linear coupling of the eigenvalue via the

drift kinetic energy component predicts the destabilization of

an unstable kink-peeling mode by trapped EPs.

V. CONCLUSION

The drift kinetic effects of EPs on the stability of edge

localized, high-m peeling modes are investigated using an

analytic MHD-drift kinetic hybrid formulation similar to that

for the RWM. This formulation is based on the extended ki-

netic energy principle. Depending on the wall distance to the

plasma boundary, either a resistive-wall peeling mode or an

ideal-kink peeling mode is considered.

With a close-fitting resistive wall, the peeling mode is

essentially a RWM, which has a low n and high m mode

numbers. This resistive-wall peeling mode is described by

the kinetic RWM dispersion relation neglecting the plasma

inertial effect. The radial profile of the mode eigenfunction

peaks near the plasma edge as m becomes large. We find that

a resistive-wall peeling mode, which is stable in the fluid

approximation (i.e., without the kinetic effects from EPs),

can be destabilized by trapped EPs with a slowing down dis-

tribution in the particle energy space and a d-function distri-

bution in the particle pitch angle. The destabilization comes

from both the mode–particle resonance and the non-

resonance part of EPs’ contribution.

A resistive wall farther from the plasma boundary has

negligible effect on the edge localized peeling mode. In this

case, the plasma inertia becomes important, and we consider

an ideal-kink peeling mode. This mode can also be driven

unstable by trapped EPs.

The above results indicate that the destabilization of the

edge localized peeling mode (either resistive-wall peeling or

ideal-kink peeling) by EPs is rather robust. This may offer

an explanation of the (robust) observation of the ELM trig-

gering by EP driven mode (EPdM) observed in JT-60U and

DIII-D. The trapped EPs are transported to the plasma edge

by EPdM, and then, these EPs can destabilize new branch

(low-n peeling mode) which can trigger ELM in the same

way as usual ELM.14,29 It is noteworthy that the predicted

numbers for the threshold EPs’ pressure, for destabilizing

peeling mode, should not be taken too quantitatively, due to

quite a few simplifying assumptions in the calculations. This

work mainly provides qualitative conclusions. A more quan-

titative investigation of the EP-driving peeling mode is

underway using the full toroidal MHD-kinetic hybrid code
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