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Large-scale numerical simulations of ion beam instabilities
in unmagnetized astrophysical plasmas

M. E. Dieckmann, P. Ljung, and A. Ynnerman
Institute of Technology and Natural Science, Linko¨ping University, Campus Norrko¨ping,
601 74 Norrko¨ping, Sweden

K. G. McClements
EURATOM/UKAEA Fusion Association, Culham Science Centre, Abingdon, Oxfordshire OX14 3DB, United
Kingdom

~Received 2 May 2000; accepted 28 August 2000!

Collisionless quasiperpendicular shocks with magnetoacoustic Mach numbers exceeding a certain
threshold are known to reflect a fraction of the upstream ion population. These reflected ions drive
instabilities which, in a magnetized plasma, can give rise to electron acceleration. In the case of
shocks associated with supernova remnants~SNRs!, electrons energized in this way may provide a
seed population for subsequent acceleration to highly relativistic energies. If the plasma is weakly
magnetized, in the sense that the electron cyclotron frequency is much smaller than the electron
plasma frequencyvp , a Buneman instability occurs atvp . The nonlinear evolution of this
instability is examined using particle-in-cell simulations, with initial parameters which are
representative of SNR shocks. For simplicity, the magnetic field is taken to be strictly zero. It is
shown that the instability saturates as a result of electrons being trapped by the wave potential.
Subsequent evolution of the waves depends on the temperature of the background protonsTi and the
size of the simulation boxL. If Ti is comparable to the initial electron temperatureTe , andL is equal
to one Buneman wavelengthl0 , the wave partially collapses into low frequency waves and
backscattered waves at aroundvp . If, on the other hand,Ti@Te andL5l0 , two high frequency
waves remain in the plasma. One of these waves, excited at a frequency slightly lower thanvp , may
be a Bernstein–Greene–Kruskal mode. The other wave, excited at a frequency well abovevp , is
driven by the relative streaming of trapped and untrapped electrons. In a simulation withL
54l0 , the Buneman wave collapses on a time scale consistent with the excitation of sideband
instabilities. Highly energetic electrons were not observed in any of these simulations, suggesting
that the Buneman instability can only produce strong electron acceleration in a magnetized plasma.
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I. INTRODUCTION

Beam–plasma streaming instabilities provide a poss
energy source for electron acceleration in astrophys
shocks, in particular shocks associated with supernova r
nants~SNRs!. In situ measurements at the bow shock of t
earth,1 hybrid simulations~which treat ions as particles an
electrons as a fluid!,2 and theoretical analyses3,4 all indicate
that ions are reflected from quasiperpendicular collisionl
shocks with sufficiently high Alfve´nic Mach numbers~the
term ‘‘quasiperpendicular’’ is applicable when the angle b
tween the shock normal and the upstream magnetic field
ceeds 45°). The reflected ions gyrate in the upstream fi
return to the shock front, and penetrate it, eventually th
malizing in the downstream region. The upstream gyrat
gives rise to a ‘‘foot’’ region, with spatial dimensions of th
order of a reflected ion Larmor radius, in which there are t
ion beams: one propagating away from the shock, the o
toward it.5 The beams constitute a source of free energy
the upstream plasma, and thus instabilities may develop5–9

An understanding of these instabilities, and their satura
mechanisms, is essential for the development of fully s
consistent models of the shock structure and of particle
5171070-664X/2000/7(12)/5171/11/$17.00
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celeration. In the case of SNRs, there is a need to fin
mechanism for accelerating electrons from thermal to mil
relativistic energies~‘‘electron injection’’!, at which their
Larmor radii are comparable to those of the ions: diffus
shock acceleration10 can then produce highly relativisti
electron populations, consistent with observed synchrot
spectra extending from radio to x-ray wavelengths.11

In this paper we study specifically the Buneman ins
bility.12 Our principal motivation for doing so is that it pro
vides a possible mechanism for electron heating and ac
eration at quasiperpendicular SNR shocks.7–9 In Ref. 7 a
multifluid approach was used to describe electron heatin
such scenarios, while in Ref. 8 a hybrid code was employed
Both multifluid and hybrid models treat the electrons as
fluid, and thus cannot be used to simulate the evolution
the electron phase space distribution. They can, howe
provide a self-consistent description of the shock structu
In this paper we present the results of one-dimensio
particle-in-cell ~PIC! simulations. The simulation metho
makes very heavy demands on computer resources, and
difficult to model self-consistently an entire shock structu
with this method, unless one uses an artificial ion to elect
1
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5172 Phys. Plasmas, Vol. 7, No. 12, December 2000 Dieckmann et al.
mass ratio and a relatively small number of particles
cell.13 However, by prescribing an initial configuration co
sisting of one or two ion beams, drifting relative to bulk io
and electrons, we can represent conditions likely to occu
quasiperpendicular high Mach number shocks, thereby
taining information on acceleration efficiency and the line
and nonlinear processes that may be relevant to electro
jection. We employ the electromagnetic and fully relativis
PIC code described in Ref. 14. It solves the Vlasov–Maxw
equations for both electrons and ions, the particle spe
being represented by computational superparticles in ph
space. Superparticles have the same charge to mass ra
real particles, but the absolute values of charge and mas
larger: This reduces the number of plasma particles in
system, thereby making the kinetic equations computat
ally tractable.

The nonlinear evolution of the Buneman instability h
been studied previously in detail, both analytically15,16 and
numerically, using PIC simulations.17 These studies hav
concentrated on the case of an entire electron popula
drifting with respect to stationary ions. To model wave e
citation and particle acceleration at high Mach numb
shocks, it is more appropriate to consider a scenario in wh
instability drive is provided by a component of the ion pop
lation which is drifting with respect to stationary electro
and bulk ~nonreflected! ions. The term ‘‘Buneman instabil
ity’’ is still appropriate in these circumstances. It will b
shown that the bulk ions do not merely provide charge n
trality but play an important active role in determining th
nonlinear evolution of the plasma. Several authors have s
ied the nonlinear damping of prescribed, large-amplitu
counterpropagating waves by solving numerically the el
trostatic Vlasov–Poisson system of equations.18,19 Our ap-
proach differs from this in several respects: first, instead
defining the initial parameters of the waves, we prescr
particle distributions which generate the waves from a no
level and continue to drive them throughout the simulati
second, the parameters of our particle distributions are s
that waves propagating in only one direction are subjec
strong linear instability; finally, we use an electromagne
PIC model, with three velocity dimensions, rather than
Vlasov–Poisson model with one velocity dimension. In R
18 only the electron Vlasov equation was solved, the io
being treated as a motionless, neutralizing background.
dynamics was included in some of the simulations presen
in Ref. 19, the conclusion being that ions did not play
significant role in the evolution of the system. We will sho
however, that this conclusion applies only in certain para
eter régimes.

In our simulations the Buneman instability grows a
saturates on a time scale of order 2032p/vp , wherevp is
the electron plasma frequency: This is comparable to an
lytical estimate obtained in Ref. 20 for the quench time
the Buneman instability, based on the assumption of gro
from thermal noise levels. In astrophysical plasmasvp is
generally higher than the electron cyclotron frequency,vce .
If vp /vce is sufficiently large, and the instability drive i
sufficiently strong, the Buneman wave is amplified sign
cantly in less than one cyclotron period, and the plasm
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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then effectively unmagnetized. Even for values ofvp /vce as
low as 10, the magnetic field has a negligible effect on
linear growth of the Buneman instability if the ion bea
speed is more than a few times the initial electron therm
speed.9 Spacecraft observations in the vicinity of the Ear
indicate that up to 25% of the ions upstream of a high Ma
number quasiperpendicular shock can be reflected.1 Hybrid
code simulations suggest that the reflected ion fraction m
be even higher at astrophysical shocks with Mach numb
exceeding those occurring in the heliosphere.21 For perpen-
dicular shocks, the maximum beam speed in the upstre
plasma frame is twice the shock speed~specular reflection!;
generally, the maximum beam speed is less than this~non-
specular reflection!.4 Shock speeds associated with you
SNRs are typically around 107 m s21:22 In this paper we
assume ion beam velocities which are consistent with sh
speeds of this order. Ifvp@vce , and reflected beam ion
have a drift speed in excess of the electron thermal spee
is not necessary, in the first instance, to include magn
field effects. Such effects may, however, play a key role
electron acceleration, e.g., via the surfatron mechanism.23 In
a future paper we will present results from large-scale
merical simulations designed to investigate this process.

In Sec. II we list the initial parameters of the simul
tions, and then present results obtained for the time evolu
of electrostatic fields and electron distributions in simu
tions with two different values of the bulk ion temperatu
and different simulation box sizes. In Sec. III these resu
are interpreted in terms of various linear and nonlinear p
cesses. The results are summarized and discussed in Se

II. SIMULATIONS

A. Parameters and initial conditions

We present results obtained from three simulations: t
with 90 cells, the other with 360 cells. All three simulatio
boxes are periodic. Each cell is 2.04 m in length: This
approximately equal to the electron Debye lengthlDe

.1.99 m at the beginning of each simulation. The maxim
wavelength which can be represented in the code is the
box sizeL, which is equal to 183.6 m[l0 in the simulations
with 90 cells and 734.4 m54l0 in the simulation with 360
cells ~it will become apparent thatl0 is equal to the wave-
length of a Buneman-unstable mode!. The minimum wave
number is thusk5k052p/l052p/183.6 m21 in the simu-
lations with L5l0 , and k5k0/452p/734.4 m21 in the
simulation withL54l0 . The electrons initially have therma
speedve[(Te /me)

1/251.253106 m s21 (Te denoting elec-
tron temperature in energy units andme denoting electron
mass!, zero mean velocity, plasma frequencyvp510532p
rad s21, and are represented by 30 375 particles per
~ppc! in the simulations withL5l0 , and 8192 ppc in the
simulation withL54l0 . The initial electron temperature i
approximately 9 eV: Temperatures of this order are belie
to be representative of the heated interstellar medium~ISM!
upstream of SNR shocks.24 The electron density isne.1.2
3108 m23: this is rather higher than values quoted in R
24 for the ISM in the vicinity of a SNR. However, becau
our plasma is unmagnetized, there are essentially only th
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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time scales in our simulations: the plasma period 2p/vp , the
period of the wave excited, and the bounce period of e
trons trapped by this wave. It will be shown that the last t
of these scale asvp

21 . Thus, a change inne changes only the
absolute time scale of the simulation. Since timet is normal-
ized in the simulations to 2p/vp , the results are independe
of the absolute value ofne .

In two of the three simulations the bulk protons ha
thermal speedv i52.93105 m s21, corresponding to a tem
peratureTi.900 eV; one of these simulations hasL5l0 ,
the other hasL54l0 . In the remaining simulation,v i52.9
3104 m s21 (Ti5Te.9 eV! and L5l0 . In all three cases
the bulk protons have zero mean velocity, plasma freque
vpi51.9310332p rad s21, and are represented by 600
ppc in the simulations withL5l0 and 1568 ppc in the simu
lation with L54l0 . In each simulation there are tw
counterpropagating proton beams, both with mean speevb

51.8753107 m s21 and Maxwellian distributions, but with
unequal temperatures. These drifts are directed along
positive and negative (x) directions of the simulation box
The forward-propagating beam has thermal sp
33105 m s21, while the backward-propagating beam h
thermal speed 3.753106 m s21. Each beam has plasma fre
quencyvpb595332p rad s21 and is represented by 13 50
ppc in the simulations withL5l0 , and 2048 ppc in the
simulation withL54l0 . The number density of each bea
relative to the electron densityne is taken to be 1/6, so tha
the total beam density isne/3: This is comparable to beam
concentrations observed in hybrid code simulations21 of
shocks with Mach numbers characteristic of SNRs.22 The use
of a large number of particles per cell is dictated by the n
to reduce to a minimum noise fluctuations of electrons in
high velocity tail of the distribution~the total number of
particles in the simulations withL5l0 is almost three orders
of magnitude greater than that used in the simulation
ported in Ref. 17!. The initial velocity distributions of elec-
trons and beam ions are shown in Fig. 1.

Since the ion beam speeds are of the same order a
shock speed, our assumed values ofvb are consistent with
sonic Mach numbersM;vb /cs;602600 ~depending on
Ti), wherecs;(Ti /mp)1/2 is the sound speed (mp being the
proton mass!. Mach numbers of this order are consistent w
those of SNR shocks.22 Our assumed plasma beta is forma
infinite, since we have finite pressure and zero magn
field.

In two of the three simulations, the total simulation tim
in units of 2p/vp is tmax5145; in the other simulation
tmax580. Wave amplitude time series are obtained by F
rier transforming the electrostatic field in the simulation b
E(x,t) over the discrete space variablex:

A~kl ,t !52/NU (
n50

N21

E~xn ,t !exp~~22p i !kln/N!U. ~1!

Normalizing to 2/N rather than 1/N gives the amplitude of
sin(2pklx) rather than that of exp(2ipklx). This makes it pos-
sible to compare directly the wave amplitude with the thre
old electric field amplitude above which significant numbe
of electrons are trapped.
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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Hybrid simulations reported in Ref. 8 indicate that pr
ton beams reflected from high Mach number perpendicu
shocks vary on length scales of at least several ion ine
lengthsxp5c/vpi , wherec is the speed of light andvpi is
the total ion plasma frequency. During the time interval
our simulations, the proton beams propagate a total dista
x.57c/vp . Thus,x/xp.57(vpi /vp);1. The spatial scale
of the simulations is thus smaller than the length scale o
which the proton beams are likely to vary in a real hi
Mach number shock, and it is therefore justifiable to p
scribe homogeneous beams and periodic boundary co
tions in the simulations.

As noted in Ref. 9, the present scenario differs som
what from that considered originally by Buneman12 in that
ions are drifting with respect to electrons rather than v
versa. This change of frame simply shifts the real freque
of the instability to uvu.vp , while the maximum growth
rate,12

gmax5S 3
A3

16
vpb

2 vpD 1/3

, ~2!

is unaffected. The wave phase speed is approximately e
to the ion drift speed, and so the most unstable wave num
is k5kBun.vp /vb.2p/187.5 m21. This is almost exactly
equal to the smallest wave number which can be represe
in the simulations with L5l0 , namely k052p/l0

52p/183.6 m21. Setting the box size equal to one wav
length of a large amplitude mode is a common practice
both PIC17 and Vlasov–Poisson18,19 simulations. In Sect. IV
we will discuss the reasons for adopting such an approa
Since the Buneman instability has finite bandwidth,12 one
would not expect the slight disparity betweenk0 andkBun in
our simulations to cause a significant reduction in the grow
rate ~similar results were obtained when the simulation b
size was set equal to 2p/kBun.187.5 m!. The second lowes
wave number permitted by the size of the 90 cell simulat

FIG. 1. Initial velocity distributions of~1! electrons,~2! hot beam protons,
and ~3! cool beam protons used in the simulations. The initial bulk pro
distributions would appear as sharp spikes centered on the origin if plo
on the same scale.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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5174 Phys. Plasmas, Vol. 7, No. 12, December 2000 Dieckmann et al.
box, k52k0 , lies well outside the range of unstable Bu
eman wave numbers. Modes withk53k0/4 and k55k0/4
can exist in the simulation withL54l0: linear stability
analysis, using the above-listed distribution function para
eters, indicates that the wave at 3kBun/4 is weakly unstable,
while the one at 5kBun/4 is damped.

B. Simulation with hot bulk protons and LÄl0

Figure 2 shows the time-evolving amplitude of wav
with k5k0 , v>0 ~upper plot! andk5k0 , v<0 ~lower plot!.
A rectangular window was applied in the discrete (v,k)
space to separate waves with opposite phase velocityvf . To
obtain the time series of waves withvf.0, the amplitude
spectra of two quadrants with negativevf were set equal to
zero. The data set was then transformed back from (v,k)
space to (x,t) space, and Eq.~1! was used to compute th
amplitudes as a function of time. The upper plot in Fig.
shows the amplitude of waves withvf.0. The mode ap-
pearing early in the simulation is driven by the Bunem
instability. Betweent50 and t545, the amplitude can be
well approximated by an exponential, the best-fit growth r
being g/vp50.025. The exponential fit, plotted in Fig. 2
begins to diverge from the true amplitude att.42. The am-
plitude at this time isE.30 V m21: we will show later that
this is close to the electric field required for particle trappin
After t.42 the amplitude oscillates, the magnitude of t
oscillations steadily decreasing in time. Aftert.130 the am-
plitude decreases. The ion beam driving this wave activ
loses only a very small fraction of its energy~approximately
0.15%! during the simulation. The waves in the lower plo
with v<0, are associated with the hot ion beam. In this c
there is no exponential growth phase, but there is a buil
in the field amplitude during the first 20 plasma period
Thereafter, the amplitude remains approximately constan

Figure 3 shows Fourier power spectra corresponding
the waves shown in Fig. 2. These are normalized to the p
power in the upper plot~v>0!. Three peaks in each spe
trum are indicated by vertical lines. Two peaks in the up

FIG. 2. Wave amplitude atk5k0 vs time for simulation with hot bulk
protons andL5l0 . The upper and lower plots show, respectively, the wa
amplitudes atv.0 andv,0.
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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plot, atv1 /vp50.63 andv2 /vp50.97, have similar inten-
sities. The third peak in the upper plot, atv3 /vp52.42,
is of somewhat lower intensity. Peaks in the lower p
~v,0! occur at ṽ1 /vp521.25, ṽ2 /vp521.01, and
ṽ3 /vp522.23.

The proximity ofv1 to vp enables us to identify it as a
Buneman mode.9 To facilitate identification of the peaks a
v1 and v3 , we obtain a spectrogram of the waves withk
5k0 . This was done by Fourier transforming the field da
over space, as in Eq.~1! but without taking moduli, thereby
generating an amplitude time series. A window Four
transform was then applied over time atk5k0 , using an
expression similar to that used in Eq.~1! but with space and
wave vector replaced, respectively, by time and frequen
The time domain window for the Fourier transform is rec
angular, with widthDt53032p/vp . A weight of 2/M ,
whereM is the number of data points inside the window, w
assigned to the Fourier transform, again to obtain a s
wave amplitude. In Fig. 4 we show the amplitude spectr
for the interval (v/vp)P@0.4,1.2# ~left plot! and (v/vp)
P@2,2.8# ~right plot!. The time variable used in the spectr
gram, denoted here byt̃ , corresponds to the center of th
Fourier window@ t2Dt/2,t1Dt/2#. Amplitude is indicated
by a gray scale.

The left-hand plot in Fig. 4 shows immediately that th
peaks atv1 and v2 in Fig. 3 are correlated. Wave growt
occurs initially atv[v2.vp , as expected.9 At t̃ .32 the
initial wave bifurcates, with one component remaining atv
.vp , the other sweeping down in frequency, eventua
reaching a steady value around the frequencyv1 identified in
Fig. 3. By t.60, the initial wave atv2 has vanished, while
the wave atv1 remains. The presence of two waves in t
time interval tP@40,60# differing in frequency byv22v1

.vp/3 gives rise to beat oscillations in the upper plot of F
2. Similar low frequency oscillations occurred in th
Vlasov–Poisson simulations presented in Refs. 18 and 1

FIG. 3. Power spectra of waves withv.0 ~upper plot! and v,0 ~lower
plot! at k0 for simulation with hot bulk protons andL5l0 . Both spectra are
normalized to the peak value in the upper plot. Vertical lines indicate pe
at v1 , v2 , v3 ~upper plot! and atṽ1 , ṽ2 , ṽ3 ~lower plot!.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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corresponding plot for the backward-propagating wavesṽ1 ,
ṽ2 shows that these waves follow a similar pattern: the wa
energy, initially concentrated atṽ2 , shifts towardṽ1 . This
shift may have caused the increased oscillation levels a
t.40 in the lower plot in Fig. 2. The right-hand plot in Fig
4 shows a wave withv.2.4vp , which corresponds to the
peak atv3 in Fig. 3. The amplitude of this wave is muc
lower than those of the waves atv1 andv2 . Its first appear-
ance coincides approximately with that of the peak atv1 in
the left-hand plot. The peak atṽ3 is also generated at abou
the same time.

Figures 5 and 6 show the electron phase space att541
and t580, respectively. At the earlier of these times, t
waves atv1 , v2 , andv3 are all present; at the later time
only the waves atv1 and v3 are still present. Colors from

FIG. 4. Spectrogram of waves withv.0 close tov1 , v2 ~left-hand plot!
andv3 ~right-hand plot! in simulation with hot bulk protons andL5l0 .

FIG. 5. ~Color! Electron phase space att541 in simulation with hot bulk
protons andL5l0 . Colors from dark blue through dark red indicate in
creasing phase space density. The electron distribution is strongly disto
by a large amplitude wave withk5k0 . The light blue arc extending from
x50, v.23107 m s21 to higher velocity indicates electron trapping.
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
e

erblue through dark red indicate increasing phase space
sity. Already att541 ~Fig. 5!, the electron distribution is
strongly distorted by large amplitude electrostatic wav
with k5k0 . A small number of electrons form a beam, i
dicated in Fig. 5 by a light blue arc extending fromx50,
v.23107 m s21 to higher velocity. This beam has a clear
defined front in coordinate space, moving along the se
ratrix of a trapped-particle island. Byt580 ~Fig. 6! a sec-
ondary trapped-particle island has appeared, centered ov
.4.23107 m s21. Electron beams are apparent above a
below this speed. The original trapped-particle island s
exists, although significant numbers of electrons are n
present close to its center. Electron phase space vor
reminiscent of those appearing in Figs. 5 and 6 have b
observed in PIC17 and Vlasov–Poisson18,19 simulations of
unmagnetized plasmas with streaming electrons and sta
ary ions.

C. Simulation with cool bulk protons and LÄl0

The time evolution of wave amplitude atk5k0 , v>0 in
the simulation with cool bulk protons is shown in the upp
plot of Fig. 7. The amplitude increases exponentially up
t.42, the growth rate beingg/vp50.025: This is identical
to the growth rate observed in the simulation with hot bu
protons. Thus, the linear phase of the instability is essenti
independent of bulk proton temperature. Beyond the lin
phase, up tot.60, the amplitude undergoes oscillation
similar to that observed in the simulation with hot bu
protons. Electron phase space plots~not shown here! indicate
that particle trapping characteristics are also independ
~for this choice of parameters! of the bulk proton tempera
ture. The first differences between the two cases beco
apparent aftert560: between this time andt574 ~indicated
by vertical lines in Fig. 7!, the amplitude drops to less tha
5 V m21, and remains at about that level for the remaind

ed

FIG. 6. ~Color! Electron phase space att580 in simulation with hot bulk
protons andL5l0 . In addition to the large trapped-particle island whic
was beginning to appear in the previous figure, there is now a secon
island centered onv.4.23107 m s21.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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of the simulation. The lower plot in Fig. 7 shows wav
amplitude A(t)[(A2(k0 ,t)1A2(2k0 ,t))1/2 in the range
@2vp/3,vp/3#. At these frequencies the contribution
A(2k0 ,t) to A(t) is significantly greater than that o
A(k0 ,t), with most wave power concentrated in the tw
quadrants of the (v,k) plane with phase speedvf[v/k
,0. The amplitude of these low frequency waves ris
sharply at the same time as the high frequency Bunem
wave collapses, betweent560 andt574: this is clear evi-
dence of wave energy flowing from high to low frequen
modes.

The upper plot in Fig. 8 shows the amplitude
backward-propagating waves withk5k0 and frequencies
around ṽ1 , ṽ2 . In the other simulation, the amplitude o
backward-propagating waves was approximately const
and remained below 1 V m21 ~see the lower plot in Fig. 2!.
In Fig. 8, the wave amplitude grows to a much higher le
~around 10 V m21), after the Buneman wave has collaps
and produced the low frequency waves~the period of Bun-

FIG. 7. Wave amplitudes atk5k0 , v.0 ~upper plot! and at lowv ~lower
plot! in simulation with cool bulk protons andL5l0 .

FIG. 8. Mode amplitudes atk0 , v,0 ~upper plot! andk50 ~lower plot! in
simulation with cool bulk protons andL5l0 .
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eman wave collapse,t560– 74, is again indicated by verti
cal lines!. The apparent enhancement in wave amplitu
close tot50 in the upper plot is a filter effect. The lowe
plot in Fig. 8 shows the amplitude of oscillations atk50,
v.vp . These also grow after the low frequency waves ha
been generated, and again reach a peak amplitude of ar
10 V m21, but there is no correlation with the time evolu
tion in the upper plot. It thus appears that the backwa
propagating mode withk5k0 and the mode withk50 have
different excitation mechanisms.

Figure 9 shows Fourier spectra of waves withk5k0 and
v>0 ~upper plot!, v<0 ~lower plot!. The normalization of
wave power is the same as that used in Fig. 3. In the up
plot, vertical lines indicate the frequenciesv1 , v2 , andv3

of the principal maxima in the upper plot of Fig. 3. A stron
peak again appears close tov2.vp , with a slightly less
intense one occurring in the vicinity ofv1 . In fact, the spec-
tra in the upper plots of Figs. 3 and 9 are fairly similar in t
frequency range 0.5vp– 1.3vp . Outside this range, there ar
significant differences between the two simulations: T
spectrum in Fig. 9 does not contain a peak atv.v3 , and
there is a broadband feature at low frequency which does
appear in Fig. 3. The peak of this broadband feature
below the ion plasma frequency. The lower plot in Fig.
shows the power spectrum forv<0. Vertical lines indicate
the frequenciesṽ1 , ṽ2 , andṽ3 of the principal maxima in
the lower plot of Fig. 3. In Fig. 9, there are peaks atṽ1 and
ṽ2 , but the strongest feature occurs atv.21.45vp . There
are also peaks atv.22.4vp , close to ṽ3 , and at
v.20.45. The low frequency component is slightly broad
and stronger atv,0 than it is atv.0.

We have generated spectrograms of the waves in
upper plot of Fig. 9, using the same procedure as before:
results are shown in Fig. 10. The left-hand plot shows t
the Buneman wave atv.v2.vp follows a pattern which is
similar to that observed in the simulation with hot bulk pr

FIG. 9. Power spectra of waves withk5k0 , v.0 ~upper plot! and k
5k0 , v,0 ~lower plot! in simulation with cool bulk protons andL5l0 .
Both spectra are normalized to the peak value in Fig. 3. Vertical li
indicate the frequencies of the strongest peaks observed in the other s
lation ~Fig. 3!.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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tons. After the onset of electron trapping, the Buneman w
decays, and a second wave is generated atv.v1 . In con-
trast to the previous simulation, the wave atv1 in Fig. 10
rapidly decays aftert̃ .70, and has completely disappear
by t̃ 580. The Fourier amplitudes plotted in Fig. 10 a
lower than those in Fig. 4, despite similar peak electric fie
in the two simulations, because in Fig. 10 the waves h
shorter lifetimes~as before, the Fourier transform windo
has a width of 30 plasma periods!. The right-hand plot of
Fig. 10 shows the evolution of a wave atv.v3 . As in the
previous simulation, a wave at this frequency grows at ab
the same time as the wave atv1 . After the latter has col-
lapsed, the wave atv3 cascades down in frequency. Becau
this wave is spread over a broad frequency range, it does
give rise to a strong peak in Fig. 9.

Figure 11 shows spectrograms for the backwa
propagating waves. Those with frequenciesuvu<1.6vp have
a wide dynamic range, and for this reason a log10 scale is
used in the left-hand plot. The wave atv.2vp , noted pre-

FIG. 10. Spectrogram of waves atv.0 close tov1 , v2 ~left-hand plot! and
v3 ~right-hand plot! in simulation with cool bulk protons andL5l0 .

FIG. 11. Spectrogram of waves atv,0 close toṽ1 ṽ2 ~left-hand plot! and
ṽ3 ~right-hand plot! in simulation with cool bulk protons andL5l0 . The
amplitude in the left-hand plot is displayed on a log10 scale.
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viously in the lower plot of Fig. 9, appears early in the sim
lation, and has approximately constant amplitude up tot̃
.40. At this time, there is a shift in frequency tov.
21.2vp . Both amplitude and frequency increase stead
thereafter, the latter converging tov.21.45vp . Fourier
analysis atuvu,0.8vp reveals that the spectral feature atv
.20.45vp in the lower plot of Fig. 9 first appears at th
same time as the low frequency waves associated with B
eman wave collapse. The right-hand plot of Fig. 11 sho
that the wave atv.22.4vp in the lower plot of Fig. 9 only
begins to grow aftert̃ .90. In contrast, the wave atṽ3 in the
previous simulation grows at the same time as those atv1

andv3 .

D. Simulation with hot bulk protons and LÄ4l0

Figure 12 shows the time-evolving amplitude of wav
with k5k0 , v.0 in the simulation with hot bulk protons an
L54l0 . The essential difference between this case and
of the simulation with hot bulk protons andL5l0 is that the
plasma can now support waves withk equal to any multiple
of k0/4: previously,k was restricted to multiples ofk0 . As in
the other simulations, there is a phase of exponential grow
with g/vp.0.025. However after reaching a peak similar
that observed in the other simulations, the amplitude of
wave withk5k0 rapidly declines from 45 to about 1 V m21.
Similar results were obtained in earlier simulations of ma
netized plasmas with box sizes equal to several Bunem
mode wavelengths.9

III. INTERPRETATION

A. Linear instability

Substituting in Eq.~2! the beam proton concentratio
used in the simulations~1/6!, we obtaingmax.0.03vp . The
small difference between this figure and the growth rate c
responding to the exponential curves in Figs. 2, 7, and
(0.025vp) can be largely accounted for by the finite tem
peratures of the electrons and beam protons: Equation~2! is

FIG. 12. Wave amplitude atk5k0 vs time for simulation with hot bulk
protons andL54l0 .
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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applicable only in the cold plasma limit. The exact disp
sion relation for an unmagnetized plasma withm Maxwellian
particle species is25

11(
j 51

m vp j
2 @11z jZ~z j !#

k2v j
2

50, ~3!

where vp j , v j denote plasma frequencies and therm
speeds, whileZ denotes the plasma dispersion function, w
argumentsz j5(v2kvd j)/A2kv j , vd j being the drift speed
of speciesj. Equation~3! can be readily solved numericall
for parameters corresponding to the initial conditions of o
three simulations. In the case of forward-propagating wav
we obtain a maximum growth rateg.0.027vp , at real fre-
quency v.0.994vp . The corresponding values fo
backward-propagating waves areg.0.0012vp and v
.21.004vp . This disparity in growth rates is due entire
to the difference in beam temperatures. Although the
beam excites a Buneman instability, the growth time is of
order of the total simulated time interval (t5145). In fact, as
noted previously, there is no evidence from Fig. 2 that s
waves undergo a phase of exponential growth. The fact
backward-propagating waves are nevertheless present
be due to statistical fluctuations in particle numbers. As ti
progresses, these cause a buildup in electrostatic fields
equilibrium is eventually established between the noise e
tric fields and the particle density fluctuations, so that
mean amplitude remains approximately constant. Despite
absence of exponentially growing waves withv,0, the
sharp peak close to2vp in the lower plot of Fig. 3 indicates
that the Buneman wave is still a normal mode of the plas
in this case. Moreover, the small difference betweenv2 and
uṽ2u is consistent with the difference, noted previously, b
tween the frequencies of the most unstable forward-
backward-propagating waves.

B. Trapped-electron instabilities

The results in Figs. 2, 4, 5, and 12 suggest that the B
eman instability is quenched when the wave amplitude
comes sufficiently large for significant numbers of electro
to be trapped: This was also found to be the case in the
simulations reported in Ref. 17. The criterion for a sing
electron to be trapped is that its velocity component in
propagation direction of the wave differs from the wa
phase speedvf by less than

v tr5S 2
eE

mek
D 1/2

, ~4!

where2e is the electron charge. Trapped electrons which
close to the center of the wave potential well undergo sim
harmonic oscillations with frequency26

vb5S ekE

m D 1/2

. ~5!

Large numbers of electrons are trapped ifvf2v tr.ve . Care
must be exercised in applying this criterion to our simulat
results, for several reasons. First, electrons are prese
significant numbers with speeds greater than the initial va
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of ve . Second, as Figs. 5 and 6 show, the large amplit
Buneman wave causes the mean velocity of the electron
tribution to oscillate. Finally, when more than one trappe
particle island exists, as in Fig. 6, neighboring islands int
act in such a way that the half-widths are modified.27 These
caveats notwithstanding, we can obtain from Eq.~4! the elec-
tric field amplitude at which the Buneman wave traps a s
nificant fraction of the electron population:

Etrap5
mek0

2e
~vf2ve!

2. ~6!

The phase velocity of the Buneman wavevf is approxi-
mately equal tovb , and sovf2ve.1.753107 m s21. Us-
ing k052p/183.6, we obtainEtrap.30 V m21. The expo-
nential curves in Figs. 2 and 7 begin to depart from the ac
wave amplitudes when the latter reach precisely this va
Our conjecture that saturation of the initial instability can
attributed to electron trapping is thus confirmed. Given t
E saturates at a value close toEtrap, the phase speedvf is
much greater than the electron thermal speedve , and vf

.vp /k0 , it follows from Eqs.~5! and~6! that vb at satura-
tion scales withvp .

Secondary instabilities are driven by the streaming
tween trapped and untrapped particles. In Ref. 26 it is sho
that if all the trapped particles remain close to the cente
the wave potential, instability occurs at wave numbers ab
and below that of the large amplitude wave, the maxim
drive occurring at frequencies close tov6vb , wherev is
the large amplitude wave frequency. However, the analy
in Ref. 26 cannot be used to interpret the results obtaine
simulations withL5l0 , since in those casesk is restricted to
multiples ofk0.kBun. Moreover, it is clear from Figs. 5 and
6 that the trapped electrons lie close to the separatrix of
trapped-particle island, rather than the center: This ar
simply from the fact that we prescribed an initial electr
distribution which was Maxwellian, and hence monoton
decreasing in speed. An electron lying precisely at the se
ratrix has zero bounce frequency. An advantage of usin
box size equal to one wavelength is that it allows us to
vestigate numerically the effect of an isolated trappe
electron instability when the particles driving the mode ca
not be treated as simple harmonic oscillators. In Ref.
it is noted that an electron distribution with two componen
one drifting with respect to the other with speedvd , can
drive unstable either an electron plasma wave, withv2

.vp
213k2ve

2 , or a beam mode, withv.kvd . Which of
these two instabilities has the lower threshold depends on
density and temperature of the drifting electrons, and
drift speed. The mode atv.2.4vp in Fig. 4 hask5k0 and
hence phase speedvf.2.4vp /k0.4.43107 m s21, which
is approximately equal to both the maximum speed of el
trons at the separatrix of the trapped-particle island in Fig
and the center of the secondary trapped-particle island in
6. This is clear evidence that the wave at 2.4vp is a trapped-
electron beam mode.

It appears likely that the modes at 0.6–0.7vp in Figs. 4
and 10 are also associated with trapped electrons: their e
tation is correlated with both the onset of trapping~cf. Fig.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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5! and the trapped-electron instability at higher frequen
They may represent Bernstein–Greene–Kruskal~BGK!
modes: exact solutions of the unmagnetized Vlasov
Poisson equations in one dimension, propagating at a un
speedv0 in the plasma frame.29 In this frame the electrostati
potential f is time independent and satisfies a nonline
Poisson equation of the form30

d2f

dx2
52

2

e0
(
j 51

m

qjE
qjf(x)

` f j~E!dE
A2mj@E2qjf~x!#

, ~7!

where e0 is free space permittivity and, as in Eq.~3!, the
summation is over particle species,f j (E) denoting the distri-
bution inE[mjvx j

2 /21qjf(x) of speciesj with massmj and
chargeqj (vx j is the x velocity component in the frame in
which f is stationary!. Integrating by parts the right-han
side of Eq.~7!, and differentiating both sides with respect
x, one finds thatf(x) is aperiodic if all the distributions are
monotonic decreasing inE.30 If, on the other hand, at leas
one species has] f j /]E.0 for a range of values ofE, there is
a possibility of obtaining spatially periodic solutions of E
~7! which, in the plasma frame, have wave-like characte
tics. Because the simulation boxes withL5l0 constraink to
be equal tok0 or multiples thereof, the frequenciesv5kv0

of such waves would be integer multiples ofk0v0 . The low-
est such multiple would match that of the modes at 0.6–
vp in Figs. 4 and 10 if the speedv0 of the frame in whichf
is stationary were of the order of, but somewhat lower th
the beam speedvb . In the case of the simulation with ho
bulk protons andL5l0 ~Fig. 4!, the mode in question is in
equilibrium with the trapped and untrapped particle popu
tions, and thus exhibits the essential characteristic of a B
mode. Evidence for steady-state nonlinear waves of this t
was also found in Vlasov–Poisson simulations reported
Ref. 19. In these simulations, two counterpropagating wa
were initially present in the plasma: the asymptotic state
the system was characterized by what appear to have
two counterpropagating BGK waves. In our case, the
beams initially excite only one large amplitude wave, and
one would expect only a single BGK-like mode to appear
the nonlinear phase.

In the simulation withL54l0 , it appears that wave
with k5k0 decline rapidly in amplitude because of secon
ary instabilities atk5nk0/4 (n51,2,3, . . . ). Ourresults can
be compared with Vlasov–Poisson simulations carried
by Brunetti and co-workers19 with a box size equal to fou
wavelengths of an imposed large amplitude mode. It w
found in this case that upper and lower sideband waves
sociated with trapped electrons26 were excited atk53k0/4
and 5k0/4. The amplitude of the lower sideband mode,
particular, rose to a level exceeding that of the origin
waves atk5k0 . At later times, it was found that the electr
field power spectrum contained significant contributio
from other sidebands, and the amplitude atk5k0 declined
further. The growth rate of the sideband instability is ess
tially determined by two parameters:31 vb /vp and the frac-
tion of trapped electrons,ntr /ne .The values of these param
eters in the PIC simulation discussed here and the Vlas
Poisson simulation of Ref. 19 are somewhat different, and
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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the results are not directly comparable. The wave colla
shown in Fig. 12 of this paper and in Fig. 5 of Ref. 1
includes the waves identified as BGK modes, since these
have k5k0 . Perturbative analyses of the sideba
instability26,31 are not strictly applicable to the results show
in Fig. 12: as noted previously, the majority of trapped ele
trons in the simulations lie close to the island separatrix, a
in any casevb is not small compared tov. It is instructive
nevertheless to compare the rate of collapse in Fig. 12 w
analytical estimates of the sideband instability maximu
growth rate obtained in Ref. 31:

g

vp
5e2/3

A3

24/3

vb

vp
, e!1,

~8!
g

vp
5

A3

24/3 S ntr

ne
D 1/3

, e@1,

wheree5(ntr /ne)(vp
3/vb

3). For a Maxwellian electron dis-
tribution the trapped fraction is given by

ntr

ne
5

1

~2p!1/2 Evf2v tr

vf1v tr
e2v2/ve

2
dv, ~9!

where the trapping speedv tr is given in terms of the wave
electric field amplitude by Eq.~4!. It is evident from Eqs.~4!
and ~9! that the trapped electron fraction is exponentia
sensitive toE, which is rapidly evolving in time. Estimate
of the instability growth rate based on Eq.~8! are in any case
rather uncertain, because of the approximations used to
rive it. From Eq.~9! we can, however, infer that the collaps
time scale and absolute electric field amplitudes in Fig.
are broadly consistent with the growth rate estimate given
Eq. ~8!. We conclude that the most likely cause of the d
ference between the hot bulk proton simulations withL
5l0 andL54l0 is that the waves atk5k0 in the latter were
strongly modified by sideband instabilities.

C. Ponderomotive force and low frequency waves

When a wave electric field amplitude exceeds a cert
thresholdEc , the resulting ponderomotive force significant
modifies the ion density. For a plasma with Maxwellian bu
ions, the appropriate expression forEc is32

Ec5A4
me

e2
v2Ti . ~10!

This threshold is derived by assuming that the bulk io
satisfy a Boltzmann relation, in which the potential has
gradient whose magnitude equals the ponderomotive fo
divided by e. In our simulationsv.vp510532p rad s21

and Ti was either 900 or 9 eV. In the former caseEc

.90 V m21, well above the trapping electric fieldEtrap

.30 V m21 at which the Buneman instability saturates~see
Fig. 2!. Thus, in the simulation with hot bulk protons on
would not expect the ponderomotive force to have any s
nificant effect. For the simulation with cool bulk protons, o
the other hand, Eq.~10! gives Ec.9 V m21, well below
Etrap. In this simulation, low frequency wave activity begin
to occur at about the time that the Buneman wave amplit
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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reachesEc ~Fig. 7!: the low frequency waves rise sharply
magnitude when the Buneman wave has fallen from its p
intensity, but still exceedsEc . As noted in Sec. II, strong
excitation of the low frequency mode precipitates a ra
further decline at high frequency. The ponderomotive fo
is strong enough to create cavities in the proton dens
which cause the high frequency waves to collapse. This
lapse is apparent in Fig. 7, where the amplitude drops fr
about 20 V m21 to less than 5 V m21 in the time intervalt
560– 74, and also in Fig. 10, where one can see that
high amplitude wave atv.0.6vp disappears completel
~note that the intensity scale on the right-hand plot of Fig.
differs by a factor of 20 from that of the left-hand plot, an
therefore the mode cascading down fromv.2.4vp has a
much lower amplitude than the mode at 0.6vp). We note
finally that the Boltzmann relation used to derive Eq.~10! is
applicable here, since the low frequency parts of the w
spectra in Fig. 9 include frequencies which are belowvpi ,
and therefore the inertial term in the bulk ion fluid equati
of motion can be neglected.

As noted previously, ion dynamics was not included
the Vlasov–Poisson simulations described in Ref. 18. B
netti and co-workers,19 also using a Vlasov–Poisson mode
found that ion motion had a negligible effect on the nonl
ear evolution of large amplitude waves withv;vp . How-
ever, this was due to the fact that they assumed plasma
peratures which were sufficiently high~;5 keV! that E was
always less thanEc . Settingv5vp andTi5Te55 keV in
Eq. ~10!, it is straightforward to verify that even the highe
electric field amplitude considered in Ref. 19,E
50.0375mecvp /e, was about a factor of 5 lower than th
threshold for ion density modulations to occur.

D. Parametric instability

The simulation results contain evidence that parame
instabilities also played a role in driving the low frequen
waves. The modes shown in Fig. 8 have frequencies of m
nitude close tovp and wave numbersk5k0 ~upper plot! and
k50 ~lower plot!. We denote the frequency and wave nu
ber of an arbitrary low frequency wave byvs , ks , and the
corresponding parameters of the modes in Fig. 8 byvL12 ,
kL125k0 ~upper plot! andvL22 , kL2250 ~lower plot!. As
before, we denote the frequency and wave number of
initial Buneman wave byv2 , k25k0 . Bearing in mind that
the wave in the upper plot of Fig. 8 is backward propagati
so thatvL12 is numerically negative~if all wave numbers
are defined to be numerically positive!, we identify two pos-
sible three-wave interactions in which momentum and
ergy are conserved:

v21vL125vs , k21kL125ks , ~11!

v22vL225vs , k22kL225ks . ~12!

Equation ~11! implies ks52k0 , while Eq. ~12! gives ks

5k0 . It is significant that low frequency waves were d
tected at both values ofk in the simulation with cool bulk
protons, with amplitudes far exceeding noise levels. Si
the three-wave interactions described by Eqs.~11! and ~12!
are independent, one would expect the amplitudes of
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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backscattered high frequency modesL12 and L22 to be
also independent. This is consistent with the time evolut
of the two modes shown in Fig. 8.

IV. CONCLUSIONS AND DISCUSSION

We have used a PIC code to study the linear and n
linear evolution of the Buneman instability excited by an i
beam, using plasma parameters which are representativ
supernova remnant~SNR! shocks. The Buneman wave sat
rates primarily as a result of electron trapping. The init
wave, excited at the electron plasma frequencyvp , is ob-
served to collapse when its amplitude is high enough to t
a significant fraction of the electron population. When wav
lengths longer than that of the Buneman wave are exclu
from the simulation~by choosing a simulation box size equ
to one wavelength!, two high frequency waves emerge fro
the collapse: one with amplitude comparable to that of
Buneman wave and frequency slightly lower thanvp , the
other with lower amplitude and frequency well abovevp .
Both of these modes are amplified to high levels within a f
electron plasma periods. The lower frequency wave may b
BGK mode; the higher frequency wave appears to be dri
by the streaming between trapped and untrapped electr
and can be regarded as a beam mode, the beam in this
consisting of electrons lying close to the separatrix
trapped-particle islands. These modes were excited in si
lations with both hot (Ti@Te) and cool (Ti.Te) bulk ions.
However, subsequent evolution of the waves was stron
dependent on the bulk ion temperature. WhenTi@Te was
specified as the initial condition, both high frequency mod
remained in the plasma until the end of the simulation.
contrast, whenTi was set approximately equal toTe , the
high amplitude mode collapsed, and the other mode casca
down in frequency. At the same time waves of much low
frequency (v;vpi), excited apparently by a modulationa
instability, appeared in the plasma. In a simulation withTi

@Te and a box size equal to four Buneman wavelengths,
original wave was observed to collapse on a time sc
broadly consistent with the excitation of sideband instab
ties and the cascading of wave energy to modes withk
5nk0/4 (n51, 2, 3, . . .!, wherek0 is the wave number of
the Buneman wave.

In the simulations with short box lengths we exclud
waves driven by trapped particle instabilities atk,k0 and
k0,k,2k0 .26,31 The advantage of such an approach is t
one can obtain a clearer physical picture of the complex n
linear interactions between particles and waves by study
the effects of one or two trapped particle modes, which c
exist in the plasma for relatively long periods~it should be
noted, however, that even in the simulations with short b
lengths there are certain phenomena, such as the appea
of a wave atv5ṽ3 , whose origin remains unclear!. Most of
the analytical work which has been carried out on proble
of this type~e.g., Ref. 15! also considers the effect of singl
wave modes, and does not take into account the sideb
instabilities which occur whenk is unrestricted. Thus, simu
lations withL5l0 provide a useful link between analytica
theory and real plasmas: this type of approach has been
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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by a number of authors.17–19 In a real plasma, one would
expect quasisteady trapped electron modes such as
shown in Fig. 4 to have finite lifetimes, determined prin
pally by the amplitude of the initial large amplitude wave:
Ref. 19 it was concluded that BGK modes can still ex
when the simulation box size is greater than one wavelen
for a period of time which decreases with the initial wa
amplitude. A conclusion of the present paper is that when
initial wave is generated self-consistently by ion beams
the type known to exist in the vicinity of high Mach numb
collisionless shocks, the amplitude may be so high that
resulting sideband instabilities prevent BGK-like mod
from appearing. It should be stressed, however, that the w
amplitude is strongly dependent on the ion beam parame
such as the ratio of beam speed to electron thermal spee9 It
is thus possible that BGK-like modes of the type discus
here and in Ref. 19 could exist at astrophysical shocks.

One of our motives in carrying out these simulations w
to investigate processes which could play a role in elect
acceleration. The low frequency waves observed in the si
lation with cool bulk protons modified only the low velocit
component of the electron distribution, and may in fact ha
inhibited electron acceleration by causing the high freque
modes atv;vp to collapse. The simulation withL54l0

shows that the Buneman wave can also collapse becau
sideband instabilities. The results in Ref. 9 indicate that w
collapse does not necessarily prevent high energy elect
from being produced. It does appear, however, that the p
ence of a magnetic field is a prerequisite for strong accel
tion. We do not observe electrons with the mildly relativis
energies required for injection at SNR shocks in any of
simulations discussed here, despite the use of a very l
number of particles per cell. Electrons close to the separ
ces of the trapped-particle islands resulting from the B
eman instability have speeds of up to 4.43107 m s21 ~Fig.
5!, more than twice the proton beam speedvb . In the case of
the simulation with hot bulk protons andL5l0 , electrons at
the separatrix of the secondary trapped particle island h
speeds of nearly 3vb . The maximum electron speedvmax is
limited by vb and the trapping speedv tr : The latter is also of
the order ofvb @cf. Eqs.~4! and~6!#. We infer thatvmax has
a roughly linear dependence onvb , and sovmax would only
be of orderc if the proton beam and hence the shock we
themselves relativistic. However, this limitation applies on
to the case of strictly unmagnetized plasmas. In Ref. 9 it w
found that strong electron acceleration could be attribute
stochasticity in phase space resulting from the combined
fect of a large amplitude electrostatic wave and a magn
field. In the surfatron process,23 an electron trapped by a
electrostatic wave propagating at phase velocityvf is accel-
erated by an electric fieldgfvfÃB, whereB is the magnetic
field andgf5(12vf

2 /c2)21/2. We are in the process of ca
rying out simulations with initial conditions similar to thos
invoked here, but with the added feature of a weak magn
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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field. This addition should make it possible to model se
consistently the surfatron process and other magnetic fi
effects. We will report on these simulations in a later pap
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