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On ion flow caused by the inductive electric field in a tokamak
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~Received 9 July 2001; accepted 16 July 2001!

It was recently pointed out that the inductive electric field in a tokamak can give rise to toroidal and
poloidal plasma rotation comparable to that sometimes observed in experiments. Here it is shown
that the flow velocity of heavy impurity ions, which is normally what is measured, is lower than that
of the bulk plasma for rotation produced in this way. If the bulk ions and electrons are in the banana
regime, the impurity rotation is at most about two thirds of the bulk plasma rotation and decreases
with increasing effective ion charge (Zeff) and distance from the magnetic axis.
@DOI: 10.1063/1.1402172#
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Understanding the causes of tokamak plasma rotatio
both toroidal and poloidal—is important since it sheds lig
on the transport mechanisms that are operational in
plasma. For instance, transport barriers are frequently
served to be associated with sheared rotation, and it is wi
believed that sheared flow is the cause of these barriers. C
versely, plasma transport properties affect the rotation
e.g., sustaining it against viscous damping.

The rotation velocity of each speciesa in an axisymmet-
ric tokamak is given by an expression of the form

Va5vaRŵ1uauB,

whereva anduau are flux functions,R is the major radius,ŵ
the toroidal unit vector, andB the magnetic field.1–3 This is
the most general expression for an incompressible flow
gential to flux surfaces. Note that the toroidal rotation h
contributions from bothva anduau while poloidal rotation is
described byuau alone. Standard neoclassical theory rela
these quantities to linear combinations of radial density
temperature gradients and~for va) the radial electric field. In
a recent paper,4 however, it was pointed out that the indu
tive electric field used to drive Ohmic current also contr
utes significantly touau for bulk ions (a5 i ) in a pure hy-
drogen plasma, and this may be relevant to rec
observations in Alcator C-Mod of spontaneous rotation
Ohmic plasmas.5 On the other hand, it is the rotation o
impurity ions that is measured in these~and most other! ex-
periments, from Doppler broadening of line radiation, and
is well known that this velocity can be quite different fro
that of the bulk plasma.6 It is the purpose of this Brief Com
munication to clarify this point by presenting a calculati
which extends that of Ref. 4 to account for the presence
heavy impurity species in the plasma and, at the same t
simplifies the analysis by using the Hirshman–Sigmar m
ment formalism.2 From this calculation, it is evident how t
make the further generalization to an arbitrary number
impurities of general charges and masses.

We thus consider a plasma consisting of electrons (e),
hydrogenic bulk ions (i ), and heavy impurity ions (z). We
treat the impurity charge as a large expansion parametz
@1, and assume that the impurity strength parametea
5Zeff215nzz

2/ne is of order unity so thatnzz/ne!1 and
4701070-664X/2001/8(10)/4700/4/$18.00
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ne.ni . In the experiments reported in Ref. 5 the impur
charge isz519, and as is typical in these and many oth
experiments, we assume that the bulk ions and electrons
in the banana regime of collisionality while the impuritie
are collisional. Under the influence of a toroidal electric fie
each species satisfies the flux-surface averaged^¯& force
balance equations2

^B•“•Pa&5^B~Rai1naeaEi!&,

^B•“•Qa&5^BHai&.

Following Hirshman and Sigmar, we relate the visco
ties Pa andQa to the poloidal flux of particles and heat b

1

^B2& K B•“•Pa

B•“•Qa
L 5S m̂a1 m̂a2

m̂a2 m̂a3
D S uau

2qau /5pa
D5Ma•ua

and

1

^B2& K BRai

BHai
L 5(

b
S l 11

ab 2 l 12
ab

2 l 21
ab l 22

ab D S ubu

2qbu/5pb
D

5(
b

Lab•ub , ~1!

whereqau5qa•“u/B•“u is the contravariant component o
the poloidal heat flux andpa5naTa the pressure of specie
a. These expressions are obtained by expanding the distr
tion functions in Sonine polynomials and truncating af
two terms; as usual this approximation turns out to be ac
rate within a few percent, i.e., as accurate as the Coulo
logarithm in the collision operator. In order to isolate th
inductive electric field as the single driving term, we ha
assumed in Eq.~1! that all radial gradients vanish, so th
va50 for each species.~This assumption is satisfied if th
density and temperature gradients are sufficiently weak a
for the gradient of the electrostatic potential, i.e., the rad
electric field, if the plasma is viewed from a rigidly toro
dally rotating frame of reference.! The coefficients

m̂a j5
3^~“ iB!2&

^B2&
ma j

and
0
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l jk
ab5manaS dab(

c

Mac
j 21,k21

tac
1

Nab
j 21,k21

tab
D ,

which can be looked up in Refs. 2 and 3, summarize
kinetic information needed to evaluate the flows. Neocla
cal effects are described by the viscosity coefficientsm̂a j ,
which thus depend on collisionality and flux-surface geo
etry. In the banana regime

S m̂e1

m̂e2

m̂e3

D 5
mene

tee

f t

f c
S 0.5331~11a!

20.62521.5~11a!

1.38613.25~11a!
D ,

S m̂ i1

m̂ i2

m̂ i3

D 5
mini

t i i

f t

f c
S 0.5331a

20.62521.5a
1.38613.25a

D ,

with tab53(2p)3/2e0
2ma

1/2Ta
3/2/nbea

2eb
2 ln L, f t the effective

fraction of trapped particles,2 and f c512 f t . For a tokamak
with circular cross section and small inverse aspect ratioe
!1, the trapped particle fraction isf t.1.46e1/2. The friction
coefficients are

L i i 52
mini

t iz
S 1 3

2

3

2

13

4
1
&

a
D , L iz5

mini

t iz
S 1 0

3
2 0D ,

L zi5
mini

t iz
S 1 3

2

0 0
D , L zz52

mini

t iz
S 1 0

0 a&1 15
2
D ,

L ie5
mene

tee
S 1 3

2

0 0
D 5a21L ze,

Lee52~11a!
mene

tee
S 1 3

2

3

2

13

4
1
&

11a
D ,

where zero entries denote quantities of order (mi /mz)
1/2!1

or (me /mi)
1/2!1. We do not needLei andLez as the electron

flow velocity is much larger than those of the ion species.
far as the electrons are concerned, the ions are practic
stationary and the electron–ion friction force is independ
of the ion flow velocity.

We thus obtain the following system of equations f
each species:
e
ie

tic

n
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Lab•ub1Ea ,

where

Ea5S naea^EiB&/^B2&
0 D .

For the electrons, this reduces to

~Me2Lee!•ue5Ee ,

from which the electron flow velocity can be evaluated
matrix inversion, yielding the usual neoclassical reduction
electric conductivity due to trapping. The ion flows are th
obtained by solving the 434 system of equations

S M i2L i i 2L iz

2L zi 2L zz
D S ui

uz
D5S Ei2L ie•ue

2L ze•ue
D , ~2!

where we have noted that the viscosity is negligible for c
lisional impurities and that the electric force acting on t
impurities is smaller than their friction against electrons,

Rzei

nzzeEi
;

mej i /atei

nzze2Ei
;z@1.

The motion of the impurities is thus simply determined
the balance of the impurity-electron and impurity-hydrog
friction forces. The first element of the right-hand side of E
~2! is equal to the sum of the electric force on the bulk io
and their friction against the electron population, and
sometimes written as

^~nieEi1Riei!B&

^B2&
5

nie^E* B&

^B2&
, ~3!

whereE* 5Ei1Riei /nie is the ‘‘effective electric field’’ felt
by a bulk ion.1 In a pure plasma~no impurities! embedded in
a straight magnetic field this vanishes,E* 50, and the ions
do not ‘‘feel’’ the electric field; it is exactly cancelled by th
friction force from the electrons. The reason for this canc
lation is that the electric force acting on the electrons m
necessarily equal their friction against ions. As pointed ou
Ref. 7, the situation is different in an impure tokamak plas
since the electric force on the electrons is balanced not o
by friction against bulk ions, but also by the mirror forc
~causing trapping! and friction against impurity ions. As a
result of these effects, the first row in Eq.~2! equals Eq.~3!
with
^E* B&

^EiB&
5

~me22 l 12
ee!me22~me32 l 22

ee!me1

~me12 l 11
ee!~me32 l 22

ee!2~me22 l 12
ee!2 .

a

11a
1

3.9612.59x1a~4.2113.24x!1a2~11x!

2.59~0.651x!~1.441x!1a~3.241a!~11x!2

x

11a
, ~4!
is

y

wherex5 f t / f c . The first term in this expression reflects th
fact that the total friction on electrons from both ion spec
is proportional toZeff511a, where the terma represents the
contribution from impurities so that, in a straight magne
field, they take up a fractiona/(11a) of the momentum
imparted to the electrons by the electric field. The seco
s

d

term in Eq.~4! describes the effect of electron trapping. It
clear that for realistic parameters in a tokamak,a;x;0.5,
the bulk ions ‘‘feel’’ a significant fraction~more than half! of
the parallel electric field.

We now turn to the ion rotation, which is obtained b
solving the system of equations~2!. The resulting expres-
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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sions are very complicated in general; we give only limiti
forms. In the limit of very few impurities, the rotation ve
locities of bulk and impurity ions, respectively, are

ûiu5
mini^B

2&
et i i ^EiB&

uiu

.
3.98~1.021x!~1.531x!

~0.651x!~1.441x!~2.171x!
, a→0,

ûzu5
mini^B

2&
et i i ^EiB&

uzu

.
0.73~1.51x!~3.841x!

~0.651x!~1.441x!~2.171x!
, a→0.

Thus the rotation speed of trace impurities is thus ab
2/3 of the plasma rotation near the magnetic axis~wherex
50) and falls off toward the edge. If the impurities are mo
numerous, their speed is even smaller when compared
that of the bulk ions, as shown in Fig 1. In the Lorentz lim

ûiu.
13/4

~11x!a
, a→`,

ûzu.
1

~11x!a2 , a→`,

and close to the magnetic axis,

ûiu.
3.25~0.7111.24a1a2!

~11a!~0.7511.95a1a2!
, f t→0,
t
t
ve
i

fo
n

av

ic
el
c

n

th
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ûzu.
3.7813.83a1a2

~11a!~2.411a!~0.7511.95a1a2!
, f t→0.

The impurity rotation is always in the same direction
the bulk ion rotation but is considerably smaller ifa ~or, to a
lesser extent,f t) gets large.

In contrast, the poloidal rotation caused by radial gra
ents usually calculated in neoclassical theory does not
pend strongly on the impurity content and stays finite in
limit a→`. These flows are6

FIG. 1. Ratio of bulk ion and impurity ion poloidal flows as a function
the effective fraction of trapped particles,f t , for different values of the
impurity strength parametera5nzz

2/ni . Whenf t or a is large, the bulk ion
flow is much larger than that of the impurities.
uiu5
ITi

e^B2&

1.1713.64a11.99a2

110.46x1~2.5811.65x!a11.33~11x!a2

d ln Ti

dc
,

uzu5
ITi

e^B2& F2
d ln pi

dc
1

1.1710.69x1~3.6412.47x!a11.99~11x!a2

110.46x1~2.5811.65x!a11.33~11x!a2

d ln Ti

dc G ,
eo-
for
a-
-

t
oc-

rd.
ld
be
ion
ere
in
erva-
n-
ak
where I 5RBw and c is the poloidal flux function, so tha
B5I (c)“w1“w3“c. Hence it was noticed in Ref. 6 tha
in the edge pedestal, where the pressure gradient is
steep, the poloidal rotation of impurities is larger than and
the opposite direction to the bulk ion rotation.

In conclusion, our results may be summarized as
lows. Considering a tokamak plasma consisting of collisio
less electrons and ions and collisional impurities, we h
calculated the ‘‘effective electric field’’~4! acting on the ions
and its effect on ion flow. Although this effective electr
field vanishes for a pure plasma in a straight magnetic fi
this is not at all true in a realistic tokamak discharge. In fa
for typical tokamak parametersE* /Ei*0.5. As pointed out
in Ref. 4, this electric field drives a poloidal and toroidal io
flow, but as we have seen here the corresponding flow
heavy impurities~which is what is measured! is significantly
smaller than that of the bulk plasma. This behavior is
ry
n

l-
-
e

d,
t,

of

e

opposite to that of rotation caused in the more orthodox n
classical way by radial gradients, which tends to be larger
impurities than for bulk ions, making the detection of rot
tion driven by the Ohmic field correspondingly more diffi
cult.

The fact thatE* /Ei is so large implies that it is no
unreasonable to expect that ion runaway may sometimes
cur in tokamaks, as suggested by Furth and Rutherfo7

During normal tokamak operation the toroidal electric fie
is too low for this, but just like runaway electrons tend to
produced in tokamak disruptions, one could expect that
runaway could occur during reconnecting instabilities wh
the toroidal electric field becomes very large. Work is
progress to assess whether this can explain recent obs
tions of bursts of high-energy ions following internal reco
nection events in the Mega-Ampere Spherical Tokam
~MAST!.8
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